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Abstract

We consider a random system of equations z; + z; = b j(mod 2), (z, €
{0,1}, buw) = bwwy € {0,1}), with the pairs (4,7) from E, a symmetric subset
of [n] X [n]. E is chosen uniformly at random among all such subsets of a given car-
dinality m; alternatively (i,j) € E with a given probability p, independently of all
other pairs. Also, given E, Pr{b. = 0} = Pr{b. = 1} for each e € E, independently
of all other ber. It is well known that, as m passes through n/2 (p passes through
1/n, resp.), the underlying random graph G(n, #edges = m), (G(n, Pr(edge) = p),
resp.) undergoes a rapid transition, from essentially a forest of many small trees to
a graph with one large, multicyclic, component in a sea of small tree components.
We should expect then that the solvability probability decreases precipitously in the
vicinity of m ~ n/2 (p ~ 1/n), and indeed this probability is of order (1—2m/n)'/4,
for m < n/2 ((1—pn)Y/*, for p < 1/n, resp.). We show that in a near-critical phase
m = (n/2)(1+M~Y3) (p = (1+In"1/3)/n, resp.), A = o(n'/12), the system is solv-
able with probability asymptotic to ¢(A\)n~/12, for some explicit function ¢()\) > 0.
Mike Molloy noticed that the Boolean system with b, = 1 is solvable iff the un-
derlying graph is 2-colorable, and asked whether this connection might be used to
determine an order of probability of 2-colorability in the near-critical case. We an-
swer Molloy’s question affirmatively and show that, for A = o(nl/ 12) " the probability
of 2-colorability is < 271/4e!/8¢(A)n~1/12, and asymptotic to 2-1/4el/8¢(A\)n~1/12 at
a critical phase A = O(1), and for A — —oo.

1 Introduction

A system of 2-linear equations over GF(2) with n Boolean variables x1, ..., x, € {0,1} is
T; + X = bi,j (mod 2), b,’J = bjﬂ' c {0, ].}, (’L 7& ]) (101)
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Here the unordered pairs (i,j) correspond to the edge set of a given graph G on the
vertex set [n]. The system (1.1) certainly has a solution when G is a tree. It can be
obtained by picking an arbitrary x; € {0,1} at a root ¢ and determining the other z;
recursively along the paths leading away from the root. There is, of course, a twin
solution z; = 1 — x;, j € [n| . Suppose G is not a tree, i.e. {(G) :=e(G) —v(G) > 0. If
T is a tree spanning G, then each of additional edges ey, ..., eyq)4+1 forms, together with
the edges of T', a single cycle Cy, t < £(G) + 1. Obviously, a solution x;(T") of a subsystem
of (1.0.1) induced by the edges of T" is a solution of (1.0.1) provided that

bij =xi(T) +z;(T), (i,)) = €1, ..., €yc)+1; (1.0.2)
equivalently
> be=0(mod2), t=1,..0G)+L (1.0.3)
6€E(Ct)

So, intuitively, the more edges G has the less likely it is that the system (1.0.1) has a
solution. We will denote the number of solutions by S(G).

In this paper we consider solvability of a random system (1.0.1). Namely G is either
the Bernoulli random graph G(n,p) = G(n, Pr(edge) = p), or the Erdds-Rényi random
graph G(n,m) = G(n,# of edges = m). Further, conditioned on the edge set E(G(n,p))
(E(G(n,m) resp.), b.’s are independent, and Pr(b. = 1) = p, for all e. We focus on
p=1/2and p =1. p=1/2is the case when b,.’s are “absolutely random”. For p = 1, b.’s
are all ones. Mike Molloy [19], who brought this case to our attention, noticed that here
(1.0.1) has a solution iff the underlying graph is bipartite, 2-colorable in other words.

It is well known that, as m passes through n/2 (p passes through 1/n, resp.), the
underlying random graph G(n,m), (G(n,p), resp.) undergoes a rapid transition, from
essentially a forest of many small trees to a graph with one large, multicyclic, component
in a sea of small tree components. Bollobds [4], [5] discovered that, for G(n,m), the
phase transition window is within [my, ms] , where

myy =n/2+ %3 X=0(n"?n).

Luczak [15] was able to show that the window is precisely [my, ms] with A — oo how-
ever slowly. (See Luczak et al [17] for the distributional results on the critical graphs
G(n,m) and G(n,p).) We should expect then that the solvability probability decreases
precipitously for m close to n/2 (p close to 1/n resp.). Indeed, for a multigraph version
of G(n,m), Kolchin [14] proved that this probability is asymptotic to
1/4
(-7 R (1.0.4)
(1= (1 —2p)y)* n

if limsupy < 1. See Creignon and Daudé [9] for a similar result. Using the results
from Pittel [21], we show (see Appendix) that for the random graphs G(n,yn/2) and
G(n,p =/n), with limsupy < 1, the corresponding probability is asymptotic to

L=
(1= (1 =2p)y)""

exp | Lo+ Lo —p)| . (1.0.5)
| |

2 2
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The relations (1.0.4), (1.0.5) make it plausible that, in the nearcritical phase |m —n/2| =
O(n?/?), the solvability probability is of order n=*/!2. Our goal is to confirm, rigorously,
this conjecture.

To formulate our main result, we need some notations. Let {f.},>0 be a sequence
defined by an implicit recurrence

- 6
fo=1, Y fefrx=cr &= 257”327”((3?) o (1.0.6)
k=0

Equivalently, the formal series ) 2" f., > a"¢, (divergent for all x # 0) satisty

2
(Z :crfr> =Y a'e,. (1.0.7)
It is not difficult to show that
1
bl (1 — —) fr < —, r > 0. (1.0.8)

For y,\ € R, let A(y, \) denote the sum of a convergent series,

—)\3/6 32/3)\)k
A =
(y, A) 3(y+1) /3Zklf (y+1—2k)/3]

(1.0.9)

We will write B,, ~ C,, if lim,, .o, B,,/C,, = 1, and B, < C,, if limsup,, B,,/C,, < 1. Let
Sy, denote the random number of solutions (1.0.1) with the underlying graph being either
G(n,m) or G(n,p), i. e. S, = S(G(n,m)) or S, = S(G(n,p)), and the (conditional)
probability of b, =1 for e € E(G(n,m)) (e € E(G(n,p)) resp.) being equal p.

Theorem 1.1. (i) Let p = 1/2. Suppose that
14 An1/3

m = g L+, p=—"r [N =o0(n"?). (1.0.10)
n
Then, for both G(n,m) and G(n,p),
Pr(S, > 0) ~ n~Y2¢()), (1.0.11)
where ) f
BRIV T A(1/44 3, )), )€ (—o0,);
(2m) ; o AL/ ) ( )
e(N) 1= 8\ R (1.0.12)
e’/ 1/4 3
| 5374 A% exp(—4N°/27), A — 00.

(ii) Let p = 1. Then, with c¢()\) replaced by ci () := 2714 /3¢()\), (1.0.11) holds for
both G(n,m) and G(n,p) if either X = O(1), or A — —o0, |A\| = o(n'/'?). For A\ — oo,
A = o(n'/1?),

Pr(S, > 0) <n 72 ().
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Notes. 1. For G(n,m) with A — —o0o, and p = 1/2, our result blends, qualitatively,
with the estimate (1.0.4) from [14] and [9] for a subcritical multigraph, and becomes the
estimate (1.0.5) for the subcritical graphs G(n,m) and G(n, p).

2. The part (ii) answers Molloy’s question: the critical graph G(n,m) (G(n,p) resp.) is
bichromatic (bipartite) with probability ~ c;(A\)n~/12,

Very interestingly, the largest bipartite subgraph of the critical G(n, p) can be found in
expected time O(n), see Coppersmith et al [8], Scott and Sorkin [23] and references therein.
The case A — oo of (ii) strongly suggests that the supercritical graph G(n,p = ¢/n),
(G(n,m = cn/2) resp.), i. e. with liminfc¢ > 1, is bichromatic with exponentially
small probability. In [8] this exponential smallness was established for the conditional
probability, given that the random graph has a giant component.

Here is a technical reason why, for A = O(1) at least, the asymptotic probability
of 2-colorability is the asymptotic solvability probability for (1.0.1) with p = 1/2 times
271418 Let Cy(x) (Cf(x) resp.) denote the exponential generating functions of con-
nected graphs G (graphs G without odd cycles resp.) with excess e(G) — v(G) = ¢ > 0.
It turns out that, for |x| < e~ (convergence radius of Cy(z), C¢(z)), and x — e,

1
~ —Cy(x) >0
; 9rH1 : :
Cile) 1 —1/4 1/8
= §Co(x) +In(27%e®) +0(1), £=0.

Asymptotically, within the factor eln(rl/%l/s), this reduces the problem to that for p =

1/2. Based on (1.0.5), we conjecture that generally, for p € (0,1], and the critical p,
Pr(S, > 0) is that probability for p = 1/2 times
N1/ (1=p) }}
(2p) /" exp [ 5 T gl
(For p =0, Pr(S, > 0) =1 obviously.)

3. While working on this project, we became aware of a recent paper [10] by Daudé and
Ravelomanana. They studied a close but different case, when a system of m equations
is chosen uniformly at random among all n(n — 1) equations of the form (1.0.1). In
particular, it is possible to have pairs of clearly contradictory equations, x; + z; = 0 and
z; + x; = 1. For m = O(n) the probability that none of these simplest contradictions
occurs is bounded away from zero. So, intuitively, the system they studied is close to
ours with G = G(n,m) and p = 1/2. Our asymptotic formula (1.0.11), with two first
equations in (1.0.12), in this case is similar to Daudé-Ravelomanana’s main theorem, but
there are some puzzling differences. The exponent series in their equation (2) is certainly
misplaced; their claim does not contain our sequence {f,}.

As far as we can judge by a proof outline in [10], our argument is quite different. Still,
like [10], our analysis is based on the generating functions of sparse graphs discovered, to
a great extent, by Wright [25], [26]. We gratefully credit Daudé and Ravelomanana for
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stressing importance of Wright’s bounds for the generating function Cy(x). These bounds
play a substantial role in our argument as well.

4. We should mention a large body of work on a related, better known, 2 — SAT
problem, see for instance Bollobas et al [6], and references therein. It is a problem of
existence of a truth-satisfying assignment for the variables in the conjunction of m random
disjunctive clauses of a form x; V x;, (i,j € [n]). It is well known, Chvétal and Reed [7],
that the existence threshold is m/n = 1. It was proved in [6] that the phase transition
window is [my, ms|, with

mys + An?, |\ = oo however slowly,

and that the solvability probability is bounded away from both 0 and 1 iff m + O(n??).

5. A natural extension of the system (1.0.1) is a system of k-linear equations

> @ =b. (mod 2), (1.0.13)

i€e

where e runs over a set E of (hyper)edges of a k-uniform hypergraph G, k > 2, on the
vertex set [n], Kolchin [14]. Suppose G is chosen uniformly at random among all k-
uniform graphs with a given number m of edges, and, given G, the b.’s are independent
Bernoullis. Dubois and Mandler [11] showed that, for k = 3, m/n = 0.91793... is a sharp
threshold for the limiting solvability probability.

The paper is organized as follows.

In the section 2 we work on the G(n,p) and p = 1/2 case. Specifically in the
(sub)section 2.1 we express the solvability probability, Pr(S, > 0), and its truncated
version, as a coefficient by x™ in a power series based on the generating functions of the
sparsely edged (connected) graphs. We also establish positive correlation between solv-
ability and boundedness of a maximal “excess”, and determine a proper truncation of
the latter dependent upon the behavior of A. In the section (2.2) we provide a necessary
information about the generating functions and their truncated versions involved in the
formula and the bounds for Pr(S, > 0). In the section 2.3 we apply complex analysis
techniques to the “coefficient by z"” formulas and obtain a sharp asymptotic estimate
for Pr(S, > 0) for |\| = o(n'/12).

In the section 3 we transfer the results of the section 2 to the G(n,m) and p = 1/2
case .

In the section 4 we establish the counterparts of the results from the sections 2,3 for
G(n,p), G(n,m) with p = 1. An enumerative ingredient of the argument is an analogue
of Wright’s formulas for the generating functions of the connected graphs without odd
cycles.

In Appendix we prove some auxilliary technical results, and an asymptotic formula
for Pr(S, > 0) in the subcritical case, i. e. when the average vertex degree is less than,
and bounded away from 1.
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2 Solvability probability: G(n,p) and p =1/2.

2.1 Representing bounds for Pr(S, > 0) as a coefficient of z" in
a power series.

Our first step is to compute the probability of the event {S,, > 0}, conditioned on G(n, p).
Given a graph G = (V(G), E(G)), we denote v(G) = |V(G)|, e(G) = |E(G)|.

Lemma 2.1. Given a graph G on [n], let ¢(G) denote the total number of its components

H;. Then
1\ e(H)—(v(Hi)~1)
(3)

X(G)
) , X(GQ):=e(G) —n+c(G).

1\ X (@)
(5

Proof of Lemma 2.1. Recall that, conditioned on G(n,p), the edge variables b.’s
are mutually independent. So it is suffices to show that a system (1.0.1) for a connected
graph H, with independent b., ¢ € E(H), such that Pr(b, = 1) = 1/2, is solvable with
probability (1/2)**!, where £ = e(H) — v(H).

Let T be a tree spanning H. Let x(T) := {x;(T)};cv () be the solution of the sub-
system of (1.0.1) corresponding to v(H) — 1 edges of T, with z;, = 1 say, for a specified
“root” ip. «(7T) is a solution of the whole system (1.0.1) iff

be = i(T) +;(T),  ((1,7) = e), (2.1.1)

for each of e(H) — (v(H) — 1) ={+ 1 edges e € E(H) \ E(T). By independence of b.’s,
the probability that, conditioned on {b. }cep(r), the constraints (2.1.1) are met is (1/2)".
(It is crucial that Pr(b. = 0) = Pr(b. = 1) = 1/2.) Hence the unconditional solvability
probability for the system (1.0.1) with the underlying graph H is (1/2)*"! as well. O

Note. For a cycle C' C H, let bc = .. (¢ be- The conditions (2.1.1) are equivalent
to b being even for the ¢+ 1 cycles, each formed by adding to 7" an edge in E(H)\ E(T).
Adding the equations (1.0.1) over the edges of any cycle C' C H, we see that necessarily
bc is even too. Thus our proof effectively shows that

Pr{ () {bc is even}} - (%)Z(H)H.

CcCH

Pr(S, >0|G(n,p) =G)

Il
P . /@\
DN | = &E@

Consequently
Pr(S, >0)=E

Using Lemma 2.1, we express P(S(n,p) > 0) as the coefficient by z" in a formal power
series. To formulate the result, introduce Cy(x), the exponential generating function of a
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sequence {C'(k,k + £)}r>1, where C(k, k + £) is the total number of connected graphs H
on [k] with excess e(H) — v(H) = {. Of course, C(k,k +¢) = 0 unless —1 < £ < (g) — k.

Lemma 2.2.

1 P ¢
Pr(S, > 0) =N(n,p) [z"] exp [5 Z <2) Cg([lj’)] : (2.1.2)

>-1
(P \"
N(n,p) :=nlq"/? <W) . (2.1.3)

Proof of Lemma 2.2. The proof mimicks derivation of the “coefficient-of x"- ex-
pression” for the largest component size distribution in [22].

Given o = {ay ¢}, such that >, , kay s, let P,(ax) denote the probability that G(n,p) has
oy components H with v(H) = k and e(H) —v(H) = ¢. To compute P,(c), we observe

that there are
n!

H(k‘!)ak’fak,g!

k.0

ways to partition [n] into ), , ajy e subsets, with oy, subsets of cardinality & and “type”
(. For each such partition, there are

[TCk, &+ o))

k0

ways to build ay ¢ connected graphs H on the corresponding oy, subsets, with v(H) = k,
e(H) —v(H) = ¢. The probability that these graphs are induced subgraphs of G(n,p) is

[ ] = () ) ]

ke k.t

as Zk,ﬂ k oy, o. The probability that no two vertices from two different subsets are joined
by an edge in G(n,p) is ¢", where r is the total number of all such pairs, i. e.

Q. p 1
RLACYAS ok
r ; ( 9 ) + 2( Z 1k Qlky 1y ko 1

k1,01)#(k2,l2)

2
1 1
——-N8? - k

1 n?
= — —Zk‘2ak7g—|— —.
2 v 2

Multiplying the pieces,

1 l(p/Q)gO(k, k+ g)} k¢ |

Oék,g! k!

Pu(e) = N(n.p) []

k0
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So, using Lemma 2.1,

Pr(S, > 0) = N(n, p ZHQH { (/2" (p/?! C(k’kw)] - (2.1.4)

Notice that dropping factors (1/2)“*! on the right, we get 1 instead of Pr(S, > 0) on

the left, i.e.
(p/q)‘C(k,k+£)]"
N(n,p ZH -~ { i . (2.1.5)
So, multiplying both sides of (2.1. 4) by N and summing over n > 0,
S0 PSZ0) g ppe [ 1/2)41(p/q)'Clk,  + ﬁ)}
o |
- N(n,p) S hang<oo ki Q! k!
k£

(2.1.6)

e %Z(Pﬂ ZZCk: k+ 0z
L L k

—exp §Z<p/2q>écg<x>] .

We hasten to add that the series on the right, whence the one on the left, converges for
x = 0 only. Indeed, using (2.1.5) instead of (2.1.4),

xq3/2 n
exp [Z(p/q Oy (2) Z:p Z EL!ZTL = 00, (2.1.7)

l n

for each x > 0. Therefore, setting p/2q = p1/q1, (1 =1 — p1),
> (/29)'Cu(x) =) (n1/@) Celw) = 00, Yz >0,
¢ ¢

as well. n
Note. Setting p/q = w, x = yw, in (2.1.7), so that p = w/(w+1), ¢ = 1/(w+ 1), we
obtain a well known (exponential) identity, e. g. Janson et al [13],

exp [Z w'Cy(yw) ] Zy w—i—l (2)
>—1 n>0

the right expression (the left exponent resp.) is a bivariate generating function for graphs
(connected graphs resp.) G enumerated by v(G) and e(G). Here is a similar identity
involving generating functions of connected graphs G with a fixed positive excess,

exp [Z w'Cy(z)| = ZwTEr(x), (2.1.8)

0>1 >0
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where Ey(z) = 1, and, for £ > 1, Ey(z) is the exponential generating function of graphs
G without tree components and unicyclic components, that have excess ((G) = e(G) —
v(G) =4, see [13]. In the light of Lemma (2.2), we will need an expansion

% S wZCg(:L’)] =Y wE (). (2.1.9)

>1 r>0

exp

Like E,.(z), each power series F,.(x) has nonnegative coefficients, and converges for |z| <
-1
et

By Lemma 2.2 and (2.1.8),

Pr(s, > 0) =Np) 3 (4 ) bR )} -
r20 2.1.10

H() = 1C.1(0) + %Co(x).

Interchange of [z"] and the summation is justifiable as each of the functions on the right
has a power series expansion with only nonnegative coefficients. That is, divergence of
>0(p/2q)*Cy(x) in (2.1.6) does not impede evaluation of Pr(S, > 0). Indirectly though
this divergence does make it difficult, if possible at all, to obtain a sufficiently sharp
estimate of the terms in the above sum for r going to oo with n, needed to derive an
asymptotic formula for that probability. Thus we need to truncate, one way or another,
the divergent series on the right in (2.1.6). One of the properties of Cy(x) discovered by
Wright [25] is that each of these series converges (diverges) for |z| < e (for |z| > ™!
resp.). So, picking L > 0, and restricting summation range to ¢ € [—1, L], we definitely
get a series convergent for |z| < e™'. What is then a counterpart of Pr(S, > 0)? Perusing
the proof of Lemma 2.2, we easily see the answer.

Let G be a graph with components Hy, Hs, . ... Define £(G), a maximum excess of G,
by
E(G) = max[e(H;) — v(H;)].
Clearly, £(G) is monotone increasing, i.e. £(G') < E(G")if G C G". Let &, = E(G(n,p)).

Lemma 2.3.

Pr(S, >0, & <L) = N(n,p) [z"] exp E 3 (2%) cg(x)] , (2.1.11)

=—1

The proof of (2.1.11) is an obvious modification of that for (2.1.2).

If, using (2.1.11), we are able to estimate Pr(S, >0, &, < L), then evidently we will
get a lower bound of Pr(S, > 0), via

Pr(S, >0) > Pr(S,>0,¢&, <L) (2.1.12)
Crucially, the events {S,, > 0} and {&, < L} are positively correlated.
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Lemma 2.4.
Pr(S, >0,&, <L)

<
Pr(S,>0) < Pr(E, <L)

(2.1.13)

Note. The upshot of (2.1.12)-(2.1.13) is that
Pr(S, > 0) ~ Pr(S, >0,&, < L),

provided that L = L(n) is just large enough to guarantee that Pr(&, < L) — 1.

1\ X(Gp)
(5) Liecmpy<ry| s

where X (G) = e(G) — n + ¢(G). Notice that (1/2)%¥(© is monotone decreasing. Indeed,
if a graph G5 is obtained by adding one edge to a graph Gy, then

Proof of Lemma 2.4. By Lemma 2.1,

Pr(S, >0,&, <L)=E

e(Gz) = e(G1) + 1, ¢(Gz2) € {c(G1) —1,¢(G1)},
so that X(G3) > X(G1). Hence, using induction on e(G3) — e(Gy),
Gl - G2 —— X(Gg) = X(Gl)

Furthermore 1)<z is also monotone decreasing. (For e ¢ E(G), if e joins two vertices
from the same component of G then £(G+e¢) > £(G) obviously. If e joins two components,
H, and Hs of GG, then the resulting component has an excess more than or equal to
max{E(H,),E(Hs)}, with equality when one of two components is a tree.)

Now notice that each G on [n] is essentially a (})-long tuple & of {0, 1}-valued vari-
ables 0(;;), di;) = 1 meaning that (¢,j) € E(G). So, a graph function f(G) can be
unambigiously written as f(d). Importantly, a monotone decreasing (increasing) graph
function is a monotone decreasing (increasing) function of the code §. For the random
graph G(n,p), the components of § are independent random variables. According to an
FKG-type inequality, see Grimmett and Stirzaker [12] for instance, for any two decreasing
(two increasing) functions f(Y'), g(Y') of a vector Y with independent components,

E[f(Y)g(Y)] = E[f(Y)] E[g(Y)].

Applying this inequality to (1/2)%¥®1¢@s)<r), we obtain

1\ X (@)
(2

= Pr(S, > 0) Pr(&, < L).

Pr(S, >0, &, < L) >E E [1{e@mp<y]
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Thus our next step is to determine how large £(G(n,p)) is typically, if

14+ )\ -1/3
p= l, A =o(n'/?). (2.1.14)
n

For p = ¢/n, ¢ < 1, it was shown in Pittel [21] that
lim Pr(G(n,p) does not have a cycle) = (1 — ¢)Y? exp(c/2 + ¢2/4).
From this result and monotonicity of £(G), it follows that, for p in (2.1.14),
lim Pr(€(G(n,p)) = 0) = 1.
If A - —o0, then we also have
lim Pr(£(G(n,p)) >0) =0, (2.1.15)

that is £(G(n,p)) < 0 with high probability (whp). (The proof of (2.1.15) mimicks
Luczak’s proof [15] of an analogous property of G(n,m), with n=2/3(n/2 — m) — c0.)

Furthermore, by Theorem 1 in [17], and monotonicity of £(G(n,p)), it follows that
E(G(n,p)) is bounded in probability (is Op(1), in short), if limsup A < oc.

Finally, suppose that A\ — oo. Let L£(G(n,m)) denote the total excess of the num-
ber of edges over the number of vertices in the complex components of G(n,m), i. e.
the components that are neither trees nor unicyclic. According to a limit theorem for
L(G(n,m = (n/2)(1 + Mn~?))) from [13], L(G(n,m))/A* — 2/3, in probability. Ac-
cording to Luczak [15], whp G(n,m) has exactly one complex component. So whp
E(G(n,m)) = L(G(n,m)), i. e. E(G(n,m))/ *> — 2/3 in probability, as well.

Now, if
m’sz—i—O(M), N = (Z)a

then "
m' = 5(1 + AT N = A1+ 0(n7V9)).
Therefore, in probability,
E(G(n,m))
\3
as well. From a general “transfer principle” ( [5], [16]) it follows then that

E(G(n,p))
A3

2
- 2
3

2
_) p—

3
in probability, too.

This discussion justifies the following choice of L:

0, if lim A = —oo,
L = { u — oo however slowly, if A = O(1), (2.1.16)
A3, if A — oo, A = o(n'/'?).
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2.2 Generating functions

First, some basic facts about the generating functions Cy(x) and E,(x). Introduce a tree
function T'(z), the exponential generating function of {k*~1}, the counts of rooted trees
on [k], k > 1. It is well known that the series

k
X _

k>1
has convergence radius e~!, and that
T(z) = ze™™, |z| <e™;

in particular, T(e7!) = 1. (This last fact has a probabilistic explanation: {%} is the
distribution of a total progeny in a branching process with an immediate family size
being Poisson (1) distributed.) 7T'(x) is a building block for all Cy(x). Namely, (Moon
[20], Wright [25], Bagaev [1] resp.),

C\(2) =T() — %Tz(a:), (2.2.1)
Col) = % {m %W —T(a) — %T?(;p) | (2.2.2)
T(2)(6 — T(x))
Q@) = STy

and ultimately, for all ¢ > 0,

Co(z) = > = ]f‘&v;))gé_d, (2.2.3)

d=0

cr.q being constants, Wright [25]. Needless to say, |z| < e™! in all the formulas. One
should rightfully anticipate though that the behaviour of Cy(z) for z’s close to e™! is going
to determine an asymptotic behaviour of Pr(S, > 0,&, < L). And so the (d = 0)-term
in (2.2.3) might well be the only term we would need eventually. In this context, it is
remarkable that in a follow-up paper [26] Wright was able to show that, for ¢, := ¢, > 0,
dy := —Cp1 > O, (6 = 1),

Cy dg Ce
< Cg(l’) <C W

(1—T(x))¥* (1—T(x))3 1 >° (2.2.4)

(We write 3 aa/ <. >3, b2’ when a; < b; for all j.) In the same paper he also
demonstrated existence of a constant ¢ > 0 such that

c@~c<g)£(€—1)!, dg~c<g)£€!, (£ — o). (2.2.5)
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Later Bagaev and Dmitriev [2] showed that ¢ = (27)~!. By now there have been found
other proofs of this fact. See, for instance, Bender et al [3] for an asymptotic expansion
of ¢, due to Meerteens, and Luczak et al [17] for a rather elementary proof based on the
behavior of the component size distribution for the critical G(n,m).

Turn to E,.(z), r > 1. It was shown in [13] that, analogously to (2.2.3),

5r
Erd

B0 =2 T

d=0
B (6r —2d)!1Qq4(r)
- 25r32r=d(3p — d)!(2r — d)!

(2.2.6)

Erd

where Qo(r) = 1, and, for d > 0, Qq4(r) is a polynomial of degree d. By Stirling’s formula,

Er = ~ (2m) 712 (g) V2T 0. (2.2.7)

Formally differentiating both sides of (2.1.8) with respect to w and equating coefficients
by w'™!, we get a recurrence relation

rE () =Y kCy(x)E,_k(). (2.2.8)

By (2.2.3) and (2.2.6), the highest power of (1 — T'(x))~* on both sides of (2.2.8) is 3r,
and equating the two coefficients we get a recurrence relation involving ¢, and c,,

re. =Y ke, r>1 (2.2.9)
k=1

With these preliminaries out of the way, we turn to the formula (2.1.11) for Pr(S,, >
0, &, < L). Notice upfront that, for L = 0—arising when A\ — —oo—we simply have

1
Pr(S, > 0, & < 0) = N(n,p) [z"]e?®,  H(z) = %C_l(z) +5Co(@).  (22.10)
The next Lemma provides a counterpart of (2.1.10) and (2.2.10) for L € [1,0).

Lemma 2.5. Given L € [1,00),

Pr(S,>0,&,<L)=N(n,p) Z (%)T [z"] {eH(x)FTL(z)} , (2.2.11)

where {FX(x)} is determined by a recurrence relation

rAL

1
rFh(z) = 5 Y kCi(x)Fly(x), r>1, (2.2.12)
k=1

and FF(z) = 1. (Here a A'b:= min{a,b}.)
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Proof of Lemma 2.5. Clearly

exp (% 3 wécf(x)> =S wFHa), (2.2.13)

where F(x) are some power series, with nonnegative coefficients, convergent for |z| < e~

This identity implies that

exp <Z wEC’g(z)) = (Z w’"FrL(z))

Differentiating this with respect to w and replacing exp (Zle wZCg(x)> on the left of the
resulting identity with (352 w*Fr (x))z, we get , after multiplying by w,

(inFSL ) (iﬁ gone: )zQierFrL(x)

Equating the coefficients by w”, r > 1, of the two sides we obtain the recurrence (2.2.12).

U
The recurrence (2.2.12) yields a very useful information about FX(z).
Lemma 2.6. Let L > 0. Forr >0,
5r L
Fl(z) = rd 2.2.14
T (Zlf) dZ:; (1 . T(x))gr_da ( )
and, denoting fL = fjo, gk = — 751
fr gk L fr
- — - < F e —— 00—, 2.2.15
1@y a-1@pr <O aee B
Furthermore the leading coefficients f, g& satisfy a recurrence relation
7"/\L
rfl = chk e fi=1 (2.2.16)
7"/\L 7"/\L
rgb == chkgr it s dekf% 95 =0, (2.2.17)

so, in particular, f¥ >0 and g >0 forr > 0.
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Note. 1. This Lemma and its proof are similar to those for the generating functions
E,(z) obtained in [10].

Proof of Lemma 2.6. (a) We prove (2.2.14) by induction on r. (2.2.14) holds for
r=0as Fy'(x) =1and f§, = f§ = 1. Further, by (2.2.12) and (2.2.3),

5
> T
1_ 3d’
=0

i. e. (2.2.14) holds for r = 1 too. Assume that r > 2 and that (2.2.14) holds for for
"€ [1,r —1]. Then, by (2.2.12), (2.2.3) and inductive assumption,

FlL():_Cl =

[\Dl}—‘

1 rAL
Fl(z) =0 Z kCy(z)FE , (2)
k=1
LSSt C’“i kad
:—Zkz - 3kdz - -
2r k=1 d= (1 (1
:i rAL k Z Ck.d fT—kdl
2r 1 d<OkaD g <5(r—k) (1 — T(z))3r—(d+d1)

Here
0<d+d <3k+2+5(r—k)=>5r—2(k—1) <br,

0 (2.2.14) holds for r as well.
(b) Plugging (2.2.14) and (2.2.3) into (2.2.12) we get

5r rAL 3k+2 c 5(r—k) fL

r d k: ,dy r—k,ds
Z (1 37" d Z 2 Z 3k—d1 Z (1 _ T(x))3(r—k)—d2'
d=0 —0 da=0

Equating the coefficients by (1 —T(z))™" (by (1 —T(x))™>"! resp.) on the right and on
the left, we obtain (2.2.16) ((2.2.17) resp.).

(c) For r = 0, (2.2.15) holds trivially. For r > 1, inductively we have: by (2.2.4)
(upper bound) and (2.2.12), (2.2.16),

FL(:L,> <. 1 gk Ck er—k
) Seor LTS @m (1= T (e e m
1 rAL
“0-T() 3r2rzkc’“f —
L
=Ty
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furthermore, by (2.2.4) (lower bound), (2.2.12) and (2.2.16)-(2.2.17),

1 rAL r dk
FL 20 - — FL
r ([L’) 2r ; k |:(1 — T(x))?’k (1 o T(x))?)k—l r—k(x)
Ze S % k h fiin _ 9ri
2r k=1 (1 =T(x))3 | (1 =T(x))2=k (1 =T(x))3r=R-1
B i rAL \ dk | TL_k
2r &= (1= T(x))*=1 (1 —T(x))3 P
rL 1 1 rAL o 1 rAL .
= (1 — T(x))3r o (1 — T(x))3r—1 g kz:; CkGy_j + g ; kfr—k

l gL

(1 =T(x))  (1=T(x)> "

O

To make the bound (2.2.15) work we need to have a close look at the sequence
{fE, gk} 0. First of all, it follows from (2.2.16) that

fE< =1 gf<g =g

That is f, and —g, are the coefficients by (1 — T'(x))™*" and (1 — T(z))™**! in the
expansion (2.2.13) for F,(x) := F>®(z). Now, using (2.2.13) for L = oo and (2.1.8), we

see that )
(Z wT’FT(x)> = Z w" B, (z).

r>0 r>0

So, equating the coefficients by w”, r > 0, we get

> Fu(x)Foi(x) = E,(x).
k=0

Plugging (2.2.6) and (2.2.14) (with L = 00), and comparing coefficients by (1 — T'(x)) 3"
(1 = T(x))= 1 resp.), we obtain

T

Z frefr—k = &rpo; 2 Z JrGr—k = —€r1.
p

k=0

In particular,
1 1

.fr < §ET’,O> gr < _§5r,1~
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Consequently, using (2.2.6) for r > 2 and d = 0,

that is

Ero Er0 1 3 " ~1/2 —
~(1—-1/r)< f, < =~ — | e (r — 0), 2.2.18
S0y <<= (3) (r = o0) (22.18)

see (2.2.7). Furthermore, using (2.2.6) for r > 0 and d = 1,

3 T
gr < (5) rrtRenr, (2.2.19)

And one can prove a matching lower bound for g.. Hence, like €., f., g, grow essentially
as 1", too fast for F,.(x) = F°(x) to be useful for asymptotic estimates. The next Lemma
(last in this subsection) shows that, in a pleasing contrast, f, g& grow much slower when
r> L.

Lemma 2.7. There exists Loy such that, for L > Ly,

3L\" 3L\"
L, [ == L < = > 0. 2.2.2
r b<26) ) 9, br<2e) ) \V/’I" 0 ( 0)

Proof of Lemma 2.7. (a) It is immediate from (2.2.18), (2.2.19) that, for some
absolute constant A and all L > 0,

3L\" 3L\"

Let us prove existence an integer L > 0, with a property: if for some s > L and all t < s,

3L\' 3L\°
L < = L < - 2.
ft \A<26>’ g \At<26)’ (2221>

sL+1 <A (2_6) ) gsL+1 < A(s+1) (2_6) :

then
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By (2.2.16), (2.2.21), and (2.2.5), there exists an absolute constant B > 0 such that

3L s+1 L k k
L < oL 1/2 )
(s+1) 8+1\AB<2€) L ;(L)

A function (z/L)" attains its minimum on [0, L] at © = L/e, and it is easy to show that

e ", r < Lfe,
x =

(z/L)" < { Le.

Since s + 1 > L, we obtain then
1 1 3L\
L T2 2
fs—l—l <AB <1 _ 6_1 + 1— e—(3—e)/2) L (26)

s+1
()
2e

1 1 i
P2
L>L =B (1_6_1 + 1_6—(3—6)/2) ’

Likewise, by (2.2.17), (2.2.21) and (2.2.5),

; 3L s+1 " L k k
(s+1)gk, <AB(s+1) (2—) L Z(E)

e

if we choose

k=1
3L s+1 L k k
AB' 1) (= LY/? =
L AB/(s + >(26) > (%)
k=1
so that "
3L\°
st <A+ (50)
if we choose
L>1Ly,:=(B+ B)? L L 2
> Ly:=(B+B) 1_6—1+1_6—(3—e)/2 :

Thus, picking L = max{L;, Lo} = Ly, we can accomplish the inductive step, from s (> L)
to s + 1, showing that, for this L, (2.2.20) holds for all ¢. O

Combining (2.2.10), Lemma 2.5, Lemma 2.6, we bound Pr(S, >0, &, < L).

Proposition 2.1. Let L € [0,00). Then

21< PT(Sn>0,8n<L)<22
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Here

Si=N(n,p) Y (%)T [+"] {(1 ?L;IZ:)))% (1 —7?(:)96))3“1] ’

S =N P\ fre™ (2222
2 = (n,p); (2—q) ks ]W’
and
:fra T’<L, = Gr, T<L>
L r L r
r L r 3L 2.2.23
f <b 3_ ) T 2 L7 g <b T o 9 r 2 L? ( )
2e 2e

with f,, g. satisfying the conditions (2.2.18)-(2.2.19).

Note. The relations (2.2.22)-(2.2.23) indeed cover the case L = 0, since in this case
fo=1,g0=0and ff =g =0 forr > 0.

2.3 Asymptotic formula for Pr(S, > 0).
The Proposition 2.1 makes it clear that we need to find an asymptotic formula for

H (@)

N(n>p)¢n,1w Cbmw = [xn] m>

w=0,3,6... (2.3.1)
Using N (n, p)!q"z/ 2(pg=3/?)" and Stirling’s formula for n!, with some work we obtain

3 oA 1A
N(n,p) = V2mnexp| —n= +n“"— —n/’"—

2 2 2 (2.3.2)
A5
+ ? + 1 + O(n_l/3(1 + >\4)) .

The big-Oh term here is o(1) if |A\| = o(n'/2), which is the condition of Theorem 1.1.

Turn to ¢, . Since the function in question is analytic for |z| < ™!,

1 et(@)
(bn w— 5. % dm,
’ 2 Jp (1 =T (x))v

where T is a simple closed contour enclosing the origin and lying in the disc |z| < e™'. By
(2.1.10), (2.2.1)-(2.2.2), the function in (2.3.1) depends on z only through 7'(x), which
satisfies T'(x) = ze”®). This suggests introducing a new variable of integration 7, such
that ye™ =z, 1. e.

k
v _
y=T(z)= E gkk Lozl <e™

E>1
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Picking a simple closed contour I" in the y-plane such that its image under z = ye™? is a
simple closed contour I within the disc |z| < e™!, and using (2.2.1)-(2.2.2), we obtain

1

- —n—1_ny . g . y_ 1— 3/4—wd
P =5 by e <f<c(y) ) (1-y) Y,

K(y) ;:g (y - y;) ;

q/p ~ n, so y "e™e W) would have fully accounted for asymptotic behavior of the integral,
had it not been for the factor (1 — 5)34=%. Once I" is picked, it can be replaced by any
circular contour y = pe?, § € (=, 7], p < 1. (The condition p < 1 is dictated by the
factor (1 —y)*/4=.) And (2.3.3) becomes

(2.3.3)

1
Onw =51 (w),
7T
/ "0 exp (—pet? /4 — p?e™ [8) (1 — pe? )34~ d, (2.3.4)
P 6229 ”
h(p,0) = ) <pe 5 )+np6Z —n(lnp +if).

We will choose p < 1 in such a way that, as a function of 6, |e"»)]| attains its maximum
at § = 0. Now [e"?9)| = e/ (P9 with

f(p,0) =Re h(p,0) = %pcos@— Qipp200829+npcose—nlnp,

so that

2 1
fo(p,0) = —q02 sin (COSQ — Lp/q) .
p 2p

Then f4(p,0) >0 (< 0 resp.) for § <0 (0 > 0 resp.) if

p< %(1 +np/q). (2.3.5)

—an~1/3

Let us set p=¢ , where a = o(n'/3), since we want p — 1. Now

2
L 14+ np/q) > 1+én_1/3, p<1—an‘1/3+a—n_2/3;
2 2 2

o0 (2.3.5) is obviously satisfied if
A_a
> 2.3.6
ats 2y ( )
(2.3.6) is trivially met if A > 0. For A < 0, |A| = o(n'/?), (2.3.6) is met if a > |A|. In all
cases we will assume that liminfa > 0.

Why do we want a = o(n'/?)? Because, as a function of p, h(p, 0) attains its minimum
at np/q ~ 1, if A < 0 is fixed, and in this case np/q < 1, and the minimum point
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is 1if A > 0. So our p is a reasonable approximation of the saddle point of |h(p,0)|,
dependent on A, chosen from among the feasible values, i. e. those strictly below 1.
Characteristically p is very close to 1, the singular point of the factor (1 — y)*4~%, which
is especially influential for large w’s. Its presence rules out a “pain-free” application of
general tools such as Watson’s Lemma, (see Miller [18]).

Under (2.3.6),
£3(p.0)] = 5n*|sin),

and signfy(p,0) = —sign 6, so that

0]
Fp.0) < Fp.0) = 5 [ sinza
=f(p,0) — an?/® sin2(9/2)
< f(

) —an2n?20% = h(p,0) — an2n?/36%
Let us break the integral I(w) in (2.3.4) into two parts, I;(w) for |0| < 6y, and Ir(w) for
10| = 0y, where

2.0 (2.3.7)
p,0

0p = mn P 1nn.

Since f(p, ) is decreasing with |0, and |1 — pe®| > 1 — p, it follows from (2.3.7) that

| L(w)] <p (1 — e 7?) el (000)
< (aln_l/g)_weh(p’o) exp(—aln®n); (2.3.8)
a ::n1/3 (1 o e—an*I/B).
Turn to I; (w). This time |0| < 6y. First, let us write

; _sn—1/3 .
pe? = e s=a—it, t:=n'3;

so |s| < a+ wlnn. The second (easy) exponent in the integrand of I;(w) is asymptotic
to —3/8, or more precisely,

1 - 1 _
e = e Q)+ Ol ),
(2.3.9)
Q (a) — le—arfl/3 _ 1€—2an*1/3
2Ty 8

Determination of a usable asymptotic formula for h(p, 8) is more laborious. It is convenient
to set q/pe“”fl/a; thus

p3 1n % >3 In(1 4+ M 73) > N1 = MnT3)2),

and
p—A=0(Mn"3 fn713)2),
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Using the new parameters s and p we transform the formula (2.3.4) for h(p, 0) to

h(p,0) =n (e_(“+8)"1/3 — %e_(’”zs)"l/g ey sn_l/?’) .

Approximating the three exponents by the 4-th degree Taylor polynomials, we obtain

3 2 3
h(p7 ‘9) =n |:§ o n_1/3 g + n_2/3 MZ - n_l%:| + Ql(:u’ua>

+ <“732 + %3) + O(Ds(1));

0101 ) i1 [(u ta)' (p+2a)t aj ;

(2.3.10)

4l 412 41
Di(t) :==n"Y2t|(IA| + a4+ 1nn)® + n~23(|\| + a + Inn)°.
(Explanation: the second summand in D;(t) is the approximation error bound for each of
the Taylor polynomials; the first summand is the common bound of |(1 + a)* — (i + s)%,
|(u+25)* — (p+2a)*|, and |s* — a?|, times n~Y/3.) And we notice immediately that both
Q1(p,a) and Dy(t) are o(1) if, in addition to |A\| = o(n'/'?), we require that a = o(n'/1?)
as well, a condition we assume from now on. Obviously O(D;(t)) absorbs the remainder
term O([t|n~Y/3) from (2.3.9).
Furthermore, since

—1/3 2 3
n V3 =1n (%) A— n_z/g% +n! <% + 1) + O™ 3(14+AY),

for the cubic polynomial of n='/3y in (2.3.10) we have

2 3

2 2 4 12
3 a3 1/3 N ~1/3 4
—n2 232 AN 14 AY).
ng —n3 +n 5 55 +O0(n (1 +2Y)

Observe that the first three summands are those in the exponent of the formula (2.3.2)
for N(n,p) times (—1).) Therefore, using (2.3.2) for N(n, p),

1 . 1 .
N(nvp) exXp (h(p, 9) — —pew _ _p2€229)

4 8
=[1+ O(D:(t))]V2mn - exp (—%3 + Z +Q(u,a) + “782 + ?) : (2.3.11)

Q(p,a) = Q11 @) + Qa(a) + O(n (1 + 1)),

and Q(p,a) = o(1) as A\, a = o(n'/'?). In particular, using (2.3.8), (2.3.10) for = 0, i. e.
s = a, we see that

3 2 3
N(n,p)ug(w)‘ gb n1/2(a1n—1/3)—we—aln2neXp (_)\_ + & + _) . (2_3_12)
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Furthermore, switching integration from 6 to t'/36, the contribution of the remainder term
O(D:(t)) to N(n,p)li(w) is O(dpw),

5 .4ﬂ20%+mﬂf“€*”a/w
naw - (aln_1/3)w

2 3
exp (% + %) ‘ D (t)dt.

—0o0

1/12 /2, —1/3

(Explanation: n~1/12 = p'/2p=13n=1/4 with n=Y* coming from n~'*(a 4+ 7 lnn)3*, an
upper bound of |1 — pe'®|3/4, for 0] < 6,.)

2 3 2 3
exp(g%—s—)‘:exp{&+a——<ﬁ+a>t2],

Now

2 3

where, see (2.3.6),

g a=>4+a+00n 2P +n7 BN\ >0,
a

_'_
since liminfa > 0, and a > |A| if A < 0. Hence, see (2.3.10) for Dy(t), we have d,, ., <p

Ay, w, Where

)\3 2 3
An,w = n—1/12+w/3 : al_w exp (__ + & + a—

(2.3.13)
1/2+a (1/2+ a)'/?
The denominators 11/2 + a, (/2 + a)'/? come from the integrals
| ten = (5+a) ] dt =tz R k0,
for k =0,1. Clearly A, ,, absorbs the bound (2.3.12).
Thus, switching from 6 to s = a — in'/36, it remains to evaluate sharply
: ~1/2, 1/6 A3
—i(2m) "/ n " exp % +o T Q(u, a)
5 . (2.3.14)

S1

here s1 = a — in'/?6y, so = a + in'/30,, and the integral is over the vertical line segment
connecting s; and sg. Lastly we need to estimate an error coming from replacing (1 —
e~ *)3/4~w with a genuinely palatable (sn=Y/3)34" Using

—on P (s =a—it),
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we have: for u > 1

1
= ‘1 _ e—an*1/3|u

1 1
(1 _ e—sn*1/3)u (Sn—l/i’))u

1—esn'? ¢
- sn—1/3

w|sn~1/3 u(a + [t))n =13
‘1 _ e—an*1/3‘u = |1 _ e—an*1/3|u :

1/3

U 1—e5"

S?’L_l/3

b

S ‘1 _ e—an*1/3‘u

Also, for s in question,
11— e "*| > 0.5]sn 1.
So

ANV
—sn—1/3\3/4 —1/3\3/4 _iapga | (L v
(1—e )0 = (snT ) = |sn T e -1

<b |Sn—1/3|3/4+1 <b n—7/12(a + |t|)7/4.
Combining these two estimates, we have: for w € {0,3,4,...},

n—?/lz(aJr \t|)7/4.

—en 3\3/4—w (. —1/3\3/d—w
[(1—e ) (sn™/7) | < (w+1) (ayn~1Byw

see (2.3.8) for a;. Consequently, replacing (1—e=*"""/*)3/4= in (2.3.14) with (sn—1/3)3/4-w
incurs an additive error of order

3 2 3
(w+ L~/ g exp <_% + % + %) PP,

at most; thus the error is easily O((w + 1)A,, ), see (2.3.13) for A, 4.

While these bounds will suffice for A = O(1), the case A\ — oo requires a sharper
approximation of (1 — =" "*)3/4=w for 1y = O(A3). We write

—sn—1/3
—sn~V/3\3/4—w __ —1/3\3/4—w 1—e

= (sn™ %)Y exp [Qs(w, a) + O(Ds(w, 1))]; (2.3.15)
1/3
Qs(w,a) :=(3/4 —w)In
Ds(w, t) :== (w + 1)tn_1/3.

1 _ e—an*

I

an—1/3

Notice that Q3(a,w) — 0 as wa = O(A3n'/*?) = o(n'/?), and Ds(t,w) — 0 as wlnn =
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o(n'/?). The expression (2.3.14) therefore becomes

>\3
—i(2m) Y2 T2/ oy (_F + z + Q(p, w, a))

52

2 3 _
: /exp <£ + S—) s/ ds 4+ O((w + 1)Ap0);

2 '3 (2.3.16)

S1

Q(u,w, a) :=Q(p, a) + Qs(w, a);
N 3 2 3
Ay =00 gm0 exp (—% + % + %) (a +Inn)3/4.

Finally, after this replacement we can extend the integration to (a —ioco, a+1i00), since
the attendant additive error is easily shown to be absorbed by (w + 1)A,, ,, for all w, and

by (w+ 1)A,,, if w=0()\?).

Lemma 2.8. Suppose that A = o(n'/12). Let a > |\| be such that lima > 0, a = o(n*/2).
Then, denoting ,u1/3 In(np/q),

N p) o] —
n,p) 2" —————
(1 =T(z))»
a-+100 9 3
- _ z'(27T)_1/263/8+°(1)n_1/12+w/3e_”3/6 /83/4_w exp(ﬁ + S—) ds
2 3
+O((w+ 1) Ry, (2:3.17)

with Rn,w < An,w fO’f’ all w, and Rn,w = Anﬂﬂ A A%w Zf wa and wlnn are both o(n_l/?’).
Furthermore, shifting the integration line to {s =b+it: t € (—o0,00)} does not change
the value of the integral as long as b A\ (/2 + b) remains positive.

Proof of Lemma 2.8. We only have to explain preservation of the integral, and
why e **/6 can be replaced with e #*/6. Given such a b, pick T > 0 and introduce two
horizontal line segments, Cy 2 = {s = a=xiT : « € [a, b}, the top segment and the bottom
segment being respectively right and left oriented. On C; U (s,

2 3 2 3
Reci+i>:&£+&_T%H+@,

2 3 2 3 2
and
H+a>ﬁ+(a/\b)>0
2 2
Therefore ) 5
3/4-w Hs™ 5 _
Tlglgo/s exp<2+3)ds 0
C1UCo
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As for e /6 ~ ¢=#*/6 this follows from
N — 1] < N2 (0722 40BN = (VBN 4 BN 0. (2.3.18)
U

In the context of the critical random graph G(n, m), the integral appearing in (2.3.17)
was encountered and studied in [13]. Following [13], introduce

a+100
6—;&/6 g2 g3
Ay, p) = o / s exp (% + §> ds. (2.3.19)

We know that this integral is well defined, and does not depend on a, if @ > 0 and
a > —u/2. It was shown in [13] that (1)

(3 u/2)
Ay, p) 3(y+1)/3 Z ET((y+1—2k)/3) (2:3.20)

(2) A(y, ) =0 for y >0, A(y, ) > 0 for y > 2, and (3)

b e e A T
Aly, ) ~ e 1’/6 (2.3.21)
WPy 2y T

We will also need two bounds

2 (2/3)"%
Ay, p) <p e/ C (y+1) ,
’ s . (2.3.22)
—1/2 1—y I a
Ay, i) <p (a+p/2)"/2a "V exp 5 + — + = ;

(the second bound holding for y > 1 and a + /2 > 0), and an asymptotic formula: if
p— 00, y — 00, and y = O(p?), then

poopg &
Ay, p) ~ (2m) (€2 + p+26) 72 Y exp (—g + ot ) (2.3.23)
where & = £(y, 1) is a unique positive root of
pe*+& =y.
Also, if y = O(\?), then
3 2 ¢3
Ay, i) <p 7€ Y exp (—% + % + %) : (2.3.24)
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(See Appendix for a proof of (2.3.22) and (2.3.23)-(2.3.24).)

With A(y, u), we write (2.3.17) more compactly:

6H(gv)
N(n,p) [fn]m

= (2m)2e3/8H°W A1 /4 + w, p)n V2B L O((w + 1) Anw). (2.3.25)

Let us use (2.3.25) for asymptotic evaluation of Pr(S, > 0, &, < L) given by (2.2.10)-
(2.2.11).

Case |\ = O(1). According to (2.1.16), we can pick L — oo as slowly as we wish.
We pick L = (Inn)/4.

As a first step, let us estimate the overall contributions, RY and Rg), of the remainders
O((w 4+ 1)R, ) to the bounds ¥; and X, in Proposition 2.1. In this case we choose

a = (L)¥3 for each w, and Ry, = A,,. Consider RY first. By (2.2.19) and (2.3.13),
and dropping (3r + 1)(np/2q)" = (3r +1)(1/2 + o(1))" factor,

37(12) < n12. ( ~1/3 1, 15/4 )
Aopa? @ N LI _ar (2.3.26)
eXp(—E—l—T—F?) Zral .

Now a; ~ a, so by (2.2.23) and (2.2.18),

S (@) B 5 -

r<L

So (2.3.26) becomes

R® < n-1/12 n—1/361n3/4n — p5/12+0(1)
Ay .

Further, by (2.2.22) and g& = 0,

P\ g gre™
Yo — % = N(n,p) Z (Z) [z ](1 —T(z)F L

r>0

Therefore

‘Rgl1)| < Rﬁ?’ 412, (n—1/3 Int5/4 n)

Nopa? dd) s,
'eXp<_€+T+§ ~nga13+1.
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So, using the bounds (2.2.19) and (2.2.23) for g%, we conclude that |R£L1)\ < 2RY. Thus,
for L = (Inn)'/4,

Pr(S, >0, &, <L)

X1+ O(n_1/3+0(1)) < (27)1/2¢3/8p-1/12

< X5 4 O(n~ /34y, (2.3.27)

where

=Y () A/,

r=0
n
PO 3 —1/3Z< p) (=3/4 + 3r, ).
r>0

Let us have a close look at ¥ and 5. Write

z;:Z( q) FrA)A+ 3r, 1) +Z( ) fEA(L/A 4 3r, 1)

r<L r>L

(2.3.28)

By fL < f., (2.2.18), (2.3.22), and Stirling’s formula for I'(r) = (r — 1)!,

222 <p €2|H| /32 ( + O(|>\‘ —1/3)) (g) Tr—1/2€—r (g) F_l(’/’)

r>L

2\" 2\~
<e2|u|3/3z(§) < <§) .
r>L

Further, since uniformly for r» < L,
(1+ A~ 13) = eXp(O(L|)\|n_1/3)) =1+ 0(n Y3(Inn)"4),

we have

SH=(1+o0 Zf’“ A(1/4+3r, ).

r<L

And, analogously to X3,

S Eanranm<o(2)
2 A

r>L

Therefore

DY gA(l/ZL +3rp) =Y gA(l/ZL + 3r, ).

r<L r<L

Also, by the definition of 3% in (2.3.25), it follows that |XF — 3| is O(n~'/3). Hence
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Proposition 2.2. For |A\| = O(1),

Pr(S, >0, &, < L) f.
(27r)1/2e3/8n—1/12 ~ C(:u) = Z?A(l/ll"'_?’ra N)a

r>0

and p (= X+ O(n=Y3)) can be replaced with \, as c(x) is positive and continuous for all
x.

Case A — 00, A = o(n/'?). According to (2.1.16), we select L = a)3, a > 2/3. This
time we use a eqrefined version of (2.3.24), with the exponential factor sneaking behind
the sum operation for r < a3, which allows us to choose a (< 2)) dependent on r for
r < aX?. Also, for those r and a, ra = O(A*) = o(n'/?) and rInn = O(A\®Inn) = o(n'/?);
so Ry 3 = Amgr in this range. For r > a\? we select a = ), and here Ry5r = Ay 3. (So,
a = o(n'/'?) throughout.) By (2.2.20),

exp <—A—3 + Ad + “—3) > (r+1)(1/2+0(1) fF

r>al3

ron (2 5 o (Bt

223 1 1
< N3 exp <% + XMaln —Ba( IeO( ))>

< N3 exp ()\3aln —3a(1 + 0(1))) ,

4

and, pushing o down to 2/3, we can make the coefficient of A* in the exponent arbitrarily

3 2

According to (2.2.18) and (2.3.13), it remains to bound

r+D)2ea |"P\U 6 " 2 T3 ) \dea?) [

r<ald

e—an’l/?’)

(we have replaced ai/ ’(1 - with a, since for r < a3,

4,,—1/3
G?T — a37"€0()\ n ) o a37"7

and \3/6 with 13/6, see (2.3.18)). So we need to find min,<oy ®(r, a),

3 2 3
®(r,a) == —%—i—rln( i >+&+%. (2.3.20)
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®(r,a) attains its absolute minimum at a = £(r), a unique positive root of

3r 3a\?
/’Lg + 52 == < )
3 3
i. e. &(r) < 2\ if « is sufficiently close to 2/3 from above. Further ¢(r) := ®(r,&(r))
attains its maximum at 7, a root of

¢'(r) =@ (r, le=er) + & (1) Pe(r, &) le=e(r)

3r
=&, (1,8)|e=¢(ry = In T 3lng(r) =0,

(2.3.30)

I N7
—_ — = = — . 2. . 1
=gt E=&r) =5 (<2 (2331)
Consequently
o 443 B 4\3
From (2.3.30) it follows, via implicit differentiation, that
d&(r 3E(r
o B0 B
dr 6r + &3(r)
e 160 &)
" r\T uS=\r
= -—3 0~ =——"—-<0;
P T T T o0
in particular
27 27
") = ——— ~ ——. 2.3.
P =—1a~ (2:3.33)

A standard application of Laplace method yields

3 2 3 r 3
12 I 3r < )3 _4AA
g (r+1) min {exp ( 5 + - + 5 loa? <p A7 exp 5 )

r<al3

Therefore, consulting (2.3.16) for A, ,, and (2.3.13) for A,,,,, we bound R, the total
contribution of the remainders (w + 1)R,, ,, to the sum ¥, in (2.2.20):

4N3
R = Z(T + 1Rz <pn” Y12 exp <_W) (nBN3TS 4718 In®/4 n)

T

+ - 1/12 )3 ,—0.273° (n_1/3>\4 FIPSVER n)

43
<p (N4 DY 112 oy (_W) : (2.3.34)
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As for RS, the total contribution of the remainders (w+ 1R, to Xy in (2.2.20), it is
O(Rg)), just like the A = O(1) case. So we arrive at the counterpart of (2.3.27)-(2.3.28),
with

4)\3
\L/4 —1/3+0(1) A
( +n ) exp 57

taking place of n=/3+°() " Further, again we split 3 = 3%, 4+ ¥3,. To bound X3, we use
the second bound in (2.3.22) for A(1/4 4+ 3r, u) with a = A, and the bound (2.2.20) for
fL. Just like Rg), we obtain

S (/24 o(1) fE < N2 (2.3.35)

To evaluate sharply 3, we use (2.3.23) to approximate A(y, p) for ep < y, y = O()\3),
and (2.3.24) to bound A(y, i) for y < eu, € > 0 sufficiently small. Invoking (2.2.18) as
well, we have

np\" 1 £3/4e9(r)
> (2—) LAQ/A+3r )~ Y 1 : oL
ep<r<ard q eu<r<aid (T((Z + 3T)£_ + H + 2&))

here ¢(r) := min, ®(r,a) = ®(r, &), see (2.3.28)-(2.3.29) for ®(r,a) and £ = &(r). We
know that ¢(r) attains its pronounced maximum at 7 = (4/81)\3, i. e. well within
[et, aX?]. Using (2.3.31)-(2.3.33), by Laplace method,

T = 7 1/2
np A(L/4 430, Ni 53/46¢( ) ( o )
augg:a)\g( 2(]) J ( / r ,u) 47 (f((i + 37:)5—2 +p+ 25))1/2 —Qy/(f)

1 » N3
22 eXp( o7 )

Applying (2.3.24), it is not difficult to show that

Z <Z—§) TfTA(l/Zl +3r, 1) < M exp (—4—)\3) :

27

r<ep

. np\" 1 14 4)3
¥, = Z (2_(1) frA(L/4+ 3r p) ~ WA M exp (—W ,

r<ald

whence (see (2.3.35))

Spe X 2.3.36
2™ 9mnezat P\ Tor ) (2.3.36)
as well. And, analogously to the A = O(1) case, for ¥} defined in (2.3.28),
* * 1/4 4)\3
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Proposition 2.3. For A — oo, A = o(n'/12),

3/8 AN
o112 € 1/4 _
Pr(S,>0,& <L)~n 5 33/ A exp< 27).

Proof of Proposition 2.3. The probability is asymptotic to the expression in (2.3.36)
times (27)"/2e3/8n1/12, O

Lastly,

Case A\ — —00, |A| = o(n'/1?). According to (2.1.16), we can pick L = 0. By Proposition
2.1 and (2.3.17) for w = 0, and a > |\|, a = o(n'/12), we have

Pr(S, > 0,&, < 0) = N(n,p) [z"] @
= (2m) 212638 A(1 /4, 1) + O(Anp).

(5

Notice that

2 3 6
since A* — p? = o(1). Setting a = X in (2.3.13), we obtain
App < V12 U3 =B (NPT 4 1375 ).
And, by (2.3.21),
A(L/4, 1) ~ (2m) T2 ]2 o (2m) TRV
Proposition 2.4. Suppose A — —oco, |\| = o(n'/*?). Then

Pr(S, > 0,E, <0) ~ e3/8| N4,

Since in each of the three cases our L is such that
lim Pr(&, < L) =1,

Propositions 2.2 -2.4 combined with the relations (2.1.12) and (2.1.13), prove the part of
Theorem 1.1 about G(n,p), p = 1/2.

3 Solvability probability: G(n,m) and p=1/2

Our task is to show that the result for the near-critical G(n,p), p = (1 4+ An~/3)/n,
A = o(n'/'?), implies the analogous claim for G(n,m), m = (n/2)(1 + An~/3). Denoting
N =),

14+n1/3)

p=5+O0m PN = ==, N =xr+0(n ). (3.0.1)
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Obviously X = o(n'/'?), so
Pr(S(G(n,p) > 0) — 0.

Since an event {S(G) > 0} is monotone (increasing) with G, the general “p-to-m” results,
Bollobas [5], Luczak [16], imply that

Pr(S(G(n,m) > 0) — 0,
too. However we want to prove a sharp formula
Pr(S(G(n,m) > 0) ~ c(\)n~Y12, X = o(n'/*?); (3.0.2)

that is, by Proposition 2.3, the probabilities in question can be as small as
exp(—n'/*=°W) . It turns out that in our case the arguments in [5], [16] can be sharpened
to yield (3.0.2).

To start, recall the classic entropy bound

xp[NH(k/N)], k> Np,
xp[NH(k/N)], k< Np,
where

H(z) :=xIn(p/z) + (1 — z)In(q/(1 — 2)).

Approximating H(x) by its second degree Taylor polynomial plus a remainder term, we
obtain: uniformly for p < 1/2, and w < a(Np)'/%, a > 0 being fixed,

Pr <Bin(N,p) > Np+ w\/Npq> < e“"z/z,
(3.0.3)
Pr (Bin(N,p) < Np— wVNpq) <pe 2,

(The bounded factor implicit in <, notation depends on a.) Given m and w < ml/s,

introduce p; < po:

Np1 +w\/Npy =m = p; = (4N)_1(v4m+w2 —w)?,

(3.0.4)
Nps —wy/Npy =m = py = (4N)7 (VAm + w? + w)*.
Then N N )
NP2 AP M 2 Jdm —
R NG < L+w?/dm w/(2\/ﬁ) (3.0.5)

>CL = <\/§ - 1)27
as w/2y/m < 0.5m™13 < 1.

Now, using e(G) to denote the number of edges in a graph G, e(G(n,p)) = Bin(N, p).
So, by (3.0.3)-(3.0.5),

Pr(e(G(n,p1)) = Np1 + wv/ Npigr) <p 6_“)2/27

< 1) =
, (3.0.6)
Pr(e(G(n,p2)) <m) < Pr(e(G(n,p2)) < Npy — wy/Npaga) <p e /2.
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Since
Pr(S(G(n,p)) > 0) = > Pr(e(G(n,p)) = p) Pr(S(G(n, p)) > 0),

and Pr(S(G(n,u)) > 0) decreases with p, we have

Pr(S(G(n,p1)) > 0) = Pr(e(G(n,p1)) < m) Pr(S(G(n,m)) > 0)
>(1—0(e“"7?)) Pr(S(G(n,m)) > 0),
and
Pr(S(G(n, p2)) = 0) = Pr(e(G(n, p2)) 2 m) Pr(S(G(n, m)) = 0))
—(1—0(e™"*/?)) Pr(S(G(n,m)) = 0).
Therefore

Pr(S(G(n,p1)) > 0)

> Pr(S(G(n,m)) > 0)

1—0(e+?) (3.0.7)
_ Pr(S(Glnpe) > 0) = O(e) "
- 1 —O(ev*/2) '
Now, by (3.0.4),
m 1+ )\17271_1/3

—— (1 —1/2yy . - " L2t
D12 N( + O(wm )) - ,
A2 =\ + O(wm ™2 4 n=2/3),

s0, as |A| = o(n'/1?),
A,=N+0 [N (wm ™2 + 03] + O[(wm ™) + 7] = N + o(wn™'/3).
That is, A, — A* — 0. Hence,
Pr(S(G(n,p12)) > 0) ~ c(A\)n~ /12, (3.0.8)

Also w? > |\]? if w8, which is compatible with the restriction w < n'/%. For this choice
of w, the relations (3.0.7) - (3.0.8) imply: for A = o(n'/!12),

Pr(S(G(n,m)) > 0) ~ c(\)n~ V12,

This completes the proof of Theorem 1.1 for p = 1/2. O
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4 Solvability (2-colorability) probability:
G(n,p), G(n,m) and p = 1.
Consider the G(n,p) case. We know that the system
r; +x; =1(mod 2), (i,j) € E(G),

is solvable iff the graph G has no odd cycles. So a counterpart of (2.1.11) is

: (4.0.1)

l=—1

Pr(S, >0, &, < L) = N(n,p)[2"] exp [Z (g) Cy(z)

(Sn = S(G(n,p)), &, = E(G(n,p))), where Cg(z) is the exponential generating function
of graphs G without odd cycles, with an excess £(G) = £. And again the events {S,, > 0}
and {&, < L} are positively correlated, i. e.

<
Pr(S, >0, £, <L) < Pr(S, >0) < Pr(S, >0, &, < L)

Pr(&€, < L)
Thus the generating functions Cf(x) take a center stage. Obviously
1
C%(z) = C_y(x) <: T(x)— 5 Tz(x)) :

Furthermore, while

for C§(z) we have
1 1

C(r) = 1 (ln T T2(m)) : (4.0.2)

Indeed, we enumerate the connected unicyclic graphs with an even cycle, i. e. forests of
an even number of rooted trees, whose roots form an undirected cycle. So

G- 3 UZDTE

even j>4 2 ‘7'
which simplifies to (4.0.2). Comparing C§(c) and Cy(z) we see that, for |z| < e !, z — 1,
i. e. for x dominant asymptotically,
1 1 1
Ci(x) = §C0(x) + 3 1 In2+0(7T(z) —1)); (4.0.3)

in particular, C§(z) ~ (1/2)Cy(z). We want to show that this pattern persists for ¢ > 0,

namely
1 _
~ %Cé@)v (o] < e

Ci(x) T e ). (4.0.4)
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Comparing (2.1.11) and (4.0.1), and recalling the different roles played by Cy(x) and
{Cy(z)}s>0 in the analysis of the p = 1/2 makes it transparent, hopefully, that for p = 1
we should have

Pr(G(n, p) is 2-colorable) = Pr(S, > 0) ~ 271/4e!/B¢(\)n~1/12,

Let us prove (4.0.4). First

Proposition 4.1. Given n and m < N := (g), let C(n,m) denote the total number
of connected graphs on [n] with m edges, and let C°(n,m) denote the total number of
connected graphs without odd cycles. Then

1

Ce(n, m) < m C(n, m) (405)
Consequently
1
Cg(l’) <c %CZ("E% 14 = —1. (406)

Proof of Proposition 4.1. We begin with a simple claim.

Lemma 4.1. Let T be a tree on the vertex set [n|. Let X (T') denote the total number of
paths in T of an even edge-length 2 at least. Then X(T) > X (P,), where P, is a path on
[n], and

X(P,) = [WW . (4.0.7)

Proof of Lemma 4.1. Pick a vertex v € [n], and introduce V4(7") and Vi(T) the set
of vertices reachable from v by paths of even length 2 at least, and odd length respectively;
in particular v € V4. Now every two vertices from V;(T"), (i = 0, 1), are connected by an
even path, while there is no even path connecting vy € V(7)) and v; € V4(T'). Hence

() = (MY (M0,

It follows that X (7) attains its minimum when |Vo(T)| = |n/2]| and |V1(T)| = [n/2], or
the other way around, i. e. when T = P,, and the minimum value is

- (o) ()25
0

Armed with this Lemma, we will derive a recurrence inequality for C¢(n,m). First we
recall a recurrence equality for C'(n,m), [25], [3]: forn >3, n—1<m <N,

mC(n,m) =(N —m+1)C(n,m — 1)
_'_% Z (n)n1n2c(n17m1)0(n2,m2), (4.0.8)

n
ni+ng, 1
mi+mo=m—1
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Explanation. The left hand side of (4.0.8) is the total number of the connected (n, m)
graphs with a marked edge. Fach one of these graphs with a marked edge can be obtained
in one of two, mutually exclusive ways. First way is inserting a marked edge into a
connected graph on [n] with m — 1 edges, which accounts for the first term on the right
hand side of (4.0.8); indeed N —m + 1 is the total number of unordered pairs of vertices
not connected by an edge in a given connected graph with m — 1 edges. Second way is
to start with a connected (ni,m;) graph and a connected (ny, ms) graph, having m — 1
edges in total, and to add a marked edge that joins two connected graphs; nins is the
total number of ways to select two “contact” points, representing each of two graphs.

Let us see if there is a similar recursive formula for C¢(n,m). Clearly, if a marked
edge joins two connected graphs, none of these two graphs may have an odd cycle. So
we definitely have the “C*(-,-)” counterpart of the second term on the right hand side of
(4.0.8). As for a potential counterpart of the first term, a difficulty is that an additional
m-th edge is not allowed to form an odd cycle with any of the m —1 edges already present.
And so the total number of admissible options depends on the structure of a (n,m — 1)
graph G in question. (For such a graph to be connected, it is necessary that m > n.)
However we can bound the number of options. G is spanned by a tree T' on [n], and none
of them—1—(n—1) = m—n edges of G\ T completes an odd cycle by joining the ends of
an even path in 7. By Lemma 4.1, the total number of those even paths is [n(n — 2)/4],
at least. Hence the total number of options for the m-edge is N — (m —1) — [n(n —2)/4],
at most. And it is straightforward that, for n > 3 and by m > n,

R L B e ()

1
4 2

So C*(-,-) satisfies a recursive inequality: forn >3, n—1<m < N,

1
mCE(n, m) < 5(]\7 —m+ 1)06(71, m — 1)
1 n 4.0.9
+ B Z (nl)mngCe(nl,ml)Ce(nz,mZ). ( )

ny+ng,
mi+mo=m-—1

(C(v,p) :==0if v =0, 0r p & [v—1,(3)].) We will use (4.0.9) and induction to prove

the bound (4.0.5). To this end, we define a lexicographical order, <, on {(n,m) : n >
IL,n—1<m< (Z)} as follows: denoting ¢/ = m — n,

(nl,ml) < (ng,mg) — < 62, or {1 = {5 and n; < ns.

The order < is total, and (1,0) is the minimal element. The inductive basis holds, since
C¢(1,0) = C(1,0) = 1, and C¢(2,1) = C(2,1) = 1. Suppose that, for some n > 2 and
men—1,03)] :

Cwvyn) < Gz Cvs ), V(v < (n,m).
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Since (n,m — 1) < (n,m), the inductive assumption implies that

%(N—mﬂ)ce(n,m-l)<%(N—m+1) Cln,m — 1)

B 1
- 2m—n+1

D
(N —m+1)C(n,m). (4.0.10)
Further, for the double sum in (4.0.9),
m—n1+120, mo—no+12=20,
and
(mi—m+1)+(me—ne+1)=m—-1—-n+2=m-n+1,

so that
m,—n;+1<m-n+l=m;—n, <m-n, =12

So, for ny, ny > 0, we have (n;, m;) < (n, m) and therefore, by the inductive assumption,

2 2

2
1 1
HC’E(ni,mi) < HWC(n,,mz) = WHC(?’L“TI’Q) (4011)
=1

i=1 i=1

Combining (4.0.9)-(4.0.11), and the recurrence equation (4.0.8) for C'(+,-), we obtain

mC®(n,m) < W(N —m+1)C(n,m—1)
11 n\ -
tgmmy 2 () TInCom)
n1+ng, i=1
mi+mo=m—1
= S M (n,m).

Thus the bound (4.0.3) holds for (n,m) too. The proof of Proposition 4.1 is complete. [J
By Proposition 4.1 and and the formula (4.0.1), we have

Pr(S, >0, &, <L)

< N(n,p) [z"] exp %Cl( )+ C¢(x +%Z ( ) ] . (4.0.12)

Since C§(x) is asymptotic to (1/2)Co(x) + In(274e/®) as 2 — e, only a trivial
change in the proof of Theorem 1.1 (i) is needed to show that

Pr(S, > 0) <274 8c(Nn~12 (|A] = o(n/'?). (4.0.13)

We omit the details. Furthermore, since for A\ — —oo we use L = 0, the sums Zle in
(4.0.1), (4.0.12) disappear, and we obtain an asymptotic equality

Pr(S, > 0) ~ 274 8c(MNn~ V2 (A = o(nY12, X = —0).
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To complete the proof of (ii), (case A = O(1)), we need to prove (4.0.4) for each fized
¢ > 0. Recall Wright’s formula

2
Co(z) = (1 —T(x))™ [Z coa(1—T(x)?|, (£>0). (4.0.14)
d=0
Let us find a similar formula for C§(z), ¢ > 0.
Proposition 4.2. For ¢ >0,
80—1
Ci(r) = (1 —=T*(x))™ [Z cga(l=T(x)" (4.0.15)
d=0
where
o =2""cpp. (4.0.16)
Consequently, for |x| < e ' and x — ™1,
. 1

Proof of Proposition 4.2. We use the ideas of Wright’s original proof of (4.0.14),
and the improvements suggested by Stepanov [24], (cf. [13], Section 9).

Given a connected graph G on [n], with an excess ¢ = ¢(G) — v(G) > 0, we apply a
“pruning” algorithm which successively deletes vertices of degree 1. Obviously the excess
is preserved, and so for a terminal graph (core) G we have e(G) — v(G) = ¢. G inherits
all the cycles of G, and thus G has only even cycles iff G does. A minimum degree of G
is 2 at least, and—since ((G) = ¢ > 0—a maximum degree is 3 at least. Next we apply
a “cancellation” algorithm to G: at each step, we delete a vertex of degree 2, splicing
together the two edges it formerly touched. The excess is preserved again. Once all the
vertices of degree 2 are gone, we get a connected multigraph (kernel) G, with possible

loops and parallel edges, and a minimum vertex degree 3 at least. Thus

2e(G) 2 3v(G), e(G)—v(G)=¢,

and so

v(G) <20, e(G) < 3L (4.0.17)
Notice that the largest numbers of vertices and the edges in the kernel are 2¢ and 3¢
respectively, and the corresponding kernel is a 3-regular multigraph. (In [13] graphs G
with such kernels were called clean. It is these clean graphs that are most populous
asymptotically among all connected graphs on [n] with excess £.) Now that we have a
reduced number v(G) of vertices, we relabel them using indices from [v(G)] and preserving
the order of their old indices from [n]. Under this rule, it follows that the number of kernels
G for the collection of all connected graphs G on [n] with excess ¢ is a function of ¢ only!
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A key element of Wright’s argument was the following identity. Let M be a connected
multigraph on a vertex set [v], with y; indistinguishable loops at vertex i, and p;; indis-
tinguishable parallel edges joining ¢ and j, (¢,j € [v], ¢ # j). Let h, a denote the total
number of the connected simple graphs G on [n], with minimum degree 2 at least and
maximum degree 3 at least (core-type graphs, in short), such that G = M. Letting

Hu(z) = Z fon. 2", (4.0.18)

n!

n

we have
K
Hur(e) = 5 o Koe), o= Yot Y p (10.19)
’ i i<j
where
Ku(z) = 11 (ZQM IT 2 (g = (i — 1)Z)> :
1<i<y 1<i<j<v
B 1 1
= H 2 H

Wiyl e
1<y Hi: 1<i<j<u'u“‘

(4.0.20)

(Observe that Ky (1) = 1.) Once (4.0.19)-(4.0.20) are established, it is easy to determine
Hp(), the exponential generating function of all connected graphs G whose kernel is
the multigraph M. Indeed to go from a core G back to G on [n] we need to choose an

ordered sequence of v(G) of rooted trees, of total size n, and plant them at the vertices

of G, moving increasingly from vertex 1 to vertex v(G). Since the generating function of
such sequences is T'(z)"(“), we see that

Hy(z) =) h;;!M T(x)" = Hp (T(x)). (4.0.21)

Finally

’

Coz)= Y, Hulx)=(1-T(z))™ [Z coa(l = T(x))!

M:e(M)—v(M)=¢

; (4.0.22)
Ce0 ::W Z k(p).

" p meets (4.0.18)

Our first step is to obtain a counterpart of (4.0.18)-(4.0.20) for

Hiy(2) = 3t

n

where hy, 5, is the total number of the connected core-type graphs on [n] with only even
cycles, that cancel to a given multigraph M. To this end, consider an auxilliary problem.
Let

pi = g gy g =gy, (L<i#Ej <), (4.0.23)
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Let Ay (ue,ue) denote the total number of the core-type graphs G on [n], which cancel to
M, such that: (1) for each i, G has an even (odd resp.) number of 2-degree vertices put
on each of u¢ (u? resp.) loops at vertex ¢ of M; (2) for each (z,7), G has an even (odd
resp.) number of 2-degree vertices put on each of uf; (ug; resp.) parallel edges joining the
vertices ¢ and j in M. Let us determine

P, (e o)
H (e o) (2) = Z % <

A core-type graph G on [n] cancelling to M and meeting the parity conditions (1)-(2) can
be viewed as a partition of [n] into:

(a) a subset of cardinality v, whose elements are the assigned to the v vertices of M in a
unique (order-preserving) fashion;

(b) Vi € [v], a collection of u; ordered subsets, each having 2 elements at least (as G
is simple), such that exactly p¢ (u$ resp.) subsets have an even (odd resp.) number of
elements;

(c) V1 <i# j < v, acollection of y;; ordered subsets, with at most one empty subset (as
G is simple), such that exactly juf; (4f; resp.) subsets have an even (odd resp.) number
of elements.

SO H (e ue)(2) is the product of generating functions H,(z) corresponding to 1+v+ (%)
combinatorial structures described in (a), (b), (c). The first is easy:

H(z) = = (4.0.24)

Next, for i € [v],

0' : : /J'Z 7/»1'7, 7

here a,, (e 0y is the total number of composztzons of n with p; parts, each 2 at least, such
that the first p¢ parts (the last u) parts resp.) are even (odd resp.). The factor 1/2#i is
needed as we do not distinguish between two opposite orderings of vertices sprinkled on
each of u; loops of M at 1. Consequently

Hi(2) =5 ! o (Z 22k> (Z 22k+1>

Qi ?! !
1 o2t

T ompglpgl (1 — 22

2/leuelﬂ

(4.0.25)

Similarly, for each 1 <7< 7 <

1 22 \M 22 O\t z i
H,i ] — : 4.0.26
= [(1—22) wilis) [ e) T e
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Taking the product of the generating functions in (4.0.24)-(4.0.26) we obtain

v

K V4
H(p’e#‘lo) (Z) = ;m . ]C(“e,”o)(Z), (4027)
where
/*’Li . o /“’LZ .. € _ e e
Ko (2) = [] ( e) e 1 ( e])z%% e = (G -1 (4028)
ien) \Hi 1<i<j<r i

As a partial check, summing over (u¢, p°), we obtain Wright’s formula (4.0.18)-(4.0.20).

Now, for a core-type graph G on [n] without odd cycles, that cancels to M, G’s parity
parameters p¢, p° must satisfy certain conditions. First of all, for each i € [v], uf = 0,
since otherwise G would have an odd cycle, with a single branching vertex. Likewise, for
ti; > 0, the numbers of 2-degree vertices of G on p;; parallel edges of M must all be of
the same parity, hence pf; = p;; or pug; = pij. Subject to this condition, how many choices
for (p¢, p°) do we have? For each (4, j) such that p;; > 0, define

by — by = [ 1 TG =
Yoo, i g =o0.

If C is a cycle in M, then the parity of a cycle in G that cancels to C' is the parity of
b(C) == > jyec bij- Hence b(C') must be even for all cycles C', and we need to check this
condition only for simple cycles that do not use parallel edges. Let T'= T(M) be a tree

n [v] that spans M. Pick uf; for all v — 1 pairs (4, j) such that (i,5) € E(T), i. e. one
of p;; parallel edges is in E(T'). Let p;; > 0 and e = (¢,5) ¢ E(T). Then e completes a
cycle C' with a path in T that connects ¢ and j. The condition “b(C') is even” determines
wi; uniquely. Hence a choice of v — 1 values of pf; determines uniquely the remaining p°.
Arguing as in the proof of Lemma 2.1.1, we see that the condition “b(C') is even” will
hold for all other cycles C. Thus we have have 2! choices for (u¢, u°).

For each of those choices, (4.0.28) becomes

IC e oy ( H i H zz(“”_l)[,uij — (wij — 1)2°] - H M (4.0.29)
€[V 1<i<j<y 1<i<j<y
K =Hij (s, =0

For each of these 2/~! polynomials,

K ey (1) =1, (4.0.30)

deg Kpue o) ( 32u2+2 Z L

1<i<yj<v

and

Using the constraints

Z,Uz"l‘ Z Hij = M, Z,Uz‘l’2 Z pij = 3V,

1<i<j<y 1<i<j<y
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we easily obtain then that
deg IC(pe oy (2) < 4p — 3.

Now, the generating function H¢,(z) of the core-type graphs G without odd cycles
that cancel to M is the sum of H(ye uo)(2) over all 2°7! sets of feasible pairs (p, p°).
Using (4.0.27), (4.0.29) and (4.0.30) we arrive at the following formula.

Lemma 4.2. For each kernel M, with ¢ :== pu—v >0,

Hy(z) = LPM(Z’), (4.0.31)

T (=2
where Py (z) is a polynomial of degree 4 — 3v = p + 3¢ at most, and Py (1) = 1.
This Lemma directly implies

Corollary 4.1.

Co(z) = > Hi(x), (4.0.32)

M:e(M)—v(M)=¢

where -1
HE,(2) = %WPM(T@)), (4.0.33)

Using ¢ < u(M) < 30, v(M) = u(M) — ¢, we deduce from (4.0.32)-(4.0.33) that

Cé(x) = (1 —T*x))™ [Z_ ¢ q(1=T(x))], (4.0.34)
where
P p 4.0.35)

p meets (4.0.19)

So, by the second line in (4.0.22), ¢§ , = 2*~'¢go. The proof of Proposition 4.2 is complete.
O

Comparing (4.0.14) and (4.0.34)-(4.0.35), and using T'(e™!) = 1, we obtain: for ¢ > 0,

1
RDYAS]

C;(x) Co(z) + O(|IL = T(x)|**), (x| <e ™ z—e). (4.0.36)

And we recall, (4.0.3), that
Ce(z) = %c()(x) +In(2 V1) 4 O(|T(x) — 1)). (4.0.37)

Now, by (4.0.1), for a fixed L > 0,

Pr(S, >0,& <L) = N(n,p)]{

T

" exp [i <§)écg(x)] dz,

l=—1
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where I" is within the disc |z| < e™!. As in Section 2.3, we switch to y by # = ye™¥, and

choose in the y-plane the circular contour IV y = 6_%71/3“-9’ a > 0 being fixed this time.
Observe that, for each 1 < ¢ < L,

L
(]_)) ‘1 _ T(ye—y>|—3£+1 < n—f‘l _ y‘—3£+1 < n—1/37
q

and, likewise in (4.0.3) the remainder term O(|T(ye™¥) — 1]) is O(n~/?). And of course
C¢(ye V) = C_1(ye™?). On the basis of (4.0.36)-(4.0.37), it can be shown then that

Pr(S, >0,&, <L)

1
~ 2_1/461/8N(n,p) j{

(ye™) ™" Lexp [5 3 (2%) cf(ye—y)] d(ye™), (4.0.38)

{=—1

/

where now [ can be replaced by a circular contour of an arbitrarily small radius. Going
back to the z-plane, we recognize (see (2.1.11)) the value of the resulting integral as

271%e!® Pr(S, >0, £y < L)|;my s

for A = O(1) needless to say. By (2.1.13), the latter probability is at least
Pr(S, > 0)]51 0 - Pr(€n < L).

Letting n — oo, and using the part (i) for Pr(S, > 0)|ﬁ:1/2, we get

Pr(S, >0,&, <L)
9174 /Bc( \)n—1/12

Since Pr(S, >0) > Pr(S, >0, &, < L), and &, = Op(1), letting L T oo enables us to
conclude that

lim inf > liminf Pr(&, < L).

Pr(S, > 0) > 27 Y48 \)n~12,
Together with (4.0.14) this proves that
Pr(S, > 0) ~ 274 /8c(\)n /12,
The proof of Theorem 1.1 (ii) is now complete. O
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Appendix

Proof of (2.3.22). (i) For the second bound, we use (2.3.19) and, setting s = a + it,

& a3
s'7Y exp (,u; + 3 )‘ < a'Vexp ('LL;L + 3 ) exp[—t*(a + p/2)].

3 2 3
T W na a
Al < 07 [ o (7 Tt 3) |

(ii) For the first bound, we use (2.3.20), i. e

So

< (3*u/2)F
13/6 y+1/3A Al
s (v 1) Z%Fk+1 T((y +1—2k)/3) (4.1)

and the inequalities

(1/2)a+*2 T(a+ 1)I(b+1) a®tb
< < < 1, >0,b2=0),
a+b+2 I'(a+b+2) (a 4+ b)at? (a )

which follow from a classic formula

o by, Dla+1)I(b+1)
/ox(l_x)d T T(atb+2)
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and

. B b aabb
selon] (-2 = (a+b)att’
1 1/2 1
/x“(l—x)bdx>(1/2)b/ xdx+ (1/2)" / (1—z)
0 0 1/2
— 1 2a+b+1
(ke )

Break the sum in (A.1) into ¥;, 3o, and X3, for {k > 2 : (y + 1 — 2k)/3 > 1},
{k>1:(y+1-2k)/3<0},and {k=0,1: or (y+1—2k)/3 > 1}, respectively. (Recall
that I'(0) = co.) For ¥,

1 _ T(2k/3) 1
T(k+1)D((y+1—2k)/3)) T(k+1) D((y+1—2k)/3)(2k/3)
_ 2w TP(2k/3)0(k/34+1) 1
ST((y+1)/3) T(k+1) T(k/3+1)
_ 9(y+1)/3 ‘2 (2k/3)2k/3—1(k/3)k/3 ‘ 1
ST((y+1)/3) kk—1 T(k/3+1)
6 9(y+1)/3 . (22/3/3)k
I'(y+1)/3) T(k/3+1)

Therefore

o(u+1)/3 3/6)/3 2+/3
Z (|:U| / ) < (|,U|3 vV1)—— . @‘“‘3/6, (AQ)

21 < O R 178 2 T3+ 1 T+ 173

For X5, we use

L(z)l(1—2) = Sm?m) = T 11_ IR <T(1+(2k—y—1)/3),
and
P+ @2k—y-1)/3) _ 1 I(2k/3+2)
T(k+1) ST+ (y+1)/3) TkE+1)
_ 1 T2k/3+2)T(k/3+1) 1
ST+ (y+1)/3) T(k+ 1) T(k/3+1)
< 1 T(k+3) (k/3)%3(1 + 2k/3)1+2k/3
ST+ (y+1)/3) ' L(k+1) . (k + 1)k+1
1 ) (22/3/3)k
Star s P s
Therefore

1
I'((y+1)/3)
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And it is not difficult to show that
|Xs] <p [21] + |22 (A.4)

The relations (A.1)-(A.4) imply that

Ay, p) <p el/2 < /( )++'

)

O

Proof of (2.3.23)-(2.3.24). Again we use (2.3.19). We will choose a = &, where £ = £(y, p)
is a maximum point of

2 3
Uaiy, )= —yla+ 5+ 5, ae(0.00),
i. e. a positive root of
WO a3y, 1) = pa+a® — L = 0. (A.5)
a

A root exists and is unique, since W, (0+;y, u) = —o0, ¥(oo;y, ) = 0o and

VO (asy, ) = p+ 20+ 2% >0, (a3>0).
a

Observe that u&?/y is bounded away from zero. If not, then, by (A.5),

L3E6 2

_— ﬁ —_
%

which implies that x3/y — 0, contradicting y = O(A\3) = O(u?).

Break the integral in (2.3.19) into I; over |t| < p~ /2y and I, over |t| > p='/?y"/7.
Arguing as the part (i) of the previous proof, we bound

L] <, € explU(Esy, )] / exp [—2(E + 1/2)] dt
|t >p=1/2y1 /7 (A.5)
Eexp[V(&y, )] _y2irps
S e+ p2) '

Turn to I;. Since )
Yy _
W sy ) = =5 = O(yg™),

we have )

‘I’(S;y,u)z‘I’(ﬁ;y,u)—%(u+2£+y£‘ )+ O(y& 2 u™32y*T),
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and

a2, 87 _ y3/7-1/2

73/2<by

()

—-1/14

yE Py

Consequently

t2
Iy ~ Eexp[W(&;y, )] / exp <—§(u+2€+y€‘2)) dt
[t|<p—1/2y1/7 (A6)

2T i
~ & expV(&;y, 1) <W> '

Since y§~2 = O(p), (A.5)-(A.6) imply that I; > I, hence
Aly, ) ~ 10 2m) 1,
which proves (2.3.23). O

If we drop the condition y — oo, then the integral in (2.3.19) is of order

[e.e]

- 1/2
5exp[\p(g;y,u)]/exp [—t*(€ 4+ 1/2)] dt = Eexp[¥(&;y, )] (é“fu/?) )

which proves (2.3.24). O

Proof of (1.0.5). The system (1.0.1) is solvable iff for every cycle C of G,

> be=0(mod 2). (A7)

ecE(C)

If b, € {0,1} are independent random variables with Pr(b, = 1) = p, the condition (A.7)
is met with probability (1 + (1 — 2p)I°l)/2, Kolchin [14].

Consider G = G(n,p = v/n), v < 1. Let X,s; denote the number of cycles of length
s which are “bad”, i. e. do not meet the condition (A.7). We need to find the limiting
distribution of X,, = 2323 X,s the total number of “bad” cycles. To this end, observe
that, with probability approaching 1, the cycles G(n, p) may have are those in the unicyclic
components. Let us call them u-cycles. The expected number of all cycles of length k > 3

1S
k 2 2k

So
lim lim Pr(G(n,p) has a cycle of length > A) = 0.

A—o00n—oo
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Let Y,s be the total number of all u-cycles of length s. In [20] it was proven that, for
v fixed, {Y,s}s<a converges in distribution to {Poisson(oy)}s<a, where the Poissons are

independent and
T°(ye ™™
o= DO g
2s
As vy < 1, we have T(ye™") = v, because T(z) = ze”@, for z < e~
length s is bad with probability

! Now a u-cycle of

1= (1—-2p)

T 5

Consequently {X,s}s<a converges to {Poisson(msos)}s<ca, whence X, converges to
Poisson (ZS <A 7TSUS> . Therefore,

lim Pr{there are nod bad u-cycles of length A at most} = e~ 2s<a ™%

n—oo

It remains to notice that

1= (1—2p)°
domo =Y g

523 523
1o 1-91-2p) ~v. ¥ . .
) ! A Sl R 7 SR Y
i 5P — 5 (1 =7)
That the same formula holds for G(n, m = yn/2) follows then in a standard way. O

THE ELECTRONIC JOURNAL OF COMBINATORICS 17 (2010), #R92 50



