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Abstract

A polygon A in a configuration C is called rotary if C admits an automorphism
which acts upon A as a one-step rotation. We study rotary polygons and their
orbits under the group of automorphisms (and antimorphisms) of C. We determine
the number of such orbits for several symmetry types of rotary polygons in the case
when C is flag-transitive. As an example, we provide tables of flag-transitive (vs3)
and (vy4) configurations of small order containing information on the number and
symmetry types of corresponding rotary polygons.

1 Introduction

Various problems regarding the polygons (or multilaterals) in configurations have been
studied in the past. Even the earliest papers on configurations considered the existence
of Hamiltonian polygons (see for example [11]) and the possibility of the decomposition
of the configuration into polygons (see for example [10]). Another topic which attracted
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Figure 1: Strongly rotary 3-gon of the  Figure 2: Strongly rotary 4-gon of the
Fano plane (shown with thick points and ~ Fano plane.
lines).

Figure 3: Rotary 7-gon of the Fano plane.

a considerable amount of attention is the existence or non-existence of n-gons in configu-
rations; see [2] for more details on the history of this problem.

In this paper we focus on the rotary polygons (a notion that will be formally defined
in Section 2) in flag-transitive combinatorial configurations. Before we start with precise
definitions, let us take a look at the following example.

Consider the three drawings of the Fano plane Cz in Figures 1-3, each emphasizing a
particular polygon (denoted by thick lines and points). For each of these polygons there
exists an automorphism of Cz which rotates the polygon as follows:

(124)(365), (05(1326), (012345 6).

We call the polygon exhibiting such a symmetry to be rotary. The first two polygons are
essentially different from the third one: For each of the first two polygons there exists an
antimorphism of Cx which acts on the n-gon — if viewed as an ordered sequence of points
and lines — as a “rotation” of order 2n:

(0 124) (1 045 2 013 4 026) (3 346 6 156 5 235),
(0 346 5 124) (1 013 3 235 2 026 6 156) (4 045)

We will call such polygons strongly rotary.
On the other hand, there is no such antimorphism for the polygon in Figure 3, hence
we call it weakly rotary.
Furthermore, the first two polygons admit a reflection in the group of automorphisms
of C F,
(1 4)(35), (05)(1 2),
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Figure 4: The flag-transitive (133) configuration, and its chiral strongly rotary polygon
(the triangle depicted by thick lines). Note that the configuration is realized with points
and lines in the projective plane. The arrows indicate that the corresponding points are
at infinity, together with the line through them.

while the third does not. However, there is an antimorphism
(0 013) (1 026) (2 156) (3 045) (4 346) (5 235) (6 124)

of Cx which reflects the third polygon (in a sense to be made clear in the next section).
For this reason, all these polygons are called reflexive, the first two genuinely reflexive,
and the third virtually reflexive.

Now consider the triangle in the (133) configuration depicted in Figure 4. It is clearly
rotary, but it admits no reflection (neither an automorphism nor an antimorphism). We
will call such polygons chiral.

In this paper we study rotary polygons and their orbits under the group of automor-
phisms (and antimorphisms) of the configuration. If the configuration is flag-transitive, we
determine the number of such orbits. We conclude the paper with a series of illuminating
examples and tables of flag-transitive (v3) and (v4) configurations of small order.

2 Preliminaries

A (combinatorial) configuration of type (v,,by) is an ordered triple C = (P,L,F) of
mutually disjoint sets P, £ and F C {{p,¢} : p € P, € L} (whose elements are called,
respectively, points, lines and flags) with |P| = v and |£| = b satisfying the following
axioms:

. . . . . .

(3) two distinct points are incident with at most one common line;
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where a point p is incident with a line £ if {p,{} € F.

A configuration is connected if for any two points p and ¢ there exists a sequence
(o, o, P1, 015 -« Pn—1,Cn_1,Dn) of points p; and lines ¢; such that py = p and p, = ¢ and
¢; is incident with p; and p; 1 for each 0 < ¢ < n. All configurations considered in this
paper are assumed to be connected.

If C=(P,L,F) is a configuration of type (v,,by), then C* = (£, P, F) is a configura-
tion of type (bx, v,), called the dual configuration of C.

An automorphism of a configuration C is an incidence-preserving permutation on the
union P U L which preserves each of the sets P and L. Similarly, an antimorphism of a
configuration C is an incidence-preserving permutation on P U £ which interchanges P
and L. The configuration C is said to be self-dual if it admits an antimorphism, that is, if
it is isomorphic to its dual C*. Note that if C is self-dual, then b = v and k = r. Whenever
the latter happens, we say that C is symmetric of type (v,).

Following [8] we let Auty(C) denote the group of all automorphisms of C, and we let
Aut(C) denote the group of all automorphisms and antimorphisms of C which happens to
be the full automorphism group of the incidence graph of C (see Section 4 for the definition
of incidence graph). Note that Auty(C) is a subgroup of Aut(C) of index at most 2.

We say that a configuration C = (P, L, F) is point-, line-, and flag-transitive if Aut(C)
acts transitively on the sets P, L, F, respectively. Moreover, a flag-transitive configuration
C is strongly flag-transitive if Auty(C) acts transitively on F, and is weakly flag-transitive
otherwise. Note that a weakly flag-transitive configuration is necessarily self-dual.

A directed polygon (or more precisely, a directed n-gon) in a configuration is a cyclically
ordered set {po, Lo, p1, 1, - - ln—2, Pn-1,ln—1} of pairwise distinct points p; and pairwise
distinct lines ¢; such that p; is incident to ¢;_; and ¢; for each ¢ € Z,,.

A directed n-gon A = {po, Lo, p1, 1, ln—2,Pn-1,ln_1} in C is said to be rotary if
there exists g € Aut(C) such that p/ = p;1 (and thus also ¢/ = ¢;,1) for every i € Z,.
The above element ¢ is then called a shunt for A, and is necessarily an automorphism
of C. Similarly, A is strongly rotary if there exists g € Aut(C) such that pf = ¢; (and
09 = piyq) for every i € Z,. The element g is then called a strong shunt for A, and is
necessarily an antimorphism of C. Directed polygons that are rotary but not strongly
rotary will be called weakly rotary. Of course, strongly rotary polygons only exist in
self-dual configurations.

Let A, A, and A, denote the sets of all rotary, all strongly rotary, and all weakly
rotary directed polygons, respectively. Note that each of the groups Aut(C) and Auty(C)
acts naturally on the sets A and A,. For a group GG acting on a set X we shall use the
symbol X/G to denote the set of all orbits of G on X. In particular, the symbols A/G,
A, /G and A, /G will denote the sets of G-orbits of directed rotary, strongly rotary and
weakly rotary polygons, respectively.

3 Auxiliary results

Throughout this section let C be a configuration of type (v,,bx), G = Aut(C) and G, =
Aut()(C).
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Lemma 3.1. With the notation above, the following hold:
(i) As/Go = As/G

(ii) If C is self-dual then each G-orbit on A, splits into two Gy-orbits (thus, | A, /Go| =
2|A,/G|) and A, )Gy = A, /G if C is not self-dual.

Proof. Let Ay, Ay € A, be in the same G-orbit, that is, Ay = A% for some h € G, and let
g € G be a strong shunt for Ay. Then either h or hg belongs to Gy. This shows that A,
and A, are also in the same Gy-orbit, proving (i).

If C is not self-dual, then G = G, and (ii) clearly holds. Hence we may assume that
the configuration is self-dual, and so G is a subgroup of index 2 in GG. In this case each G-
orbit splits into at most two Gy-orbits, implying that |4, /Go| < 2|4, /G|. What remains
to show is that indeed every G-orbit of weakly rotary directed polygons contains two
distinct Go-orbits. Take A € A, and h € G\ Gy. If A and A" are in the same Gy orbit,
then there exists b’ € Gy such that A" = A", and so A""" = A. By multiplying h'h "
with an appropriate power g" of a shunt g € Gy of A, we obtain a strong shunt h’h~1g"
of A, contradicting the fact that A is weakly rotary. This implies that each G-orbit on
A, splits into two Gy-orbits. O

Corollary 3.2. With the notation above, and assuming that C is self-dual, the following
holds:
|A/Go| = 2|A/G| - |A/G|.

Proof. By Lemma 3.1 we see that

= 2|Au/G| + |As/G| = | Au/Go| + |As/Go| = |A/Gol.
0

4 Enumerating the orbits of rotary directed polygons

Let C = (P, L, F) be a configuration of type (v, b;). Then C fully determines its incidence
graph T'(C) (also called the Levi graph), whose vertex-set is P U L, with p € P adjacent
to ¢ € £ whenever p is incident with ¢. Note that I'(C) is a bi-regular bipartite graph of
valence (k,r) and girth at least 6. (A bipartite graph is called bi-reqular if the vertices
of the same bipartition set have the same valence.) Conversely, each bi-regular bipartite
graph with girth at least 6 determines a pair of mutually dual configurations, whose
points are vertices in one bipartition set, lines are vertices in the other bipartition set, and
incidence relation is the adjacency relation in I'. Note that a configuration is connected
if and only if its Levi graph is connected.

Clearly Aut(C) = Aut(I'(C)), where the subgroup Auty(C) coincides with the group
Auto(I'(C)) preserving each set of the bipartition. The notions of weak and strong flag-
transitivity translate into the language of group actions on graphs as follows. For the
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graph-theoretical notions not defined here, as well as the proof of the theorem below, we
refer the reader to [8].

Proposition 4.1. Let C be a configuration and let I' be its incidence graph. Let G =
Aut(C) = Aut(I'), and let Gy = Auty(C) = Auty(I") be the group of automorphisms of C,
also viewed as the bipartition preserving subgroup of Aut(I'). Then

(i) C is strongly flag-transitive if and only if G acts locally arc-transitively on T' (that
18, if and only if the stabilizer in Go of any vertex v of I' acts transitively on the
neighbourhood of v).

(ii) C is strongly flag-transitive and self-dual if and only if G acts arc-transitively on T.
(iii) C is weakly flag-transitive if and only if G acts %—arc—tmnsitively on I

Note that a directed n-gon A in C can be viewed as a directed cycle C of length 2n in
['(C). If A is strongly rotary, then a strong shunt of A corresponds to an automorphism of
I’ preserving and rotating C'4 one step forward. Cycles of this type were first studied by
Conway (see [1]), where they were called consistent cycles. Similarly, if A is rotary, then
a shunt of A corresponds to a two-step rotation of Cy. To distinguish between these two
types of cycles, the directed cycles admitting a 2-step rotation will be called %—consistent.
More generally, if T" is a graph and G < Aut(I), then a directed cycle C' for which there
exists g € G acting as a k-step rotation on C' is called (G, %)—consistent.

The following result about consistent cycles in edge-transitive graphs was proved in
9] (parts (i) and (ii) of the theorem below) and [3] (part (iii)).

Theorem 4.2. [3, 9] Let I be a bi-reqular graph of valence (d,d') and let G be an edge-
transitive subgroup of Aut(T'). Then the following hold:

(i) If G acts transitively on the arcs of I, then d = d' and there are precisely (d — 1)
G-orbits of (G,1)-consistent directed cycles and precisely @ G-orbits of (G, 3)-
consistent directed cycles in T

(ii) If G acts locally arc-transitively but not arc-transitively on ', then there are no
(G, 1)-consistent directed cycles and precisely (d — 1)(d' — 1) G-orbits of (G, 3)-
consistent directed cycles in I'.

(iii) If G acts %—arc-tmnsz’twely on I, then d = d' and there are precisely d G-orbits of

(G, 1)-consistent directed cycles and precisely d2_2d+2 G-orbits of (G, 3)-consistent
directed cycles in I.

The above theorem yields the following result about orbits of rotary directed polygons
in configurations.

Theorem 4.3. Let C be a configuration of type (v, by), let G = Aut(C) and let Gy =
Auto(C)
If C is strongly flag-transitive and non-self-dual, then
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(i) |A/Gl=A/Go| = (k= 1)(r —1);

(i) [As/G| = |As/Go| = 0.

If C is strongly flag-transitive and self-dual, then

(iii) [A/G| = " and |A/Go| = (r — 1)%;

(iv) |A,/G| = |A/Go| =7 — 1.

If C is weakly flag-transitive (and thus self-dual), then
(v) JA/G| = 2522 apd |A/Go| = 12 — 2r +2;

(vi) |A,/Gl = |A,/Gy| = 7.

Remark 4.4. Since A is disjoint union of As and A, then in both self-dual cases it

follows from the equations that | A, /G| = w and | A, /Go| = (r —1)(r — 2).

Proof. Recall that rotary directed polygons in C correspond to (G, %)—consistent directed
cycles in the incidence graph I' = I'(C) (which are then also (G, 3)-consistent), while
strongly rotary directed polygons in C correspond to (G, 1)-consistent directed cycles in
I'. Further, since the type of C is (v, bi), the graph I is bi-regular of valence (d, d’) = (r, k).

Assume first that C is strongly flag-transitive.

If C is non-self-dual, then G = G, acts locally arc-transitively on I', and (i) follows
directly from part (ii) of Theorem 4.2. Part (ii) is obvious, since there are no strongly
rotary polygons in a non-self-dual configuration.

If C is self-dual, then G acts arc-transitively on I', while G acts locally arc-transitively
but not arc-transitively. The first claim of part (iii) then follows directly from part (i)
of Theorem 4.2. Part (iv) is a consequence of part (i) of Theorem 4.2 and part (i) of
Lemma 3.1. The second claim of part (iii) now follows from Corollary 3.2.

Assume now that C is weakly flag-transitive. Then C is self-dual and G acts %—arc—
transitively on I'. The first claim of part (v) follows directly from part (iii) of Theorem 4.2,
while part (vi) follows from part (iii) of Theorem 4.2 and part (i) of Lemma 3.1. Finally,
the second claim of part (v) follows from Corollary 3.2. O

5 Reflexive and chiral undirected polygons

Thus far we have only considered directed polygons, where there is a distinction between
a directed polygon A = {po, Lo, - .., Pn_1,ln_1} and its inverse A~ = {po, L, _1,...,p1, 0o}
The inverse of a directed rotary polygon A in C is clearly also rotary. If A and A~! belong
to the same orbit under Aut(C), then we say that A is reflexive. There are two essentially
distinct types of reflexive polygons. Namely, it may happen that A can be mapped to
A~1 by an automorphism of C; in this case, we shall say that A is genuinely reflexive. On
the other hand, if every g € Aut(C) which maps A to A~! is an antimorphism of C, then
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we say that A is virtually reflerive. A directed rotary polygon which is not reflexive is
called chiral.

Note that every reflexive strongly rotary directed polygon is necessarily genuinely
reflexive. Indeed, let 7 € Aut(C) be a reflection of a strongly rotary directed polygon A
in a configuration C, and let g be its strong shunt. Then either 7 or g7 is a reflection of
A contained in Auty(C). Hence A is genuinely reflexive.

Furthermore, if A is a reflexive directed polygon in a weakly flag-transitive configu-
ration C, then A is genuinely reflexive and weakly rotary. Indeed, if A is either strongly
rotary or virtually reflexive, then there exists an antimorphism of C which acts as reflec-
tion on A. Combining this antimorphism by an appropriate rotation of A (if necessary),
we obtain an antimorphism of C preserving a flag of C. But this is impossible if C is
weakly flag-transitive.

Let us now turn our attention to (undirected) polygons, which may abstractly be
thought of as pairs of mutually inverse directed polygons. We shall extend all the relevant
notions defined for directed polygons in the natural way to their underlying polygons. For
example, a polygon underlying a directed polygon A is called rotary if A is rotary.

Note that there is a one-to-one correspondence between the Aut(C)-orbits of reflexive
directed polygons and the Aut(C)-orbits of reflexive undirected polygons, and that each
Aut(C)-orbit of chiral undirected polygons corresponds to two Aut(C)-orbits of chiral
directed polygons (one containing the inverses of the other). Similarly, there is a one-to-
one correspondence between the Auty(C)-orbits of genuinely reflexive directed polygons
and the Auty(C)-orbits of genuinely reflexive undirected polygons. Also, each Auty(C)-
orbit of virtually reflexive or chiral polygons corresponds to two Autg(C)-orbits of virtually
reflexive or chiral directed polygons.

Let s7,s™ and ¢ denote the number of Aut(C)-orbits of genuinely reflexive, virtually
reflexive, and chiral undirected polygons, respectively, and let sg,s; and ¢ denote the
number of Auty(C)-orbits of genuinely reflexive, virtually reflexive, and chiral undirected
polygons, respectively. The following corollary now follows directly from the above com-
ments and Theorem 4.3.

Corollary 5.1. Let C be a configuration of type (v, by), and let sT,s7, ¢, s¢, 8y, co be
as above.

(i) IfC is strongly flag-transitive and non-self-dual, then s~ = s; =0, sT = sd, ¢ = ¢y,

and st +2c=(k—1)(r—1).

r—1

(i) If C is strongly flag-transitive and self-dual, then st + s~ 4 2¢ = % and s§ +
25y +2co = (r —1)%

(iii) IfC is weakly flag-transitive (and thus self-dual), then s~ = s; =0, sT+2¢ = TQ_TTH
and s§ + 2co = 1% — 2r + 2.

Finally, let us comment on the relationship between the orbits of directed and undi-
rected polygons under the groups Aut(C) and Auty(C).
Let A be a weakly rotary directed polygon.
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If A is chiral, then its inverse A™! is in a different orbit, both under Aut(C) as well
as under Autg(C). Moreover, by Lemma 3.1, the Aut(C)-orbit of A splits into two chiral
Autg(C)-orbits (let us denote the two representatives by A; and Ay). Hence there are four
distinct Auto(C)-orbits associated with A, the representatives of which are A;, A;', A,
and A;'. These four orbits thus give rise to two Auty(C)-orbits (as well as Aut(C)-orbits)
of undirected polygons.

If A is virtually reflexive, then the Aut(C)-orbit of A splits into two Auty(C)-orbits,
one containing A and the other containing A~!. Hence there is a unique Auto(C)-orbit of
undirected polygons associated with A.

Finally, if A is genuinely reflexive, then the Aut(C)-orbit of A splits into two Auty(C)-
orbits, each of which is closed under taking inverses of the polygons. This implies that
there exist two Autg(C)-orbits of undirected polygons associated with A which merge into
a single orbit under Aut(C).

6 Examples

In this section, we present several examples demonstrating the theory developed in the
previous sections. In particular, we concentrate on the flag-transitive (vs3) and (vy) con-
figurations. Note that each of these configurations belongs to exactly one of the following
classes:

e self-dual strongly flag-transitive (v3) configurations;

e non-self-dual strongly flag-transitive (v3) and (v4) configurations;
e self-dual strongly flag-transitive (v4) configurations;

e weakly flag-transitive (and thus self-dual) (v4) configurations.

For each of these classes we provide a list of its members of small orders. These lists
were extracted from the following sources:

e the census of cubic arc-transitive graphs [4] for self-dual strongly flag-transitive (v3)
configurations;

e the census of cubic semisymmetric graphs [6] for non-self-dual strongly flag-transitive
(v3) configurations;

e the database of tetravalent edge-transitive graphs [12] for the three types of flag-
transitive (vy4) configurations.

Note that the tables of (v3) configurations are complete up to the order of the largest
member in the list, however, the completeness of lists of (v4) configurations can not be
guaranteed.

The lists are organized in tables, collected in Section 7 at the end of the paper, where
each line corresponds to one configuration. The first column in each line contains the
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information on the order of the configuration, and the other columns contain the infor-
mation on the length of polygons and the symmetry type of the Aut(C)-orbits of the
directed rotary polygons. Each Aut(C)-orbit is represented by a symbol of the form nX,
where n denotes the length of the polygon in the orbit and X € {S*,S~,C} denotes
the symmetry type of the polygon (where ST, S~ and C stand for genuinely reflexive,
virtually reflexive, and chiral, respectively).

6.1 Self-dual strongly flag-transitive (v3) configurations

Plugging r = 3 into Theorem 4.3 (iii) and (iv), a self-dual strongly flag-transitive (vs)
configuration C has precisely three Aut(C)-orbits of directed rotary polygons. Precisely
one of these orbits consists of weakly rotary polygons. Note that since chiral orbits come
in pairs this orbit of weakly rotary polygons must be reflexive (genuinely or virtually).
The other two orbits consist of strongly rotary polygons, which may therefore all be
either genuinely reflexive or chiral. We may encode the above possibilities by the symbols
(STST | ST), (STST | S7), (CC | S7) and (CC | S7), respectively. For example, the
symbol (STST | S7) corresponds to the situation where the two strongly rotary orbits are
genuinely reflexive and the weakly rotary orbit is virtually reflexive. All four possibilities
indeed occur. The smallest configurations of given types are: the Fano plane on 7 points
for type (STSt | S7), the Pappus configuration on 9 points for type (STS* | ST),
the (133) configuration for type (C'C' | S7) (its incidence graph is the unique connected
arc-transitive cubic graph on 26 points and can be found in the Foster census under
name F26A), and the (2243) configuration for type (C'C' | ST). It is worth noting that
the incidence graph of the latter is the smallest cubic arc-transitive graph of girth 14,
implying in particular that the configuration itself contains no k-gons for k£ < 6.

Recall that by Lemma 3.1 the two strongly rotary Aut(C)-orbits coincide with the
two strongly rotary Autg(C)-orbits, while the weakly rotary Aut(C)-orbit splits into two
Auty(C)-orbits, giving four Auty(C)-orbits of directed rotary polygons in total.

Finally, it follows from the above comments that there are either two or three Aut(C)-
orbits of undirected rotary polygons, two if C is of type (CC' | ST) or (CC' | S7) and three
if C is of type (STS* | ST) or (STST | S7). Similarly, there are two, three or four orbits
of undirected rotary polygons under the group Auty(C); two if C is of type (CC | S7),
three if C is of type (CC' | ST) or (STS™T | S7), and four if C is of type (STST | ST).

The list of all self-dual strongly flag-transitive (v3) configurations on up to 63 points
is given in Table 1.

Several well-known configurations can be found in Table 1. Let us have a closer look
at some of them.

In the introduction we have already considered the Fano plane (Figures 1, 2, 3) of type
(STST | S7); that is, with two Aut(C)-orbits of genuinely reflexive strongly rotary directed
polygons and one Aut(C)-orbit of virtually reflexive weakly rotary directed polygons.

Another well-known strongly flag-transitive configuration is the Pappus (93) config-
uration, shown in Figure 5, illustrating the Pappus theorem. Its symmetry type is
(STST | ST), giving rise to three orbits of undirected rotary polygons under the group
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Figure 5: Rotary polygons in the Pappus configuration shown with thick points and lines.
Polygons (a) and (b) are strongly rotary while (c) and (d) are weakly rotary.

Aut(C). The representatives of the two orbits of strongly rotary polygons are shown in
figures (a) and (b), while figures (c) and (d) show two weakly rotary polygons, which
belong to the same Aut(C)-orbit but to distinct Auty(C)-orbits. Note that in (b) we are
able to realize the configuration with points and lines in the projective plane (arrows
indicate that the corresponding points are at infinity) and simultaneously showing the
rotary polygon as a regular hexagon.

The Desargues (103) configuration, associated with the well-known Desargues theorem,
is also strongly flag-transitive. Thus the number of rotary polygons can be determined
from Theorem 4.3. We show them in Figure 6. Here again we can realize the configuration
with points and lines in the (projective) plane and showing the rotary polygons as regular
polygons where possible. Here, also, all rotary polygons are genuinely reflexive, thus
giving rise to four Auty(C)-orbits of undirected rotary polygons. The two Auty(C)-orbits
of weakly rotary polygons are shown as (c¢) and (d).

Among other flag-transitive (v3) configurations listed in Table 1, let us mention the
Cremona-Richmond (153) configuration which is the smallest triangle-free (v3) configura-
tion, see [2].
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(c) (d)

Figure 6: Rotary polygons in the Desargues configuration shown with thick points and
lines. Polygons (a) and (b) are strongly rotary while (c) and (d) are weakly rotary.

6.2 Non-self-dual strongly flag-transitive (v,) configurations

Since a non-self-dual flag-transitive configuration permits no antimorphisms, every rotary
polygon is necessarily weakly-rotary, and every reflexive rotary polygon in necessarily
genuinely reflexive. Moreover, every such configuration is in fact strongly flag-transitive.

By Theorem 4.3 (i), a non-self-dual strongly flag-transitive (v,) configuration C has
precisely (r — 1)? orbits of directed rotary polygons under the group Auty(C) = Aut(C).
Since orbits of chiral directed polygons come in pairs, there exists at least one genuinely
reflexive orbit whenever r is even. Note that when r = 3, exactly three possible com-
binations for the symmetry types of rotary polygons exist: all four orbits are genuinely
reflexive, type (STSTSTST), all four orbits are chiral, type (CCCC), or two orbits are
genuinely reflexive and two are chiral, type (CCS*S™). The data in Table 2 shows that
all three possibilities in fact occur. Similarly, when r» = 4, there are five possible com-
binations for the symmetry types with one, three, five, seven or nine genuinely reflexive
orbits, respectively. As one may deduce from Table 3, all these types occur.

The smallest configuration in Table 2 on 27 points arises from the well-known Gray
graph. A drawing of the third smallest strongly flag-transitive non-self-dual (v3) configu-
ration can be found in [5].

6.3 Self-dual strongly flag-transitive (v4) configurations

By Theorem 4.3 (iii) and (iv), a self-dual strongly flag-transitive (v4) configuration C
has precisely six Aut(C)-orbits of directed rotary polygons, out of which precisely three
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Figure 7: Klein (214) configuration with indicated strongly rotary genuinely reflexive
polygon of length 7 (a), and the smallest known weakly flag-transitive configuration (b).

consist of strongly rotary polygons. This implies that there exists at least one genuinely
reflexive orbit of strongly rotary polygons and at least one reflexive (genuinely or virtually)
of weakly rotary polygons. Hence there are two possible symmetry types for the three
Aut(C)-orbits of strongly rotary polygons: (STSTS*) and (CCS™). Similarly, there are
six possibilities for the symmetry types of the weakly rotary polygons: four types with all
three orbits reflexive (each either genuinely or virtually), and two types with two chiral
orbits and one reflexive (again either genuinely or virtually). This amounts to 12 possible
symmetry types for the six Aut(C)-orbits of directed rotary polygons.

In Table 4 we provide a list of self-dual strongly flag-transitive (v4) configurations. The
list is based on the census of tetravalent edge-transitive graphs available in [12]. Since
this census may not be complete, Table 4 may be missing some configurations even in the
range up to 48 points.

The computational data in Table 4 show that 5 of the possible 12 symmetry types
indeed occur. It remains an open question whether there exists a self-dual strongly flag-
transitive (vy) configurations of any the following 7 types: (STS*TS* | CCS™), (STSTST |
CCS™), (CCST | STSTST), (CCST | S—8T8T), (CCST | S~S=ST), (CCST | CCST),
(CCS*T | S=8=57).

We mention that the smallest configuration in Table 4 on 13 points arises from the
projective plane of order 3. Among other strongly flag-transitive (v4) configurations,
let us mention the Klein (214) configuration studied by Griinbaum and Rigby [7], see
Figure 7 (a).

6.4 Weakly flag-transitive (v4) configurations

In general, for weakly-flag transitive (v;) configurations, Theorem 4.3 (vi) says that there
are four orbits of strongly rotary polygons and three orbits of weakly rotary polygons
under Aut(C). Since Aut(C) acts i-arc-transitively on the Levi graph I, none of the
orbits of strongly rotary polygons is reflexive, while one of the three orbits of weakly rotary
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polygons is genuinely reflexive and the other two are chiral, see [3, Section 6.1]. Hence all
weakly flag-transitive (v4) configurations are of symmetry type (CCCC | CCS™).

This implies that there are precisely four Aut(C)-orbits of undirected rotary polygons,
two of them being strongly rotary and two weakly rotary. Moreover, in view of discussion
beneath Corollary 5.1 it follows that each of the Aut(C)-orbits of weakly rotary undirected
polygons splits into two Autg(C)-orbits, while each of the strongly rotary Aut(C)-orbits is
also an orbit under Autg(C). This gives us two Autg(C)-orbits of strongly rotary undirected
polygons (both being chiral) and four Auty(C)-orbits of weakly rotary undirected polygons
(two of them being genuinely reflexive and two chiral).

A (not necessarily complete) list of weakly flag-transitive (v4) configurations on up to
63 points can be found in Table 5.

An example of a weakly-flag transitive (v4) configuration from [8], the smallest known
such configuration, is shown in Figure 7 (b). The indicated 9-gon is genuinely reflexive
and therefore weakly rotary.
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7 Tables

Strongly rotary

Weakly rotary

v

Strongly rotary

Weakly rotary

oo |

9
10
12
13
15
16
19
20
21
24
25
27
28
28
31
32
36
37

35t
45+
35t
35"
35"
3C
45+
35t
3C
5S5*

3C
6.5t
35t
35F

3C
45+

3C
45+
35t

3C

45+
6.5t
65"
557F
65"
3C
55t
45+
3C
65"
3C
128
55t
95+
3C
78t
3C
6.5t
65"
3C

75°
85~
65t
4 St
45~
135~
65t
85~
19 .5~
4 5%
215°
85~
10 S~
65~
14 .5~
8 St
315~
85~
125~
375°

39
40
43
45
48
48
49
49
52
%)
56
o6
56
57
60
60
61
63

224

3C
10 St
3C
587
35F
4 5%
3C
35F
3C
557F
6C
4 S+
4 S+
3C
4 St
55F
3C
3C

7C

3C
12.8F
3C
125
12.8F
65"
3C
75T
3C
65"
6C
7St
14 8*
3C
587
1587
3C
3C

7C

395~
8 St
43 S~
65"
85~
65+
49 S~
14 S—
26 S~
55t
285~
6.5~
8 St
575~
58~
6.5™
615~
215~

8S*

Table 1: Self-dual strongly flag-transitive (v3) configurations, v < 63, together with the
smallest example of type (CC' | ST) with v = 224.

Table 2: Non-self-dual strongly flag-transitive (vs) configurations, v < 72.

(%

Weakly rotary orbits

27
95
o6
60
63
72

4 St
557F
6C
45t
65"
4 St

7C
1257 1587
8 St 125t
8C

65T 6ST 95t
105t 11.5% 125"
6C
65t
75t
65t

7C

8C
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v Weakly rotary orbits

300 8C 8C 65T 10S*T 125" 125T 125 205t 20 5T
30(6C 6C 8C 8C 10C 10C 8St 105t 125+
36(|8C 8C 8C 8C 8C 8C 8C 8C 128t
36(|8C 8C 16C 16C 16C 16C 6St 1257 125*
4016 ST 85t 88T 8St 105t 105t 125T 125 16 ST
42114C 14C 6St 6St 8St 85T 125t 125t 1257
438 ST 10 St 125" 1257 16 ST 18 St 20 ST 24 ST 24 S+
816C 6C 8C 8C 12C 12C 8St 85T 85T
486 ST 85t 88T 85t 85t 85T 125T 125T 12 5*
816C 6C 8C 8C 8C 8C 12C 12C 88T
48112C 12C 85t 8St 85t 125T 125t 16 ST 16 ST
48(24C 24C 88T 8St 8ST 16ST 16 ST 24 ST 24 S+
500 8C 8C 8C 8C 20C 20C 8St 10StT 20S5*
556 ST 10 St 105t 10 ST 20 St 205+ 228 24 St 24 5+
60(6S*T 10S*T 125t 125" 20 5T 205t 205" 20 ST 205+
60| 8C 8C 30C 30C 125t 12S5* 128*F 205+ 24 S+
60 8C 8C 10ST 125" 12S5* 125+ 205T 20S5* 24 S+
60| 8C 8C 10C 10C 12C 12C 8St 12S5* 205+
60| 8C 8C 12C 12C 20C 20C 8St 105t 125*
60| 6C 6C 8C 8C 20C 20C 8S*t 125t 205t
60| 8C 8C 8C 8C 12C 12C 105" 125t 205t
60| 8C 8C 8C 8C 24C 24C 68T 105t 205"
64(32C 32C 8ST 8St 85T 165t 16ST 16 ST 16 ST+
648 ST 85t 85T 8St 16ST 16 ST 16 ST 16 ST 16 ST
648 ST 85T 85T 1257 1257 16 St 16 ST 16 ST 24 ST
64(32C 32C 88T 8St 85t 165t 165t 325 325*
648 St 85T 85T 16ST 165t 325t 325t 325t 3257
648 ST 85t 85T 8St 8ST 165 16ST 16 ST 16 ST
64|[12C 12C 12C 12C 24C 24C 885t 168" 16 ST
648 ST 85T 165t 165t 16 ST 16 ST 16 ST 16 ST 16 ST
7208C 8C 16C 16C 16C 16C 128 125t 125"
7218C 8C 8C 8C 24C 24C 8S*T 125t 245*
72|18 ST 85T 85T 8St 8ST 125T 1287 125t 24 5T
7218C 8C 16C 16C 16C 16C 1287 125t 125t
7208C 8C 16C 16C 16C 16C 6St 125t 125*
7218C 8C 12C 12C 24C 24C 1258t 128" 128"
72/6 ST 85T 85t 85t 8St 125F 125 125t 16 ST
72|18 ST 85T 85T 85t 12S5F 125T 1287 16 ST 24 S+
B16C 6C 8C 8C 8C 8C 12C 12C 108t

Table 3: Non-self-dual strongly flag-transitive (v4) configurations, v < 75.
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S. rotary

W. rotary

v

S. rotary

W. rotary

13
14
15
16
18
20
20
21
24
24
24
25
27
27
30
30
30
32
32
32
32
32
35
35
36
36
36
36

35F
35F
35F
35F
4C
4C
4C
35F
4S5t
35T
387

45*
45t
5S5F
4 St
4C
4C
4C
35t
65t
4 St
45F

10C 10C

35F
35F
6C
387
35F
45t
4S5t
8C
387
4 5*

35F
35t
6C
35F
585F
85t
45t
8C
4 St
85+

14C 14C

35F
4 St
3857
357
4C

5S5F
65t
4 St
35T
4C

65"
45*
65"
65t
35F
10 S*
585F
45t
12.8*
12.8*
65"
5857
65"
65t
55T
58
585F
85t
85t
4 St
4 St
85t
585F
7St
12.8*
12 5%
65"
35t

85~
75°
45~
85~
4C
4C
4C
65t
125~
12 .5~
8 St
4C
6.5~
65~
4C
4.5~
55t
4 St
85~
4C
6.5~
45~
4C
4 S+
65~
125~
45+
4C

135 135~
145~ 65"
1558~ 65"

45t
4C
4C
4C
78t
8 St
8 St
85t
4C
65"
95~
4C
65"
65"
457
45
4C
85~
457
4C
5S5F
45t
457
65"
4C

65+
45~
205°
205~
8 S+
8 S+
8 S+
12.8*
55~
128
4 5%
305~
105+
108t
8 S+
8 S+
45~
4 5%
457
355~
65t
65+
65t
128
45~

39
40
40
40
40
42
42
42
42
45
45
45
48
48
48
48
48
48
48
48
48
48
48
48
48
48
48

6C
8C
4C
8§C
4C
35"
35t
35t
35t
18C
35*
35t
65"
8 St
4S5t
45+
45+
35t
35t
45+
4 5%
4 5%
45+
45+
35t
35F

6C
8C
4C
8§C
4C
4 5%
4 5%
45
45
18C
10 5%
4 5%
8 St
128
24 S+
65"
128
45
35t
65"
65"
65"
65"
65"
45+
4 St

135+
5S5F
10 St
10 St
10.S*
65"
7St
128
45+
5S5F
15 5+
55F
24 S+
24 S+
24 St
12 5
12 8*
65"
45+
12 8*
6.5t
12 5
128
128
128
65"

3C 3C 487

4C
4C
4C
4C
4C
65"
85~

145 215

14 S~
4C
305~
65~
45+
4 S+
8 St
24 S~
245~
8 St
8 St
4 S+
85T
12 57
6.5~
45+
4 S+t
125~
4C

4C
4C
4C
4C
4C
85T
85+

35T
4C
45F
85+
85t
65t
8 ST
45F
45*
85t
85t
4 St
8S5F
85t
85t
4S5t
4 St
4 St
4C

395~
40 S~
205°
40 S~
105~
14 5+
7S5t
65t
65t
45 S~
6.5t
108
128
8 S+
24 St
4 St
45+
12.8F
65t
128
12 5%
8 S+
8 S+
65t
65t
4 St
6.5~
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Strongly rotary

Weakly rotary

()

Strongly rotary

Weakly rotary

27
34
39
39
42
42
o4
o4
o4
95
25

6C 6C 18C 18C
8C 8C 8C 8C
12C 12C 12C 12C
6C 6C 6C 6C
12C 12C 12C 12C
6C 6C 12C 12C
12C 12C 36C 36C
6C 6C 36C 36C
12C 12C 18C 18C
10C 10C 10C 10C
10C 10C 10C 10C

12C 12C 18 8™
8C 8C 348*
6C 6C 2657
12C 12C 26 ST
12C 12C 1487
12C 12C 28 ST
12C 12C 18 8™
12C 12C 36 ST
12C 12C 36 ST
20C 20C 22 ST
20C 20C 22 ST

o7
60
60
63
63
64
64
68
68
68

6C 6C 6C 6C
8C 8C 24C 24C
8C 8C 24C 24C
18C' 18C 18C 18C
6C 6C 6C 6C
16C 16C 32C 32C
8C 8C 32C 32C
8C 8C 8C 8C
16C 16C 16C 16C
16C 16C 16C 16C

12C 12C 388™
40C 40C 30S*
40C 40C 60 ST
36C 36C 14 5T
12C 12C 4287
8C 8C 3287
16C 16C 3287
8C 8C 3487
16C 16C 348
16C 16C 34 8T

Table 5: Self-dual weakly flag-transitive (v4) configurations, v < 68.

THE ELECTRONIC JOURNAL OF COMBINATORICS 18 (2011), #P119

18



References

[1] N. Biggs, Aspects of symmetry in graphs, Algebraic methods in graph theory, Vol.
I, II (Szeged, 1978), pp. 27-35, Colloq. Math. Soc. Janos Bolyai, 25, North-Holland,
Amsterdam-New York, 1981.

[2] M. Boben, B. Griinbaum, T. Pisanski, A. Zitnik, Small triangle-free configurations
of points and lines, Discrete Comput. Geom. 35 (2006), 405-427.

[3] M. Boben, S. Miklavi¢, P. Potoénik, Consistent cycles in %—arc—transitive graphs,
FElectronic J. Comb. 16 (2009), #R5.

[4] M. D. E. Conder and P. Dobcsanyi, Trivalent symmetric graphs on up to 768 vertices,
J. Combin. Math. Combin. Comput. 40 (2002), 41-63.

[5] M. C. E. Conder, A. Malni¢, D. Marusi¢, T. Pisanski, P. Potocnik, The cubic edge-
but not vertex-transitive graph on 112 vertices, J. Graph Theory 50 (2005), 25-42.

6] M. C. E. Conder, A. Malni¢, D. Marusi¢, P. Potocnik, A census of cubic semisym-
metric graphs on up to 768 vertices, J. Alg. Combin. 23 (2006), 255-294.

[7] B. Griinbaum, J. F. Rigby, The real configuration (21,), J. London Math. Soc. 41
(1990), 336-346.

[8] D. Marusi¢, T. Pisanski, Weakly flag-transitive configurations and half-arc-transitive
graphs, Europ. J. Combin. 20 (1999), 559-570.

[9] S. Miklavi¢, P. Potoénik, S. Wilson, Overlap in consistent cycles, J. Graph Theory
55 (2007), 55-T1.

[10] A. Schonflies, Uber die regelmissigen Configurationen ns, Math. Ann. 31 (1888),
43-69.

[11] E. Steinitz, Uber die Unméglichkeit, gewisse Configurationen ny in einem geschlosse-
nen Zuge zu durchlaufen, Monatshefte Math. Phys. 8 (1897), 293-296.

[12] S. Wilson, A Census of edge-transitive tetravalent graphs,
http://jan.ucc.nau.edu/~swilson/C4Site/index.html.

THE ELECTRONIC JOURNAL OF COMBINATORICS 18 (2011), #P119 19



