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Abstract

Suppose G is a finite abelian group and S is a sequence of elements in G. For
any element g of G, let Ny(S) denote the number of subsequences of S with sum
g. The purpose of this paper is to investigate the lower bound for Ny(S). In
particular, we prove that either N,(S) = 0 or Ny(S) > 29I=PE+1 where D(Q) is
the smallest positive integer ¢ such that every sequence over G of length at least ¢
has a nonempty zero-sum subsequence. We also characterize the structures of the
extremal sequences for which the equality holds for some groups.

1 Introduction

Suppose G is a finite abelian group and S is a sequence over G. The enumeration of sub-
sequences with certain prescribed properties is a classical topic in Combinatorial Number
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Theory going back to Erdds, Ginzburg and Ziv [6, 14, 15] who proved that 2n — 1 is the
smallest integer such that every sequence S over a cyclic group C),, has a subsequence
of length n with zero-sum. This raises the problem of determining the smallest positive
integer ¢ such that every sequence S of length at least ¢ has a nonempty zero-sum sub-
sequence. Such an integer £ is called the Davenport constant [4] of G, denoted by D(G),
which is still unknown in general.

For any g of G, let N,(S) denote the number of subsequences of S with sum g¢. In
1969, J. E. Olson [24] proved that Ny(S) > 2/51=P(+L for every sequence S over G of
length |S| > D(G). Subsequently, several authors [1, 2, 3,5, 8,9, 11, 13, 16, 17, 18, 20] ob-
tained a huge variety of results on the number of subsequences with prescribed properties.
However, for any arbitrary g of G, the lower bound of N,(.S) remains undetermined.

In this paper, we determine the best possible lower bound of N, (.S) for an arbitrary
g of G. We also characterize the structures of the extremal sequences which attain the
lower bound for some groups.

2 Notation and lower bound

Our notation and terminology are consistent with [10]. We briefly gather some notions
and fix the notation concerning sequences over abelian group. Let N and Ny denote the
sets of positive integers and non-negative integers, respectively. For integers a,b € Ny, we
set [a,b] = {z € Ny : a < x < b}. Throughout, all abelian groups are written additively.
For a positive integer n, let C),, denote a cyclic group with n elements.

For a sequence S = gy - ... - g, of elements in G, we use o(S) = >, g; denote the
sum of S. By A we denote the empty sequence and adopt the convention that o(\) = 0.
A subsequence T'|S means 1" = g;, - ...-¢;, with {i1,...,4} C [1,m]; we denote by I the
index set{iy, ..., i} of T', and identify two subsequences Sy and Sy if Is, = Ig,. We denote
T =(—¢i,)--.-(—gi,). Let S1,....,S, be n subsequences of S, denote by ged(S, ..., 5,)
the subsequence of S with index set Ig, (]---[)Is,. We say two subsequences S; and Sy
are disjoint if ged(Sy,Se) = A. If S; and Sy are disjoint, then we denote by S;S5; the
subsequence with index set Is, |J Is,; if S1]Ss, we denote by S5, " the subsequence with
index set Ig, \ Ig,. Define Y (S) ={>,c;9:: 0 #1 C [1,m]}, and Y °(S) = > (S) U{0}.

The sequence S is called

e a zero-sum sequence if o(S) =0,

e a zero-sum free sequence if 0 ¢ > (5),

a minimal zero-sum sequence if S # X\, 0(S) =0, and every T'|S with 1 < |T'| < |S|
is zero-sum free,

a unique factorial sequence if 04 S and if S =T, -...-T}.S’, where Ty, ..., T} are all
the minimal zero-sum subsequences of S.

Define
M (G) = max{|S]| : S is a unique factorial sequence over G}
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where the maximum is taken when S runs over all unique factorial sequences over G.

Remark 1. The concept of unique factorial sequence was first introduced by Narkiewicz
in [21] for zero-sum sequence. For recent progress on unique factorial sequences we refer
to [12].

For an element g of G, let
Ny(S) = {Ir : T|S and o(T') = g}|

denote the number of subsequences 7" of S with sum o(7") = g. Notice that we always
have Ny(S) > 1.

Theorem 2. If S is a sequence over a finite abelian group G and g € >.°(S), then
NQ(S) > oIS|=D(G)+1.

Proof. We shall prove the theorem by induction on m = |S|. The case of m < D(G) —
1 is clear. We now consider the case of m > D(G). Choose a subsequence TS of
minimum length with ¢(7) = g, and a nonempty zero-sum subsequence W |T'(—(ST1)).
By the minimality of |T|, W is not a subsequence of T', for otherwise T ! is a shorter
subsequence of S with o(TW™!) = g. Choose a term a|WW with a { T, and let X =
ged(W,T). Then, —a|ST~! such that ¢ = o(T) € >.°(S(—a)™') and (g — o(X)) —
0—0(X)—a)=g+a= O’(TX H—(W(Xa)™))) € 3*°(S(—a)™"). By the induction
hypothesis, N,(S) = N,(S(—a)™) + Nyya(S(—a)™t) > 2m=PG) 4 om=D(G) = gm=D(G)+1,
This completes the proof of the theorem. O

Notice that the result in [24] that Ny(S) > 2I5I=P@+! for any sequence S over G,
together with the following lemma, also gives Theorem 2.

Lemma 3. If S is a sequence over a finite abelian group G, then for any 7'|S with

o(T) =g €2°(5),
Ny(S) = No(T(=(ST™1))).

Proof. Let A = {X|S : 0(X) = g} and B = {Y|T(—=(ST™")) : oY) = 0}. It is
clear that |A| = N,(S) and |B| = No(T(—(ST™'))). Define the map ¢ : A — B by
o(X) = TX;H—X,) for any X € A, where X; = ged(X,T) and X, = ged(X, ST™1). It
is straightforward to check that ¢ is a bijection, which implies N,(S) = No(T(—(ST™1))).

U

We remark that the lower bound in Theorem 2 is best possible. For any g € G and
any m > D(G)—1, we construct the extremal sequence S over G of length m with respect
to g as follows: Take a zero-sum free sequence U over G with |U| = D(G) — 1. Clearly, U
contains a subsequence T with o(T) = g. For S = T(—(UT~1))0m~P@+! by Lemma 3,
NQ(S) — NO(Uom—D(G)-H) — 9m—D(G)+1

Prop051t10n 4. If S is a sequence over a finite abelian group G such that N,(S) =
2151=DIE+ for some h € G, then N,(S) > 2151=P@+! for all g € G.

Proof. If there exists g such that N,(S) < 2/5I=P(+1 then
Nu(S(h — g)) = Ni(S) 4+ Ny(S) < 2151+1-P@+
is a contradiction to Theorem 2 since h € > *(S) C > *(S(h — g)). O
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3 The structures of extremal sequences
In this section, we study sequence S for which N, (S) = 2I8I=P(G)+1 By Lemma 3, we need

only pay attention to the case g = 0. Also, as N,(0S) = 2N,(.5), it suffices to consider
the case 01 S. For |S| > D(G) — 1, define

E(S) = {g € G : Ny(8) = 2°I=P(@+1y,

Lemma 5. Suppose S is a sequence over a finite abelian group G with 01 5, |S| > D(G)
and 0 € E(95). If a is a term of a zero-sum subsequence T of S, then

E(S)+{0,—a} C E(Sa™").

Proof. Since 0, —a € >.°(Sa™'), by Theorem 2, No(Sa~') > 2151=P(@) and N_,(Sa~?') >
2151=D(& " On the other hand, Ny(Sa™') + N_,(Sa™!) = No(S) = 2I5I=PE+1 and so
No(Sa™') = N_,(Sa™t) = 2151=PG) Hence, by Proposition 4, N,(Sa~t) > 25=P for
all g € G. Now, for every h € E(S), Ny(Sa™) + Ni_o(Sa™t) = N,(S) = 2181=D)+1
and so Nj(Sa™') = Np_o(Sa™') = 28=P@& je {h h —a} C E(Sa™'). This proves
E(S)+{0,—a} C E(Sa™"). O

Lemma 6 ([14], Lemma 6.1.3, Lemma 6.1.4). Let G = C,, & Cy,, & --- & C,, with
ni|ng| -+ - |n,, and H be a subgroup of G, then D(G) > D(H)+ D(G/H)—1 and D(G) >

Lemma 7. If S is a sequence over a finite abelian group G such that F(S) contains a

non-trivial subgroup H of G, then H = @;_, Cy and D(G) = D(G/H) + r.

Proof. Suppose H = C,,, ® C,, ® --- & C,,, where nq|ngy|---|n,, and assume that
S =gi-...-gm. Consider the canonical map ¢ : G — G/H and let ©(S) = ¢(g1)-...-¢©(gm)
be a sequence over G/H. Then

|H| - 2151-P(@ ZNh (p(8)) > 21#N=DEG/H)+1

heH

It follows from Lemma 6 that |H| > 2P(@=DP(G/H) > 9DU)=1 " and so

ﬁni > 93 iz (ni=1) _ ﬁgm—l.
i=1

=1

Hence, n; = 2 for all 4, which gives H = @_, Cy and D(G) = D(G/H) + . O
Lemma 8. ([22], Proposition 9; [12], Lemma 3.9) Let G be a finite abelian group, and
let S =.57-...-5, be a unique factorial zero-sum sequence over GG, where Sy,..., S, are
all the minimal zero-sum subsequences of S. Then, |S|---|S,| < |G]|.

Lemma 9. Let G be a finite abelian group, and let S = S;-...-S5,.S" be a unique factorial
sequence over (G, where Sy, ..., S, are all the minimal zero-sum subsequences of S and S’
is empty or zero-sum free. Then, |S|---|S,| max{1, |5’} < |G].
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Proof. If |S’| <1 then |Si]---|S,| max{1,|S|} = |Si|---|S:| < |G| follows from Lemma
8. Now assume that |S’| > 2. In a similar way to the proof of Proposition 9 in [22] (or
Lemma 3.9 in [12]) one can prove that |Sy|---|S,||5'| < |G]. O

Lemma 10. If G is a finite abelian group then A41(G) < log, |G|+ D(G) — 1.

Proof. Let S be a unique factorial sequence over G with |S| = A1(G). Then, S =
Sy-...-S,.8" with Syi,...,S, are all the minimal zero-sum subsequences of S. By Lemma
9, [S1]---1S,| < |G]. Tt follows from |S;] > 2 for every i € [1,r] that r < log,|G].
Take an element z; € S; for every i € [1,r]. Since Sy, ..., S, are all the minimal zero-sum
subsequences of S, we have that S;-...-S,.S"(z1-...-z,)"! is zero-sum free. It follows that

|S|—r=|S1-...-S.5"|—r < D(G)—1. Therefore, #1(G) = |S]| < log, |G|+D(G)—1. O
Now, we consider the case G = C,,. Notice that D(C,,) = n.

Theorem 11. For n > 3, if S is a sequence over the cyclic group C,, with 0 1 S and
No(S) =287+ then n — 1 < |S| < n and S = al¥l, where a generates C,,.
Proof. Suppose S is a sequence over the cyclic group C,, with 04 .S and Ny(S) = 2°I=+1,
We first show by induction that

S = al’! (1)

where (a) = C,,. For |S| =n — 1, we have Ny(S) =1, i.e., S is a zero-sum free sequence,
and (1) follows readily.

For |S| > n, since Ny(S) = 2!9="+1 > 2§ contains at least one nonempty zero-
sum subsequence T. Take an arbitrary term ¢ from 7. By Lemma 5, 0 € F(Sc™!). Tt
follows from the induction hypothesis that Sc=! = al*I=! for some a generating C,. By
the arbitrariness of ¢, we conclude that (1) holds.

To prove |S| < n, we suppose to the contrary that |S| > n+ 1. By (1) and Lemma
9,
0 € E(a™). (2)

We see that No(a™!) > 1+ ("*') > 4, a contraction with (2). O

Notice that Theorem 11 is not true for n = 2, since for any sequence S over Cy with
013, we always have No(S) = 2!51-2+1,

While the structure of a sequence S over a general finite abelian group G with 01 S
and Ny(S) = 2/8I=PE+1 g still not known, we have the following result for the case when
|G| is odd.

Theorem 12. If S is a sequence over a finite abelian group G of odd order with 0 1 S
and Ny(S) = 2I91=P@+1 then S is unique factorial and the number of minimal zero-sum
subsequences of S is |S| — D(G) + 1, and therefore |S| < A41(G) < D(G) — 1 + log, |G].

Proof. We first note that if .S is a unique factorial sequence, i.e., S = Sy -...-S;S" where
Si,..., Sy are all the minimal zero-sum subsequences of S, then 2 = Ny(S5) = 2/5I=P@)+1
which implies that ¢ = |S|— D(G)+1, and that |S| < A(G) < log, |G|+ D(G) —1 follows
from Lemma 10. Therefore, it suffices to show that S is a unique factorial sequence.

THE ELECTRONIC JOURNAL OF COMBINATORICS 18 (2011), #P133 b)



We proceed by induction on |S|. If |S| = D(G), then Ny(S) = 2 and so S contains
exactly one nonempty zero-sum subsequence, and we are done. Now assume

1S| > D(G) + 1.

If all the minimal zero-sum subsequences of S are pairwise disjoint, then the conclusion
follows readily. So we may assume that there exist two distinct minimal zero-sum sub-
sequences 17 and Ty with ged(Ty,T3) # A. Take a term alged(T3,T). By Lemma 5,
0 € E(Sa™!) and so Sa~! contains r = |S| — D(G) > 1 pairwise disjoint minimal zero-
sum subsequences 13,7}, ..., T..o by the induction hypothesis. Now we need the following
claim.

Claim A. There is no term which is contained in exactly one T}, where ¢ € [1,7 + 2].

Proof of Claim A. Assume to the contrary that, there is a term b such that b|7; for
some t € [1,7 + 2|, and such that b { T; for every ¢ € [1,r7 + 2]\ {t}. By Lemma 5, we
have 0 € F(Sb™1). Tt follows from the induction hypothesis that Sb~! contains exactly r
minimal zero-sum subsequences, which is a contradiction. This proves Claim A. O

Choose a term ¢ in T} but not in 75. By Claim A, we have that ¢ is in another
T;, say T,,5 and so not in any of 15,7y, ..., 1. Again Sc™! contains exactly r disjoint
minimal zero-sum subsequences, which are just 75,73,...,7T,,1. If r > 2, noticing that
ged(Ty41,T;) = A for every i € [2,r 4+ 2]\ {r + 1}, it follows from Claim A that 7,,,|71,
which is a contradiction to the minimality of T;. Therefore,

r=1.

Then Ny(S)=4 and Ty,T5,, T3 are all the minimal zero-sum subsequences of S. If there
is some d|ged(Ty, Ty, Ts), then Sd~! contains no minimal zero-sum subsequence, which
is impossible. Thus ged(71,T2,73) = A. Let X = ged(T3,T3),Y = ged(Ty,T3) and
Z = ged(Th,T3). It follows from Claim A that T} = YZ, T, = XZ and T3 = XVY.
Therefore, o(Y) + 0(Z) = o(X) +0(Z) = 0(X) + o(Y) = 0. This gives that 20(X) =
20(Y) =20(Z) = 0. Since |G| is odd, it follows that o(X) = 0, which is a contradiction.
This completes the proof of the theorem. O

If we further assume that E(S) = {0} in Theorem 12, the structure of S can be
further restricted.

Corollary 13. If S is a sequence over a finite abelian group G of odd order with 0t S
and E(S) = {0}, then S is a unique factorial zero-sum sequence and the number of
minimal zero-sum subsequences of S is |S| — D(G) + 1. Therefore, |S| < M(G) <
log, |G| + D(G) — 1.

Proof. By Theorem 12, S is unique factorial and contains exactly r = |S| — D(G) + 1
minimal zero-sum subsequences T1,...,T, (say). Therefore, S =T -...-T,W. For any
subsequence X of S with o(X) = (W), if W 1 X, then SX ™! is a zero-sum subsequence
containing terms in W, which is impossible. So W|X, and then o(XW ™) = 0. This

gives X =T, -...- ;W with 1 <4y <--- < i, <r. Hence, Nyow)(S) = 2" and then
o(W) e E(S) = {0} implying W = A. Now |S| < M (G) <log, |G|+ D(G) — 1 follows
from Lemma 10. 0
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Remark 14. The following example shows that Theorem 12 does not hold for all finite
abelian groups. Let G = Co @ Cy,, @+ - Dy, = (e) D (e1) D+ - - D (e,) with 1 < ny|---|n,
and D(G) = d*(G) + 1. For any m > D(G) + 1, take S = e P@+2 . T'_ ™' Tt is

easy to check that Ny(S) = (g) + )+t (2L%J) = 281 where k = m — D(G) + 2, and

that S is not a unique factorial sequence.

The property that S contains exactly |\S|—D(G)+1 minimal zero-sum subsequences,
all of which are pairwise disjoint, implies that |S| is bounded as in the case of Theorem
11 for cyclic groups. In general, we have the following theorem.

Theorem 15. For any finite abelian group G = C,,, & C,,, & - - - & C,,. with ny|na| - - - |n,,
(i) implies the three equivalent statements (ii), (iii) and (iv).

(i) Any sequence S over G with 0 f S and Ny(S) = 2I9=P@+1 " contains exactly
|S| — D(G) + 1 minimal zero-sum subsequences, all of which are pairwise disjoint.

(ii) There is a natural number ¢ = ¢(G) such that |S| < t for every sequence S over G
with 01 S and Ny(S) = 2/51=P(@+1,

(iii) For any subgroup H of G isomorphic to Cy, D(G) > D(G/H) + 2.

(iv) For any sequence S over GG, E(S) contains no non-trivial subgroup of G.

Proof. (i) = (ii). Since S contains exactly |S|—D(G)+1 minimal zero-sum subsequences,
all of which are pairwise disjoint, we have that |S| > 2(|S| — D(G) + 1) which gives
S| < 2D(G) — 2.

(il) = (iii). Assume to the contrary that D(G) = D(G/H) + 1 for some subgroup
H ={0,h} of G. Let ¢ : G — G/H be the canonical map, and let m = D(G/H). We

choose a sequence S = gy .. .- g, over G such that ¢(S) = ¢(g1) ... ©(gm) is a minimal
zero-sum sequence over G/H, and o(S) = h in G. Since

No(S) + Nu(S) = No(p(S)) = 2 = 2. 2SI-P@)+1

and Ny(S) and N,(S) are not zero, by theorem 2, Ny(S) = N,(S) = 28=P@+1,
Since No(Sh¥) = No(Sh*=1) + N, (Sh*=1) = N, (Sh¥), by induction we have Ny(Sh*) =
N (ShF) = 2I8P*1=D(G)+1 for a]l k, a contradiction to the assumption in (i).

(i) = (iv). Suppose to the contrary that there exists a sequence S over G such
that E(S) contains a non-trivial subgroup H of G. By Lemma 7, H = @, Cy and
D(G) = D(G/H)+s. Hence, E(S) contains a subgroup H' = Cy. If D(G) > D(G/H')+2,
then by Lemma 6, D(G) > D(G/H')+ 2 > D(H/H')+ D((G/H")/(H/H")) + 1 =
s+ 1+ D(G/H) > D(G), a contradiction.

(iv) = (ii). For |S| > D(G), that is, No(S) = 2I5I=PE)+1 > 1, there exists a
nonempty zero-sum subsequence T; of S and a term a4|7}. By Lemma 5, 0 € E(S) C
E(Sai'). By (iv), (—a1) € E(Sa;'). Let k be the minimum index such that k(—a;) ¢
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E(Sa;?t), that is, {0, —ay,...,(k—1)(—a1)} € E(Sa;') but k(—a;) ¢ E(Sa;"). Then,
N(k_l)(_al)(Sal‘l) = Q‘Safl‘_D(G)+l but Nk(_al)(Sal‘l) 75 Q‘Sa;l‘_D(G)'H. ThU.S,

Nig—1)(=an) () = Nge—1y(—ar) (Sar ") + Ni(—ay)(Sapt) # 2181-PEH
and so (kK —1)(—ay) ¢ E(S). This means
E(S) C E(Sa;t).

If [Sa;'| > D(G), a similar argument shows that there exists a nonempty zero-sum
subsequence T, of Sa;' and a term ay|Ty, thus, E(Sa;') € E(Saj'a;'). We continue

this process to get ay,as, ..., a;s-p)+1 of S such that
E(S) € BE(Sar') G-+ G E(Say ay" - ... ajg_piay)-
Since |E(Say‘tay' - .. .- a‘_S1|_D(G)+1)| < |G|, we conclude |S| < D(G)+ |G| -1:=t. O

4 Concluding remarks

We are interested in the structure of a sequence S over a finite abelian group G such that
No(S) = 2I91=P@+1 " Based on the experiences in Section 3, we have the following two
conjectures.

Conjecture 16. Suppose G is a finite abelian group in which D(G) > D(G/H) + 2
for every subgroup H of G isomorphic to Cy. If S is a sequence over G with 0 { S
and Ny(S) = 2I8I=P@+1 " then S contains exactly |S| — D(G) + 1 minimal zero-sum
subsequences, all of which are pairwise disjoint.

Notice that this conjecture holds when G is cyclic or |G| is odd. The second conjec-
ture concerns the length of S.

Conjecture 17. Suppose G = C,,, B C,, &--- B C,,. where 1 < ny|ng|---|n, and D(G) =
d*(G)+1=>""_,(n;—1)+ 1. Let S be a sequence over G such that 01 S and E(S) # 0
contains no non-trivial subgroup of G, then |S| < d*(G) + r.

The following example shows that if Conjecture 17 holds, then the upper bound
d*(G)+r =>_i_, n;is best possible. Let G = C,,, ®C,,,®- - -BC,,, = (e1)D(e2) DD (e,
with 1 < nq|ng|---|n,. Clearly, S = [[;_, e is an extremal sequence with respect to 0
and of length d*(G) +r.

Acknowledgement. The authors are grateful to the referee for helpful suggestions and
comments.
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