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Abstract

Let I be the ideal generated by alternating polynomials in two sets of n variables.
Haiman proved that the ¢,#-Catalan number is the Hilbert series of the bi-graded
vector space M (= @dl,dz Mg, 4,) spanned by a minimal set of generators for I.
In this paper we give simple upper bounds on dim My, 4, in terms of number of
partitions, and find all bi-degrees (di,dz) such that dim My, 4, achieve the upper
bounds. For such bi-degrees, we also find explicit bases for My, 4, .

1 Introduction

In [6], Garsia and Haiman introduced the ¢, t-Catalan number C,, (¢, t), and showed that
Cy(q,1) agrees with the ¢g-Catalan number defined by Carlitz and Riordan [3]. To be
more precise, take the n x n square whose southwest corner is (0,0) and northeast corner
is (n,n). Let D,, be the collection of Dyck paths, i.e. lattice paths from (0,0) to (n,n)
that proceed by NORTH or EAST steps and never go below the diagonal. For any Dyck
path II, define area(Il) to be the number of lattice squares below Il and strictly above

the diagonal. Then
Clg,1) = ) g,

II1eD,,

The ¢, t-Catalan number C),(q,t) also has a combinatorial interpretation using Dyck
paths. Given a Dyck path II, let a;(II) be the number of squares in the i-th row that lie
in the region bounded by Il and the diagonal, and define

dinv(IT) := |{(i,5) | i < j and a;(TI) = a;(I)}| + [{(4,5) |i < j and a;(I]) + 1 = a;(1)}|.

*Partially supported by NSF grant DMS 0901367
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In [4, §1] and [5, Theorem I.2], Garsia and Haglund showed the following combinatorial
formula !,

Cn(q,t) _ Z qarea(H)tdinv(H)‘ (11)

I1eD,

A natural question is to find the coefficient of ¢®1t% in C,(q,t) for each pair (dy,ds).
In other words, the question is to count the Dyck paths with the same pair of statistics
(area, dinv). It is well-known that the sum area(II) + dinv(II) is at most (). In this
paper we find coefficients of ¢#t% in C,(q,t) when (72‘) — dy — dy is relatively small.

Denote by p(k) the number of partitions of k and by convention p(0) =1 and p(k) =0
for k < 0. Denote by p(b, k) the number of partitions of k£ with at most b parts, and by
convention p(0,k) = 0 for k > 0, p(b,0) = 1 for b > 0. Our first theorem is as follows,
which contains a result of Bergeron and Chen [1, Corollary 8.3.1] as a special case.

Theorem 1. Let n be a positive integer, and dy,ds, k be non-negative integers such that
k= (g) —dy — dy. Define § = min(dy,ds). Then the coefficient of ¢¥'t® in C,(q,t) is
less than or equal to p(d,k), and the equality holds if and only if one of the following
conditions holds:

e k<n-—3, or
e k=n—2andd=1, or
e ) =0.

As a consequence, we recover a special case of a result of Loehr and Warrington with
C,(q,t) replaced by any rational or irrational slope ¢, t--Catalan number (see [12, Theorem
3]. The result was probably first discovered by Mark Haiman according to their paper).

Corollary 2 (Haiman, Loehr-Warrington). In the formal power series ring Cllg™*,t]],

we have
. Cn(%t) —k—byb - 1
lim —— = p(b, k)q =
=S b =]

e q(2 Eb>0 i=1 1—q™

where the left hand side becomes a well-defined formal power series in the sense that, for
any integers i < 0 and j > 0, the coefficient of ¢t eventually becomes stationary.

And here is another corollary of Theorem 1.
Corollary 3.

Clg, q) = ni (p(k) ((Z) ~ 3k + 1) +2 § (4, k)) ¢ 1 (lower degree terms).

k=0 1=1

ITo be more precise, they showed C,(q,t) = 3 g2 ¢mai(B(D)  The right hand side is equal to
S gdinv(garea(T) (17 Theorem 3.15], where maj(3(II)) is the same as bounce(IT)), and is then equal to
anrca(H)tdinv(H) [77 (352)]
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We feel that the coefficient of ¢?1¢% for general k can also be expressed in terms of
numbers of partitions, although the expression might be complicated. For example, we
give the following conjecture which is verified for 6 < n < 10.

Conjecture 4. Let n,dy,ds, 6,k be as in Theorem 1. Ifn —2 <k <2n—8 and § > k,
then the coefficient of ¢t® in C,(q,t) is equal to

p(k) = 2[p(0) + p(1) + -+ p(k —n+1)] — p(k —n+2).

From the perspective of commutative algebra, the ¢, t-Catalan number is closely related
to the diagonal ideal I that we are about to define. Let n be a positive integer. The set
of all n-tuples of points in C? forms an affine space (C?)" with coordinate ring C[x, y| :=
Clx1, Y1y -y Ty Yn). We define the diagonal ideal I C C[x,y] to be

]I: m (l’l—l’j,yl—yj)

1<i<j<n

(We define I = (1) if n = 1.) Geometrically, I is the radical ideal defining the diagonal
locus of (C?)™ where at least two points coincide. Blowing up the ideal I gives the well-
known isospectral Hilbert scheme discovered by Haiman in his proof of the n! conjecture
and the positivity conjecture for the Kostka-Macdonald coefficients [8, §3.4].

Let M :=1/(x,y)I, where (x,y) is the maximal ideal (z1,y1, ..., %, y,). The vector
space M is naturally bi-graded as @dl’dQ Mg, 4, with respect to - and y- degrees. A
basis of the C-vector space M corresponds to a minimal set of generators of I. Haiman
discovered that the g,t-Catalan number C,(q,t) is exactly the Hilbert series of M [9,
Corollary 3.3]:

Cn(q, t) = Z qdltd2 dlIII(c Mch,dz- (12)
d1,d2
In the special case of ¢ =t =1, (1.2) implies that dim¢ M = n+r1 (2:) = C,,, which is the
usual Catalan number.

A natural question, posed by Haiman, is to study a minimal set of generators of the
ideal I [10, §1]. There is a set of generators of the diagonal ideal I defined as follows.
Denote by N the set of nonnegative integers. Let ®, be the collection of sets D =
{(al, b1), ..., (an, bn)} of n distinct points in N x N. For each D € ®,,, define

iyt Pyl L ayh
A(D) = A((a1,01), vy (an, b)) = det[z7y] = : , :
alybe gyl gnybe

Although A(D) depends on the order of (ay,b1), ..., (an, b,), A(D) is well-defined up to
sign. Actually, we will fix a certain order as in §2.3. Then {A(D)}peco, form a basis
for the vector space C[x,y|¢ of alternating polynomials. In [8, Corollary 3.8.3], Haiman
proved that I is generated by C[x,y]¢. An immediate consequence is that I is generated
by {A(D)}peo,. But this set of generators is infinite and is far from being a minimal set,
which should contain exactly C,, elements.
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In general, it is difficult to construct a basis of M (or equivalently, a minimal set of
generators of ). Meanwhile, not much is known about each graded piece My, 4,. In this
paper, we give an explicit combinatorial basis for the subspace My, 4, of I/(x,y) - I for
certain d; and ds.

Theorem 5 (Main Theorem). Let n be a positive integer, and dy,ds, k be non-negative
integers such that k = () — di — da. Define 6 = min(dy, ds). Then dim My, 4, < p(6, k),
and the equality holds if and only if one of the following conditions holds:

e k<n-—3, or
e k=n—2andd=1, or
e /=0.
In case the equality holds, there is an explicit construction of a basis for Mg, 4,.

The Main Theorem follows immediately from Theorem 44 in §6.2 and Theorem 55 in
§7. The construction of the basis for My, 4, consists of two parts: the easier part is to
show

dim Md17d2 < p(é, ]{3)

using a new characterization of ¢,t-Catalan numbers given in §5.1; the more difficult
part is to construct p(d, k) linearly independent elements in My, 4,. It seems difficult
(at least to the authors) to test directly whether a given set of elements in My, 4, are
linearly independent. Instead, we study a map ¢ sending an alternating polynomial
f € C[x,y]¢ to a polynomial in a polynomial ring C[p] := C[py, ps, ...]| with countably
many variables. The map ¢ has two desirable properties: (i) for many f, ¢(f) can be
easily computed, and (ii) for each bi-degree (di,ds), ¢ induces a well-defined morphism
@ : My, 4, — C|p]. Therefore, in order to prove linear independence of a set of elements in
M, 4,, it is sufficient (and necessary if Conjecture 48 holds) to prove linear independence
of the images of those elements in C[p] under the map @. The latter is much easier.

The structure of the paper is as follows. After introducing the notations in §2, we
study the asymptotic behavior in §3, then we define and study the map ¢ in §4. In §5
and §6 we give the upper bound and the lower bound of dim My, 4,. Finally, we finish the
proof of the main result in §7.

Acknowledgements. We are grateful to Francois Bergeron, Mahir Can, Jim Haglund,
Nick Loehr, Alex Woo and Alex Yong for valuable discussions and correspondence. The
computational part of our research was greatly aided by the commutative algebra package
Macaulay2 [11]. We thank the referee for carefully reading the manuscript and giving us
many constructive suggestions to improve the presentation.
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2

2.1

Notations

General notations

e We adopt the convention that N is the set of natural numbers including zero, and

2.2

2.3

N* is the set of positive integers.

For n € N*, denote by S,, the symmetric group on the set {1,...,n}.

Notations related to partitions and the ring C|p]

Let k,b € NT. Denote the set of partitions of k by II;, and the set of partitions of
k into at most b parts by II; . To be more precise,

Oy :={v=(v,ve,..., )| e NT iy <o < <y vy +vp+ -+ v =k}
Oy :={v = (v,10,...,1) € II;| £ < b}.

A partition v = (J1,. .., 1,72 -« 1725 -« «s Jrs - - -5 Jr) 1S also written as .. m;j;.
mi mo uzs

Define the number of partitions p(k) = #II; and p(b, k) = #Il, . By convention
p(0) =1, p(0,k) =0 for &k > 0, p(b,0) =1 for all b > 0.

For a partition v € Iy, define |v| :== > v; = k.

Define a partial order on the set of partitions I, as follows: for two partitions
= (1, -+ ,us) and v = (v1,---,14) in Iy, define p < v if there is a partition
of the set {1,...,s} with ¢t nonempty parts Iy,...,I;, such that Zjeli w;j = v; for
t=1,...,t. Define p < vif p < v and p # v.

Let Clp] := Clp1, pa2, - - . ] be the polynomial ring with countably many variables p;,
i € N*t. As a convention, we set pg = 1. For a partition v = (v1,vs,...,14) €
Iy, define p, = py,pu, - - pu, € Clp|. Define the weight of a monomial cp;, - - - p;,
(c € C\{0}) to be iy + -+ +1i,. For w € N, define Clp|,, to be the subspace of
C|p] spanned by monomials of weight w. For f € Cl[p], there is a unique expression

f=> 0 o{f}w with {f}. € C[plw, and we call {f},, the weight-w part of f.

Notations on ordered sequences D of n points in N x N

e For P = (a,b) € N x N, denote |P| =a+0b, |P|, =a, |P|, =0.

e For n € NT, define

D, ={D=(P,...,P)|P,e NxN, foralli=1,...,n},
®, ={D=(P,....P)||Pl. €Z [P, €N, |P| >0, foralli=1,...,n}.
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Define © := U? ,®,, and ®' = U2, D! . For D = (Py,...,F,) in ®, or D/, we let
(ai, b;) be the coordinates of P;, i = 1,...,n. Unless otherwise specified, we assume
throughout the paper that Py, ..., P, in D are in standard order, meaning that

P<P<- <P, (21)
where the relation “<” is defined as follows:
(a,b) < (@, b)ifa+b<d +V,orifa+b=d +1V and a < d'.

For D in standard order, we often use a square grid graph together with n dots to vi-
sualize it. For example, in the following picture, the horizontal and vertical bold lines
represent x- and y-axes, respectively, and D = ((O, 0),(1,0),(1,1),(2,0), (3, 0))

izeest

e Given D = (Py,...,P,) € D,, we define the z-degree, y-degree and bi-degree of D
to be iy [Pile, Doy |Pily, and (321, |Pile, 2252, |Pily), respectively.

2.4 Notations related to the polynomial ring C[x,y]

e The diagonal ideal I of C[x,y| and the graded C-vector space M = @4, 4, My, 4, are
defined in §1. The ideal generated by homogeneous elements in I of degrees less
than d is denoted by I_,.

e Given a monomial f = z{'¢ ... 2%y € C[x,y], we define the bi-degree of f to

be the pair (>, a;, >+ b;). We say that a polynomial in C[x,y] has bi-degree
(dy,dy) if all its monomials have the same bi-degree (dy, ds).

e For D € ©,, the alternating polynomial A(D) € C[x,y] is defined in §1. It is easy
to see that the bi-degree of A(D) is equal to the bi-degree of D.

e Given two polynomials f,g € C[x,y] of the same bi-degree (d;,dy), let f,g be the
corresponding elements in My, 4,. We say that

f =g (modulo lower degrees)

if f=gin My, 4,, or, equivalently, if f — g isin T4, 4,-

3 The asymptotic behavior

The goal of this section is to prove Theorem 14 which gives explicit bases for certain
My, 4, under restrictive conditions on n, d;, dy. Roughly speaking, we study the behavior
of My, 4, for dy + dy close enough to (;‘), the highest degree of M, under the condition
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that d; and d, are not too small. We call this behavior the asymptotic behavior, because
if we fix a positive integer k, let n, dy, dy grow and satisty d; + dy = (g) — k, then a simple
pattern of behavior of My, 4, will appear when n,d,, dy are sufficiently large. Such an
asymptotic study provides the foundation for the whole paper.

3.1 Staircase forms and block diagonal forms
Definition-Proposition 6. Let D = (Py,..., P,) € ®,, P = (a;,b;) be as in §2. Define
k= (3) — > ;|Pi|. Then there is an n x n matrix S whose (i, )-th entry is

0, if i <|Pl;
Zi1Ziz "+ " Zi|p;|, Where zy is either x; —xy or y; — yy, otherwise,

for all 1 < 4,5 <n, such that det S = A(D) (modulo lower degrees). We call S a staircase
form of D.

Proof. Let x;; := x; — x; and y;; == y; —y; for 1 <4, 5 <n. If a; > 0, the first column of
the matrix [z}’ yfj | is equal to the following (where T' means taking transpose of a matrix)

a;—1_ by a1—1,,b11T a;—1 b1 a;—1 bi1T
1’1[1’1 Y,--,%y, yn] +[O,LE2 To1lYg - 5Ty xnlyn] .
Therefore
a2 b2 an ,,bn
ai—1, b1 an, bn 0 Ly Y 0 I
Ty U1 1Y xal_lx b1 .fL’aQ by . xan bn
. . 2 21Y2 2 Y2 2 Y2
AD)=w1| : . A .
—1.b an b . . . :
l»al y 1 e . T ny n
n n n In a1—1 b1 az, by, an b
xn xnlyn xn yn xnnynn

The first summand is a polynomial in /4, so A(D) is equivalent to the second summand
modulo I4. If furthermore a; — 1 > 0, the first column [0, 25z, 5%, ..., 2% 1z, y2]T
in the second determinant can be written as a sum of two vectors

a1 —2 b1 a1 —2 b1 T a;—2 b1 a1 —2 b1 T
22[0, 19" Loy Yo'y - T T Y ] 10,0, 28T 01 Ys' - TR X0 T Y

Then by a similar argument as above, A(D) is equivalent to the determinant

b an b

O xa2y 2 R T ny n

1 J1 1 J1

0 T5Y e ayyy

a1 —2 b1 as . bo an, bn
T3~ TapX3lYs L37Ys™ -+ T3 Y3
a1—2 b1 az, b2 . an ,,b
xn xn2xn1yn xn yn xnnynn

modulo 4. If by > 0, we apply similar operation as above. Eventually the first column
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becomes

0
Tip+11% e 412 T+ La Y P+ La +1 Y P La 12 Y e+ |
Lipy+21F P 42,2 " VP 42,00 Y|Py 42,00 +1Y Py 42,0042 77 Y|Py |42, Py

i Lo1Zn2 " Tha1Ynar+1Yn,a142 " yn,\Pl\ i

where the top min{|P;|, n} entries are 0. Note that if we use a different order of operations
with respect to x; or y;, we may end up with a different first column.

Applying this procedure for every column, we get a matrix with min{|P;|,n} zeros at
the j-th column for 1 < j < n. The resulting matrix is an expected staircase form S. [

Corollary 7. Let D = (Py,...,P,) € ©,, such that |P;| > j —1 for some 1 < j < n.
Then A(D) =0 (modulo lower degrees).

Proof. Let S be a staircase form of D. It is easy to check that det S = 0, hence A(D) =
det S = 0 (modulo lower degrees) by Definition-Proposition 6. O

Definition 8. Let D and S be defined as in Definition-Proposition 6. Consider the set
{j‘ |Pj| =7—1} ={r1 <7y <--- <} and define 71y =n+ 1. For 1 <t </, define
the ¢-th block B, of S to be the square submatrix of S of size (r, 1 — r;) whose upper
left corner is the (7, 7)-entry. Define the block diagonal form B(S) of S to be the block
diagonal matrix diag(By, ..., By).

Remark 9. It is easy to see that det B(S) = det S.

Example 10. Let D = ((0,0),(1,0),(0,2),(1,1),(3,1)). Then A(D) and a staircase
form S are

1z v} xy oy 1 0 0 0 0
1 my Y3 myy, oy, 1 x9 0 0 0
AD) =11 x5 y3 3y3 3ys|, S= |1 T3 ysys2 T31Ys 0 )
1 zy yZ L4Yy xi?h I Zy ysYaz Ta1yYao 0
Lz yg T5Ys $§y5 I x51 Ysi¥s2 Ts1¥Ys2  Ts51Ys52T53054
and the block diagonal form of S is
[1 0 0 0 0 i
0 T21 0 0 0
B(S)= 0 0 ysys2 T31Ys 0
0 0 ynyaz TuYa 0
_O 0 0 0 T51Y52L53T54 |
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Definition 11. Suppose that = > m;j; € Il is a partition of k, where j; are distinct
positive integers. We say that a nonzero staircase form S is of partition type p, if for each
i the block diagonal form B(S) contains exactly m; blocks that have j; nonzero entries
strictly above the diagonal. We say that D € ©,, is of partition type p if its staircase
form is of partition type p. Furthermore, if

(the entry in the i-th row and j-th column in S) = 0 for each pair (7, 7), j > i+1, (3.1)

then S is called a minimal staircase form of partition type p. We call a block minimal if
the block satisfies condition (3.1).

Remark 12. Let S be a staircase form of D = (Py,..., P,) € ©,. Then S is a minimal
staircase form if and only if |P;| =i — 1 or i — 2 for every 1 < ¢ < n. In this case, the
partition type of S is

(’él_177;2_7;1_1ai3_i2_17"'aié_z.€—l_]-7n_ié)a

where {i; < iy < --- <} is the set of i’s such that |P;| =i — 1.

For example, if n =8, D = (Py,..., Ps) and (||, ...,|P|) = (0,1,1,2,4,4,5,6), then
the staircase form S of D is a minimal staircase form. The set {i | |P;| =i—1}is {1,2,5}.
The positive integers in the sequence (1 —1,2—-1—1,5—-2—1,8 —5) are (2,3), so the
partition type of D is (2, 3). O

Example 13. Suppose n = 11, k =7, D = (P,..., Pi1) such that (|P],...,|P1|) =
(0,1,2,2,4,4,4,7,7,8,9). Then a staircase form of D is of partition type (1, 3,3) but is
not a minimal staircase form because there is a nonzero entry in the fifth row and seventh
column. (In the matrices below, a “¢” means a nonzero entry.)

B(S) =

%]
Il
¥ X ¥ X X X ¥ ¥ ¥ ¥ ¥
¥ K X K K X ¥ X ¥ ¥ O
¥ K X K K X ¥ X ¥ OO
¥ X ¥ ¥ ¥ ¥ ¥ ¥ ¥x OO
¥ K X K X ¥ ¥ OO0 OO
¥ ¥ ¥ ¥ ¥ ¥ ¥ OO OO
¥ K X F X ¥ ¥ OO0 OO
¥ ¥ ¥ ¥ OO0 000 OO
¥ ¥ * ¥ OO0 O0O0OC
¥ ¥ *x O0O0O0OQ0COoCC0CO0
¥ ¥ 000000000
[=NeoleNoloNeNoleReRall
[cleNeloNoNoNeNoRalt =)
CO0OO0O0O0O0O % ¥ OC
OO0 0O0O0O % ¥ OO
COO0O% ¥ ¥x O0O0C
COOO*% ¥ ¥ O00O0
OCCCO*% ¥ ¥ 0O00Q
¥ ¥ ¥ *x O0O00O0O0CQ
¥ ¥ ¥ *x O0O00O0O0CQ
¥ ¥ ¥ 0O0000000
¥ ¥ OO0O0O0O0O0OC

3.2 Theorem on asymptotic behavior of M, 4, and the proof

The main theorem of this section is the following.

Theorem 14. Let k,n,dy,dy be integers satisfying n > 8k + 5, dy,dy > (2k + 1)n, and
di +dy = (g) — k. Then

dim(c ]\46117652 = p(k’)
Moreover, for each p € Ily, let S, be an arbitrary minimal staircase form of bi-degree
(dy,dy) and of partition type jr. Then {det S,}.em, form a basis of Mgy, 4,
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We need to establish a few lemmas before proving the above theorem.

Lemma 15 (Transfactor Lemma). Let D = (Py,..., B,) € ©,, and P; = (a;,b;) be as in
§2. Let 1,7 be two integers satisfying 1 <i# j<n, |P|=1—1, |Pyi| =1, |Pj|=75—1,
|Pit1] =7, bi > 0, a; > 0 (we define |P,1| =n). Let D" be obtained from D by moving
P; to southeast and P; to northwest, i.e.,

D' = (P,....,P_1, P+ (1,-1),Py1,...., Pj_1, P+ (=1,1), Pia, ..., Py).
Then A(D) = A(D') (modulo lower degrees).

Proof. By performing appropriate operations as in the proof of Definition-Proposition 6,
we can obtain a staircase form S of D (resp. a staircase form S’ of D’), such that the (i, 7)-
entry and (7, j)-entry of S (resp. S’) are y; H;;; 2z and Tj Hi;; zjt (resp. x; Hi;; Zit
and y; Hg;zl z;t). The block diagonal forms of S and S” only differ at two blocks of size
1 located at the (i,4)-entry and (j, j)-entry. Let fo be the product of determinants of all
blocks of B(S) except the (i,4)-entry and (7, j)-entry. Then A(D) — A(D') is equivalent
to the following (modulo lower degrees)

= =2 =2 =2
I @z oyi| it i1

=—det [1 =z, (H%t)(H%’t)fo-
1 T Y t=2 t=2

Without loss of generality, assume ¢ < j. Then (det(S) — det(S"))/zj; is

1 1 w»p i—1

—det |1 z; (szt)< H th)fo-

1 $j yj t=2 2§z§%71
This polynomial vanishes on the diagonal locus, so is in /-4, and then the lemma follows.

O

The Transfactor Lemma implies the following lemma, which is the base case k = 0 of

the inductive proof of Proposition 23.
Lemma 16. Let dqi,dy be two non-negative integers such that dy + dy = (Z) Let S be
an arbitrary staircase form with bi-degree (dy,ds) and assume that det S # 0. Then the

C-vector space My, 4, is spanned by det S.
Proof. Because dy+dy = ("), there are (Z) zeros in the staircase form S. Since det .S # 0,

2
S and its block diagonal form B(S) must be of the following forms
0
0

0 0 *« 0 -+ 00
* k.. 0 0 « --- 0 0
S=|:t .t o, Bl)=|: :
* 0 0 *
i * | | 0 0 0 * |
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By repeatedly applying Lemma 15 we can easily deduce the following assertion: if S
and S’ are staircase forms of D and D’ respectively, such that both S and S’ have bi-
degree (di,ds), then det B(S') = det B(S) modulo I.,,—1)/2. The lemma follows from
this assertion. O

Lemma 17 (Minors Permuting Lemma). Let D = (Py,..., P,) € ®, and P, = (a;,b;) as
in §2. Suppose h,l,m € Nt satisfy 2 < h < h+l+m <n+1, |P) =h—1,|P,| =
h+0—1, |Puoym| = h+0+m—1 (if h+{+m = n+ 1 then we assume that
| Prsoim| = h+€+m—1 is vacuously true). Suppose that apiy, ..., apyerm—1 > {. Define
D' by

D, — (Pl,PQ,...,Ph_l,PhJ’_Z_ (E,O),Ph_;’_g_;’_l - (ﬁ,o),...,PhJ,_(J,_m_l - (6,0),
Ph+(m,0),Ph+1—|—(m,O),...,Ph_,_g_l—l—(m,O),Ph+g+m,...,Pn).

Then A(D) = A(D') (modulo lower degrees).

Proof. By performing appropriate operations as in the proof of Definition-Proposition 6
and using the assumption that apyy, ..., ap0m—1 > £, We can obtain a staircase form S
of D whose (u,v)-entry contains the factor H?:ﬁ_l Ty = H?:ﬁ_l(:cu — x;) for every pair
(u,v) satisfying h +¢ < u,v < h+{¢+m —1. Let B(S) = diag(By, Bs, ..., Bs) be the
block diagonal form of S, and let B, (resp. B,i1) be the block of size ¢ (resp. m) whose
upper left corner is the (h,h)-entry (resp. (h + ¢, h + £)-entry). Then by our choice of
S, all entries in the i-th row (1 < i < m) of B,;; contain H;L:,l;_l Tithte—1,; as a factor.
Dividing the i-th row of B, by H?:f;_l Tithte—1,; for 1 < i <'m and multiplying the 7-th
row of B, by Hh+g+m_1 Tipn—1,; for 1 <4 < ¢, we obtain a new block diagonal matrix

j=h+¢
B’ = diag(By,...,B,—1, B, B, By12, ..., By). Since

h+£—1 h+£—-1

Im
H Lith+e-1,5 = (_1) H Lith+e-1,5;
j=h j=h

we have (—1)""det B’ = det B = det S. Now interchange the two blocks B, and B/, in
B’ and then change the indices 1,...,n to

L...,=1),l+h),....,+h+m—=1),0,....+h—=1),(+h+m),...,n.

The resulting matrix is the block diagonal matrix of a staircase form of D’. Note that when
we change the indices, the determinant of the resulting matrix is equal to (—1)"det B'.
Therefore A(D) = A(D’) (modulo lower degrees). O

Example 18. Suppose n = 11, k =7, D = (P,..., Pi1) such that (|P],...,|P1|) =
(0,1,2,2,4,4,4,7,7,8,9), and | Psls, - . ., |P11]z > 3. Lemma 17 asserts that permuting the
two blocks (as framed in the following figure) in the block diagonal form does not change
the determinant modulo I_,.
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* 0 O O O O O O o o0 O * 0 O O O O O O o 0 o
o = 0 0 O O O o O o0 o 0O = 0 0O O O O O o0 o0 o
o 0 = = O O 0O o0 0O o0 ©O o 0 = = 0 0O 0O O 0 0 O
0O 0 = = 0 0O 0 o 0 o0 o0 0O 0 = =« 0 0 0O 0 o0 0 o
0O O O O [+ % ] o o 0 oO 0O 0 O O [x = 0 0] 0 0 O
0O O O O [ %= [ 0 0 0 O — 0O 0 O O |x =%« == 0] 0O 0 O
0 0 0 0 * * * 0 0 0 0 (O] 0 0 * * * * 0 0 0
o 0 0O 0O O O 0 [+ == 0 0 0O 0 O O [ = =% =x[ 0 0 O
0O 0 0O 0 O 0 0 [+ == % 0 0O 0 0O O 0O 0 0 0 ([ =* =
0O 0 0 0 0 0 0 [* =*= * =* 0O 0 0O O 0O 0 0 0 [ =% =
0O 0 0 0 0 0 0 [ =* * =« 0O 0 0O O O 0 0 0 [x =% =

Lemma 19. For p,q € C[x,y]|, we have

A(Sym(p)q) = Sym(p)A(q),

where Sym(p) denotes the symmetric sum ) . o(p), and A(p) denotes the alternating
sum 3,5, 5g0(0)a (7).

Proof. A(Sym(p)q) = 3, sgn(o)Sym(p)o(q) = Sym(p)A(q). O

Lemma 20. For (a;,b;)) E NxN (1 <i<n)andc,e €N,

ai, b1 az, ba an , by ai, bi a;+c, bi+e an , b

1 yllj Ty y11) I y{l) Ty y{l) I y11) T I y11)

n ai , 01 az , b2 an , On n ai, b1 a;+c, bi+e an ,,bn

c ey P2 Y2 T27Yy o To Yo | Lo Yy 0 Ty Y o T Y

( i) - : : .. : o : - : .. : )

= b b ' b L B ' b b
a az 2 a a a;+c i+e a

xnl ynl Ty Yp T TRYy” znl ynl X Yy TNy

As a consequence, we have

Z A((al, bl), RN (ai_l, bi_l), (Cli + ¢, bz + 6), (ai+1, bi+1), ceey (an, bn)) =0
i=1
modulo lower degrees.
Proof. Plug in p = 25y and ¢ = 2§'¢" 25292 - - - 2%y’ in Lemma 19. O

The following definition involves minimal staircase forms defined in Definition 11.

Definition 21. Suppose that n, d;, ds, k are positive numbers satisfying k = (3) —di —do,
and p is a partition of k. Define Jd?fdz (resp. del‘fdz) to be the ideal of C[x,y] generated
by the determinants of all minimal staircase forms of bi-degree (d1, dy) and partition type
< (resp. =2 ).

Lemma 22. Let D = (Py,...,P,) € ®,, P, = (a;,b;) be as in §2 but we allow P; = P,
fori # j. Let (dyi,ds) be the bi-degree of D. Let S be a staircase form of D of partition
type 1, and B(S) be the block diagonal form of S. Denote the number of nonzero entries

strictly above the diagonal in the last block by j,.. If D satisfies the assumption that the last
block of B(S) is of size tg > 2, the first (j, + 2) blocks of B(S) are of size 1, P» = (1,0),
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and bj, 42 > 1, then for an integer t such that 1 <t <ty and a,—_¢y1,bp—1+1 > 1, we have
2A(D) = A(DN) + A(D™) modulo the ideal 1.4+ Jol,, where

D™= (P,..., P, Pja+ (1,=1), Pjys, oo, Pocy, Pacir + (=1,1), Pacgyn, ..., Po),
D™= (P, (0,1),P5,..., Pot, Popyr + (1, =1), Po_yin, ..., P).

Moreover, if the last block of B(S) is not minimal or if |Py_yy1| > n — to, then A(D) =
A(D™) modulo Tq+ J3", .

Proof. Throughout the proof, “=” means equivalence modulo the ideal 14 + J;l’f & Ve

use the notation (P, ..., J3i, ..., P,) todenote (Py,..., P,_1,Piy1,...,P,). Note that the
condition (2.1) does not always hold in the proof.
Suppose that the partition type of S'is Y, m;j;. Applying Lemma 20 to

(Z x?n*t+1yfn7t+1_1) . A((Pla (0> 1)a P2> ey ﬁn—t-‘rla sy Pn))a

we get a sum of n determinants. The first determinant is in I, because all entries in the
first row of the staircase form are zero. The second determinant is

A(Py, Pyvir, Po, Psy oo, Py, o, By) = (—=1)" 7 TA(D). (3.2)
The i-th determinant for ¢ > 3 is
A(Py,(0,1), Py, Py, .., Progy Py + Poyin — (0,1), Py Py ooy Baginy -, B).

When 3 < i < j, + 3, its partition type is < myj; + -+ m,_1Jr—1 + (m, — 1), + (i —
3) + (4 — i+ 3). The latter partition is < the partition type of S when 4 < < j. 4 2.
If + > 5, + 3, the i-th determinant is equivalent to 0. So modulo /4 + J;l’fdQ, the sum of
(3.2) and the following two determinants

A(P17(071>7P2+Pn—t+1 - (071)7P37'"7ﬁn—t+17"’7pn)7 (33)

~

A(P,(0,1), Pa, ..., Pjsa, Pjso + Poopyr — (0,1), P ys, ooy Poggr, ..., Py) (3.4)

is equivalent to 0.
Similarly, applying Lemma 20 to

(Z I?nfm_lyfn%ﬂ)A(PM (0,1), P2y ..o, Pjga, Py +(1,=1), Pjys, -, ﬁn—t+17 ceey PTL)7
we conclude that the sum of the following three determinant is equivalent to 0:
A(P, Py + (=1,1), Py o, Py, Pygo + (1, =1), Pyasy oo, Pty oo, Ba), (3.5)
A(P,(0,1), Pygi1, Psy ..o Poga, Piya + (1,=1), Pyys, ..o, Pacysn, .., Py), (3.6)
A(Py,(0,1), Py, Pios1y Pygo + Puisr — (0,1), Pyysy ooy Paginy o, Pa), (3.7)
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Now we have two equations:

{ (3.2) +(3.3) + (3.4) =0,
(3.5) 4+ (3.6) + (3.7) = 0.

By Transfactor Lemma (Lemma 15), the polynomial (3.6) is equivalent to

A(Pla P2a Pn—t-‘rla P3a ) Pjr-‘rl) Pj7-+27 Pj7-+37 e ﬁn—t-‘rla ) Pn)
= (-1)""PA(D) = —(3.2),

and we also have (3.4)=(3.7), therefore
(3.5) = —(3.6) — (3.7) = (3.2) — (3.4) = 2(3.2) + (3.3).

Since (3.5)=(—1)""""tA(D™) and (3.3)= (—1)""""2A(D™), the lemma follows.
Note that since |P,_y11| > |Pu—ty+1| = n — to, we have

|Pj42 + Poip1 — (0,1)] > (jr + 1)+ (n—to) — 1 = jr + 1 —tg

which is greater than n — 1 if j. > t;. But this is always the case if the last block of B(.S)
is not minimal. In this case, (3.4)= 0 and therefore (3.2) + (3.3) = 0. Of course we still
have (3.2) + (3.3) = 0 if |Po_ya| > 11 — to. 0

Proposition 23. Let k € N, n,dy,dy € NT satisfy n > 8k + 5 and di,ds > (2k + 1)n.
Let pn = > m;j; be a partition of k. Suppose that Dy, Dy € ©,, have the same bi-degree

(dy,dy) and the same partition type p, and suppose that staircase forms of Dy and Dy are
both minimal. Then A(Dy) = A(Dy) modulo Iq+ J3, .

Proof. The conditions di + dy < (3) and dy,ds > (2k + 1)n imply () > 2(2k + 1)n, or
equivalently, n > 8k + 5.

We prove the proposition by induction on k. The base case k = 0 is proved in Lemma
16. Suppose the proposition holds for k£ < kg, and we need to prove the case k = k.

Let D = (Py,...,P,) € D,, and let S be a minimal staircase form of D of partition
type u. Without loss of generality, we assume that the last block of B(SS) is of size greater
than 1. (Otherwise, the last block corresponding to P, is of size 1. Let M be the last
block of size greater than 1. Since d; > (2k + 1)n, there are sufficiently many size-1
blocks in B(S), such that by successively moving a P; corresponding to a size-1 block to
northwest direction and moving P, to southeast direction using Transfactor Lemma 15,
we can assume P, = (a,,0). Then we apply Minors Permuting Lemma 17 to permute
the last block with the blocks in its northwest direction until it moves to the northwest
of M. This procedure moves M to the southeast direction. Repeat the procedure until
M becomes the last block.)

Because of Transfactor Lemma 15, Minors Permuting Lemma 17 and the condition
n > 8k + 5, we can assume that the first (k + 2) blocks of B(S) are of size 1.

Now we apply Lemma 22. Denote by ¢, the size of the last block in B(S). By
Transfactor Lemma 15 we may assume P, = (1,0). If there is an integer ¢, such that
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1 <t <tyand |P,_,41| > n—to, then D = D Therefore we may assume that |Pl, =0
fori>n—1t+42.

Define a(D) = |Py_sy42lze — |Pa_to+1]e and define a(D™) and a(D™) similarly. Then
a(DN) —1 = a(D) = a(D™) + 1. Consider the special case when P, ;11 = P,_t42. In
this case A(D) = 0, hence A(D) = —A(D™), a(D™) =1 and a(D>) = —1. Let D" be
the set obtained from D™ by interchanging the (n —t, + 1)-th and (n — ¢, + 2)-th points.
Now compare D™ = (P}, ..., P!) with D" = (P}, ..., P):

e they both give minimal staircase forms of the same partition type as S,
e a(D™) =a(D") =1,
o A(DN) = A(D"),

P +(1,-1), fori=n—t+1,n—t+2;
o P/ ={ P 4+(-1,1), fori=2j, +2:

P otherwise.
In other words, we can move P._, , and P._,., of D™ to southeast direction and move
two size-1 blocks of D™ to northwest direction simultaneously without changing A(D™)
(modulo the equivalence relation). Repeat the movement until the y-coordinates of the
(n —t + 1)-th and (n — ¢t + 2)-th points become 1 and 0, respectively. Then apply the
inductive assumption for the first n — ¢t points, we can draw the following conclusion: if
D, Dy €3, such that

(i) they both have minimal staircase forms,

(i)

(iii) they have the same bi-degree,

(iv)

then A(D;) = £A(D). This implies the proposition under the extra condition (iv). For

the rest of the proof, we show how to remove the condition (iv). Note that, if (ii) is
replaced by a stronger condition:

they have the same partition type,

v) a(Dy) = a(Dy) =1,

(ii)’ they are both in standard order and their block diagonal forms are of the same
shape (in the sense that the size of the i-th blocks in the two block diagonal forms
are the same for every 1),

then A(D;) = A(D»).
By Lemma 22, we can show that, assuming (i) (ii)’ (iii) and a(D;), a(D2) > 0, we have
1 1

2o 2P = 0Dy

A(Ds). (3.8)
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Indeed, it is sufficient to show that
if conditions (i)(ii)" (iii) hold and a(D;) = 1, then a(D2)A(Dy) = A(Dy). (3.9)

This can be proved by induction on a(D3). The case a(Dy) = 0 is trivial since in this case
A(D3) = 0. The case a(D,) = 1 is already shown. Now by induction we assume that (3.9)
is true for a(Dy) = m — 1 and m. Suppose a(Dy) = m+ 1. Take D € D,, such that D =
Dy. (This is always possible, since we can modify Dy using Transfactor Lemma and Minors
Permuting Lemma if necessary.) Then Lemma 22 asserts that 2A(D) = A(DN)+A(D™).
The inductive assumption implies A(D) = m A(D;) and A(D™) = (m — 1)A(D;), hence

A(Dy) = A(D™) = 2m A(D;) — (m — 1)A(Dy) = (m + 1)A(D,).
This completes the inductive proof of (3.9). O

Proposition 24. Suppose that n > 8k + 5, di,ds > (2k + 1)n, and p = > m;j; is a
partition of k. If D € ®, has a nonzero staircase form S of type p and of bi-degree
(dy,ds), then A(D) is in the ideal 1.4 + del;fdz'

Proof. Assume D = (Py,...,P,) € D,, S is a staircase form of D and is not minimal. By
Transfactor Lemma 15 and Minors Permuting Lemma 17 , we can assume without loss of
generality that, in the block diagonal form B(S) = diag(By, ..., Bs), all the size-1 blocks
are in the northwest of the blocks of size greater than 1. In particular, the size ty of the
last block of B(S) is greater than 1.

First note that if the assumption of Lemma 22 is satisfied and the last block of B(.S)
is not minimal, the conclusion easily follows. Indeed, in this case the equivalence A(D)
A(D™) in Lemma 22 implies that we may move any point P; in the last block of B(S)
P; + (1,—1). Suppose P; has the same degree as P,y for some i, n —tg+1<i<n-—1.
Keep on moving P; to southeast direction until it collides with P;, ;. Then the determinant
will be 0.

Now we show that we can always assume the assumption of Lemma 22 holds and
the last block of B(S) is not minimal. Indeed, since there are sufficiently many size-1
blocks in B(S), we can apply Minors Permuting Lemma and Transfactor Lemma to move
the points in D until the assumption of Lemma 22 is satisfied. To see the latter, let us
assume on the contrary that the last block By of B(S) is minimal. Define n’ = n — o,
D' = (Plv AR Pn—to) €Dy, d = Z:lz_lto ‘PZ|7 dll = Z?:_Ito @i, dl2 = Z:lz_lto bi, k' = (7;/) - d,
and let y' be the partition type of D’. Then k > k' +tq — 1, and

—+
Sl

n'28k+5—t028(/€/+t0—1)+5—t028/’{:'+5,
dll >d1—t0n2 (2]{:—|—1)n—t0n2 (2k'+t0—1)n2 (2]{?/4—1)712 (2]{?’—}—1)71’

Similarly, d; > (2k’+1)n’. By inductive assumption, A(D’) is in the ideal Iy + J j,l“ C;,Q, SO

A(D) = A(D')-det(Bs) is in the ideal 14+ del;fd2' Hence in the case when B is minimal,
there is nothing to prove. O

THE ELECTRONIC JOURNAL OF COMBINATORICS 18 (2011), #P158 16



Lemma 25. Suppose that n,k,u € N satisfy k < u < n —2. Definev =n—1— u,
di = u(lu+1)/2, dy = v(v+1)/2+uv — k. Then di,dy > 0, k = (}) —di — da, and
dﬁn_A4dh¢22ip(k)

Proof. The only nontrivial statement, which we shall prove, is the last inequality. Consider
a partition

A=A =(u+ep, u—1+e;, u—2+e9, ..., 14+6,1,0,0,...,0),
—_————

v+1

where gg, ...,e,.1 € {0, 1} satisfy

u—1 u—1
Zai =k and Ziéi =k(k+1)/2. (3.10)
i=0 i=0

The partition A determines a Dyck path IT with a;(IT) =n —i—X; for i = 1,...,n. It
is easy to check that area(Il) = v(v +1)/2 4+ uwv — k and dinv(Il) = u(u + 1)/2. Since
there are p(k) number of solutions for the system (3.10), we have dim My, 4, > p(k) due
to (1.2). O

Finally, we are ready to prove Theorem 14.

Proof of Theorem 14. 1t follows from Proposition 24 and Proposition 23 that the C-vector
space My, 4, is spanned by {detS,},en,. In particular, dim My, 4, < p(k). So we only
need to show that dim My, 4, > p(k). Lemma 25 proves this inequality for special values
of d; and dy. For general d; and dy, we add sufficiently many appropriate size-1 blocks
and apply Lemma 25. To be more precise, choose a sufficiently large number n > n
such that there are positive integers v and v satisfying k <u <n—-2, 1+u+v = n,
u(u+1)/2 > (2k + 1)n, and v(v + 1)/2 + uv — k > (2k + 1)n. Choose (7 — n) points
P, = (a;,b;)) e Nx N for n+1 <i <n, such that

a;,+b;=1—1 forn+1<i<n,

dy = Zai =u(u+1)/2,
i=1

n

ds ::Zbi:v(v+1)/2+uv—k,

i=1

(which is always possible). By our choice of P,yq,..., Py, if D = (Py,...,P,) has a
minimal staircase form of partition type u, then D= (Pi,..., Py, Pui1, ..., Ps) also has
a minimal staircase form of the same partition type p. Let S be the staircase form of D
and B(S) the block diagonal form of S. Denote by f; the product of the last (7 —n) size-1
minors in B(S’) Define [ = Mi<i<j<a(Ti —2j,y; —y;) to be an ideal of Clz1, v, . .., %7, Yal,
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and define M = I/(x,y)I which is doubly graded as & iy .ds M d,.d,- Then we have a C-linear
map: 3
L . ]\4611’[12 — Mczhdz
f= [ Jo
For each partition p of k, if D), has a minimal staircase form S, of partition type p, then

L(det S,) = det Su, where S is of partition type u and is a mlnlmal staircase form of
D, =D,U (Pyi1,...,P). Hence {L(det S,)}en, form a basis for Mdhdz, and the map

L is surjective, which implies dim My, 4, > dim M iy = D(K). O

4 Map @

4.1 Definition and properties of ¢

In this subsection we define and study the map ¢ which naturally arises when we look for
a minimal set of generators of the diagonal ideal I.

Definition 26. (a) For D = ((a1,b1), ..., (an,bn)) € D}, let k= (5) — >.7,(a; + b;) and
define

o(D) = o((a1,b1), oy (a0, 02)) = (—1)* 3 sgn(o) H (Z Dot Py - -pwbi) ,

gESy

where (wr, ..., wy,) in the sum 3 pu, pu, =+ * pu,, Tuns through the set

{(wy, ..., wp,) € N

Fwp, =0(i) =1 —a; — b}, (4.1)
with the convention that

> purpu, =4 0 ifb=0and o(i) — 1 —a; —b; > 0;
1 ifp=0and o(i)—1—a; —b; =0.

This defines a map ¢ : ®!, — C[p] and we denote its restriction ¢|g, : ©,, — C|p] also by

®.
(b) We give an equivalent definition of (D). For b € N, w € Z, define
h(b,W) = {(1 +p1+p2+ - ')b}w.
Then
h(by, =|1])  h(bi,1 = [Pr[)  h(br,2—=|P1[) -+ h(by,n—1—|P])
h(ba, =|Pa|)  h(by, 1 = [Pa]) R(by,2 = [Bo]) -+ h(by,n—1—|P|)
SO(D) = (_ ) : : : . . ’
h(bp, —|Psl) h(bp,1—|P,|) h(bn,2—1P,]) -+ h(by,n—1—|PB,|)
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(c) We extend the definition of ¢ linearly: given a formal sum Zle ¢;D;, where
Dy,...,D, €D and ¢y, ...¢; € C, we define

14

CZZZECZQO
i=1

=1

For any bi-homogeneous alternating polynomial f € C[x,y], since {A(D)}pes, is a basis
of C[x, yl¢, there is a unique expression f = Zle ¢; A(D;), where D; € ®,,. We define

This induces a map ¢ : C[x,y]* — C|p].

Example 27. The equivalence of (a) and (b) is not obvious but follows from a straightfor-
ward computation, so we will not go through the proof here. Instead, we give the following
example: let n =4, D = ((0,0),(0,1),(1,0),(0,2)). Then k= (}) — (0+1+1+2)=2.
We first consider the definition (a). There are only two o € S, that contribute to the
sum: 1324 and 1423. For o = 1324, the sum prlpwz”'wai are 1, p, 1, 2p; for

L= 17 27 37 47 respectively, 50 SgH(O') H?:l (Z Pwy Pws ™ pwbi) = <_1)1 “pP1e 1. 2P1 = _QP%
Similarly, for o = 1423, sgn(o) [, (Z Puwr Puws 'wai) = (+1)1-pz-1-1 = py. Therefore
o(D) = (=1)*(=2p% + pa) = —2p? + p2. On the other hand, the definition (b) gives

h(0,0)  A(0,1) h(0,2) h(0,3)] |1 0 0 0
2 h(1> 1) h(l,O) h(1>1) h(1>2) _ 01 1 2| 2
PD)= D000, 21) h(0.0)  h(0.1) A(0.2)] |0 1 0 o=
h2,—2) B(2,—1) h(2,0) R(2,1)| |0 0 1 2p

Lemma 28. Letn e N*, D= (P,...,P,) € D!, where P, < --- < P, as in (2.1).
(i) If |Pi| > i for some 1 <i <mn, then (D) = 0.
(i) Suppose m € N* and Q1,..., Q. € Z x N satisfy |Q;| =i —1 for 1 <i<m. Let
D=(Q1,...,Qum, Pi+ (m,0), Py + (m,0),..., Py + (m,0)) € D!, ... Then p(D) = (D).
(iti) Lett € N*, Q = (—=t,t) and D = (P1+Q, Py+Q, ..., P,+Q). Then p(D) = (D).
(iv) Let S = {i| |P| == a; +b; =i — 1} = {iy < --- < is} and assume iy = 1. We
call (B, ..., P, —1) the r-th block of D, for 1 <r < (assuming P;,,, =n+1). Then
e(D) =TT_, (P, — (i —1,0), P,y — (6, — 1,0),..., P,y o1 — (i — 1,0)).

(v) Suppose |P;| =0 for1 <i<mn. Then ¢(D) = c- ,0£2); where ¢ = —l;[f;]((l 1)') is a

positive integer.
(vi) For s € N*, let D = ((—1,1),(0,0),(1,0),...,(s — 1,0)). Then p(D) = ps.

Proof. (i) follows from the convention stated after (4.1), and (vi) follows from Definition
26 (b).
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(i) By definition, p(D) = (—1) D s, Sen(c )T (Z Py " wbi> , where wy,
, wy, € N and

oy o) —1, it « < m;
Wy + -+ wy, :a(z)—l—ai—bi:{ 5Ei§_1_m_|Pi—m|> i
If 6(i) < i for some i < m, then none of (wy,...,wp,) in N% satisfies the condition
(4.1), hence [ (3 puy -+ - Puw,,) = 0, and the summand corresponding to & does not
contribute to (D). So we only need to consider those & with (i) = i (1 < i < m).
Each such & corresponds to a permutation of {m + 1,...,m + n}. Define ¢ € S, by
o(i—m)=2a6(i)—m, m+1<i<m+n.Thens(i)—1—m— |R_m| =o(i—m)—1—|Pi_,]|
for m +1 <1 < m + n. Moreover,

= (") - Z\@Z|—Z|P|+m (5) - Z|P\—k

Comparing with the definition of (D), we conclude that p(D) = (D).
(iii) It suffices to prove the case when t = 1. Define

h(br,i — |P1]) h(bi + 1,1 — |P1])
h(by,i — | P h(by +1,i— |P

v, = |l IRD) v = N B PPy
Wby, i — |P,)) h(by + 1,1 — [ Py])

By the definition of the map ¢,
(D) = (=1)*det(vo, ..., vao1), @(D)=(=1Fdet(v),...,v, ).
By the definition of the function A, it is easy to deduce the relation
h(b+1,w) = h(b,w) + p1h(b,w — 1) + poh(byw —2) + - - - .
Since |Py|, ..., |P,| are non-negative integers, the above relation implies
V=V, +p1Vic1 + pavia+ -+ piveg, 0<i<n-—1,

hence
(D) = (=1)*det(vy,...,vo1) = (=D)Fdet(v),...,V, ) = <p(l~))

(iv) Suppose that the summand in (D) corresponding to o € S,, does contribute.
By the definition of ¢(D), it is necessary that o(j) —1 — |P;| > 0 for each 1 < j < n.
For each integer 1 < r < /¢, if j > i,, then o(j) > 1+ |P;| > 1+ |P,| = i,. So o
maps the set {i,,i. + 1,...,n} to itself for every r. It follows that ¢ maps each block to
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itself. Let o, be the restriction of o to {ir,ip +1,... 0,01 — 1}. Define n, = i1 — i,
k, = Z;”;_zl § =S Py|. Then by (i) and a routine computation, we have

PD) = ()3 sgn(en) --sgn(o) H (X poreoti,)
= 1;[1 ((—1)'“ ;sgn o) H (3 puntw,) )

l
=[[e(P. = Gr = 1,0), Pyys = (i = 1,0),..., Piryi1 = (i — 1,0)).

(v) We rewrite the definition of ¢ as

(D) = (—1)" Z (sgn(a) prgi)pwgi) .. 'pwé?> , (4.2)

(o{w{"})

where {w](-i)} is a set of nonnegative integers, 1 <7 <n, 1 <j <¥b,. For 1 <i <n, since
|P;| = 0, those w](-i) satisfy the condition w!” + - + wéf) = 0(i) — 1. Denote by X the set
of all possible data (o, {wj(z)})

Let ¥’ C ¥ be the subset consisting of those (o {w 2 }) such that not all w; @ are 0

or 1. We shall define an automorphism ¢ : ¥’ — E’ such that ¢ o ¢ is the 1dent1ty For
(o, {wj(-z)}) € Y, define m; to be the number of nonzero elements in (w!, .. ) Then

mi+---+m, <0+1+---+(n—1) = (;L) Since some wj(»i) is greater than 1, the 1nequahty
must be strict, therefore we can find a smallest pair (r,7’) such that » <’ and m, = m,.
(here (r,7") < (s,s') if r < s, or r = s and " < §’). Define

(<o < b= Gl # 08 () <o <} = {0 ey # 03,
Define 6 € S,, as a(r) = o(r'), &(7”): o(r), and 6(¢) = o(¢) for £ # r,r’". Define {11)(2}
as follows: for i # 7,1/, define w(z) = (Z) 1 <j<b;fori=r, deﬁnew )—w(, for
1§€§mr,andwj :0f0r]7&]1,...,],,%;forz:r,deﬁnew](.é)—w for1<€<mr,

and w; ¢ = 0 for § # J1s- -+ Jm, Define the automorphism ¢ : (o {w }) (o {w })
It is easy to check that ¢ o is the identity. Moreover, ¢ has no fixed pomt because o 7é .
Since sgn(o) = —sgn(a), the summand in (4.2) corresponding to (o {w }) cancels with

the summand corresponding to (& {w })
Now we are left with the case when all w](-i) are 0 or 1. Using Definition 26 (b), and
using the fact that the monomial p¥ in h(b, w) has coefficient (i’}), we have

@t et G |G () () - o
p(D) = (=1)\2)| : : = N R Ry
(R Coet - (et [(5) ()
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where ¢ is the second determinant, which is an integer. Moreover,

b\ (bn) ... (bn 1 b, & ... bl
. (0) (1) ' (n‘—l) L 2 ) ( :1)- B Hi<j(bi — b))
o ST A B 1D TR (R DT
b b b 2 n—1
GG e I e g
by properties of Vandermonde matrices. Since by > by > --- > b,, ¢ is positive. O

4.2 Relation between ¢(D) and A(D)

Definition 29. The data (m,n, (r1,...,7m), (S1,- -, 8m)) € NxNT x N™ x N™ satisfying
1<rm<rg< -+ <rp<rpm:=nand 0<s <r;,;—r—1(1<i<m)determines
an element D € ®,,, which is obtained by sorting the set

{(0,0), (1,0), -+, (n—=1,0)}U{(r; — 1,1),(ro — 1,1),..., (1 — 1,1)}
\{(r1 + 51,0), (roa + 52,0), ..., (T + Sm, 0) }

in increasing order as in (2.1). A staircase form of such D is called a special minimal
staircase form.

Remark 30. It is easy to see that a special minimal staircase form is indeed a minimal
staircase form. Using the notation in the definition, the partition type of a special minimal
staircase form D is obtained from (si, S, ..., Sy,) by eliminating 0’s and sorting the se-
quence if necessary. The following figure gives a typical example of D which has a special
minimal staircase form, where m = 3, n = 13, (ry, 79, 73) = (2,5,7), (81, S2, 83) = (2,1,5),
and the partition type is (1,2,5).

Lemma 31. (i) Let n € Nt dy,ds, k € N and dy + dy = (Z) — k. Define

H;QZ{ILLEHJc

there exists F,, € ®,, whose staircase form is minimal,
of partition type p and of bi-degree (dy, ds)

If there are coefficients {c, € C},cn; satisfying

¢, A(F,) =0 (modulo lower degrees),
peIl),

then ¢, = 0 for every p € 1Ty, In other words, {A(F,)} e, form a linearly independent
set i Mg, 4.

(ii) If D1, Dy € ©,, have the same partition type and the same bi-degree,and both have
special minimal staircase forms, then Dy = Dy (modulo lower degrees).
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Proof. (i) Choose a sufficiently large N € N and choose (N — n) points P,.1,..., Py €
N x N such that |Pj| =i —1forn+1<i< N and

|Potile + -+ [Prle > 2R+ DN, [Pogaly + -+ + [Pyly = (2K + 1)N.

Define F, = F,,U (P41, Poya, - .-, Pn). Theorem 14 asserts that {A(F))} e, are linearly
independent modulo lower degrees. Since A(F}) is equivalent to A(F,) - fo for a poly-
nomial fy independent of y, the linear independence of {A(F))} e implies the linear
independence of {A(F,)},em -

(ii) The claim follows immediately from Minors Permuting Lemma 17. O

Proposition 32. Let n € N*, D = (Py,...,P,) € @, and k = (}) = >, || > 0.
Suppose that N € NT satisfies N > Ny := (3", |Pily)(k + 1). Define

D = ((0,0), (1,0),...,(N = 1,0), P + (N,0),..., P, + (N,0)) € Dypn.

Let dy = >, |P;|y be the y-degree of D (which is also the y-degree of p) For p € Ilg, ,
suppose that F,, € D, is of partition type p, of the same bi-degree as D and has a special
minimal staircase form. Then there exist unique integers c,, (u € Ilg, ) such that

A(D) = Z ¢, - A(F,) (modulo lower degrees).

HEILgy K

Moreover, the integers c, satisfy

@(D): Z CuPu- (4.3)

pEI 4y i

Proof. Throughout the proof, we do not require the standard order (2.1) for elements in
D.

The uniqueness of ¢, follows from the fact that {A(F),)} e, form a linearly indepen-
dent set in My, 4, which is proved in Lemma 31. For the existence of ¢,, we shall give an
algorithm showing that those ¢, are exactly the integers satisfying (4.3).

Define Q1" = (s—1,0) for 1 <s <N, pY = P, + (N,0) for 1 <t < n and define
D(O) = D = ( g())aQéO)a .. '>QS\OT)aP1(O)>P2(O)>' . ’PT(LO))

Partition the sequence of Ny points (ng), Q:(,)O), o Q§33+1) into (3.7, | Pi|,) parts of length
(k+1): for 1 <r <> |P],, the r-th part is (QES)—I)(R—H)—H’ . .,Q£?36+1)+1). Define a
sequence A of length Y | [Py, as A = ((1,|Pily), ..., (1,2), (1,1), (2,|Paly), - - -, (2,2),
(2,1), ..., (0, |Paly)s -y (n,2), (n,1)).

!
Given a set of nonnegative integers w = {w](-f )}(ilvj,)e A, We construct

DY =(@Q,....Q%, P",...,PY)
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inductively on r € [1,3",_, |P|,]. Suppose D™ has been constructed, and the r-th pair
in the sequence A is (i,7). Then DY) is constructed as follows.

Q(T’)

(r=1)(k+1)+2+w”
g’) = Qé’"_l), for1</{< Nandl# (r—1)(k+1)+2 ~|—w](-i),
P =PIV 4wl + 1, -1),

= ((r =1k +1),1),

)

PN =PV for1<l<nandl#i
The following equivalence can be proved inductively on r from 1 to n:

A(D) = (1) Z A(D{),  (modulo lower degrees), (4.4)

where w runs through all sets of integers {w;fl)}(i/7j/)§(i7j) with w§f,) € [0,k]. To illus-
trate the idea, we only go through the first two steps r = 1 and » = 2 and leave the
details to the interested reader. For r = 1, we can assume |P;|, > 0 because other-
wise we can take the smallest h with |Py,|, > 0 and the argument will be similar. Denote
w = w|(]133|y for simplicity. We need to show A(D)+Zogwgk A((0,0), ..., (w,0),(0,1), (w+
2,0),....,(N=1,0,P + (w+1,-1), P, .. .,Pn) is equivalent to 0 modulo lower de-

grees. This follows immediately from Lemma 20 by plugging in (c,e) = 1(0) —(0,1)

and ((a1,b1), .-, (@xgns basn)) = ((0,0),(1,0),..., (N —1,0),(0,1), P37, P,”, ..., P").
Here we can assume w < k because otherwise the total degree of the polynomial A([))
is strictly greater than (N ; "), which implies A(D) = 0 modulo lower degrees. For r = 2,
we only consider the case |P;|, > 2 since other cases are similar. By induction,

AD) = - Z A(D&)(D }), (modulo lower degrees).
ng‘(;)l‘ygk [Py

A similar argument as in the case r = 1 gives

A(D(l)(l) )= — Z A(D(l)(l) - ),  (modulo lower degrees).
gy, ) &S iRy, ey 1
ng\Pl\yflgk

Combining the above two equivalences together, we have

A(D) = (—1)? Z A(DS)(D - ), (modulo lower degrees).
Yy Py -1

(1) (1)
ng\Pl ly Wip, ‘yilgk

An induction similar to the above argument gives the proof of (4.4).
Take r = ry = >, | P, into (4.4). Now we have |P1(T°)|y = ... = |P,§T°)|y = 0.
Assume

(P 1P, . | PY9)|,} is a permutation of {N,N +1,...,N +n—1},
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because it is a necessary condition for A( ) Z 0. Let o 6 S be the permutation
satisfying |PZ-( ", =0(i)+ N — 1. Since PZ-TO P(0 Z‘P‘y we have

Y w =P =P = (0(i)+ N =1) = (N+|B|) = 0(i) = 1 = |Pi| = 0(i) = 1 —a; by,

which is exactly the condition in the definition of ¢(D) (see Definition 26(a)). Next, we

shall figure out the correct sign. For this, we rearrange the order of points in D to
satisfy the condition (2.1). For 1 <r <"/ | |F|,, the r-th part

(r=1)(k+1)+1,0), (r—1)(k+1)+2,0),..., (=) (k+1)+1+w'”,0), ..., (r(k+1),0)
is modified to
(r=1(k+1)+1,0),((r=1)(k+1)+2,0),....,((r = 1)(k+1),1),..., (r(k+1),0).

The only change is that the point ((r—l)(k‘—l—l)+1+w§-i), 0) is replaced by (( 1)(k+1),1).
To rearrange this part into standard order, we need to move the (1 + w ) th point in

@)
front of the first point, so the change of sign is (—1)“s . On the other hand, rearranging

(Pl(m), e P(TO)) to the standard order incurs a sign change sgn(co). So the total change
of sign is

\P\y n .
(~)Z= 25 sgn(o) = (<)X O  sgn (o) = (<1)*sgn(o),

which coincides with the sign in the definition of ¢(D) (Definition 26(a)).

Finally, note that D) (after rearranging it to the standard order) has a special

(ro) - (@)

minimal staircase form. The partition type of D" is (w;"); ;, which is compatible with

the definition (4.2) of ¢(D). Thus we have finished the proof of Proposition 32. O

5 The upper bound of dim M, 4,

5.1 A characterization of the ¢,{-Catalan number

We give the following conjecture, which is equivalent to a conjecture by Mahir Can and
Nick Loehr in their unpublished work [2].

Conjecture 33. Let A, be the set of integer sequences \y > -+ > A1 > N\, = 0
satisfying Ay <n —1i for all i € [1,n]. For any A = (A1,...,\,) € Ay, let

and define D(A) = ((a1,b1), ..., (an, by)). Then {A(D(X))}ren, generates the ideal I.
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Example 34. For n = 3, A3 consists of (2,1,0),(1,1,0),(2,0,0),(1,0,0),(0,0,0), the
corresponding D(\) are as shown in the following figure.

Definition 35. Let D@ he the set which consists of D € D, satisfying the following
conditions:
(a) If (p,0) is in D, then (¢,0) is in D for all 7 € [0, p].
(b) For every p € N,
#{jl(p+1,7) € D} + #{j| (p,j) € D} = max{j|(p,j) € D} + 1.

(If {j | (p,7) € D} =0, then we require that no point (i, j) € D satisfies i > p.)

Proposition 36. The map 0 : A,, — D defined by sending X to D(N\) is a bijection.

Proof. We first show that D()) is in D¢alan - By the definition of D()), suppose a; = a;
for some i,i" € [1,n], then i < ¢ if and only if b; > by. Indeed, suppose i < i'. Since
a; = ay implies (\; +1i) = (A +7'), we have

{dli <j<n (Ai4d) = (N +7) €{0,1}} 2 {7 <j <n, (A +7) = (N +j) € {0,1}},
hence b; > by. For (a), suppose (as, by) = (p,0) € D(A) and (p — 1,0) ¢ D(X). Since
a; — Qi1 = (n—z—)\l)—(n—z—l—)\lﬂ) :1—()\1—)\“_1) S 1, for all 7 € [1,71—1]

and a, = 0, there exists i € [( + 1,n] such that a; = p — 1. Suppose iy is maximal among
all such 4. Since (ag, by) = (p,0), we have a; < p for all i > ¢. Therefore

bioz#{j‘i0<j§n7 aj_aio6{071}}:#{j‘i0<j§n7 CLjG{p—l,p}}:O,

(@iy, biy) = (p — 1,0), which contradicts our assumption that (p — 1,0) ¢ D(\). For (b),
if {j|(p,j) € D} =0, then since a; — a;41 < 1 for all i € [1,n — 1], there is no point in D
whose z-coordinate is greater than or equal to p. Therefore we assume {j | (p,j) € D} # 0.
Define ¢ = max{j | (p,j) € D}, and assume (p, q) is the ¢-th pair (as,b;) in D. Then

g=b=#{jll<j<n,a;—a €{0,1}} =#{j|¢ <j<n,a; =porp+1},

#illp+1,7) € DY+ #{j|(p,j) € D} Z ¢+ 1.
So D()) is in Deatalan,
To show that 6 : D — D()) is a bijection, it suffices to construct a map #~! sending
D(X) back to A. We give an inductive construction on n. Let p € N be the minimal
integer such that

#{il(p+1,7) € D} + #{j | (p,j) € D} <max{j|(p,j) € D} + 1.
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Let ¢ = max{j|(p,j) € D} and take (a1,b1) = (p,q) € D. Now let D’ be obtained from
D by deleting the point (aj,b;). It is easy to check that D’ is in D¢4lan By induction
we have 071(D") = (N, Ny, -+, X, _;). Then we define

’» ‘n—1
0 (D)= (n—1—p, N, oy, N ).

To check that it is in A,,, we need to show n —1—p > N, ie,p<(n—1)= N =a} +1,
where @) is the minimal integer that

#{j|(ay +1,5) € D'} + #{j | (a3, )) € D'} < max{j|[(a},j) € D'} + L.

But D and D’ coincide on column 0,1,...,p — 1, therefore a} > p — 1.
To check that 6 and 6~! are inverse to each other is routine and we shall skip. O

Remark 37. The above proposition is discovered independently by Alexander Woo [13].

Corollary 38. The dimension of My, 4,, which is also the coefficient of ¢%'t% in the q,t-
Catalan number Cy(q,t), is equal to the number of D € D¥aan wyith bi-degree (di,dy).

In particular, the usual Catalan number n%rl(g) is equal to |Deatalan|,

Proof. 1t follows immediately from Proposition 36 and (1.1). O

5.2 The upper bound of dim My, 4,

In order to compare My, 4, for different n, we use M c(l:L,)dQ to specify which n we are

considering.

Proposition 39. Let {,n € N*, dy,dy € N, and k = (Z) —dy —dy > 0. Then we have

. (n) . (n+0)
dim ]\/[d1 ds < dim Md1+(§)+nz, i

In particular, dim Mc(li)dz < p(do, k).

Proof. For D" € @¢etelan of hi-degree (dy, ds), let D™ = ((0,0), (1,0),...,({—1,0)) U
(D™ + (¢,0)), where D™ + (£,0) means translating the set D™ by the vector (¢,0). It
is easy to verify that D9 is in the set D¥4/e" and has bi-degree (d; + (5) + nl, ds).
Then Corollary 38 implies the first assertion.

For any D™ € ®,, of bi-degree (dy,ds), by taking sufficiently large ¢ and applying
Proposition 32, we get A(D"9) = leend2,k ¢, - A(F),) (modulo lower degrees), where
F,, € ©,4, have special minimal staircase forms of bi-degree (d; + (5) + nl,dy) and of

... .. . . (n+20) : (n)
partition type p. This implies dim Md1+(§)+nf,dz < p(dg, k) and dim M 7, < p(dp, k). O
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6 The lower bound of dim M, 4,

6.1 A homogeneous term order.

Definition 40. Let k be a positive integer.

(a) For two partitions v = (11 < -+ < vp)ypu = (1 < -+ < pp) € Iy, we define
pv < p, if there is a positive integer j < min(m,n) such that v; = p; for 1 <i < j—1
and v; < p;. This defines a total order on the monomials in Clp]y.

(b) For a nonzero polynomial f = > ¢, p, € C[p]x, where ¢, € C, the leading monomial
of f is defined as

LM(f) == max{p,|c, # 0},
and the leading term of f is vr(f) := ¢,p,, where p, = wm(f). For ¢ € C\ {0}, define
tr(c) = 1 and Lm(c) = c.

Example 41. Let f = 2p1p2p7 — 5paps € Clplio- Then tm(f) = paps, tr(f) = —5paps.

Lemma 42. (a) Let p, be a fized monomial in Clp]. Then two monomials p,, p,r in Clply

satisfy pu < pw if and only if pupy < pupu.
(b) Let p,, p, be monomials in Clpl, and p,s, p be monomials in Clply such that

pu < puand py < pur. Then pupw < pupyr in Clplpiw.
(C) ]f kv K S N7 f S C[p]k) O/ﬂdg S (C[p]k’) then

mi(fg) = ma(flim(g), r(fg) = rr(f)rr(g).

Proof. The proof is easy and is left as an exercise to the interested reader. O

6.2 The theorems on the lower bound of dim My, 4,

Theorem 43. Suppose that n,dy,dy € NT and k € N satisfy k <n—4, di +dy = (g) —k
and dy < dy. Then for each v € Ilg, \, there exists a D, € ®,, such that A(D,) has
bi-degree (dy,ds), and that tm(o(D,)) = p,.

Theorem 44. Suppose that n,dy,dy € NT and k € N satisfy k <n—3, d;+dy = (3) —k,
dy < dy. Then for each v € Ilg, 1, there exists an alternating polynomial f, of bi-degree
(dy,ds), either of the form A(D) for some D € @™, or of the form A(D) — A(D') for
some D, D" € ®,,, such that tm(p(f,)) = p,. Moreover, dim My, 4, = p(da, k).

Remark 45. Theorem 43 and Theorem 44 are proved using the same idea. In the proofs,
we give explicit constructions for D, (in Theorem 43) and f, (in Theorem 44).

Example 46. We give an example of D, in Theorem 43. Let n = 18, k = 14, (dy,ds) =
(84,7), v = (1,1,1,2,2,3,4). Divide v into 3 sub-partitions 7, = (1,1,1), 7 = (2,2),
U3 = (3,4). Construct D; € D, such that Lm(p(D;)) = py, fori =1,2,3.

n-t o-ftd o-IHH
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Then assemble D3, Dy and D; together with appropriate extra points:

Dy extra points

This way we get a D, satisfying tm(o(D,)) = pz, P, P55 = Po-

6.3 Proof of Theorem 43 and Theorem 44

The following crucial lemma provides an effective method to verify if a set of alternating
polynomials is linearly independent.

Lemma 47. Fiz (dy,ds) € N x N. Let f € Clzy,y1,...,%n,yn]® be a bi-homogeneous
alternating polynomial of bi-degree (di,ds). If o(f) # 0, then f £ 0 (modulo lower
degrees). As a consequence, ¢ induces a well-defined linear map

@+ Mgy 4, — Clp1, pa, .. ]k

Proof. Suppose ¢(f) # 0. By Proposition 32, after replacing n by a sufficiently large
integer if necessary, we can assume that f = > c,F, (modulo lower degrees). Since
©(f) # 0, Proposition 32 guarantees ¢, # 0 for some p. Using the fact that {A(F),)}, are
linearly independent in My, 4,, we conclude that f # 0 (modulo lower degrees). O

The map ¢ is useful in the study of My, 4,. Theorem 44 implies that, for k = (72‘) —dy—
dy < n — 3 and dy < dy, the map ¢ is injective and the image is spanned by {p,,},,endw.
In fact, all the computations we did so far support the following conjecture.

Conjecture 48. The linear map @ is injective.
Proposition 49. Conjecture 33 implies Conjecture 48.

Proof. Suppose that f € Clzy,y1,..., %0, ys]® is a bi-homogeneous alternating polyno-
mial of bi-degree (dy, ds) satisfying ¢(f) = 0. Conjecture 33 implies that the elements of
Deatalan with bi-degree (dy, dy) form a basis of My, 4,, S0 we can express f as a linear com-
bination Y, ¢; A(D;), D; € D¢alen Define D] € D/4' as in the proof of Proposition 39.
Then (>, ¢; A(D])) = (>, c; A(D;)) = @¢(f) = 0. Since @ : My, 104, — Clpi is injec-
tive, Y. ¢; A(D}) = 0, which implies ¢; = 0 for all ¢ and therefore f = >, ¢; A(D;) =0. O

Lemma 50. Let w > 2 € N. Suppose D = (Py,...,Py41) € D!, where P; are all
distinct and |Py| = || =0, |P| =i—2 (3 <i < w+1). Thentr(o(D)) = (|Pily—|P2ly) pw
and 1M(p(D)) = pu.

Proof. 1t immediately follows from the definition of ¢(D). O]
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Lemma 51. Let v,w € N and 2 < v < w. Suppose that D = (P, ..., Pyy2) € D).,
where P; are all distinct and

0, if 1=1,2;
|Pl=< i—2, if 3<i<w—v+3;
1—3, fw—v+4<i<w+2.

Then tr(p(D)) = =(|Prly = [Paly) (| Pu—visly = [Po—vraly) popw and tn(p(D)) = pypu.

Proof. Let o(D) = > cup,. First, we show that if ¢, # 0 then p, < p,p,. There exist
integers {w](-l)} and o € S, ;2 such that (sgn(a) 1T, JIRCYINCRE ~pw(i)) in (4.2) is not zero,
1 2 b;

and

Pu = prg)ﬂwgw Py (6.1)
i=1 !

Because of condition (4.1), we have o (i) —1—a; —b; > 0, for all i € [1,w+2]. In particular,
oclw—v+3) >w—v+2, 0(w—v+4) > w—v+2. Since o is a permutation, o(w — v+ 3)
and o(w — v +4) are different from each other, hence at least one of them is greater than
or equal to w —v + 3. Let u be w — v + 3 or w — v +4 such that o(u) > w — v+ 3. Since
o(u) < w+2and |P|(=a, +b,) =w—v+1, we have 1 < o(u) —1—|P,| <wv. By
condition (4.1), w§“) + ... +w£:) =o(u)—1—a, —b, € [1,v]. Take j € N*, 1 < j <,

(u)

such that wj(»u) # 0. Then pwj(_u) is a factor of p, by (6.1). Since w;” < v < w, we conclude

that p, < pypw.

Now we show that ¢, # 0 for 1 = (v, w). Assume the monomial p,p,, appears in (6.1).
By the argument in the above paragraph, we have o(u) — 1 — |P,| = v, which implies
o(u) = w + 2. Define § := u — (w —v+3) € {0,1}. Since o(1) and ¢(2) cannot be 1, we
may assume o(1+4¢) # 1 fore € {0,1}. Then o(14+¢€)—1—|P.| = w and o(14€) = w+1.
For every positive integer ¢ < w+2 that i # 1+¢€ and ¢ # u, we must have o(i) = 1+|F;|.
So o € S, must be one of the four permutations o, s for (¢,0) = (0,0), (0,1), (1,0) or
(1,1), where

1, ifi=2—e
w41, ifi=1+c¢
ges(t)=¢ i—1, fe+2<i<w—v+2+7;

w42, ifi=w—v+3+0;
1—2, fw—v4+44+6<i<w+2.

By routine computation, we get

€l coefficient of p,p, corresponding to o
010 _‘Pl‘y|Pw—v+3‘y
01 +|P1|y‘Pw—v+4|y
110 +|P2|y‘Pw—v+3|y
11 _|P2|y|Pw—v+4|y

Adding the coefficients gives ¢, = c.w) = —(|Pily = | Paly) (| Po—vt3ly = [Po—vtaly) # 0. O
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Example 52. Let v =2, w = 3, D = ((—1,1),(0,0),(0,1),(0,2), (1,1)). Computation
shows that ¢(D) = —paps + p1pa+ p1p5 — 2p1ps +2pip2 — pi- So L1(p(D)) = —(1 - 0)(2—
1)paps = —paps as asserted in Lemma 51.

Definition 53. To a sequence v = (11 < vy < --- < 1,) of positive integers, we associate
a finite sequence U = (¥, I, . .. ) of subsequences of v as follows, where ¢ is the number
of 'sinvand m=n—c:

4

(1,1,1), 1<i<[g]—1;
) (1,...,1), i=[%];
v = c+3-3£]
(Vera@i-ren-1: Veraii-1e7)s 151 +1 << [§1+[F] -1
L (Vc+2[%]—la ceey Vc+m), 1= (g—l + (%—I
Example 54. If v = (9) then 7 = ((9)).
If v=(1,1,1,1) then o = ((1,1,1), (1)).
If v = (1,1,1,1,10) then # = ((1,1,1), (1), (10)).
fv=(1,1,1,1,1,1,1,1,3,3,5,5) then # = ((1,1,1), (1,1, 1), (1, 1), (3,3), (5,5))
If v =(1,1,1,2,2,2,3,3,7,7) then # = (1,1, 1), (2,2),(2,3),(3,7), (7))

H E,e? |1l #E,
(1,1,1) (P, P, Ps), |P1| = |Py| = |P5[=0 3 3

(1,1) (P, P, P, Py), | Py| = [P =0, | P3| = [Py =2 2 4

(1) (P, ), [P =P =0 1 2

(P1,..., Pyy2) €D, 5, such that (6.2)
(v, w) 0, if 1<i<2; ’
2<v<w | |P|=4{ i-2, if3<i<w-—uv+3; vhw w2
1—3, if w—v+4<i<w+2.

w Py, ..., P,i1), such that
w(2)2 |(P1|:|P2|:)0,|P,-|:z'—2(3§i§w+1) wo ol

We claim that Lm(p(E),)) = p, in the above table: the case = (1,1,1) or (1) follows
from Lemma 28 (v); the case u = (1, 1) follows from Lemma 28 (iv)(v); the case u = (v, w)
follows from Lemma 51; the case y = (w) follows from Lemma 50.

Let o = {04, ..., Uy} be defined as in Definition 53. The idea of the construction of
D, is to take the union of translations of Ej,, ..., Ej  together with some points in N x N
that do not affect the value of . Consider the following two cases separately.

CASE 1: 7, # (1,1,1).

Define translating vectors T3, ..., T,, € N x N as follows. T, = (1,0),

T,=(1+#E5,, +#E5.,+--+#FE;,,0), forallie[l,m—1].
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Define ng = 1+ #FE;, + #E5, + - -+ #E5,,. Then ng < (14 |o| + oo + -+ |[P]) +3 =
k+4 <n. Choose P; € N x N such that |Pj| = j —1 for j € [ng+1,n|. Define D € ®" as

D = The sequence obtained by sorting {(0,0)} U UZ,(Es, +Ti) UUj_, . {P;}

. . . (6.3)
in increasing order as in (2.1).

Claim. Fix v € Ilg, ). For an integer dj satisfying #v < dy < (5) — k — (#v), define
d; = () — k — d}. Then we can make choices of Ej, and P; such that the D in (6.3) has
bi-degree (d}, d,), and the z-coordinates of the points in D are non-negative, i.e. D € D.

Proof of Claim. We give the exact lower and upper bounds of the y-degree of D, and
show that every integer between these bounds can be the y-degree of some D.
For the exact lower bound, let P; = (7 — 1,0) and Ej, be as in the following table.

v E; € y-degree of Ej,
(1,1,1) ((=2,2),(~1,1),(0,0)) 3
(1,1) ((-1,1),(0,0),(1,1),(0,2)) 2
(1) ((—=1,1),(0,0)) 1
(v, w) ((-1,1),(0,0),(1,0),..., (w —v,0), 5
2<v<w (w—v,1),(w—v+1,0),...,(w—1,0))
w(2)2 ((-1,1),(0,0),(1,0),..., (w—1,0)) 1

Denote the resulting D by Dyiny. The y-degree of Ej, is equal to #7; for every 7; in the
table. So the y-degree of Dyiny is Y i (#0;) = (#v).

For the exact upper bound, we note that if D € ©,, can be constructed as (6.3), then
the transpose of D (i.e. swap the z and y coordinates of each point in D) can also be
constructed as (6.3) for some choices of P; and Ej,. In particular, the transpose of Dy,
denoted by Diaxy, can be constructed as (6.3). The y-degree of Dyyayy is (g) —k— (#v),
and is the maximal y-degree for all possible D € ©,, constructed in (6.3).

Finally, if we move an appropriate point of D to the north-west direction, the y-degree
will increase by 1. So every integer between #v and (g) — k — (#v) is the y-degree of

some D. This completes the proof of Claim. O

Now we continue the proof of CASE 1. By assumption, dy < dy, di + dy = (g) — k,
and (#v) < dy since v is a partition of k with at most dy parts. Then (#v) < dy <
(5) —k—(#v). The above claim asserts that d is the y-degree of some D € D constructed
as (6.3). This D, denote it by D,, has bi-degree (d;,ds) . Lemma 28 (ii)(iii)(iv) imply
p(Dy) = [[iZ ¢(E5), therefore ti(p(D,)) = I ta(p(E7)) =TI, pr, = pv using
Lemma 42 (c).

CASE 2: 7, = (1,1,1).

In this case, (#v) = k = 3m. Choose a D € © such that |Pj| =j—1for1 <j <

n—3m, |Pu_gmisj—2| = [Po-sm+3j—1| = |Po—sm+3j| = n = 3m + 3j — 3. By assumption,
we have v € 114, , and therefore dy > k. It is straightforward to verify that we can choose
such a D with bi-degree (dy,ds). This completes the proof of Theorem 43. O
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Proof of Theorem 44. The proof is almost identical with the one of Theorem 43. We only
need to modify the row p = (1,1) in the table (6.2). Instead of using E 1y € ®' (which
contains 4 points), we use two elements Ej, ;) = ((—a —1,a + 1),(—a,a),(a + 1,a))
and Ef| ;) = ((—a—1,a+1),(—a,a),(a,a + 1)) in D'. A simple computation shows
e(E( 1)) = p2, p(E(1y) = —p? + pa, SO e(E( 1)) — e(Ef ) = p2. Here we need to
be cautious because the bi-degree of E£171) and E(Ll) are not the same. This will not
bring any problem, since we can move points in other F, to adjust the total bi-degree.
Eventually, suppose that ¢ is the integer that 7, = (1,1), we can construct D!, D! € ©
both of bi-degree (d;,ds) such that

p(D,) = E(ll HSO %) p(Dy) = H‘P %)

1£L 1£L

Then f:= A(D!) — A(D”) satisfies tm(p(f)) = p,.

Now for each v € Ilg, &, we can construct f, such that Lm(o(f)) = p,. If we write down
the coefficient matrix for ¢( f,) with basis {p,, } e, arranged in decreasing order, we obtain
a row echelon form with rank p(ds, k). So dim My, 4, > p(ds, k) by Lemma 47. Combining
the upper bound obtained in Proposition 39, we conclude that dim My, 4, = p(da, k). O

7 The condition for the equality dim My, 4, = p(dys, k) to
hold

In Proposition 39 we showed the inequality dim My, 4, < p(dq, k), then in Theorem 44
we showed that “=” holds for & < n — 3. In this section, we show that the condition
k < n — 3 is the best we can hope, in the sense of the following theorem.

Theorem 55. Let n,dy,ds, k be as in Theorem 5, and dy < dy. Then dim My, 4, <
p(da, k). Moreover, the equality holds if and only if 6 < n —3", or %k =n —2 and
d2 = 1”, or “dg =0".

Proof. The inequality is proved in Proposition 39, so we are left to show the second
statement. The “if” part follows easily from Theorem 44. For the “only if” part, It is
straightforward to check the cases dy = 0 or 1 so we can focus on the case dy > 2. By
Proposition 39, it suffices to show that dim Md 4, < dim Mdﬁi 4, for k=mn—2. It is easy
to check that (d1 —n+3) > 0, therefore (d; —n + 3) and (dy — 2) are two non-negative

integers that add up to (g) —k—n+1= ( ) We know that dlmM " 721+3 g2 = L.
Choose D=2 ¢ ®Caalan wwhich has bi-degree (dy — n + 3,dy — 2). Deﬁne D) =
((0,0),(1,0),(0,2))U(D"2+(2,0)). Then D™D € DTealan ig of bi-degree (di +n, d).
On the other hand, every D™ € DYaalan of hidegree (d;,ds) determines an element
((0,0)) U (D™ +(1,0)) in D of bi-degree (di +n, ds) and is not the same as D"+,

Therefore dim M Cg )dz < dim d":i)dz O
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