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Abstract

We notice that two combinatorial interpretations of the well-known Catalan
numbers C,, = (2n)!/n!(n+ 1)! naturally give rise to a recursion for C,,. This recur-
sion is ideal for the study of the congruences of C, modulo 2", which attracted a
lot of interest recently. We present short proofs of some known results, and improve
Liu and Yeh’s recent classification of €}, modulo 2". The equivalence C,, =or Cj is
further reduced to C,, =or C} for simpler n. Moreover, by using connections be-
tween weighted Dyck paths and Motzkin paths, we find new classes of combinatorial
sequences whose 2-adic order is equal to that of C,,, which is one less than the sum
of the digits of the binary expansion of n + 1.

1 Introduction

In this paper, we always denote by p a prime number and by r a positive integer. There
have been many results on the congruence for combinatorial numbers modulo a prime
power p". For integer ¢ > 2 let n = nyq? + ng_1¢°~' + - - - 4+ ny be the base ¢ expansion
of n. We denote by [n], = (ngna_1---ng), the corresponding g-ary digits. The elegant
result of Lucas [13] states that () =, [T, (Zl) if n; and k; come from [n], and [k],, where
=, denote the congruence equivalence modulo p. The modulo p" case is considered in [2],
but is much more complicated.

*The authors would like to thank the referee for valuable suggestions improving this exposition. The
first named author was partially supported by the Natural Science Foundation of China and by the SRF
for ROCS, SEM.
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For a positive integer n, the p-adic order wy(n) defined by w,(n) = max{t € N : pf|n}
is very important when studying the p-adic property of n. In words, p*»(™ is the largest
power of p dividing n. In some literature, w,(n) is also called the p-adic valuation. The
study of congruences of combinatorial numbers usually starts with their p-adic order. The
p-adic order of (}) was first studied by Kummer [9]. We also denote by d,(n) the sum
of the digits in the base ¢ expansion [n,. In particular, if ¢ = 2 then we will omit the
subscript gq.

The well-known Catalan numbers C), defined by

1 [2n (2n)!
Cp=—-— ==
n+1\n nl(n+1)!

are one of the most important sequences in combinatorics. Richard Stanley has collected
more than 200 interpretations of C,,. See [16]. Recently, the congruences of C,, attracted
a lot of interests of study. Alter and Kubota [1] considered w,(C,,), while the following
result dates back to Kummer (see Dickson’s book [5]):

Theorem 1. For all nonnegative integers n we have
w(C,) =s(n):=06(n+1)—1.

Recently Deutsch and Sagan [3] gave a combinatorial proof of Theorem 1 using group
actions. Thereafter Postnikov and Sagan [14] studied the 2-adic order of some weighted
Catalan numbers. The congruence class of C, modulo 8 was first obtained in [6] as
an important step for setting the conjecture that the well-known Motzkin numbers are
nonzero when modulo 8. Their technique rely on the factorial representation of C),, and
was further developed by Liu and Yeh [11] to classify the congruence of C,, modulo 64.
In the same paper, the congruence of ), modulo 2" is settled by reducing to only finite
cases for given r. These results were also considered in [7] in a more general setting.

Our approach to the Catalan numbers modulo 2" is short and only relies on the
following recursion.

Theorem 2. The Catalan numbers C,, is recursively determined by Cy = 1 and

[n/2]
Coiy = 2; (;) e (1)

To prove this result is easy. The shortest proof might be by Zeilberger’s creative
telescoping method [19] since this is in the scope of hypergeometric sum identities. We
discover this recursion by the connection between Catalan numbers and 2-Motzkin num-
bers. See Section 4.

The recursion in Theorem 2 is ideal for the study of €}, modulo 2", and is the starting
point of this paper. In Section 2, we give short proofs of some known results on the Catalan
congruences. In Section 3, we improve Liu and Yeh’s reduction result for C,, modulo 2".
In Section 4, we study Postnikov and Sagan’s question on what kind of weighted Catalan
number has the same 2-adic order as C),,. We construct several classes of such weighted
Catalan numbers by using the Dyck path and Motzkin path model. Finally in Section 5,
we discuss some possible directions for generalization.
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2 Short derivation of some known results

Our derivation relies on the following lemma and Theorem 2.

Lemma 3. For positive integers n, we have s(n) < s(n —i) +1 for 0 <i <n.

Proof. By definition, it is clear that d(n + 1) < §(n) + 1, which is equivalent to s(n) >
s(n — 1) + 1. Thus repeated application of this inequality gives, for i > 1, s(n) >
sn—1)+1>s(n—2)+2>--->s(n—1)+i. O

We begin with a simple proof of Theorem 1 not relying on the factorial representa-
tion. Deutsch and Sagan [3] gave a beautiful proof of it by using the complete binary
tree representation of C,, and group actions, but the idea is not useful to compute the
congruences.

Let us rewrite the recursion in Theorem 2 more explicitly as follows.

2 )
Comir = Chn + Z ( 2”;) 22C,,_i, for m >0, (2)
i>1
C —Z 2m =1 2410, i, form > 1 (3)
2m — < 2 — 1 m—1i - &

These two equations and Lemma 3 will be used frequently.

Proof of Theorem 1. We prove the result by induction on n. The theorem clearly holds
for n = 0. Assume the theorem holds for all smaller n.

For odd n = 2m + 1, we use (2). By Lemma 3 and the induction hypothesis, we have,
fori > 1,

w(2¥Chi) = 2i + s(m — i) > i+ s(m) > s(m) = w(Cp,).

Thus w(Comt1) = w(Cyy) =s(m) =06(m+1) —1=02m+2) — 1= s(2m + 1).

For even n = 2m, we use (3). By the induction hypothesis, w(2(2m — 1)Cp,—1) =
s(m — 1) + 1, together with Lemma 3, we have, for i > 2,

w*1C_) =2i —14+s(m—i)>s(m—1)+i>s(m—1)+1.

Thus w(Com) = w(2(2m — 1)Cpm1) = s(m — 1) +1 = d(m) = I2m + 1) — 1 = s(2m).
This completes the proof. O

From Theorem 1, it is easy to derive the following congruence result. See, e.g., [1].

Theorem 4. The Catalan number C,, is odd if and only if n =2* —1:

1 ifn=2"—1,a>0;
0 otherwise.

C’nzgx(n:T—l,aZO):{ (4)

The modulo 4 and 8 congruences were computed in [6] by developing a general ap-
proach for dealing with factorials.
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Theorem 5. The Catalan numbers are not congruent to 3 when modulo 4 and

1 ifn=2"-1;a>0
Ch=44 2 ifn=2"42-1,b>a>0; (5)
0 otherwise.

Theorem 6. The Catalan numbers are not congruent to 3,7 when modulo 8 and

p

1 ifn=0,1
5 ifn=2-1,a>2;
- 2 ifn=2¢142¢1.4a>0;
Cn=s9 ifn=204+2"—-1b—-2>a>0; (6)
4 ifn=24242-1,c¢>b>a>0;
| 0 otherwise.

Our approach by recursion is much shorter.

Proof of Theorems 4-6. Modulo 2, the recursions (2) and (3) reduce to
Coms1 =2 Cy,  and Oy, =5 0,m > 1.

We can then deduce that if n = 29Ta + 2971 +a*2 + ... +1 = (20 + 1)2% — 1, then
C,, =5 Cs, which is 1 if &« = 0 and 0 otherwise. Theorem 4 then follows.
For r = 2, the recursions reduce to

C12771-‘1-1 =4 Cm and C12m =4 2CYm—1~

Similar to the r = 1 case, if n = 2*(2a+ 1) — 1,a > 1, then C,, =4 Cy,. If & = 0, then
n = 2% — 1, and we have C, =4 1; otherwise Oy =4 20,1 =4 2x(a = 2¥,a’ > 0) by
Theorem 4. Summarizing the above gives Theorem 5.

The r = 3 case is a bit more complicated. Our recursions reduce to

Comi1 =3 Cpy +4m(2m — 1)C,,1 =5 Cyy + 4mCy, 1, (7)
Cgm =8 2(2m - ]-)Om—l- (8)

Equation (7) can be simplified further:

C2m+1 =38 Cm + 4mX(m = 2(1’ a 2 O)
=5 Cp +4-2%(m=2%0a>0)

Let n = 2%(2a+ 1) — 1. If @ = 0, then n = 2* — 1 and we have Cy = C; = 1 (mod 8),
Coa_y =g b fora > 2; If « > 1, then

Cn =8 Cga =8 2(20& - 1)Ca_1.
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On the other hand, by (5) and (8) we obtain:

2 ifa=1;
- - 6 ifa=2°b>1;
Coa =520 = D01 =03y ra—20 190 c5b>0;
0 otherwise.
Theorem 6 is then obtained by collecting the above information. O

From the above computation, we see that we can recursively solve for C, (mod 2")
even for symbolic n. However the recursion becomes complicated and we will have to
splits into too many cases when r becomes large. This approach is not convincing as can
be seen in the next section.

3 Improvements on Catalan numbers modulo 2"

The following result was conjectured by Liu and Yeh [11] and was soon proved by Lin
[10].  Around the same time, Luca and Young [12] discovered and proved this result
independently for a different purpose. Both proofs rely on the factorial form of C,,.

Theorem 7. Let k > 2, The odd congruences Cya_y (mod 2F),a > 0 remain constant for
a >k —1 and are distinct fora=1,2,... . k— 1.

We are able to generalize this result as follows.

Theorem 8. Let r > 1 and o € N with 6(a) < r. Then if b > r — 1 — d(a), we have
Cpat1)-1 = Cor—1-s@)(2a41)-1 (mod 27). Moreover, the congruence classes Cab(aq41)—1
(mod 2"),6=1,2,...,r —1—4§(«) are all distinct.

Proof. We prove the result by induction on r. The cases r = 1,2 are easily checked
by Theorems 4 and 5. For the second part, by using the induction hypothesis and the
fact that = y (mod 2") implies that z = y (mod 2"71), we only need to show that
Cor1-50) (20+1)—1 Z Car—2-5(e) (9a11)—1 (mod 27).

Now write n = 2°(2a+ 1) — 1 and n' = 2"71(2a + 1) — 1. We will show that C,, = C,,
(mod 2") for b > r — §(a) > 0. Then iterating application of this equality yields the first
part of the theorem. For general b > 0, take m = n’ in (2) and investigate each term of
the right-hand-side. By Theorem 1, we have, for i > 1,

w(2¥Cpi) =2i+s(m—i) > s(m—1)+i+1=0(m)+i=206(a)+b—1+i.
Thus most terms vanish when modulo 2" and we are left with: i) C,, = C,, (mod 2")
if b > r—d(a), as desired; i) C,, = Cy + m(2m — 1)22C,,_y = C,y + 27 (mod 27) if

b=r—d(a)—1> 2 (there is nothing to show when r —§(a) — 1 = 1), since w(22C,_;) =
2+sm—1)=6d6a)+b=r—1. O
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Suppose [n|s = (10%10%-* - - - 107101 ) where a; > 0 and 0% means the concatenation
of a; 0’s. The extra 0 after 0 guarantees that s(n) = s for all a; > 0. Liu and Yeh [11]
reduce the congruence of C,, to that of Cj; when modulo 2", where [n]; is obtained from
[n]s by change a; to min(a;, r — 1) for all i. We improve this reduction to n defined by

[,ﬁ']2 _ <10min(a5,r—s—1)10min(a571,7’—s—1) L 10min(a1,r—s—l)Olmin(ao,r—s—l)>2.

In words, [72]2 is obtained from [n] by changing any run of 1 or 0 of length greater than
r—s(n)—1 to length r — s(n) — 1, provided the rightmost 0 is not counted into the runs.

Theorem 9. For positive integers n and r, we have

B Ca, ifs(n)<r—1;
G { g7 ST )

Before giving the proof, we clarify the statement by some examples.

1) The r = 1 case. If s(n) = 0 then [n]y = (1%), with ap > 0 and the theorem asserts
C,, == Cy = 1. This is consistent with Theorem 4.

2) The r = 2 case. If s(n) = 1 then [n]y = (10101%), with a; > 0, and the theorem
asserts C,, =4 Cy = 2; if s(n) = 0 then for [n]y = (1%°)y with ag > 2 —0— 1 =1 we have
C,, =4 C7 = 1, which together with Cy =4 1 classify this case.

3) The r = 3 case. If s(n) = 2 then [n] = (10%210"01%), with a; > 0, and the
theorem asserts C,, =3 Cs = 396 =5 4 (also followed by s(n) =2 =r —1); if s(n) =0
then Cy = Cy =1 for ap = 0,1 and C,, =3 C3 =g 5 for ¢ > 2; finally the s(n) = 1 case is
listed in the following table.

[n]g = <10a101a0>2 ag = 0 agp Z 1
a1:0 C2582 CnE8C5ES2
a; >1 Cn=3Cy1=56|C, =5Cy=56

In summary, the above computation is consistent with Theorem 6.

Proof of Theorem 9. We prove the result by induction on r. The theorem holds for r =
1,2,3 as it has been verified above. Now assume the theorem holds for smaller r. The
reduction of ay to min(ag, 7 — s(n) — 1) is confirmed by Theorem 8.

By Theorem 1, it is clear that C,, = 0 if s(n) > r and C,, =5 2"V if s(n) = r — 1.
Now let us assume s(n) < r — 2. The reduction for a; with ¢ > 1 follows by iterative
application of the following Lemma 10. O

Lemma 10. Supposer > 1. Fiza,e € N with 27 < e < 2% Forn = (2a+1)2°""+e set
n' = (2a+1)29"" e ifb > 2. Then C, = Cy (mod 27) if b > r—s(n)+x(e =27 —1).

Proof. We prove the result by induction on r and then on a. The lemma has been verified
for r = 1,2, so assume r > 3.

For the initial case a = 0, e has to be 0 and y(e = 2% — 1) = 1. Write n = 2°(2a + 1)
and ' = m = 2"71(2a + 1) = 2m’ and use (3). Then s(n) = s(n’) = 6(a) + 1. By
Theorem 1, we have, for i > 2,

W) =20 =14 s(m—i) 2 i+ 1+s(m—=2)=i+d(m—1)=i+da)+b—1.
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Thus for b+ §(a) > 7, or equivalently b > r + 1 — s(n), we are left with

C,=22m—-1)Cp1 = —2C,,_1 (mod 27),
Cow=22m —1)Chy_y = —2C,y_1 (mod 27),

where we used the fact that w(4m'Cyy_1) = b+ 6(a) > 7 and similarly for m. Now
Cin-1 = Cpy_1 (mod 2771) by Theorem 8, since m — 1 ends with a run of 1 of length
b—1>r—1-9(a). It then follows that C,, = C,, (mod 2"), as desired.

Now for a > 1, take m = 271 (2a + 1) + f and m’ = 2¢7"2(2a + 1) + f, where
e=2f+1ore=2f according to n = 2m + 1 or n = 2m and similarly for n’ and m/'.
The key observation is that s(m — f — 2) is large:

s(m—f—2)=02""'2a+1)-1)-1=6(a) +a+b—2.

For the case n = 2m even, we also need the equality
s(m'—=1)=s(m—1)=06(m)—1=062m+1) —2=502m) —1=s(n) — 1.
In (3), by using Theorem 1 we obtain, for i > f + 2,
w0, ) =2i—1+s(m—i)>s(m—f—-2)+i+f+1>6()+a+b+1+2f

Thus for b+ s(n) > r we have b+ a + §(«) > b+ s(n) > r, and hence

/
2m —1 2 .
Cn = ( " )22f+102a+b1(2a+1)_1) + E ( . mn )221_1C'm_i (mod QT),
=1

f

2m/ — 1 2m/ i ,

Cn’ = <2f +1 )22f+102“+b2(2a+1)—1) + z : (2Z o 1) 22 1Om/—i (mOd 2 )7
i=1

where we write separately the term corresponds to ¢« = f + 1. To see that C, = C,,
(mod 2") we need to check the following three facts: i) Chatv-1(2041)-1 = Coatv-202041)-1
(mod 2"71) by Theorem 8; ii) C,,_; = Cpv—; (mod 277%F1) for 1 <4 < f. Since e — i can
not be 2! — 1 and

b+sm—i)>b+sm—1)—(i—1)=b+sn)—i>r—i>r—2i+1,
the condition for the lemma holds with respect to a —1 and f —i, and hence the induction
hypothesis applies. iii) For 1 < i < f + 1 we have (227?:11)22i_10m/_i = (2’272’__11) %=1,
(mod 2"). Firstly we have

w2 ) =2i—1+s(m —i) >i+s(m —1)=s(n)+i—1>s(n).

Secondly, w(2m — 2m') = w(2*7 (20 + 1) = a +b—1 > r — s(n), and hence (57)

i 2i—1
(2’2727’__11) (mod 27—5().

~J
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The case n = 2m + 1 odd is similar. We need the fact s(n) = s(m) = s(m’). Looking
at (2), we have similarly w(2*C,,_;) > 6(a) +a+ b+ 2+ 2f for i > f+ 2. Thus if
b+ s(n) >r+ x(e=2*—1), then we are left with

2m

Cn
21

f
2m ) )
2 42 C2“+b L(2a+1)— + Z (
<2f +2 —
2m’ Y\ jop40 -
Cn = 2f + 2 2 C2a+b 2 2a+1 + Z

i=0

)22ZCm ; (mod 2"),

)QQiC’mz_i (mod 2").

To see that C,, = C,y (mod 2") we need four facts: i) Coatv-1(2041)-1) = Coati-2(2041)-1)
(mod 2772), also followed by Theorem 8; ii) Cp,_; = Cyy—; (mod 2" — 2i) for 1 <4 < f.
This can be similarly checked by first observing that

b+s(m—i)>b+s(m)—i=b+sn)—i>r—i>r—2i

and then applying the induction hypothesis. iii) For 1 < i < f+ 1 we have
(2"”) 2%C i = (2;'2 )2%Cy—; (mod 27). Similarly, we obtain

W(2¥Chy—i) = 2i + s(m' — i) > i+ s(m') = s(n) +i > s(n),

and w(2m—2m’) = w(29**"1(2a+1)) = a+b—1 > r—s(n) which implies that (%) = (2’27’/)
(mod 2=*™): iv) C,,, = C,» (mod 27) for the i = 0 term. We also apply the induction
hypothesis by verifying that b + s(m) = b+ s(n) > r+ x(e =2 —1) = r+ x(f =

20-1 _ 1), 0

4 Generalizations from the view of recursion

A natural question is to find more combinatorial sequences D,, satisfying the property
w(D,) = s(n). By generalizing the idea in the proof of Theorem 1, we construct classes
of weighted Catalan number having this property.

A Motzkin path of length n is a Z? lattice path from (0,0) to (n,0) with steps
(1,1),(1,0),(1,—1), called up, level, or down step respectively, and never go below level 0,
i.e., the horizontal axis. Given two sequences h = (hg, hy, ha, ...) and u = (ug, uy, usg, . .. ),
an up step start at level ¢ has weight wu;, a level step at level i has weight h;, and any
down step has weight 1. The weight of a Motzkin path is defined to be the product of
the weights of all its steps, and the weighted Motzkin number M/ is defined to be the
sum of the weights of all Motzkin paths of length n. When h is constant, say h; = « for
all 7, we simply write « for h, and similarly for u. The ordinary Motzkin number M, is
the special case M1

It is clear that Mgnﬁl = 0. Denote by C* = MJ" and call it the weighted Catalan
number, since C! = C,,. Motzkin paths without level steps are also called Dyck paths. It is
clear that C = "C,,. It is worth mentioning that both generating functions »_ ., Cuz"

and )7 - M*z" have continued fraction representations, one called the S-fraction and
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the other called the J-fraction. See [17]. For constant h, say h; = «, we have the following
identity

o,U n n—21 u
M=) (%)a o o
>0

by classifying the appropriate Motzkin paths according to the number of level steps.
The following result is useful in constructing sequences with 2-adic order s(n). Since
it is only a special case of the more general Proposition 17, we omit the proof.

Proposition 11. For any sequence E,, with w(E,) = s(n) and odd numbers «, 3, if

2 . .
Danp1 = B"En+ Y (277) (20)% 3" E,,_;, forn >0, (11)
1<i<n v
Dy, = Z 2n =1 (20)* 1B B, _;, forn>1 (12)
2n — = 2 — 1 n—is - 4

then w(D,) = s(n) for all n. In particular, if D, is recursively defined as above with
E, =D, and w(Dy) =0, then w(D,) = s(n).

Corollary 12. For any integer o, 3 and sequence u such that w(CY) = s(n), we have
w(MeF2u)y = g(n +1). In particular, w(M+T2204) = s(n +1).

By comparing Theorem 2 with (10), we see that C,; = M2>'. Next we establish a
connection between weighted Catalan numbers and weighted Motzkin numbers.

Theorem 13. For any sequence u = (ug, uq, Uz, ...) we have

0k | = UOM(u0+u1’u2+u3"")’(u1u2’u3u4"")
n+1 — n .

Proof. For a given Dyck path P from (0,0) to (2n + 2,0), by removing the first up step
(with weight ug) and the final down step, we obtain a path from (1,1) to (2n + 1,1)
that never go below level 0. Now combine every consecutive two steps together to form
a Motzkin path M of length n: a) an up-up step in P start at level 2 + 1 with weight
Ugi+1Usgi+2 becomes an up step at level i for i > 0; b) a down-down step in P start at
level 2i 4+ 1 with weight 1 becomes a down step start at level ¢ for i > 1 (we can not have
a down-down step in P start at level 1); ¢) an up-down step or a down-up step start at
level 2¢ + 1 with combined weights wus;11 + us; becomes a level step at level ¢ for ¢ > 0. It
is easy to see that this is a weight preserving bijection. O

Remark 14. Though we are not able to find a reference, Theorem 13 is probably known,
since the proof is short and weighted Motzkin and Catalan numbers are well studied objects.
Indeed, the ordinary case Cy 1 = M>' was established by Deutsch and Shapiro [4], where
M2 is called the 2-Motzkin numbers.
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Postnikov and Sagan [14] established a sufficient condition for w(CY) = s(n), in par-

ticular for C,(L12’32’52""). We derive sufficient conditions of different kind. Denote by

h = (iio, hi, ..., hd'_l) if h is periodic with hy,; = h;. We have
Theorem 15. For odd integers o, 3 with o + 3 =4 2, we have w(CT(Ld’B)) = s(n).

Proof. By Theorem 13, C,(LQ’B ) = aMHP% Now apply Corollary 12. O

Theorem 16. For odd integers ug, us, and o =4 2, we have
w(Cf e eT2)y — (),

Proof. Denote by u; = a — ug,us = & — uy. We have CL0m124) — uOMS’_(fluz’muO) by

using Theorem 13. By Theorem 15 and the condition that

ugty + ugty = uz(a — ug) + ug(a — ug) =4 2(ug + up — uguz) = —2ugus =4 2,

o, (urug 7u3'u0))

we conclude that w(Chp = s(n). Now apply Corollary 12. O

A concrete example would be w(C’,(li’s’?”g)) = s(n). If we allow negative numbers, the

simplest example would be w(C’,(f’l’_l’?’)) = s(n). We can obtain more classes of sequences,
but they will be more complicated. For instance, if we want w(CS" ")) = s(n), we
need u; being odd, ug; + U911 = o =4 2, and uyus + uzuy = uzug + UrUy =4 2.

We conclude by the following very general result, in the same vein of Theorem 1.

Proposition 17. Fiz a prime p. For any sequence E,, satisfying w,(E,) = s(n), if

Dopy1 = agpy10E, + Z a2n+1,ipi+1En—i7 forn >0, (13)
1<i<n
D2n - pa'2n,1En—l + Z a2n,ipi+1En—i> fOT n 2 ]-7 (14)
2<i<n

where wy(agn+10) = 0 and wy(as,1) = 0, then wy(D,) = s(n) for all n. In particular, if
E, = D,, and D,, is recursively defined as above with w,(Dy) = 0, then w,(D,) = s(n).

Proof. For the odd case, we check that, for ¢ > 1,
wp(oni1. 0 By ) > i+ 1+ s(n—i) > s(n)+1>s(n)=w,(ami10E)-

It follows that wy,(Dapy1) = s(n) = s(2n + 1).
Similarly for the even case, we check that, for ¢ > 2,

wp(agn,ipiHEn_i) > 1+ 1+ S(Tl — Z) > 2+ S(n — 1) > s(n — 1) +1= wp(pagn,lEn_l).
It follows that wy(Da,) =s(n—1)+1=45(n) =06(2n+1) — 1 = s(2n). O

However, it is hard to specialize p and a,; to produce nice combinatorial sequences.
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5 Further discussion and future work

Deutsch and Sagan [3] give a combinatorial proof of w(C,,) = s(n) by using the complete
binary tree representation of ), and group actions. They conjectured that the closely

related Motzkin numbers
n
M, = E ,
s (21) Cs
>0

is nonzero when modulo 8. This conjecture was settled by Eu, Liu and Yeh [6], where the
congruences of the Catalan numbers in Theorems 4-6 play important roles.

In [18], the first named author will find a similar, but not very nice, recursion as in
Theorem 2 that not only gives rise to a simple proof of the Eu-Liu-Yeh theorem but also
helps classifying the congruence classes of M,, modulo 2".

The recursion in Theorem 2 is very helpful in computing the congruences. It is natural
to ask if we have similar recursion for prime p > 2. A possible starting point would be to
consider generalized Catalan numbers, which is denoted

1 kn
) - -
G (l{:—l)n+1(n)'

This counts the number of many combinatorial objects such as complete k-ary trees, and
the k = 2 case reduces to the ordinary Catalan numbers. See, e.g., [16]. The following
result was obtained independently by Stanica [15] and by Konvalinka [8].

Proposition 18. Let p be a prime and k > 1. We have

Sp((p" —n+1) — 1.

GP)Y —
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