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Abstract

We consider variants of the triangle-avoidance game first defined by Harary and
rediscovered by Hajnal a few years later. A graph game begins with two players and
an empty graph on n vertices. The two players take turns choosing edges within
K,,, building up a simple graph. The edges must be chosen according to a set of
restrictions R. The winner is the last player to choose an edge that does not violate
any of the restrictions in R. For fixed n and R, one of the players has a winning
strategy. For a pair of games where R includes bounded degree, connectedness, and
triangle-avoidance, we determine the winner for all values of n.

1 Introduction

Two players, A and B, begin with an empty graph on n vertices, where n > 3. Player
A goes first, choosing an edge between two vertices. The two players take turns choosing
edges within K, building up a simple graph. The edges have to be chosen according
to a set of restrictions R. The winner is the last player to choose an edge that does
not violate any of the restrictions in R. For fixed n and R, one of the players has a

winning strategy. Let I'r(n) represent the game with restriction set R on n vertices. Let
fr : N\{1,2} — {A, B} be the function defined by
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fr(n) = winner of I'r(n).

We will look at games with one or more of the following restrictions and determine
the winner for all values of n.

Let G(V, E) < K, be the graph made up of all edges chosen so far in the game. Let
u,v € V,u#wv,(u,v) ¢ E.

Restriction B2 (Bounded Degree). If max{degg(u),dega(v)} > 2, then the edge (u,v)
cannot be chosen.

Restriction B3 (Bounded Degree). If maz{degs(u),degs(v)} > 3, then the edge (u,v)
cannot be chosen.

Restriction T (Triangle Avoidance). If Jw € V\{u,v} such that both edges
(u,w), (v,w) € E, then the edge (u,v) cannot be chosen.

Let M be the upper bound on the vertex degree, e.g. M = 3 if R includes Restriction
B3. When no upper bound is specified, M =n — 1.

Restriction C (Connectedness). If dega(u) = 0,dege(v) = 0 and there is w € V' such
that 0 < degg(w) < M, then the edge (u,v) cannot be chosen.

In this paper we prove the following two theorems:
Theorem 4.5. Forn > 5, fipscy(n) =B <= n =2 (mod 4).
Theorem 5.6. Forn > 12, figzsrcy(n) =B <= n=1,2 (mod 4).

The games with R = {B2,C} and R = {B2,T,C} are relatively simple. As a result,
it is not too difficult to show the following.

Proposition. Forn > 4, fipa,cy(n) = A < n = 0(mod 2). Forn > 3, figar.cy(n) =
A <= n=2(mod 4).

In an accompanying paper [5], we give a complete analysis of the four games with
R C {B2,B3,T} and |RN{B2, B3}| = 1.

2 Background

The triangle avoidance game I'(7y(n), suggested by Frank Harary [3] and six years later by
Andrés Hajnal, remains open in the general case. The function firy(n) is known for values
of n < 15. The winners for n < 12 were computed by Cater, Harary, and Robinson [1].
Pralat [6] computed the winners for n = 13,14, 15. Gordinowicz and Pralat [2] computed
the winner for n = 16.

n |3|4|5]6]7[8]9]10]11]12|13]14]15|16
fay(n) |B|B[BIA[B|B|B[A|B[A]A[A]A]A
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The connected version of the triangle avoidance game, I'(7, ¢} (n), was solved by Seress
[7]. He proved fircy(n) = A <= n =0 (mod 2).

This paper and the accompanying paper by Mehta and Seress [5], are based on the
thesis work by Mehta [4].

3 Definitions

When |V| = n, write V. = {v1,...,v,}. Let ¢; denote the ith edge chosen and Ej =
{e1,...,ex}. For given n and k, let G, x be the graph on vertex set V' with edge set Ej.
The graphs G = G, we consider will always satisfy degg(v) < 3 for all vertices v € V.

We make the following convention, simplifying the description of the games. The
ordering of V' defines a natural lexicographic ordering < of the edges of the complete
graph K,,. Given a graph G, , if the next player chooses the edge e;;; then there is no
edge e < ej41 such that G, k11 ~ G, Ue.

A vertex v; is said to be out of play if, V v; € V\{v;} such that (v;,v;) ¢ E, choosing
the edge (v;,v;) will violate a restriction in R. A vertex v; that is not out of play is in
play. In each game mentioned here, once a vertex is out of play it remains out of play for
the rest of the game.

We make a second convention, further simplifying the description. Given a graph G/, x,
if the next player chooses the edge e;,; then there is no edge e < exy1 such that game
play for the remainder of the game is identical in G, 441 and G, Ue. (This situation
can occur if the induced subgraphs on the vertices still in play are isomorphic, even if the
graphs themselves are not.)

The choice of the kth edge e, will be called the kth round.

Define sets Z, P, T C V on a graph G according to vertex degree:

2(G) = {veV(G):dega(v) =0}, 2(G) = [Z(G)]
P(G) = {veV(G):dega(v) =1}, p(G) = |P(G)|
T(G) = {veV(G):dega(v) =2}, HG) = |T(G)].

4 R=1{B30C)

In the game I'yp3y(n), we define graph classes K;(z) for i=1,2,3,4, where z > 0 is an
integer. One player can maintain that, for particular values of k, the graph G, ; € K;(z)
for some i. That is, this player does not stay within /C;(z) after each of his turns, but
regularly returns to it after a few rounds. Following this strategy until the end of the
game forces a win.

Define sets of graphs /C;(z) for i=1,2,3,4 as follows:

1. For any integer z > 0, G(V, E) € K1(2) <= 2(G) = z,p(G) = 0, and ¢(G) = 2,
with T'(G) = {u1,ua}, (u1,us) € E.

2. For any integer z > 0, G(V, E) € Ks(2) < 2(G) = z,p(G) =0, and t(G) = 1.
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3. For any integer z > 0, G(V, E) € K3(2) 2(G) = z,p(G) =1, and t(G) = 0.

=
4. For any integer z > 0, G(V, E) € K4(2) <= 2(G) = z,p(G) = 1, and t(G) = 1,
with u; € P(G), up € T(G), (u1,us2) € E.

Lemma 4.1. For n > 3, in Iipscy(n) if either player chooses an edge that creates a
graph in K1(z) with z =0 (mod 4) then that player has a winning strategy.

Proof. Let n > 3. Suppose the edges eq,...,e,_1 have already been chosen. Suppose
player A chooses the kth edge so that G, € Ki(2) with 2 =0 (mod 4). Then T'(G, 1) =
{u1,us} with (uj,us) € Ej. The strategy described here will work for B as well. We
proceed by induction on z.

Base case: z = 0. All vertices are out of play except u; and us, which are already
connected by an edge. Since no new edge can be chosen, A4 wins.

Assume for induction that the statement holds when z = 4m for some m > 0. Suppose
z=4(m+1). Let Z(Gp i) = {w1, ..., Wamsa}. Each vertex v ¢ (Z(G, ) UT(G,)) has
degg, . (v) = 3 and is out of play.

Up to game play equivalence, B must choose (uj,w;). A chooses (ug,w;p). B must
choose (wy,ws). A chooses (wq,ws). B has two choices: (ws, wy) or (ws, wy). A chooses
whichever edge B did not. Now vertices uy, ug, wy, wy are out of play, z2(G x16) = 4m,
P(Grite) = 0, and t(Gppi6) = 2 with T(Gppy6) = {ws, wsa}, (w3, wy) € Egig. Thus
Gni+6 € K1(4m), so A wins by induction. O

Lemma 4.2. For n > 3, in Iypscy(n) if either player chooses an edge that creates a
graph in Ky(z) with z =0 (mod 4) then that player has a winning strategy.

Proof. Let n > 3. Suppose the edges eq,...,¢e,_1 have already been chosen. Suppose
player A chooses the kth edge so that G, € Kqo(2) with 2 = 0 (mod 4). The strategy
described here will work for B as well. We proceed by induction on z.

Base case: z = 0. All but one vertex are out of play, so no new edge can be chosen.
Thus A wins.

Assume for induction that the statement holds when z = 4m for some m > 0. Suppose
z =4(m+1). Let Z(Gni) = {w1,..., Wamsa}. Let T(Gp i) = {u}. Each vertex v ¢
(Z(Gnx) UT(Gpp)) has degg, , (v) = 3 and is out of play.

Up to isomorphism, B must choose (u,w;). A chooses (wy,ws). B has two choices:
(wy,ws) or (wy,ws). A chooses whichever edge B did not. B must choose (ws,wys). A
chooses (w3, wy). Now vertices u, wy, we, ws are out of play, 2(Gpri6) = 4m, p(Gpi6) =
0, and t(Gyk46) = 1. Thus Gy, x46 € Ko(4m), so A wins by induction. O

Lemma 4.3. For n > 3, in (g3 cy(n) if either player chooses an edge that creates a
graph in K3(z) with z =0 (mod 4) then that player has a winning strategy.

Proof. Let n > 3. Suppose the edges eq,...,e._1 have already been chosen. Suppose
player A chooses the kth edge so that G, € K3(z) with z = 0 (mod 4). The strategy
described here will work for B as well. We proceed by induction.
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Base case: z = 0. All but one vertex are out of play, so no new edge can be chosen.
Thus A wins.

Assume for induction that the statement holds when z = 4m for some m > 0. Suppose
z = 4(m+1). Let Z(Gnr) = {wi,...,Wamsa}. Let P(G,x) = {u}. Each vertex
v & (Z(Gn) U P(Grp)) has degg, ,(v) = 3 and is out of play.

Up to isomorphism, B must choose (u,w;). A chooses (u,ws). B has two choices:
(wq,ws) or (wy,wsy). A chooses whichever edge B did not. B has three choices: (ws, w3),
(wq, wy), or (w3, wy).

e If B chooses (ws, ws3) then A chooses (w3, w,). Now vertices u, wy, ws, ws are out of
play, 2(Gpit6) = 4m, p(Gprie) = 1, and t(Gpri6) = 0. Thus Gy, ky6 € K3(4m), so
A wins by induction.

e If B chooses one of (ws, wy) or (w3, wy), then A chooses the other edge. Now vertices
u, wy, we are out of play, z(G,ii6) = 4m, p(Gnrre) = 0, and (G, k16) = 2 with
T(Gnise) = {ws,wa}, (w3, wy) € Epys. Thus G e € Ki(4m), so A wins by
Lemma 4.1.

O

Lemma 4.4. For n > 3, in Iypscy(n) if either player chooses an edge that creates a
graph in K4(z) with 2 =0 (mod 4) then that player has a winning strategy.

Proof. Let n > 3. Suppose the edges eq,...,e._1 have already been chosen. Suppose
player A chooses the kth edge so that G, € K4(2) with 2 =0 (mod 4). Then P(G,, ) =
{u1} and T(G,x) = {ua}, with (u1,us) € Ej. The strategy described here will work for
B as well. We proceed by induction.

Base case: z = 0. All vertices are out of play except u; and us, which are already
connected by an edge. Since no new edge can be chosen, A4 wins.

Assume for induction that the statement holds when z = 4m for some m > 0. Suppose
z =4(m+1). Let Z(Gpx) = {w, ..., Wymya}. Each vertex v ¢ (Z(G,x) U P(Gpi) U
T(Gnp)) has degg, , (v) = 3 and is out of play.

Up to isomorphism, B has two choices: (u1,w;) or (ug,w). A chooses whichever edge
B did not. B must choose (uy, ws). A chooses (wy, ws). B must choose (ws, w3). A chooses
(ws,wy). Now vertices uq, us, w1, wy are out of play, 2(Gpnr+s) = 4m, p(Ghite) = 1,
and t(Gpp+6) = 1 with P(Grpte) = {wa}, T(Grise) = {ws}, (ws,wy) € Egirg. Thus
Gni+6 € K4(4m), so A wins by induction. O

Theorem 4.5. Forn > 5, fipscy(n) =B <= n =2 (mod 4).

Proof. For small values of n, an exhaustive case analysis can be carried out by hand
calculation.

n
fisscy(n) [ A \ \ B \ \«4

THE ELECTRONIC JOURNAL OF COMBINATORICS 18 (2011), #P193 )



n =0 (mod 4):

We proceed by induction on n.

Base case: n = 8. This was solved by hand calculation.

Assume for induction that fipscy1(n) = A when n = 4m for some m > 2. Suppose
n=4m+4. V ={vy,..., Vymsa}-

A chooses (vy,v3). B must choose (v1,v3). A chooses (vy,v3) to make a triangle. B
must choose (v, v4). A chooses (vq,v4). B has two choices: (vs,v4) or (vs, vs).

e If B chooses (vs, v4), then vertices vy, vo, v3, v4 are out of play. The remaining vertices
Us, ..., Usm+a have degree zero and it is A’s turn. Play continues as in I'gs o (4m),
so A wins by induction.

e If B chooses (v3,vs), then A chooses (v4,v5). Now vertices vy, v, v3,v4 are out of
play. B must choose (vs,vs). A chooses (vg,v7). B has two choices: (vg,vs) or
(vr,v8). A chooses whichever edge B did not. Now ws,vs are also out of play.
2(Gamyann) = 4m — 4, p(Gamya1n) = 0, and ¢(Gamya11) = 2 with T(Gamia11) =
{v7,vs}, (v7,vs8) € Ey1. Thus Gapyann € Ki(4dm —4), so A wins by Lemma 4.1.

n =1 (mod 4):

We proceed by induction on n.

Base case: n = 5. This was solved by hand calculation.

Assume for induction that fpscy(n) = A when n = 4m+1 for some m > 1. Suppose
n=4m+5 V ={vy,..., Vmis}-

A chooses (v1,v9). B must choose (v1,v3). A chooses (v2,v3) to make a triangle. B
must choose (v, v4). A chooses (vq,v4). B has two choices: (vs,v4) or (vs, vs).

e If B chooses (vs, v4), then vertices vy, vy, v3, v4 are out of play. The remaining vertices
Us, . .., Usm+s have degree zero and it is A’s turn. Play continues as in I'gs ¢ (4m+1),
so A wins by induction.

e If B chooses (vs, v5), then A chooses (vy4, v5). Now vertices vy, v, v3, vy are out of play.
2(Gamasr) = 4m, p(Gamys7) = 0, and t(Games7) = 1. Thus Gupysr € Ko(4m), so
A wins by Lemma 4.2.

n =2 (mod 4):

Suppose n = 4m+2 for some m > 1. V = {vy,..., Ugmi2}. We give a winning strategy
for player B.

A must choose (vq,vy). B chooses (vi,v3). A has three choices: (v, v4), (va,v3), Or
(v2,04).

o If A chooses (v, v4) then B chooses (vq, v3).
e If A chooses one of (vy,v3) or (vg,vy), then B chooses (vy,vy).

The three possible resulting graphs are isomorphic, so without loss of generality, con-
sider the first case. A again has three choices: (vy,vy), (va,vs5), Or (v4,v5).
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o If A chooses (vq,v4) then B chooses (vs, vs).
o If A chooses (v2,v5) then B chooses (vs, vy).

o If A chooses (v4,v5) then B chooses (vs, vy4).

As above, the three resulting graphs are isomorphic. Without loss of generality, con-
sider the first case. A has three choices: (v4,vs), (v4,vs), or (vs, V).

o If A chooses one of (v4,v5) or (vs,vg), then B chooses the other one. Now ver-
tices vy, V9, v3, 4, V5 are out of play. 2(Gumios) = 4m — 4, p(Gamios) = 1, and
t(Gamios) = 0. Thus Gumias € K3(4dm —4), so B wins by Lemma 4.3,

o If A chooses (v4,vg) then B chooses (vs,vs). Now vertices vy, vg, v3,v4 are out of
play. Z(G4m+278) = 4m — 4, p(G4m+2,8) = 0, and t(G4m+278) =2 Wlth T(G4m+278) =
{vs,v6}, (vs,v6) € Es. Thus Gumios € K1(4m —4), so B wins by Lemma 4.1.

n =3 (mod 4):

We proceed by induction on n.

Base case: n = 7. This was solved by hand calculation.

Assume for induction that fipscy(n) = A when n = 4m 43 for some m > 1. Suppose
n=4m+7. V = {Ul, .. ->’U4m+7}-

A chooses (v1,v9). B must choose (v1,v3). A chooses (v2,v3) to make a triangle. B
must choose (vq,v4). A chooses (va,v4). B has two choices: (vs,v4) or (vs, vs).

e If B chooses (v, vy), then vertices vy, va, v, v4 are out of play. The remaining vertices
Us, . .., Usm+7 have degree zero and it is A’s turn. Play continues as in I'gs ¢ (4m+3),
so A wins by induction.

o If B chooses (vs,v;), then A chooses (v4,v5). B must choose (vs,vg). A chooses
(v6,v7). Vertices vy, Vg, v3, g, U5 are out of play. z(Gumiro) = 4m, p(Gamiro) = 1,
and t(G4m+77g) = 1 with P(G4m+77g) = {’U7} and T(G4m+77g) = {Uﬁ}, (’U@,U7) € Eg.
Thus Gami79 € Ka(4m), so A wins by Lemma 4.4.

O

5 R={B3T,C}

In the game I'{p3 1,0y, we define graph classes £;(z) for i=1,2,3, where z > 0 is an integer.
For large enough n, one player can force that G, € L£4(z) early in the game. A few
rounds later, the same player can force that G, € (L2(2) U L3(z)). From here, this
player then maintains a periodic method of gameplay, continuously returning to graphs
in Lo(2) U L3(2) after a fixed number of rounds. Following this strategy until the end of
the game forces a win.
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For any graph G(V, E), define the set F'(G) to be the set of edges in E¢ that will create
a triangle if chosen. That is,

F(G) = {(vi,v;) ¢ E|3w € V such that (v;, w), (v;,w) € E}.
Define sets of graphs £;(z) for i=1,2,3 as follows:

1. For any integer z > 0, G(V, E) € L4(z2) <= 2(G) = z and ONE of the following

holds:
(a) p(G) =1, t(G) =1, and if u; € P(G), us € T(G), then (uy,us) € F(G),
(b) p(G) =1, t(G) =1, and if uy € P(G), us € T(G), then (uy,us) ¢ (EU F(Q)),
(¢) p(G) =0, t(G) = 3, and, for some ordering of T'(G), if uy, us, us € T(G), then
(u1,u9) € E and (uy,us), (ug, uz) € F(G), or
(d) p(G) =0, t(G) = 3, and, for some ordering of T'(G), if uy, us, uz € T(G), then
(Ul,UQ S E, (ul,u3) c F(G), and (UQ,Ug) ¢ (E U F(G))

2. For any integer z > 0, G(V, E) € Lo(2) <= z(G) = z and ONE of the following

holds:

(a) p(G) =1, t(G) =1, and if uy € P(G), us € T(G), then (uy,us) € F(G),

(b) p(G) =0, t(G) =2, and if uy,us € T(G), then (uj,us) € E, or

(c) p(G) =0, t(G) =2, and if uy,us € T(G), then (u1,us) € F(G).

3. For any integer z > 0, G(V, F) € L3(z) <= 2(G) = z and ONE of the following

holds:

(a) p(G) =1 and t(G) =0, or

(b) p(G) =0, t(G) = 3, and, for some ordering of T'(G), if uy, us, uz € T(G), then

(u1,uz), (u1,u3) € E.

In the proof of the following Lemma, the set £;(z)(j) refers to those graphs in £;(z)
that result from case (j). For example, the set £1(z)(a) consists of graphs in £(z) such
that case (a) is satisfied: For any integer z > 0, G(V, E) € L1(2)(a) <= z(G) = z,
p(G)=1,tG) =1, and if u; € P(G), us € T(G), then (uy,us) € F(G).

Lemma 5.1. In I'ig3rcy(n), A can choose edges ey, es, ..., ey so that:
o whenn > 11 and k =15, Gp,15 € L1(n — 11), or

o whenn > 15 and k =21, G091 € L1(n — 15).
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Proof. Let n > 11. A chooses (v1,v2). Up to isomorphism, B must choose (v, vs). A
chooses (v1,v4). B must choose (vy,v5). A chooses (vg,v6). B has two choices: (vs,vs)
or (vs,v7). A chooses whichever edge B did not. Now B has six choices: (v4,vs), (v4, Vg),

(U47 U8)7 (U57 U8)7 (U67 U7)7 or (U67 U8)'

e If B chooses one of (vy,v5) or (vyg,vs), then A chooses the other edge. B has two
choices: (vg, v7) or (vs,v9). A chooses whichever edge B did not. B has five choices:

(U7,U8), (U%Ulo), (U&Ug), (U8,010)> and ('U9>U10)-

— If B chooses one of (v7,vs) or (vs,v10), then A chooses the other edge. B has
two choices: (vg,v19) or (vg,v11). A chooses whichever edge B did not. The
resulting graph is in £y(n — 11)(a).

— If B chooses one of (v7,v19) or (vs,vg), then A chooses the other edge. B has
three choices: (vs, v10), (vs,v11), or (vig,v11). If B chooses (vs, v10), A chooses
(vg,v11). If B chooses (vs,v11), A chooses (vg,v19). If B chooses (vig,v11), A
chooses (vs, v19). In each case, the resulting graph is in £4(n — 11)(b).

— If B chooses (vg, v19), then A chooses (v7,v19). B has three choices: (vg,vg),
(vs,v11), or (vg,v17). If B chooses one of (vg, vg) or (vs, v11), A chooses the other
edge. If B chooses (vg, v11), A chooses (vs, v1g). In each case, the resulting graph
is in L£y(n — 11)(b).

e If B chooses one of (v4,vg) or (vs,vs), then A chooses the other edge.
If B chooses one of (vg,v7) or (vg,vs), then A chooses (vs, vg).

The resulting three graphs have:

1. n — 8 vertices of degree 0, two vertices of degree 1, and two vertices of degree
2,
2. the two vertices of degree 2 are connected by an edge, and

3. for each pair of vertices v; and v; of degree 1 or 2, not both of degree 2, the
distance between v; and v; is at least 3.

Gameplay is identical in each case, so we may assume the first case. B has four
choices: (vy,v7), (v4,v9), (v7,v3), Or (V7,0q).

— If B chooses (v4,v7), then A chooses (vg, vg).
If B chooses (v4,vg), then A chooses (vg, v7).
If B chooses (v7,v9), then A chooses (v, v7).
The resulting three graphs have:

1. n—9 vertices of degree 0, two vertices of degree 1, and one vertex of degree
2, and
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2. for each pair of vertices v; and v; of degree 1 or 2, the distance between v;
and v; is at least 3.

Gameplay is identical in each case, so we may consider the first case. B has
four choices: (vr,vgs), (vr7,v10), (vs,vg), Or (vs, V1)

« If B chooses one of (vr,vg) or (vs, v19), then A chooses the other edge. B
has two choices: (vg, v19) or (vg,v11). A chooses whichever edge B did not.
The resulting graph is in £;(n — 11)(a).

« If B chooses one of (v7,v19) or (vs,vy), then A chooses the other edge. B
has three choices: (vs,v1g), (vs,v11), or (v1g,v11). If B chooses (vs, v1p), A
chooses (vg,v11). If B chooses (vg,v11), A chooses (vg,v1g). If B chooses
(v10,v11), A chooses (vg, v19). In each case, the resulting graph is in £4(n—

11)(b).
— If B chooses (v7,uvg), then A chooses (vq,v9). B has five choices: (vg,v7),
(v6, v10), (v7,9), (v7,v10), OF (vg,V10)-

« If B chooses (vg, v7), then A chooses (vs,v19). B has two choices: (v, v10)
or (vg,v11). A chooses whichever edge B did not. The resulting graph is
in L1(n—11)(a).

« If B chooses one of (vg,v19) or (vr,v9), then A chooses the other edge. B
has three choices: (vs,v1g), (vs,v11), or (vig,v11). If B chooses (vg, v1p), A

chooses (vg,v11). If B chooses (vs,v11), A chooses (v, v19). If B chooses
(v10, v11), A chooses (vs, v19). In each case, the resulting graph is in £1(n—
11)(b).

« If B chooses one of (v7,v19) or (ve, v19), then A chooses the other edge. B
has four choices: (vg,vs), (vs, v10), (vs,v11), OF (vg, V11).

- If B chooses one of (vg, vs) or (vg, v11), then A chooses the other edge.
The resulting graph is in £;(n — 11)(a).

- If B chooses one of (vg, v19) or (vg,v11), then A chooses the other edge.
The resulting graph is in £;(n — 11)(b).

Now let n > 15. A chooses (v1,v2). Up to isomorphism, B must choose (vy,v3). A
chooses (v1,v4). B must choose (va,v5). A chooses (vs,v5). B has four choices: (va, vg),

(U47 U5)7 (U47 Uﬁ)u or (U57 UG)'

e If B chooses one of (vy,vg) or (vy,vg), then A chooses the other edge. Now B has
two choices: (vs,vg) or (vs, v7).

— If B chooses (vs, v5), then A chooses (vy, v7). Call this graph G%l).
— If B chooses (vs,v7), then A chooses (vy4, v5). This graph is isomorphic to G%l).

e If B chooses (v4,v5), then A chooses (vg,v5). Now B has three choices: (vs,vg),
(v3,v7), or (ve, v7).
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— If B chooses (vs, vg), then A chooses (vy4, v7). This graph is isomorphic to Gl )
— If B chooses (vs,v7), then A chooses (v4, vg). This graph is isomorphic to G1 .
— If B chooses (vg, v7), then A chooses (vs, vg). This graph is isomorphic to Gl )

e If B chooses (vs,vs), then A chooses (vy4,v). Now B has two choices: (vq,v7) or
(v4,v7). A chooses whichever edge B did not. Call this graph G%z)

We can now examine the two graphs G, and G,).
Case 1.1: G, 9 = G%l). B has three choices: (vs,v7), (vs,vs), or (vr, vg).

e If B chooses (vj, v7), then A chooses (v7,vs). Call this graph G%l)

e If B chooses one of (vs, vg) or (v7,vs), then A chooses the other edge. Call this graph
G2,..
(2

Case 1.2: G, 9 = G%Q). B has three choices: (vs,v7), (v3,vs), or (vg, vs).

e If B chooses one of (vs, v7) or (vs,vs), then A chooses the other edge. This graph is
isomorphic to G%l)

e If B chooses (vs, vg), then A chooses (vg, vg). Call this graph G%g)

Now we look at the three graphs G?Z.), fori=1,2,3.

Case 2.1: G, 11 = G?I). B must choose (vg,v9). A chooses (vs, v10). B must choose
(vg,v11). A chooses (v1g,v11). B has two choices: (vg, v12) or (vi1,v12).

If B chooses (vg, v12), A chooses (v11,v13).

If B chooses (v11,v12), A chooses (vg, v13).

The resulting two graphs are isomorphic, so without loss of generality we may consider
the first case. B has five choices: (v1g, v12), (v10,v14), (V12,v13), (V12,014), OF (V13,V14).

e If B chooses one of (vyg, v12) or (vig, v14), then A chooses the other edge. B has two
choices: (v13,v14) or (v13,v15). A chooses whichever edge B did not. The resulting
graph is in £y(n — 15)(a).

e If B chooses one of (v, v14) or (vie,v13), then A chooses the other edge. B has
three choices: (vi2,v14), (V12,v15), Or (V14,V15)-

If B chooses (v12,v14), then A chooses (v13, v15).

)
If B chooses (v12,v15), then A chooses (v13, v14).
If B chooses (v14,v15), then A chooses (v12, v14).

)

The resulting three graphs are in £1(n — 15)(b
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e If B chooses (v13,v14), then A chooses (vi9,v14). B has three choices: (v1g,v13),
(U12,U15), or (U13,U15)-
If B chooses one of (v1a,v13) or (vig,v15), then A chooses the other edge.

If B chooses (v13,v15), then A chooses (v12, v14).

The resulting two graphs are in £1(n — 15)(b).

Case 2.2: G, = Gé). B must choose (v7,v9). A chooses (vg,v19). B has two
choices: (vg, v19) or (ve,v11). A chooses whichever edge B did not. B has two choices:
(v10,v12) or (v11,v12). A chooses whichever edge B did not. B must choose (vi1,v13). A
chooses (v12,v14). B has two choices: (v13,v14) or (v13,v15). A chooses whichever edge B
did not. The resulting graph is in £1(n — 15)(a).

Case 2.3: G, 11 = G??)). B has four choices: (vr,vs), (v7,v10), (vs, vg), or (vs, vig).

Subcase 2.3.1: If B chooses one of (v7,vg) or (vs,vg), then A chooses the other edge.
B must choose (vg, v19). A chooses (vig,v11). B has two choices: (v1g,v12) or (vi1,v12).

If B chooses (v1g, v12), then A chooses (v11, v13).

If B chooses (v11, v12), then A chooses (v19, v13).

The resulting two graphs are isomorphic, so without loss of generality we may consider
the first case. B has four choices: (vq1,v14), (v12,v13), (V12,v14), O (V13, V14).

e If B chooses one of (v11,v14) or (vi2,v13), then A chooses the other edge. B has four
choices: (v12,v14), (V12,V15), (V13,v15), O (V14, U15).

— If B chooses one of (v1g,v14) or (v13,v15), then A chooses the other edge. The
resulting graph is in £y(n — 15)(b).

— If B chooses one of (v1a,v15) or (v14,v15), then A chooses the other edge. The

(

resulting graph is in £4(n — 15)(c).

o If B chooses (vi2,v14), then A chooses (vi1,v14). B has four choices: (vig,v13),
(U12,U15), (013,015)7 or (014,1)15)-

— If B chooses one of (v1a,v13) or (v13,v15), then A chooses the other edge. The
resulting graph is in £y(n — 15)(b).

— If B chooses (v12,v15), then A chooses (vi3,v15). The resulting graph is in

Li(n—15)(c).

— If B chooses (v14,v15), then A chooses (vi3,v15). The resulting graph is in

L1(n —15)(d).

e If B chooses (v13,v14), then A chooses (via,v13). B has two choices: (v11,v15) or
(v14,v15). A chooses whichever edge B did not. The resulting graph is in £4(n —
15)(d).
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Subcase 2.3.2: If B chooses (v7,v1g), then A chooses (vs, v11).

If B chooses (vs, v1g), then A chooses (v7,v11).

The two resulting graphs are isomorphic, so without loss of generality we may consider
the first case. B has six choices: (vs,vg), (vs, v12), (Vg, V10), (Vg, V11), (Vo, V12), OF (11, V12).

e If B chooses one of (vg,v9) or (vg,v12), then A chooses the other edge. Call this
graph G:()’l).

e If B chooses one of (vs,v12) or (vg,v1p), then A chooses the other edge. Call this
graph G?Q).

e If B chooses one of (vg,v11) or (vq1,v12), then A chooses the other edge. Call this
graph G:()’g).

All that remains is for us to look at the three graphs G?i)’ forv=1,2,3.
Case 3.1: G, 15 = G:()’l). B has two choices: (v, v11) or (v19,v13). A chooses whichever
edge B dld not. B has ﬁve ChOiCGSZ (Ull,’(]lg), (’011, U14), (1)12,1113), (’012, U14), or (’013,’014).

e If B chooses one of (vy1,v13) or (v13, v14), then A chooses the other edge. B has two
choices: (v1g,v14) or (v12,v15). A chooses whichever edge B did not. The resulting
graph is in £;(n — 15)(a).

e If B chooses one of (vyy,v14) or (vie,v13), then A chooses the other edge. B has
three ChOiCQSZ (’Ulg, U14), (’012,’015), or (U14,’Ul5>.

— If B chooses (v12,v14), then A chooses (v13,v15). The resulting graph is in
Li(n—15)(b).

— If B chooses one of (v1a,v15) or (vi4,v15), then A chooses the other edge. The
resulting graph is in £y (n — 15)(d).

o If B chooses (vi2,v14), then A chooses (v11,v14). B has three choices: (v12,v13),
(U12,U15), or (U13,U15)-

— If B chooses (v12,v13), then A chooses (vi3,v15). The resulting graph is in
Li(n—15)(b).

— If B chooses one of (v1a,v15) or (v13,v15), then A chooses the other edge. The
resulting graph is in £4(n — 15)(d).

Case 3.2: G, 15 = G‘é). B has three choices: (vg, v11), (vg, v13), or (v11,V13).
Subcase 3.2.1: If B chooses one of (vg,v11) or (vi1,v13), then A chooses the other
edge. B has five choices: (v1g,v12), (v10,v14), (V12,V13), O (V12, V14).

e If B chooses one of (v1g, v12) or (vig, v14), then A chooses the other edge. B has two
choices: (v13,v14) or (v13,v15). A chooses whichever edge B did not. The resulting
graph is in £y(n — 15)(a).
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e If B chooses one of (vig,v14) or (vie,v13), then A chooses the other edge. B has
three choices: (vi2,v14), (V12,v15), Or (14, V15).

If B chooses (v12,v14), then A chooses (v13, v15).
If B chooses (v12,v15), then A chooses (v13, v14).
If B chooses (v14,v15), then A chooses (v12, v14).

The resulting three graphs are in £1(n — 15)(b).

Subcase 3.2.2: If B chooses (vg,v13), then A chooses (vig,v11). B has five choices:
(U117U13), (011,1}14)> (U12,U13), (1212,1)14)> or (013,1)14)-

e If B chooses one of (vy1,v13) or (vi3, v14), then A chooses the other edge. B has two
choices: (v1g,v14) or (v12,v15). A chooses whichever edge B did not. The resulting
graph is in £;(n — 15)(a).

e If B chooses one of (v11,v14) or (vie,v13), then A chooses the other edge. B has
three choices: (via,v14), (V12,v15), Or (14, V15).

— If B chooses (v12,v14), then A chooses (vi3,v15). The resulting graph is in

Li(n—15)(b).
— If B chooses one of (v1a,v15) or (vi4,v15), then A chooses the other edge. The
resulting graph is in £4(n — 15)(d).

e If B chooses (v1a,v14), then A chooses (v11,v14). B has three choices: (vi2,v13),
(U12,U15), or (U13,U15)-

— If B chooses (v12,v13), then A chooses (vi3,v15). The resulting graph is in

L1(n — 15)(b).

— If B chooses one of (v1a,v15) or (v13,v15), then A chooses the other edge. The
resulting graph is in £y (n — 15)(d).

Case 3.3: Gn’15 = Gi()’g) B has five choices: (’Ug,Ul(]), (Ug,’(]lg), (Ulo,Ulg), (’010,’013), or

(V12 v13)-
Subcase 3.3.1: If B chooses one of (vs,v1) or (vig,v13), then A chooses the other
edge. B has five choices: (’Ug, Ulg), (’Ug,U14), (’012, U13), (Ulg,’U14), or (Ulg, U14>.

e If B chooses one of (vg, v13) or (v13,v14), then A chooses the other edge. B has two
choices: (v12,v14) Or (v12,v15). A chooses whichever edge B did not. The resulting
graph is in £y(n — 15)(a).

e If B chooses one of (vg,v14) or (v19,v13), then A chooses the other edge. B has three
ChOiCGSZ (’012,’014), (Ulg, U15), or (U14, U15).

— If B chooses (v12,v14), then A chooses (v13,v15). The resulting graph is in

L1(n — 15)(b).
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— If B chooses one of (v1a,v15) or (vi4,v15), then A chooses the other edge. The
resulting graph is in £4(n — 15)(d).

e If B chooses (via,v14), then A chooses (vg,v14). B has three choices: (vig,v13),
(U12,U15), or (U13,U15)-

— If B chooses (vi2,v13), then A chooses (vi3,v15). The resulting graph is in
Li(n—15)(b).
— If B chooses one of (v1g,v15) or (v13,v15), then A chooses the other edge. The

resulting graph is in £y(n — 15)(d).

Subcase 3.3.2: If B chooses (vs,v13), then A chooses (vg,v109). B has five choices:
(v10, V12), (V10 V14), (V12,V13), OF (Vi2, V14).

e If B chooses one of (v, v12) or (v1a,v14), then A chooses the other edge. B has two
choices: (v13,v14) or (v13,v15). A chooses whichever edge B did not. The resulting
graph is in £;(n — 15)(a).

e If B chooses one of (vig,v14) or (vie,v13), then A chooses the other edge. B has
three choices: (vi2,v14), (V12,v15), Or (14, V15).
If B chooses (v12,v14), then A chooses (v13, v15).
If B chooses (v12,v15), then A chooses (v13, v14).
If B chooses (v14,v15), then A chooses (v12, v14).
The resulting three graphs are in £1(n — 15)(b).

Subcase 3.3.3: If B chooses one of (vyg,v12) or (via,v13), then A chooses the other
edge. B has five choices: (vs,v10), (vs, v13), (vs,v14), (V10,V14), OF (V13, V14)-

e If B chooses (vs,v10), then A chooses (vg,v14). B has two choices: (vi3,v14) or
(v13,v15). A chooses whichever edge B did not. The resulting graph is in £4(n —

15)(a).
o If B chooses (vs,v13), then A chooses (vg,v14). B has three choices: (vig,v14),

(U107U15), or (U14,U15 .

If B chooses (

If B chooses (

If B chooses (v14,v15), then A chooses (v19, v14).

)
V10, V14), then A chooses (v13, v15).
)

V10, V15), then A chooses (v13, v14).

The resulting three graphs are in £1(n — 15)(b).

e If B chooses (vs,v14), then A chooses (vg,v19). B has two choices: (vy3,v14) Or
(v13,v15). A chooses whichever edge B did not. The resulting graph is in £4(n —

15)(a).
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e If B chooses one of (vig,v14) or (vi3,v14), then A chooses the other edge. B has
three choices: (vs,v13), (vs, v15), or (v13, v15).

If B chooses (vg, v13), then A chooses (vg, v15).
If B chooses (vg, v15), then A chooses (vg, v13).
If B chooses (v13,v15), then A chooses (vs, v14).

The resulting three graphs are in £,(n — 15)(b).

Lemma 5.2. In I'(p37.c}(n), B can choose edges ez, ey, . .., ey so that:
o whenn >9 and k=12, G, 12 € L1(n—9), or
e whenn > 13 and k=18, G,15 € L1(n — 13).

Proof. Let n > 9. Up to isomorphism, .4 must choose (vy,v2). B chooses (vy,v3). A has
two choices: (vy,vy) or (ve,vy).

o If A chooses (v1,v4), then B chooses (vq, vs).
o If A chooses (vq,v4), then B chooses (vy,vs).

The two resulting graphs are isomorphic, so without loss of generality we may consider
the first case. A has four choices: (vq,vg), (vs3,vs), (v, vg), or (vs, vg).
o If A chooses one of (vq,vg) or (vs,vs5), then B chooses the other edge.
If A chooses (vs, vg), then B chooses (vs, vs).

The two resulting graphs are isomorphic, so without loss of generality, we may
consider the first case. A has four choices: (vs,vg), (vs,v7), (v4, V), OF (V4,vV7).

— If A chooses (vs, v6), then B chooses (vs,v7). Call this graph G ).

— If A chooses one of (v3,v7) or (v4,vg), then B chooses the other edge. Call this
graph G ).

— If A chooses (v4,v7), then B chooses (vs,v7). This graph is isomorphic to G ).
o If A chooses (vs,vg), then B chooses (vs, v5). A has three choices: (vq,v7), (v4, V),

or (vy, v7).

— If A chooses one of (ve,v7) or (vy,v7), then B chooses the other edge. This
graph is isomorphic to G2, above.

— If A chooses (v4,v6), then B chooses (v2,v7). Call this graph Gs).

We can now examine the three graphs G ;) for ¢ = 1,2, 3.
Case 1: G, 3 = G(1). A has four choices: (v4,v), (v4,v7), (v4,vs), Or (vs, Vs).
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o If A chooses one of (v4,vg) or (vg,vs), then B chooses the other edge. A has two
choices: (v7,vs) or (v7,vg). B chooses whichever edge A did not. The resulting
graph is in £y(n — 11)(a).

e If A chooses one of (vy,v7) or (vg,vs), then B chooses the other edge. A has three
choices: (vy,vg), (v4,v9), or (vg,vg).
If A chooses (vy,vg), B chooses (v, vg).
If A chooses (vy,v9), B chooses (v, vg).
If A chooses (vg,v9), B chooses (vy, vg).

In each case, the resulting graph is in £1(n — 11)(b).

Case 2: G, 3 = G(2). A has seven choices: (v4,v5), (v4,v7), (v4,v8), (vs5,vs), (v, V7),
(ve,vg), or (vr,vs).

e If A chooses one of (v4,v5) or (vg,vs), then B chooses the other edge. A has two
choices: (v7,vg) or (v7,vg). B chooses whichever edge A did not. The resulting
graph is in £y(n — 11)(a).

o If A chooses one of (v4,v7) or (vs,vs), then B chooses the other edge. A has three
choices: (vg,vg), (v, vg), Or (vs, vg).
If A chooses (vg, vs), B chooses (v7, vg).
If A chooses (vg, v9), B chooses (v7,vg).
If A chooses (vs, v9), B chooses (vg, vg).
In each case, the resulting graph is in £;(n — 11)(b).
o If A chooses (v4,vg), then B chooses (vs,vs). A has three choices: (vg, v7), (vs, vg),
or (v7,vg).
If A chooses (v, v7), B chooses (v7, vg).
If A chooses (vg, v9), B chooses (v, vg).
If A chooses (v7,v9), B chooses (vg, v7).
In each case, the resulting graph is in £1(n — 11)(b).
e If A chooses (vg,v7), then B chooses (v4,vg). A has three choices: (vs,vs), (vs, v9),
or (v, vg).
If A chooses (vs,vg), B chooses (v, vg).
If A chooses (vs,v9), B chooses (v, vg).
If A chooses (vg,v9), B chooses (vs, vg).

In each case, the resulting graph is in £1(n — 11)(b).
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o If A chooses (v7,vg), then B chooses (v4,v7). A has three choices: (vs,vs), (vs, v9),
or (v, vg).

If A chooses (vs,vg), B chooses (vg, vg).
If A chooses (vs,v9), B chooses (vg, vg).
If A chooses (vg,v9), B chooses (vs, vg).
In each case, the resulting graph is in £1(n — 11)(b).
Case 3: G5 = G3). A has five choices: (v3, v7), (vs,vs), (v4,v7), (va,08), or (v7,vs).
e If A chooses one of (v3,v7) or (v7,vs), then B chooses the other edge. A has three
choices: (v4,vg), (v4,v9), O (vs, vg).
If A chooses (vy,vg), B chooses (vg, vg).
If A chooses (vy,v9), B chooses (vg, vg).
If A chooses (vg,v9), B chooses (vy, vg).
In each case, the resulting graph is in £1(n — 11)(b).
e If A chooses one of (v3,vg) or (vy,v7), then B chooses the other edge. A has three
choices: (vg,vg), (vg, Vg), or (vg,vg).
If A chooses (vg, vg), B chooses (v, vg).
If A chooses (vg, v9), B chooses (v, vg).
If A chooses (vg,v9), B chooses (vg, vg).
In each case, the resulting graph is in £1(n — 11)(b).
o If A chooses one of (vy,vg), then B chooses (vs,vs). A has three choices: (vg,v7),
(v, v9), Or (v7,9).
If A chooses (v, v7), B chooses (v7, vg).
If A chooses (v, v9), B chooses (v7,vg).
If A chooses (v7,v9), B chooses (vg, v7).

In each case, the resulting graph is in £;(n — 11)(b).

Now let n > 13. Up to isomorphism, A must choose (vq,v2). B chooses (vy,v3). A
has two choices: (v1,v4) or (ve,vy).

o If A chooses (v1,v4), then B chooses (vq, vs).

o If A chooses (v2,v4), then B chooses (vy, vs).

The two resulting graphs are isomorphic, so without loss of generality we may assume
the first case. A has four choices: (vo,vs), (vs,vs), (v3,vs), or (vs, vg).
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o If A chooses (vq,v5), then B chooses (v, v7).
If A chooses (vs, vg), then B chooses (v, v7).
If A chooses (vs,vg), then B chooses (v, v7).

The three resulting graphs are isomorphic, so without loss of generality we may
assume the first case. A has eight choices: (vs, vs), (v3,vs), (V4,v5), (v4,v7), (V4,vs),
(vs,v7), (vs,03), or (v7,vs).

— If A chooses one of (v3,v5) or (vy, vs), then B chooses the other edge. Call this
graph G%l).

— If A chooses one of (vs, vs) or (vs, v7), then B chooses the other edge. Call this
graph G%z).

— If A chooses (v4,v7), then B chooses (vs,v7). Call this graph G%?)).

— If A chooses one of (v, vg) or (v7,vg), then B chooses the other edge. Call this
graph G%4).

— If A chooses (vs,vg), then B chooses (vs,v7). This graph is isomorphic to G%Q).

o If A chooses (v, v5), then B chooses (v4, v5). A must choose (vq, vg). Then B chooses
(v3,v7). This graph is isomorphic to G%l).

Now we need to consider the four graphs G%Z.) fori=1,2,3,4.
Case 1.1: G, 5 = G%l). A has four choices: (vy,vg), (v4,vs), (vs,v7), or (v, Vs).

e If A chooses one of (vy,vg) or (vg,v7), then B the other edge. Call this graph G?I).

o If A chooses (vy4,vs), then B chooses (vg, vg).
If A chooses (vg, vg), then B chooses (v, vg).
The two resulting graphs are isomorphic, so without loss of generality we may con-
sider the first case. Call this graph Gé).

Case 1.2: G, 3 = G%Q). A has seven choices:

o If A chooses (v4,vs5), then B chooses (v7,vg).
If A chooses (vs, vs), then B chooses (v7, vg).
If A chooses (vg, v9), then B chooses (vg, v7).
The three resulting graphs are isomorphic, so we may consider the first case. Call
this graph G%g).
o If A chooses (vy4,v6), then B chooses (v7, vg).
If A chooses one of (vy4,v9) or (vs,v9), then B chooses the other edge.
If A chooses (vg, vs), then B chooses (vs, vg).

The three resulting graphs satisfy:
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L. (2(G),p(G),t(G)) = (n —9,2,3),
)

2. if P(G) = {uy,us} and T(G) =
(us,uq) € E(G), (ur,us), (ug, us) €
F(GQ))e.

{ug, u4,us}, then, up to isomorphism,
F(G), and all other pairs are in (F(G) U

Gameplay is identical in each case, so we may consider the first case. Call this graph

2
G(4)-

Case 1.3: G, 3 = G%?)). A has four choices: (v, vg), (v3,vs), (vs,vg), or (ve, vs).

If A chooses (v3, vg), then B chooses (v4,vg). This graph is isomorphic to G%l)

If A chooses (vs3,vg), then B chooses (vs,v9). This graph is isomorphic to G%s)'

If A chooses (vs,vg), then B chooses (v3,v9). This graph is isomorphic to G%s)-

If A chooses (vg, v3), then B chooses (vg, vg). Call this graph G%s)
Case 1.4: G, 5 = G%4). A has five choices: (vs,vs), (v3,v9), (vs,v7), (vs, v9), O (V7,v9).

e If A chooses one of (vs,vs) or (vs,vg), then B chooses the other edge. Call this graph
G?.,.
(6)

e If A chooses (v3,vy), then B chooses (vs,v9). This graph is isomorphic to G?s)-
o If A chooses (vs,v7), then B chooses (vs,vg). This graph satisfies:

L (2(G), p(G), 1(G)) = (n = 9,2,3),
)

2. if P(G = {Ul,UQ} and T( ) =
(Ug,U4) - E(G), (Ul,U5) (U4,U5) -
F(G))-.

{us, ug,us}, then, up to isomorphism,
F(G), and all other pairs are in (F(G) U

Gameplay is identical to that of G%4)'

e If A chooses (v7,vg), then B chooses (v4,vg). This graph is isomorphic to Gé).

We now need to look at the graphs G%Z.) for 1 <i <6.
Case 2.1: G, 10 = G%l). A must choose (v7,vg). B chooses (vs,v9). Call this graph
3
G(l)-
Case 2.2: G190 = Gy A has six choices: (vg, v7), (v6, vi0), (v7,0s), (vr, v9), (v7,010),

or (vg, v10)-

e If A chooses one of (vg,v7) or (vr,v1p), then B chooses the other edge. Call this
graph G:()’z).
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e If A chooses one of (vg,v19) or (v7,vs), then B chooses the other edge. Call this
graph G:()’g).

e If A chooses one of (v7,v9) or (vg,v1p), then B chooses the other edge. Call this
graph G{,).

Case 2.3: G, 10 = G%g). A has four choices: (vy,vg), (v4,v10), (v, vs), Or (vg, V19).

e If A chooses one of (vy,vg) or (vs, v10), then B chooses the other edge. This graph
satisfies:

1. (2(G),p(G),t(G)) = (n —10,3,0), and
2. for each pair uy,uy € P(G), (u1,us) ¢ (E(G)U F(G)).

Gameplay is identical to that of Gi(”z).

e If A chooses one of (vy,v19) or (vs,vs), then B chooses the other edge. Call this
graph G?S).

Case 2.4: G, 10 = G%4). A has twelve choices: (vy,vs5), (v4,vs), (v4,V9), (v4,v10),

(U57U8)7 (U5,U10), (U67U8)7 (U67U9)7 (UG,U10)7 (U87U9)7 (U87U10)7 or (Ug,vw)-

e If A chooses one of (vy,vs5) or (vg,v10), then B chooses the other edge. This graph
satisfies:

1. (2(G),p(G),t(@)) = (n—10,3,0), and
2. for each pair ui,us € P(G), (u1,us) ¢ (E(G) U F(Q)).

Gameplay is identical to that of G:()’Q).

e If A chooses one of (vy,vg) or (vs,v1p), then B chooses the other edge.
If A chooses (v4,v9), then B chooses (vs, v1g).
If A chooses (vy,v19), then B chooses (vs, v19).
If A chooses (vg, vg), then B chooses (vs, v1g).
If A chooses (vg, vg), then B chooses (vy4, v1g).

In each case, the resulting graph satisfies:

1. (2(@),p(G),t(G)) = (n—10,2,2),
2. if T(G) = {u1,ua}, then (uy,uz) € F(G), and
3. all other pairs are in (E(G) U F(G))*.

Gameplay is identical in each case, so we may consider the first one. Call this graph
G2
(6)
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e If A chooses one of (vs,vg) or (vs,v10), then B chooses the other edge. This graph
satisfies:

L (2(G), p(G), 1(G)) = (n — 10,2,2),

2. if T(G) = {ul,u2}, then (Ul,UQ) c E(G), and

3. all other pairs are in (E(G) U F(G))°.
Gameplay is identical to that of G:())s)'

o If A chooses (vs,v9), then B chooses or (vs,v1).
If A chooses (vg, v10), then B chooses or (vs, v19).

These two graphs are isomorphic, so we may consider the first case. Call this graph
G3..
(M

Case 2.5: G, 10 = Gé). A has three choices: (vs,vs), (vs,v10), or (vs,v1g)-

e If A chooses one of (vs,vg) or (vs,v19), then B chooses the other edge. This graph
satisfies:

1. (2(G),p(G),t(G)) = (n — 10,2, 2),
2. if T(G) = {ug,us}, then (uy,us) € F(G), and
3. all other pairs are in (E(G) U F(G))*.

Gameplay is identical to that of Gf.

o If A chooses (v, v19), then B chooses (vy,v19). Call this graph G?S).

Case 2.6: Gn,lO = G%ﬁ) A has six choices: (U4,’U6), (’U4,U10), (’U6,’U8), (’U6, Ug), (UG, Ulo),
or (vs,v10)-

o If A chooses one of (vy,vg) or (vs,v10), then B chooses the other edge. This graph
satisfies:

1. (2(G),p(G),t(G)) = (n — 10,2, 2),
2. if T(G) = {ul,u2}, then (Ul,UQ) c E(G), and
3. all other pairs are in (E(G) U F(G))°.

Gameplay is identical to that of G:())s)'

e If A chooses one of (vy,v19) or (vg, vg), then B chooses the other edge. This graph
satisfies:

1. (2(G),p(G),t(G)) = (n — 10,2, 2),
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2. if T(G) = {ug,us}, then (uy,us) € F(G), and
3. all other pairs are in (E(G) U F(G))°.

Gameplay is identical to that of G?ﬁ).

e If A chooses one of (vg,v9) or (vs,v1p), then B chooses the other edge. Call this
graph G:()’g).

Now let us consider the graphs G‘Z’i) for1 <i<09.

Case 3.1: G,12 = Gf’l). A has two choices: (vs,v19) or (vg, v10).

If A chooses (vs, v10), then B chooses (vg, v11).

If A chooses (vs, v10), then B chooses (vg, v11).

The two resulting graphs are isomorphic, so we may consider the first case. Call this
graph G‘(ll).

Case 3.2: G, 120 = Gf’z). A has two choices: (vs,vg) or (vs,v11). B chooses whichever
edge A did not. Call this graph G(,,.

Case 3.3: G, 12 = G‘??)). A has three choices: (v7,v9), (v7,v11), Or (vg,v17).

e If A chooses one of (v7,v9) or (vg,v11), then B chooses the other edge. Call this
graph G‘(lg).
o If A chooses (v7,v11), then B chooses (v, vg). This graph satisfies:
L (2(G), p(G), 1(G)) = (n —11,2,1),

2. if P(G) = {uy,us} and T(G) = {us}, then, up to isomorphism, (u,us) €
F(G), and

3. all other pairs are in (E(G) U F(G))°.
Gameplay is identical to that of G,.

Case 3.4: G,12 = G:()’4). A has five choices: (vg,vs), (vs,v11), (vs,v10), (vs,v11), Or

(U107 Uu)-

e If A chooses one of (vg,vg) or (vs,v11), then B chooses the other edge. This graph
satisfies:

1. (2(G),p(G),t(G)) = (n —11,2,1),

2. if P(G) = {uy,us} and T(G) = {us}, then, up to isomorphism, (u,us) €
F(G), and

3. all other pairs are in (E(G) U F(G))°.

Gameplay is identical to that of G‘(lz).
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o If A chooses (vg,v11), then B chooses (v7,vg). This graph satisfies:
L. (2(G),p(G), 1(G)) = (n —11,2,1), and
2. if P(G) = {uy,us} and T(G) = {us}, then all pairs are in (E(G) U F(G))°.
Gameplay is identical to that of Gy).

e If A chooses one of (vs,v1g) or (vig,v11), then B chooses the other edge. Call this
graph G‘(l4).

Case 3.5: G, 12 = Gi()’g,). A has four choices: (vg, v9), (vs,v11), (v, v10), Or (Vg, V17).

e If A chooses (vg,v9), then B chooses (vs, v11).
If A chooses (vg, v11), then B chooses (vg, vg).

In each case, the resulting graph satisfies:

L (2(G),p(G),4(G)) = (n—11,2,1), and

2. if P(G) = {uy,us} and T(G) = {us}, then all pairs are in (E(G) U F(G))°.
Gameplay is identical to that of G(y).

e If A chooses one of (vg,v11) or (ve,v1g), then B chooses the other edge. Call this
graph G;).

Case 3.6: G, 12 = G?G). A has four choices: (vg,vg), (v6,v11), (vg, v19), O (vVg, V11).

o If A chooses (vg,v9), then B chooses (vs, v11).
If A chooses (vg, v11), then B chooses (vs, vg).

In each case, the resulting graph satisfies:

1. (2(G),p(G),t(G)) = (n—11,2,1), and
2. if P(G) = {uy,us} and T(G) = {us}, then all pairs are in (E(G) U F(G))°.

Gameplay is identical to that of G‘(lg).

e If A chooses one of (vg, v19) or (vg,v17), then B chooses the other edge. This graph
satisfies:

1. (2(G),p(G),t(G)) = (n — 11,1, 3),

2.if P(G) = {ur,} and T(G) = {ug,us us}, then, up to isomorphism,
(u1,u2), (ug,ug) € F(G), and

3. all other pairs are in (E(G) U F(G))°.
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Gameplay is identical to that of G‘(l4).
Case 3.7: G, 12 = Gi()}). A has four choices: (v4,vs), (v4,v10), (v4,v11), Or (V10, V11).

o If A chooses (v4,vs), then B chooses (vg, v11).
If A chooses (vy,v11), then B chooses (vg, vg).

In each case, the resulting graph satisfies:

1. (2(G),p(G),t(G)) = (n—11,2,1), and
2. if P(G) = {uy,us} and T(G) = {us}, then all pairs are in (E(G) U F(G))°.

Gameplay is identical to that of G‘(ls).

o If A chooses (vg,v11), then B chooses (vg, vg).
If A chooses (v19,v11), then B chooses (vy, v1g).

In each case, the resulting graph satisfies:

1. (2(G),p(G),t(G)) = (n —11,1,3),

2. if P(G) = {w1} and T(G) = {us, us,us}, then, up to isomorphism, (ug,us) €
E(G), and

3. all other pairs are in (E(G) U F(G))*.

Gameplay is identical in each case, so we can consider the first case. Call this graph
G2\
(6)

Case 3.8: G, 12 = G?s)- A has four choices: (vs,vs), (vs,v10), (v5,v11), Or (s, V11).

e If A chooses one of (vs,vg) or (vs,v11), then B chooses the other edge. This graph
satisfies:

1. (2(G),p(G),t(G)) = (n—11,2,1), and
2. if P(G) = {u1,us} and T(G) = {us}, then all pairs are in (E(G) U F(G))°.

Gameplay is identical to that of G‘(lg).

o If A chooses (vs,v19), then B chooses (vs,v11). This graph satisfies:

L. ( (@), p(G),4(G)) = (n —11,2,1),

. if P(G) = {uy,us} and T(G) = {us}, then, up to isomorphism, (ui,uz) €
E(G), (ug,u3) € F(G), and

3. (w1, u3) € (E(G)UF(Q)).
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Gameplay is identical to that of G‘(ll).

o If A chooses (v, v11), then B chooses (vs, v19). This graph satisfies:

1. (2(G),p(G),t(G)) = (n —11,2,1),

2. if P(G) = {uy,us} and T(G) = {us}, then, up to isomorphism, (u,us) €
F(G), and

3. all other pairs are in (E(G) U F(G))*.
Gameplay is identical to that of G‘é).
Case 3.9: G,12 = G:()’g). A has five choices: (vy4,vg), (v4,v11), (v6,v10), (Vs,v11), OF
(vi0,v11).

o If A chooses (v4,v5), then B chooses (v, v11).
If A chooses (vg,v11), then B chooses (vg, v7).

In each case, the resulting graph satisfies:

1. (2(G),p(G),t(G)) = (n—11,2,1), and
2. if P(G) = {uy,us} and T(G) = {us}, then all pairs are in (E(G) U F(G))°.

Gameplay is identical to that of G‘(lg).

o If A chooses (vg, v10), then B chooses (vy,v9). Call this graph G‘(ln.

e If A chooses one of (vg,v11) or (vig,v11), then B chooses the other edge. Call this
graph Gg).

Now we consider the graphs G‘(li) for 1 <4 <8.
Case 4.1: Gn,14 = G?l) A has four choices: (Ug, ’Ulg), (’Ul(], UH), (Ulo, Ulg), or (’UH, Ulg).

o If A chooses one of (vg, v12) or (vig, v11), then B chooses the other edge.
If A chooses (v19,v12), then B chooses (vg, v12).

In each case, the resulting graph satisfies:

L. ( (G>7P(G> t(G>> = (n - 127 172)7

. if P(G) = {u1} and T(G) = {ug,us}, then, up to isomorphism, (us,uz) €
E(G), (u1,us) € F(G), and

3. (u1,u3) € (E(G)U F(G))".

Gameplay is identical in each case, so we may consider the first case. Call this graph
G?.\.
1
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o If A chooses (v11,v12), then B chooses (vig,v11). Call this graph G‘E’Q).

Case 4.2: Gn714 = Gé) A has five choices: (Ug, Ulo), (’Ug,Ulg), (Ulo,’UH), (Ulo, Ulg), or

('U11> U12)-

e If A chooses one of (vg,v1g) or (vig, v12), then B chooses the other edge. Call this
graph G‘E’g).

e If A chooses one of (vg, v15) or (vig,v11), then B chooses the other edge.
If A chooses (v11, v12), then B chooses (vg, v12).

In each case, the resulting graph satisfies:

1. (2(G),p(G),t(G)) = (n—12,1,2),
2. if P(G) = {u1} and T(G) = {ug,us}, then (uq, uz) € E(G), and
3. all other pairs are in (E(G) U F(G))*.

Gameplay is identical in each case, so we may consider the first case. Call this graph
G?,y.
(4)

Case 4.3: Gn714 = G??’) A has four choices: (Ug, ’Ul(]), (Ug, Ulg), (’010, ’011), or (’010, Ulg).

e If A chooses one of (vg,v1g) or (vig, v12), then B chooses the other edge. This graph
satisfies:

1. (2(G), p(G), H(G)) = (n — 12,2,0), and
2. if P(G) = {Ul,UQ}, then (ul,u2) c (E(G) U F(G))C

Gameplay is identical to that of G‘E’g).

e If A chooses one of (vg,v12) or (vi9,v11), then B chooses the other edge. This graph
satisfies:

1. (2(G),p(G),t(G)) = (n —12,1,2),
2. if P(G) ={u1} and T(G) = {u9, us}, then (us,uz) € E(G), and
3. all other pairs are in (E(G) U F(G))°.

Gameplay is identical to that of G?4).

Case 4.4: G,14 = G‘(l4). A has five choices: (vg,vs), (vs,v11), (ve,v12), (Vs,v12), OF

(Un, Ulz)-
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e If A chooses (vg,vs), then B chooses (v, v12).
If A chooses (vg, v12), then B chooses (v7,vs).

In each case, the resulting graph satisfies:

1. (2(G),p(G),t(G)) = (n —12,2,0), and
2. if P(G) = {uy, us}, then (ug,us) € (E(G)U F(G))°.

Gameplay is identical to that of G?g).
o If A chooses (vg,v11), then B chooses (v7,v12). Call this graph G?5).

e If A chooses one of (vg,v1) or (v11,v12), then B chooses the other edge. Call this
graph G‘E’G).

Case 4.5: G,14 = G‘({,)). A has five choices: (vs,v9), (vs,v12), (vo,v11), (Vg,v12), OF

(v11, v12).
o If A chooses (vs,v9), then B chooses (v1g,v12). This graph satisfies:
1. (2(G),p(G),t(G)) = (n—12,2,0), and
2. if P(G) = {uy,us}, then (ug,us) € (E(G)U F(G))°.
Gameplay is identical to that of G?s)'

e If A chooses one of (vs, v12) or (vg,v11), then B chooses the other edge. This graph
satisfies:

1. (2(G),p(G),t(G)) = (n —12,1,2),
2. if P(G) = {u1} and T(G) = {ua, us}, then (uq,u3) € F(G), and
3. all other pairs are in (E(G) U F(G))“.

Gameplay is identical to that of G‘E’S).

e If A chooses one of (vg,v12) or (v11,v12), then B chooses the other edge. Call this
graph G?ﬂ‘

Case 4.6: G, 14 = G?‘G). A has six choices: (vs,v19), (vs,v11), (vs,v12), (v10,011),

(U107U12)7 or (U117U12)-

o If A chooses (uvg, v19), then B chooses (vg, v12).
If A chooses (uvg, v12), then B chooses (vg, v19).

In each case, the resulting graph satisfies:
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L (2(G),p(G), 1(G)) = (n —12,2,0), and
2. if P(G) = {Ul,UQ}, then (ul,u2) c (E(G) U F(G))C
Gameplay is identical to that of G‘E’g).

e If A chooses one of (vg,v17) or (vig, v12), then B chooses the other edge. This graph
satisfies:

1. (2(G),p(G),t(G)) = (n —12,1,2),
2. if P(G) = {u1} and T(G) = {ua, us}, then (uq,u3) € F(G), and
3. all other pairs are in (E(G) U F(G))°.

Gameplay is identical to that of G‘E’S).

e If A chooses one of (vyg, v11) or (v11, v12), then B chooses the other edge. This graph
satisfies:

1. (2(G),p(G),t(G)) = (n — 12,1, 2),
2. if P(G) = {u1} and T(G) = {ug,us}, then (uq, uz) € E(G), and
3. all other pairs are in (E(G) U F(G))°.

Gameplay is identical to that of G?4)'

Case 4.7: G 14 = G‘(ln. A must choose (v7,v11). Then B chooses (vig,v12). This
graph satisfies:

1. (2(G),p(G),t(G)) = (n—12,2,0), and
2. if P(G) = {uy,us}, then (ug,us) € (E(G)U F(G))°.

Gameplay is identical to that of G‘E’g).
Case 4.8: G,14 = G‘(ls). A has seven choices: (vy4,v9), (v4,v11), (v4,v12), (Vg,v10),
(vg,v12), (v10, V12), OF (V11,V12).
o If A chooses (v4,v9), then B chooses (v7, v12).
If A chooses (v4, v12), then B chooses (v7,vg).

In each case, the resulting graph satisfies:

1. (2(G),p(G),t(G)) = (n—12,1,2),
2. if P(G) ={u1} and T(G) = {us, us}, then (us,u3) € E(G), and
3. all other pairs are in (E(G) U F(G))*.

Gameplay is identical to that of G?4).
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e If A chooses one of (vy,v11) or (vg, v12), then B chooses the other edge.
If A chooses one of (vg,v1p) or (v11,v12), then B chooses the other edge.

In each case, the resulting graph satisfies:

1. (2(G),p(G),t(G)) = (n —12,1,2),
2. if P(G) ={u1} and T(G) = {us, us}, then (us, uz) € F(G), and
3. all other pairs are in (E(G) U F(G))°.

Gameplay is identical to that of G‘E’S).
o If A chooses (v1g, v12), then B chooses (vg,v15). Call this graph G‘E’s).

Finally, we look at the graphs G‘E’i) for 1 << 8.
Case 5.1: Gn,lﬁ = G?l) A has four choices: (’010, Ulg), (’010, ’013), (’011, ’013>, or (’012, U13).

e If A chooses one of (v1g,v12) or (v11,v13), then B chooses the other edge. The
resulting graph is in £y(n — 13)(b).

e If A chooses one of (v1g,v13) or (vig,v13), then B chooses the other edge. The
resulting graph is in £4(n — 13)(c).

Case 5.2: G, 16 = G?z). A has two choices: (vg, v13) or (vi2,v13). B chooses whichever
edge A did not. The resulting graph is in £,(n — 13)(d).

Case 5.3: G,,16 = G?g). A has two choices: (v11,v12) or (v11,v13). B chooses whichever
edge A did not. The resulting graph is in £,(n — 13)(a).

Case 5.4: G, 16 = G?4)' A has three choices: (v1g, v12), (v10,v13), Or (v12, V13).

e If A chooses (v10,v12), then B chooses (v11,v13). The resulting graph is in £4(n —

13)(b).

e If A chooses one of (v1g,v13) or (vig,v13), then B chooses the other edge. The
resulting graph is in £4(n — 13)(d).

Case 5.5: G, 16 = G?5). A has three choices: (vs, v12), (vs, v13), or (via, v13).
If A chooses (vs, v12), then B chooses (v11, v13).

If A chooses (vs, v13), then B chooses (v11, v12).

If A chooses (v12,v13), then B chooses (vs, v12).

In each case, the resulting graph is in £;(n — 13)(b).

Case 5.6: G, 16 = G?G). A has three choices: (v, v11), (vg, v13), or (v11,v13).
If A chooses (vg, v11), then B chooses (v7,v13).

If A chooses (v, v13), then B chooses (v7,v11).

If A chooses (v11,v13), then B chooses (vg, v12).

In each case, the resulting graph is in £1(n — 13)(b).

Case 5.7: G, 16 = G?7). A has four choices: (vg,v1p), (vs,v12), (vs,v13), or (vi1, v13).
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e If A chooses one of (vg, v1g) or (v11,v13), then BB chooses the other edge. The resulting
graph is in £y(n — 13)(a).

o If A chooses (uvg, v12), then B chooses (vig,v13).
If A chooses (uvg, v13), then B chooses (vig,v11).

In each case, the resulting graph is in £;(n — 13)(b).

Case 5.8: G, 16 = G‘E’S). A has two choices: (vyg,v17) or (vg, v13).

If A chooses (v4, v11), then B chooses (v7, v13).

If A chooses (v4, v13), then B chooses (v7, v11).

In each case, the resulting graph is in £1(n — 13)(b). O

Lemma 5.3. For n > 3, in I'psr.cy(n), if either player chooses an edge ey, that creates
a graph G € L1(z), then

e when z > 1, that player can choose an edge exio so that Gy o € (Lo(z—1)ULs(z—
1)), or

o when z > 4, that player can choose edges eia, €4, €xrg S0 that Gy i € (La(z —

4) U La(z — 4)).

Proof. Let n > 3. Suppose the edges eq,...,e,_1 have already been chosen. Suppose
player A chooses the kth edge so that G, € £1(z) with z > 1. Let wy € Z(G, ). Each
vertex v ¢ (Z(Gnx) U P(Gng) UT(Gpy)) has dega, ,(v) = 3 and is out of play. The
strategy described here will work for B as well.

Gnx € L1(z)(a):

Let P(Gnx) = {w} and T(Gp i) = {ua} with (u1,us) € F(G, ). Up to isomorphism,
B has two choices: (u1,w;) or (ug,w;). A chooses whichever edge B did not. Now us is
out of play, 2(Gpri2) = 2(Gni) =1 = 2 — 1, p(Gury2) = 0, T(Gppi2) = {ur, w1}, and
(ul, wl) € Eyio. So Gn,k+2 S EQ(Z — 1)(())

Gnx € L1(2)(b):

Let P(Gni) = {wi} and T(G,x) = {ua} with (uy,ue) ¢ (Ex U F(G,y)). Up to
isomorphism, B has three choices: (uy,us), (u1,w;), or (us, wy).

e If B chooses (uy, us) then A chooses (uy,w;). Now uy, us are out of play, (G ki2) =
2(Gup) =1 =2=1, P(Gpry2) = {w1}, and (G pr2) = 0. So Gy € L3(2—1)(a).

o If B chooses one of (uy,w;) or (ug,w), then A chooses the other edge. This case is
identical to the above case G, € £1(2)(a) and Gy, j42 € La2(z —1)(D).

Gnx € L1(2)(c):

Let T(Gpx) = {u1, ug, ug} with (uq,u2) € Ej and (uy,u3), (u2,us) € F(G,). Note
that p(G,x) = 0. Up to isomorphism, B has two choices: (uy,w;) or (us,w;). A chooses
whichever edge B did not. Now uy,us are out of play, z(G, k42) = 2(Gpg) — 1 = 2 — 1,
P(Grit2) =0, T(Gp pt2) = {ug, w1}, and (ug, w1) € F(Gp pt2). S0 Gyt € Lo(z—1)(c).
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G € L1(2)(d):

Let uy,us,us € T(G), with (uy,us) € E, (ug,us) € F(G), and (ug,u3) ¢ (EU F(G)).
Note that p(G,, ) = 0. Up to isomorphism, B has four choices: (u1,w;), (uz, us), (uz, wn),
or (uz,wy).

e If B chooses one of (uy,wy) or (ug, us), then A chooses the other edge. Now w1, ug, us
are out of play, 2(Gp g12) = 2(Gni) —1 = 2—1, P(Gppi2) = {w1}, and t(Gppi2) =
0. So Gn,]H_g € Eg(z — 1)(&).

e If B chooses (ug, wy), then A chooses (us, wy). Now ug, ug are out of play, (G, k+2) =
Z(Gn,k) —1=z— 1, p(GnJﬁ_g) = 0, T(Gn,k+2) = {ul,wl}, and (ul,wl) - F(Gmk_,_g).
So Gn,]H_g € ;CQ(Z — 1)(0).

e If B chooses (ug, wy), then A chooses (uy, wy). Now uy, ug are out of play, (G, k+2) =
2(Gpp) =1 =2—1,p(Gnrs2) =0, T(Grry2) = {ug, w1}, and (up, w1) € F(Gppi2).
So Gn’k+2 € EQ(Z — 1)(0).

Now suppose player A chooses the kth edge so that G, € L£1(z) with z > 4. Let
wy, W, w3, Wy € Z(Ghi).

Gnx € L1(z)(a):

A chooses the edge ej12 as above. Now G, 12 € Lo(z —1)(b) with 2(G,, g12) = 2 — 1,
P(Grit2) =0, T(Gpgr2) = {ur, w1}, and (uy,w;1) € Epyo. Up to game play equivalence,
B must choose (u1,wy). Then A chooses (wi,ws3). Now B has two choices: (ws,ws3) or
(wa, wy). A chooses whichever edge B did not. Now uy, wy, wy are out of play, 2(G, x16) =
Z(Gn,k) —4=z— 4, P(Gn,k+6> = {U)4}, T(Gn,]ﬂ_ﬁ) = {wg}, and (wg, U)4) S F(Gn,k+6)- So
Gn7k+6 € EQ(Z — 4)(&)

G € L1(2)(b):

A chooses the edge e, o as above. Now we have two cases.

1. Gn,k+2 S 53(2— 1)(0,) with Z<Gn,k+2) =z 1, P(Gn’k_,_g) = {wl}, and t(Gn’k_,_Q) =0.
Up to isomorphism, B must choose (w;,ws). Then A chooses (wy,ws). B must
choose (ws, wy). A chooses (w3, wy). Now wy is out of play, 2(Gprt6) = 2(Gpi)—4 =
z2—4, p(Grite) = 0, T(Gppte) = {we, ws, wy}, and (wa, wy), (w3, wy) € Epye. S0
Ghire € L3(z —4)(D).

T(Gppt2) = {ur, w },

2. Gpiso € Lo(z—1)(b) with 2(Gpp12) = 2 — 1, p(Gpp+2) =0,
)(a) above and A follows

and (uy,wy) € Ejyo. This case is identical to G, j4+2 in £4(z
the same pattern.

Gnr € L1(2)(c):

A chooses the edge eji2 as above. Now G, pi2 € La(z — 1)(c) with 2(Gpy2) =
z—1, p(Gnry2) = 0, T(Gpri2) = {ug, w1}, and (uz,w1) € F(Gnii2). Up to game
play equivalence, B must choose (ug,ws). Then A chooses (wy,ws). Now B has two
choices: (ws,w3) or (wy,wys). A chooses whichever edge B did not. Now uy, w;, ws are
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out of play, 2(Gpit6) = 2(Gpi) —4 =2 —4, P(Gpite) = {wa}, T(Gppte) = {ws}, and
('LUg, w4) S F(Gmk_,_(;). So Gn7k+6 € £2(Z — 4)(&)

Gk € L1(2)(d):

A chooses the edge e, o as above. Now we have three cases.

1. Gn,k+2 S £3(Z— 1)(&) with Z(Gn,k+2) =z 1, P(Gn’k+2) = {wl}, and t(Gn’k+2) =0.
This case is identical to Gy, 42 in the first case of £1(2)(b) above and A follows the
same pattern.

2. Gps2 € Lo(z = 1)(c) with 2(Gppt2) = 2 — 1, p(Grps2) = 0, T(Ghpra) = {ur, wi},
and (uy,wy) € F(Gpry2). This case is identical to Gy, x12 in L£1(2)(c) above and A
follows the same pattern.

3. Guii2 € Loz —1)(c) with 2(Gppi2) = 2 — 1, p(Grii2) =0, T(Gp i) = {ug, w1},
and (ug, wy) € F (G py2). This case is identical to Gy, x12 in £1(2)(c) above and A
follows the same pattern.

O

Lemma 5.4. For n > 3, in I'ipsr.cy(n), if either player chooses an edge ey, that creates
a graph G € Lo(z) for some z =0 (mod 4), then that player has a winning strategy.

Proof. Let n > 3. Suppose the edges eq,...,¢e,_1 have already been chosen. Suppose
player A chooses the kth edge so that G, € Lo(z) with 2 = 0 (mod 4). The strategy
described here will work for B as well. We proceed by induction.

Base case: z=0. In each graph in £5(0), no new edge can be chosen. Since A chose
the last edge, A wins.

Assume for induction that if A chooses an edge e;, that creates a graph G, € Lo(4m)
for some m > 0, then A has a winning strategy. Suppose z = 4(m-+1). Let wy, ws, w3, wy €
Z(Gn).

Gnx € L2(z)(a):

Let P(Gni) = {u1} and T(Gp i) = {ua} with (u1,us) € F(G,x). Up to isomorphism,
B has two choices: (uy,w;) or (ug,wi). A chooses whichever edge B did not. Up to
game play equivalence, B must choose (u1,ws). Then A chooses (wy,ws). Now B has two
choices: (wsq,ws3) or (ws,wy). A chooses whichever edge B did not. Now wuy, us, wy, ws are
out of play, z(Gnpr6) = 2(Gni) — 4 = 4m, P(Grre) = {wa}, T(Gnpr6) = {ws}, and
(ws, wy) € F(Gpiss). Thus Gy ey € L2(4m)(a) and A wins by induction.

Gnx € L2(2)(b):

Let T(Gn i) = {w1, ue} with (uy,us) € Ej. Note that p(G, ) = 0. Up to game play
equivalence, B must choose (u1,w;). A chooses (ug,ws). B has two choices: (wq,ws)
or (wy,ws). A chooses whichever edge B did not. B again has two choices: (wsq,w,)
or (ws,wy). A chooses whichever edge B did not. Now wu;, us, wy,wy are out of play,
2(Grive) = 2(Grg) =4 = 4m, p(Grprs) = 0, T(Ghrs) = {ws, wa}, and (w3, wy) € Epye.
Thus Gy, k16 € L2(4m)(b) and A wins by induction.

Gnx € L2(2)(c):
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Let T(Gn i) = {u1, ua} with (u1,us) € F(Gpy). Note that p(G, ) = 0. Up to game
play equivalence, B must choose (u1,w;). A chooses (us,ws). Now this case is identical
to the above case G, € L2(2)(b) and A wins. O

Lemma 5.5. For n > 3, in I'psr.cy(n), if either player chooses an edge ey, that creates
a graph G € L3(2) for some z =0 (mod 8), then that player has a winning strategy.

Proof. Let n > 3. Suppose the edges eq,...,¢e,_1 have already been chosen. Suppose
player A chooses the kth edge so that G, € L3(z) with 2 = 0 (mod 8). The strategy
described here will work for B as well. We proceed by induction.

Base case: z=0. In each graph in £3(0), no new edge can be chosen. Since A chose
the last edge, A wins.

Assume for induction that if A chooses an edge e; that creates a graph G, € L3(8m)
for some m > 0, then A has a winning strategy. Suppose z = 8(m + 1). Let
w1, Wa,...,Ws € Z(Gn,k)

Gnx € L3(z)(a):

Let P(Gnx) = {ui}. Note that ¢(Gnx) = 0. Up to isomorphism, B must choose
(ug,wy). A chooses (uy,wy). B must choose (wy,ws). A chooses (wq, w3). B has two
choices: (wy,wy) or (ws,wy).

e If B chooses (wq,ws) then A chooses (ws, ws).

e If B chooses (ws,w,) then A chooses (wy, ws).

The two resulting graphs are isomorphic, so consider the first case. Now B has five
choices: (wq,wy), (we, wg), (wy, ws), (wy, wsg), or (ws, we).

e If B chooses one of (wsy,wy) or (wy, wg), then A chooses the other edge.

B has two choices: (ws, wg) or (ws, wr). A chooses whichever edge B did not. B again
has two choices: (wg,ws) or (wr,ws). A chooses whichever edge B did not. Now
Uy, Wy, Wy, . .., we are out of play, Z(Gn,k+12) = Z(Gn,k) — 8 = 8m, p(Gn,k+12) =0,
T(GnJH_lQ) = {w7,w8}, and (w7,w8) € Ek+12. Thus Gn,k+12 € 52(87’11)(6) and A
wins by Lemma 5.4.

e If B chooses one of (wq,ws) or (wy, ws), then A chooses the other edge.
If B chooses (ws, wg), then A chooses (wq, ws).

The two resulting graphs are isomorphic, so consider the first case. B has three
choices: (wy, ws), (wyg, wr), or (wg, wy).

— If B chooses (w4, wg) then A chooses (ws, wr).
— If B chooses (w4, wr) then A chooses (ws, wg).

— If B chooses (wg, wr) then A chooses (wy, wg).
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In each case, the resulting graph is in £1(8m + 1)(b) and gameplay is identical, so
without loss of generality we may consider the first case. B again has three choices:
(we, wr), (we, ws), or (wr,ws).

— If B chooses (wg, wr7) then A chooses (wr, ws). Now uy, wy, wo, ..., wy are out
of play, 2(Gp rt12) = 2(Gni) =8 = 8m, P(Gr py12) = {ws}, and t(Gp p112) = 0.
Thus G, k112 € L3(8m)(a) and A wins by induction.

— If B chooses one of (wg, wg) or (wy, ws), then A chooses the other edge. Now
U, Wy, Wy, . .., we are out of play, 2(Gyrt12) = 2(Gni) —8 = 8m, p(Gp pt12) =
0, T(GnJH_lQ) = {'LU7,1U8}, and (w7,w8) € Ek+12~ Thus Gn,k+12 € £2(8m)(b)
and A wins by Lemma 5.4.

G € L3(2)(b):
Let T(Gpnx) = {u1,ug, us} with (uy,us), (ur,us) € Eg. Note that p(G,x) = 0 and
(ug,u3) € F(Gpny). Up to game play equivalence, B has two choices: (ug,wy) or (ug, wy).

e If B chooses (u1,w;) then A chooses (ug, ws).

e If B chooses (ug,w;) then A chooses (u1, ws).

The two resulting graphs are isomorphic, so consider the first case. Now B has five
choices: (usz, ws), (usg,ws), (wy,ws), (wy,ws), or (we, ws).

e If B chooses one of (uz, wsy) or (ws, ws), then A chooses the other edge. B has two
choices: (wy,ws) or (wy,wy). A chooses whichever edge B did not. B again has
two choices: (w3, ws) or (w4, ws). A chooses whichever edge B did not. B must
choose (wy,ws). A chooses (ws,w7). B has two choices: (wg,wr) or (ws, wg). A
chooses whichever edge B did not. Now wuq, us, Us, wq, ws, ..., ws are out of play,
2Grpt12) = 2(Gup) — 8 = 8m, P(Gpry12) = {ws}, T(Gpry12) = {wr}, and
(w7, ws) € F(Gpt12). Thus Gy, gr12 € L2(8m)(a) and A wins by Lemma 5.4.

e If B chooses one of (uz, w3) or (wy,ws), then A chooses the other edge.

If B chooses (wq, ws), then A chooses (us, ws).

In each case, the resulting graph satisfies:

1. (2(G),p(G),t(G)) = (8m +4,1,2),
2. if P(G) ={z1} and T(G) = {9, x3}, then (x9,z3) € E(G), and
3. all other pairs are in (E(G) U F(G))°.

Gameplay is identical in each case, so we may consider the first case. B has three
choices: (wy,ws), (wy,wy), or (ws, wy).

— If B chooses (wq,ws) then A chooses (ws, wy).

THE ELECTRONIC JOURNAL OF COMBINATORICS 18 (2011), #P193 35



— If B chooses (wy,w,) then A chooses (ws, w3).

— If B chooses (w3, w,) then A chooses (wy,ws).

In each case, the resulting graph is in £1(8m + 4)(b) and gameplay is identical, so
without loss of generality we may consider the first case. B again has three choices:

(w37 w4)7 (w37 w5)7 or (’UJ4, w5)‘

— If B chooses (ws,wy) then A chooses (wy,ws). B must choose (ws,ws).
A chooses (ws,wr7). B must choose (wg, wg). A chooses (wr,wg). Now
Uy, Uz, Us, wy, wo, ..., ws are out of play, z2(Gprt12) = 2(Gni) — 8 = 8m,
P(Gn,k+12) = 0, T(Gn,k+1z) = {wﬁ,w%ws}, and (w6>w8)a (w7,w8) € Eitia.
Thus G, k112 € L3(8m)(b) and A wins by induction.

— If B chooses one of (w3, ws) or (w4, ws), then A chooses the other edge. 5 must
choose (wy, wg). A chooses (ws,wr). B has two choices: (wg, wr) or (wg, ws).
A chooses whichever edge B did not. Now uq, us, Us, wy, ws, . .., ws are out of
play, 2(Gniy12) = 2(Gug) — 8 = 8m, P(Griy12) = {ws}, T(Grp12) = {wr},
and (wr,ws) € F(Gp k112). Thus Gy, py12 € L2(8m)(a) and A wins by Lemma
5.4.

U
Theorem 5.6. For n > 12, fipsrcy(n) =B <= n=1,2 (mod 4).

Proof. For small values of n, an exhaustive case analysis can be carried out by hand
calculation.

n |3|4]5]6|7][8|9]10|11
fissrcy(n) | Bl A[B|A|B|A|A[B|B

For larger values of n, we will prove a statement that is equivalent to the theorem:
Forn > 12, fipsr,cy(n) =B <= n=1,2,5,6 (mod 8).

n =0 (mod 8):

Let n = 8m for some m > 2. By Lemma 5.1, A can choose edges ej,e3, ..., e
so that G021 € Ly(n — 15). Then by Lemma 5.3, A can choose the edge es3 so that
Gp2s € (Lo(n —16) U L3(n — 16)). Since n — 16 =0 (mod 8), by Lemmas 5.4 and 5.5, A
wins.

n =1 (mod 8):

Let n = 8m + 1 for some m > 2. By Lemma 5.2, B can choose edges es, ey, ..., €13 SO
that G,,18 € £1(n — 13). Then by Lemma 5.3, B can choose the edges e, €22, €24 S0 that
Gnos € (Lo(n—17)U L3(n —17)). Since n — 17 =0 (mod 8), by Lemmas 5.4 and 5.5, B
wins.

n = 2 (mod 8):

Let n = 8m + 2 for some m > 1. By Lemma 5.2, B can choose edges es, ey, ..., €10
so that G,9 € L41(n —9). Then by Lemma 5.3, B can choose the edge e;4 so that
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G4 € (Lo(n —10) U L3(n —10)). Since n — 10 =0 (mod 8), by Lemmas 5.4 and 5.5, B
wins.

n =3 (mod 8):

Let n = 8m + 3 for some m > 2. By Lemma 5.1, A can choose edges ey, e3, ..., €1 SO
that G, 01 € £1(n —15). Then by Lemma 5.3, A can choose the edges eas, €95, €27 so that
Gnor € (Lo(n—19) U L3(n —19)). Since n —19 =0 (mod 8), by Lemmas 5.4 and 5.5, A
wins.

n =4 (mod 8):

Let n = 8m + 4 for some m > 1. By Lemma 5.1, A can choose edges e, e;3,...,e5
so that G, 15 € L£4(n — 11). Then by Lemma 5.3, A can choose the edge e;7 so that
Gnir € (L2(n—12)U L3(n — 12)). Since n — 12 =0 (mod 8), by Lemmas 5.4 and 5.5, A
wins.

n =15 (mod 8):

Let n = 8m + 5 for some m > 1. By Lemma 5.2, B can choose edges €3, ey, ..., €13 SO
that G,12 € £1(n —9). Then by Lemma 5.3, B can choose the edges €14, €16, €15 so that
Gnis € (L2(n —13) U L3(n — 13)). Since n — 13 =0 (mod 8), by Lemmas 5.4 and 5.5, B
wins.

n =6 (mod 8):

Let n = 8m + 6 for some m > 1. By Lemma 5.2, B can choose edges es, ey, ..., €15
so that Gp1s € L£1(n — 13). Then by Lemma 5.3, B can choose the edge e so that
Ghao € (L2(n—14) U L3(n — 14)). Since n — 14 =0 (mod 8), by Lemmas 5.4 and 5.5, B
wins.

n =7 (mod 8):

Let n = 8m + 7 for some m > 1. By Lemma 5.1, A can choose edges ey, e3, ..., €15 SO
that G, 15 € £1(n—11). Then by Lemma 5.3, A can choose the edges ey7, €19, €21 so that
Gno1 € (L2(n—15)U L3(n — 15)). Since n — 15 =0 (mod 8), by Lemmas 5.4 and 5.5, A

wins. 0
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