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Abstract

In this paper, we prove that the full automorphism group of the derangement
graph I',, (n > 3) is equal to (R(S,) % Inn(S,)) x Zs, where R(S,) and Inn(S,)
are the right regular representation and the inner automorphism group of S,
respectively, and Zy = (@) with the mapping ¢ : 0¥ = 07!, Vo € S,,. Moreover, all
orbits on the edge set of T';, (n > 3) are determined.

Keywords: derangement graph, automorphism group, Cayley graph, symmetric
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1 Introduction

For a finite, simple and undirected graph I', we use V(I'), E(I') and Aut(I') to denote its
vertex set, edge set and full automorphism group, respectively. Let G be a finite group and
S a subset of G not containing the identity element 1. The Cayley graph I := Cay(G, S)
on G with respect to S is defined by

V(D)=G, ET)={(g,s9) | geG, s€S}.

If S = S then Cay(G,S) can be viewed as an undirected graph by identifying an
undirected edge {g, h} with two directed edges (g, h) and (h, g). It is easy to see from the
definition that there are two obvious facts: (1) I' is regular of vertex degree |S|; (2) T is
connected if and only if G = (.5).
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A bijection of a finite set €2 to itself is a permutation of €. Let S,, be the symmetric
group of permutations of X = {1,2,--- n}, and let D, := {0 € S, | x7 # z,Vx € X}
denote the derangements on X , namely the set of fixed point free permutations of .S,,.
The graph T, := Cay(S,,, D,) is called the derangement graph on X . Moreover, denote
|D,,| by D,, for the convenience of writing.

There are many nice structures and properties on the derangement graph I',, which
are discovered by researchers. For example, Renteln [17] proved that it is connected for
n > 4, the clique number w(I',) = n, and the chromatic number x(I';,) = n. Imrich [13] and
Hamidoune [11] independently proved that the vertex connectivity x(I',) = D,,. Eggleton
and Wallis [4], and Rasmussen and Savage [16] observed that I',, is Hamiltonian. Deza and
Frankl [3] proved that the maximum independent number «(I',,) = (n—1)!. Moreover, the
structure of maximum independent set of I',,, namely a coset of the stabilizer of a point,
has been determined by several authors ([1, 10, 15, 19]). Ku and Wong [14] conjectured
that ;TDf is the smallest eigenvalue of T',,, which has been confirmed by Renteln [17]. Deng
and Zhang [2] proved that Z—j’Dn_g is the second largest eigenvalue of I',,.

On the other hand, it is interesting and difficult to determine the full automorphism
group of a graph. However, there are some known results on the automorphism groups of
Cayley graphs with small degree. For example, Godsil [9] gave the automorphism groups
of some cubic Cayley graphs. Feng and Xu [7] determined the automorphism groups of
tetravalent Cayley graphs on regular p-groups. Recently, Zhang et al. [22] determined
the automorphism groups of cubic Cayley graphs of order 2pg. For other results on the
automorphism groups of Cayley graphs, we refer the readers to [5, 6, 11, 12, 18, 20, 21].
Motivated by the known results and nice structures of the derangement graph, in this
paper, we characterize the full automorphism group of the derangement graph. The main
result can be stated as follows:

Theorem 1.1. Forn > 3,
Aut(T,) = (R(S,) x Inn(S,)) x Zs,

where R(S,) and Inn(S,,) are the right reqular representation and the inner automorphism
group of S, respectively, and Zo = (@) with the mapping ¢ : 0¥ =o', Vo € S,.

The rest of this paper is organized as follows. In Section 2, we gather some definitions
and known results needed later. In Section 3, we present the proof of Theorem 1.1, i.e.,
characterize the full automorphism group of the derangement graph I',, (n > 3). In Section
4, we determine all the edge-orbits of I',,, which implies that I',, is not edge-transitive.

2 Preliminaries

Let G be a finite group and € a finite set. Suppose that, for each a € ) and g € G, there
corresponds a member of €2, denoted by a?. We say that this correspondence defines an
action of G on Q, or G acts on Q, if the following conditions hold: (i) V a € Q, a! = a,
where 1 is the identity element of G; (ii) V a € Q, V g, h €G |, (a9)" = 9. Furthermore,
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if {g € G:a%=a Va e Q} =1, we say the action of G on Q is faithful, or G acts
faithfully on €.

The action of G on 2 induces naturally an equivalence relation ~¢ which is defined as
follows: o ~¢g B if and only if af = 3 for some g € GG. The equivalence classes of ~ are
said to be G-orbits on €). If there is only one G-orbit on €2, then G is said to be transitive
on (2, or G acts transitively on €. In particular, a graph I' is said to be vertez-transitive
or edge-transitive if Aut(I") acts transitively on V(I') or E(I") respectively.

For a group G, let Aut(G),Inn(G) and R(G) be the automorphism group, the inner
automorphism group and the right regular representation of GG, respectively. We need the
following known results.

Proposition 2.1. [18,III, Theorem2.18-2.20] If n > 2 and n # 6, then Aut(S,) =
Inn(S,). If n = 6, then |Aut(Sg) : Inn(Ss)| = 2, and for each a € Aut(Sg)\Inn(Sg), a
maps a transposition to a product of three disjoint transpositions.

Proposition 2.2. [8] Let Nawcayc,s)(R(G)) be the normalizer of R(G) in
Aut(Cay(G,S)). Then

Naur(cay(c,9)(R(G)) = R(G) x Aut(G, S) < Aut(Cay(G, 5)),
where Aut(G, S) = {¢ € Aut(GQ) | S¢ = S}.

Proposition 2.3. [1] All the maximum-size independent sets of the derangement graph
I'n(n>2)are Bij={0c€S,]i"=j},4,j=12,---,n.

3 Proof of Theorem 1.1

In this section, we completely determine the full automorphism group of the derangement
graph.

Lemma 3.1. Let B = {B;; | i,j = 1,2,---,n} with B;; = {c € S, | i = j}. Then
Aut(T,) induces an action on B and this action is faithful. In particular, any ¢ € Aut(T,)
18 a permutation on B.

Proof. Obviously, any ¢ € Aut(I',,) maps a maximum-size independent set of I';, to a
maximum-size independent set of I',,. So by Proposition 2.3, for any B; ; € B and ¢ €
Aut(I',), we have B[b] € B.
Next if ¢ € Aut(T',,) satisfies Bld)] = B, ; for each B, ; € B, then ¢ is the identity map.
In fact,
Vo e Sn, {O’} = Bl,l" N 32720 MN---N Bn,n"-
So

{0-¢>} = (Bl,la N BQ’QU MN---N Bn,nu)d)
Bl(zjla ﬂ Bzd’)2u ﬁ cc ﬂ Bj)’ncr

Biio N Bygoe N+ N By po

= {o}.

N
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Thus ¢ is the identity map, that is, Aut(I',,) acts faithfully on B. This implies that each
¢ € Aut(l',,) is a permutation on B. O

Lemma 3.2. Let Rk = {Bk’l’Bk’Q, . '7Bk,n} O/ﬂd Cl = {BL[,BQJ’ . '7Bn,l}- FOT any
X1, T, Tp € B, ifry Uz U---Ux, = S, then there exists some k orl € {1,2,--- n}
such that {xy,xq, -+, x,} = Ry or C).

Proof. First we claim that B; ; N By j» = 0 if and only if exactly one of i = i’ and j = j
holds. In fact, If exactly one of i = ¢’ and j = j" holds, then B; ;N By = 0. If i # ¢ and
j#j,then B, jNByjy={c€S,|i" =jand i’ =3} #0.1fi =14 and j = j/, then
Bi,j = Bi’,j’a SO Bi,j N Bi/,jf 7A (Z)

Note that Vi, |z;| = (n — 1)! and |S,,| = nl. Hence

Uz U Uz, =85, = xNa;=0,Viji#]

Applying the above claim, we obtain {xq,xs, -, z,} = Ry or C}. O

Lemma 3.3. Let Q = {Ry, Ry, -+, R,,C1,Cy, -+, C,}. Then Aut(T,) induces an action
on Q0 and this action is faithful. In particular, any ¢ € Aut(T',) is a permutation on €.

Proof. First for any Ry € Q and ¢ € Aut(l,,),

Ri = {Bi1, Bua, . Bin} = Ry ={By1, By, Bi.},

n

By UBy,U - UB;, = (ByiUBaU-UBy,)* =82 =5,.

By Lemma 3.2, we have R} € Q.
Similarly, for any C; € Q and ¢ € Aut(I',), Clqj € Q.
Next suppose that ¢ € Aut([',,) satisfies Rﬁ = R and C’f’ = () for any k,l €
{1,2,---,n}. To prove the Lemma, it suffices to show that ¢ is the identity map.
Note that
\V/BZ'J € B, {BLJ} =R;N Oj.

So
{BY} = (RinCy)® CRYNCY = RiNCj = {By}.

By Lemma 3.1, ¢ is the identity map, that is, Aut(I',) acts faithfully on Q. This implies
that each ¢ € Aut(I',) is a permutation on €. O

Lemma 3.4. Let R={Ry, Ry, -, R,} and C = {C1,Cy,---,C,}. For any ¢ € Aut(T,),
the following (i)-(ii) hold:

(i) There exists some i such that R? € R if and only if Rf’ € R for any i;

(ii) There exists some j such that C’f € C if and only if C’f e C for any j.

Proof. (i) Suppose that there exist , j (# ) € {1,2,---,n} such that R’ € R and Rf eC.
Note that
R,NR;=0ifi+#jand |R,NC| =1 for any k,I.
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So

On the other hand,
R{€R, R/ €C=|RINRY|=1=|R/UR}|=2n—1,

which is a contradiction. Thus the assertion holds.
(i) is similar to the proof of (i). O

Lemma 3.5.
|[Aut(T,)| < 2(n!)2.

Proof. By Lemma 3.3, any ¢ € Aut(I',) is a permutation of €. Using Lemma 3.4, we
obtain the following disjoint alternatives:

(i) R = R and C? = C;

(ii) R? = C' and C? = R.
So we have

Aut(T,) = {¢ € Aut(,) | R® = R, C? = C} U {¢ € Aut(T,) | R® = C, C? = R}.

Hence

|Aut(T,)| < |{¢ € Aut(T',) | R® = R, C® = C}| + |{¢ € Aut(T',)) | R® = C, C* = R}|
< (n!)*+ (n!)?
= 2(n))2

Thus the assertion holds. [

Now we are ready to prove the main result.
Proof of Theorem 1.1. First we show that the mapping ¢ : S,, — S,, defined as 0% = o~ !

is an automorphism of I',,. In fact, obviously, ¢ is a bijection between S,, and .S,,. Moreover,

(0,7) € E(T,) < VYie{l,2,---,n}, i #i
Vie{l,2,---,n}, (i )7 # @G )
Vie{l,2,---,n}, i#i T
Vie{l,2,---.n}, i7" £ )
Vie{l,2,---,n}, 7 £
(c?,7%) = (o', 77 € B(T,).

to 0O

This implies that ¢ is an automorphism of I',,.
Next we claim that R(S,) x Inn(S,,) < Aut(I',,). In fact, by Proposition 2.1, we have

Aut(S,,D,) = {¢ € Aut(S,) | DY = D,} = Inn(S,),
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where D, = {o € S, | 7 # x,Vx € {1,2,---,n}}. Then by Proposition 2.2, R(S,) x
Inn(S,) < Aut(l',,).

Note that S, (n > 3) is a centerless group. So Inn(S,) = S,/Z(S,) = Sy, where
Z(S,) is the center of S,. Thus (n!)? = |R(S,) x Inn(S,)| < |Aut(T,)| < 2(n!)? (by
Lemma 3.5), that is, the index of R(S,) x Inn(S,,) in Aut(I',) is at most 2, which implies
that R(S,) x Inn(S,) is a normal subgroup of Aut(I',,). In addition, it is easy to see that
¢ & R(S,) and ¢ ¢ Inn(S,,) for n > 3. Hence (R(S,) x Inn(S,)) x Zy < Aut(l',) (where
Zy = () is a cyclic group of order 2) and 2(n!)? = |(R(S,) xInn(S,)) x Zs| < [Aut(T,)| <
2(n!)?, which shows that Aut(T,,) = (R(S,) x Inn(S,)) x Z,. The assertion holds. O

4 Edge-orbits of the derangement graph

It is well known that any permutation can be decomposed as a product of disjoint per-
mutation cycles. For any o € S,,, write

g = (CL116L12 alnl)(a21 a2n2) : "(Cls1 asns)a

a product of disjoint cycles (including 1-cycles), with n; > ng > -+ > ng, and ny + ng +
-+ ng =n, and we call (ny,ny, -+, ng) the cycle—shape of o.

For any ¢ € S, and ¢ € Inn(S,) x Zy (where Zy = (¢) is same as Theorem 1.1),
obviously ¢ and ¢ have the same cycle-shape. Note that ¢ commutes with each element
in Inn(S,,). Thus, Inn(S,,) x Z = Inn(S,) x Z,.

Lemma 4.1. Let Aut(I',,) (n > 3) act naturally on E(I',,). For any (1,7), (1,0) € E(I',,),
(1,7) and (1,0) belong to the same Aut(L',)-orbit if and only if T and o have the same
cycle-shape.

Proof. (=) If (1,7) and (1,0) belong to the same Aut(I',)-orbit, then we have the fol-
lowing disjoint alternatives:
(i) There exists ¢ € Aut(T,,) such that 19 = 1 and 7% = 7;
(i) There exists ¢ € Aut(I',) such that 7 = 1 and 1¢ = o.
By Theorem 1.1, we can always assume that ¢ = R(g) - ¢/, where ¢ € Inn(S,,) X Zs.
If the case (i) happens, then

1°=1=10¢ = 1= ¢’ =1=g=1
M =0=fY 6= (19)" =0 =7 =0
So 7 and ¢ have the same cycle-shape.

If the case (ii) happens, then
™ =1=7f9)9 1= (1g)! =1l=71g=1=>g=1"1
1P=0c=189¢ 5= ¢ =g = (7'_1)"5/ = 0.
So 77! and o have the same cycle-shape, that is, 7 and ¢ have the same cycle-shape.
(<) If 7 and o have the same cycle-shape, then there exists some ¢ € Inn(S,,)
Aut(T",) such that 7¢ = o. Hence (1,7)? = (12,7%) = (1,0), that is, (1,7) and (1,
belong to the same Aut(I',,)-orbit.

O2 A
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Using Lemma 4.1, we have the following result:

Corollary 4.2. Let Aut(T'),) (n > 3) act naturally on E(T,,). For any (o1, 71), (02,72) €
ET,), (01,71) and (02,72) belong to the same Aut(T,)-orbit if and only if 10" and
05" have the same cycle-shape.

Proof. (01, 7) and (03, 72) belong to the same Aut(I',)-orbit < there exists some ¢ €
Aut(T,) such that (o1, 71)? = (02, 72) < (1, oy HEEVERE) = (1 107 Y) & (1, 707Y)
and (1, 7,05 ") belong to the same Aut(I',)-orbit. By Lemma 4.1, the assertion holds. [

By the definition of the derangement graph I, we have (o,7) € E(T',) if and only
if To=! € D,. Therefore, applying Corollary 4.2, the Aut(T,)-orbits on E(T,) are in
bijective correspondence with the set of all possible cycle-shapes of permutations in D,,.
So we obtain the main result in this section as follows:

Theorem 4.3. Let Aut(I',) (n > 3) act naturally on E(I',). All Aut(L',,)-orbits are
Ot nsmy) = {(0,7) € E(Ty) | 707" has cycle-shape (n1,na, -+, ns),ns > 2}. In par-
ticular, the number of edge-orbits of T',, (n > 3) equals to the cardinality of the set
{{ni,n9,- -, nst |ln=ny+ng+---+mng,n; >2,1<14<s}.
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