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Abstract

E. Duchéne and S. Gravier present the following open problem: In Wythoff’s
game, each player can either remove at most R tokens from a single heap (i.e. there
is an upper bound R on the number of removing tokens), or remove the same number
of tokens from both heaps but there is no upper bound on the number of removing
tokens. This open problem is investigated and all its P-positions are given.

1 Introduction

By game we mean a combinatorial game, we restrict our attention to classical impartial
games. The winner is the player making the last move. The theory of such games can be
found in [1,2,3].

Wythoft’s game is played with two heaps of tokens, each player can either remove any
number of tokens from a single heap (the Nim rule), or remove the same number of tokens
from both heaps (Wythoff’s rule).
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A position in Wythoff’s game is denoted by (z,y), where x denotes the number of
tokens in one heap and y denotes the number of tokens in the other heap. The positions
from which the previous player can win regardless of the opponent’s moves are called
P-positions and those from which the next player can win regardless of the opponent’s
moves are called N-positions.

W.Wythoff ([5]) had given the P-positions of Wythoff’s game in 1907. In many papers
devoted to variations of Wythoffs game, new rules are adjoined to the original ones. Such
variations are called extensions. As an example, in [10] Wythoff’s rule is relaxed to take
k > 0 tokens from one heap, ¢ > 0 from the other, subject to | k — £ |< s where s > 0 is
a fixed integer parameter. Other examples of extensions of Wythoff’s game are given in
[7,9,11,12,14]. There are a few papers where only subsets of Wythoff’s moves are allowed
(see [4,8,13]). Such variations are called restrictions of Wythoft’s game. For all these
extensions and restrictions of Wythoff’s game, the main goal is to find characterizations
of the sequence of P-positions, which almost always differs from the original Wythoft’s
sequence (see [6]).

In page 3605 of [4], the authors discussed one restriction of Wythoff’s game, i.e. R-
radius game: In this game, the length of the moves is bounded by a constant R > 1. In
other words, each player can either remove at most R tokens from a single heap (i.e. there
is an upper bound R on the number of removing tokens), or remove the same number
of tokens from both heaps and there is an upper bound R on the number of removing
tokens. For example, suppose that R = 2 and a position (3,7), one can only move it
to {(2,7),(1,7),(3,6),(3,5),(2,6), (1,5)}. The authors have given the P-positions of the
R-radius game.

In the present paper, we consider a restricted version of Wythoft’s game. In page 3607
of [4], the authors present the following open problem: In Wythoff’s game, each player
can either remove at most R tokens from a single heap (i.e. there is an upper bound R on
the number of tokens), or remove the same number of tokens from both heaps but there
is no upper bound on the number of tokens. For example, suppose that R = 2 and a
position (3,7), one can only move it to {(2,7),(1,7),(3,6),(3,5),(2,6),(1,5),(0,4)}. For
more convenience, we call it “Restricted Move of Wythoft’s Game” (RMWG). We give the
P-positions of RMWG in this paper.

2 The P-positions of RMWG

Definition 1. Let U C Z2° = {k|k > 0 is an integer}. By mex{U} we denote the Mini-
mum EXcluded value of U, i.e. the smallest nonnegative integer not in U. In particular,
mex{(} = 0.

Each impartial combinatorial game is associated with a digraph G = (V, E), called the
game graph. The set V' of the vertices is the positions of the game. Given two vertices
v and w, there is an edge from v to w if there exists a move from the position v to the
position w.

Definition 2. Suppose that a digraph G = (V| E), a set S C V is said to be stable if
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there is no edge between any two vertices of S. A set S C V is said to be absorbent if for
any v € V'\ S, there exists w € S such that (v,w) € E.

Definition 3. Suppose that a digraph G = (V| E), a kernel of G is both stable and an
absorbent set of G.

The P-positions of a game constitute a kernel of its game graph (see [1]).

The set of the P-positions of Wythoff’s game is described in [5]. The symmetry of
the game implies that each position (z,y) has its symmetrical (y, z) of the same type, i.e.
(x,y)= ( x). We only discuss the position (z,y) with x < y.

By U {(an,bn)} we denote the P-positions of Wythoft’s game. W. Wythoff ([5]) had

given the formula of a,, and b,:

= mex{a;, b;|0 <i < n},
by = Gy +1; (1)
apg = O,bo = 0.

The following Table 1 gives a few P-position of Wythoff’s game which are determined
by Eq. (1).

Table 1: The first few P-positions of Wythofl’s game.
n|0|12|3| 4|5 |6 |7 |89 1011|1213 |14 |15 |16 |17 | 18|19
an |01 (346 | 8|9 |11 |12|14 |16 |17 |19 |21 22|24 |25|27 |29 |30
by |0 |25 |7 |10| 13|15 |18 |20 |23 |26 |28 |31 |34 36|39 |41 |44 |47 |49

Some authors had discussed some properties of a,, and b,. In order to prove our
results, we conclude some new properties in Lemmas 1,2 and 3.

Lemma 1. Let A = U {a,.}, B = J{bn}, where a, and b, are given by Eq.
n=1

(1). We have the followmg propertles
(1) apn_1 < ayn, by_y <b, forany n € Z=2', A|JB=Z=', ANB=0.
(2) an —an_1 € {1,2} and b, — b,_1 € {2,3} for any n € Z='.
( ) If there exist two integers i,j € Z=' such that b;_; < a; < bj, then ¢ > j and
=1+45—1.
(4) aq, = b, — 1 for any n € Z=1.
(5) ap, = a, + b, for any n € Z=1.
(6) by, = an + b, — 1 for any n € Z=1.
(7) by, = a, + 2b, for any n € Z=1.
Proof. (1) It is obvious by Eq. (1) and the definition of mex.
(2) It is obvious by [14].
(3) It follows from Lemma 1(2) that b; — b;_1 € {2,3}. In this case, there exists an
integer m such that b;_1 < m < b;, i.e. m ¢ B. By Lemma 1(1), m € Z=' = A|J B and
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AN B =10,s0m € A, ie. there exists an integer i such that b;_; < a; =m < b;. If i < j,
then a; < b; < b;_y, which contradicts a; > b;_;, so 7 > j.

(case 1) bj — bj_1 = 2. Let b; = m, so bj_;1 = m — 2. The condition b;_; < a; < b;
means that a; = b; —1 = m — 1 < b;. By the definition of a;=mex{a, ;|0 <t < i} and
ag = by = 0, we have

{O>1a2>"' >m_2} g {ao,al,@%"' >ai—lab1>62a"' >bj—1>"' abi—l}-
It follows from b;_; < a; = m — 1 < b; that
{0a1727"' am_27m_ ]-} g {a'Oaa'laaQ?”' y Ai—1,A; = M — 1ablab27”' abj—l}'

On the other hand, it follows from a1 < as < - <ag;=m—1land by < by < --- <
bj—l < a; = m — 1 that

{a0>a1aa'2a"' >ai—1aaiab1ab2>"' abj—l} g {O>1a2>"' >m_2>m_1}'
Thus we have
{172a"' am_2am_1} :{a'lya%”' aaiyblaan"' 7bj—1}-

Thus a;=m—-1=1i+7j5—1.

(case 2) bj — bj—1 = 3. Let b; = m, so bj_;1 = m — 3. The condition b, < a; < b;
means that a; € {m — 1, m — 2}.

Ifa;=m—-1=0b;—1,thena,_y =m—2=a;—1. We can obtain {1,2,--- ,m—2,m—
1} ={a1, a9, ,a;,b1,b9,--- ,bj_1} and a; = m — 1 =i+ j — 1 by the same method as
(case 1).

If a; = m —2=0; —2, then ;31 = m—1=a; +1 = bj_1 + 2. By the definition of
a;=mex{a;, ;|0 <t < i} and a9 = by = 0, we have

{1727"' 7m_2}:{a17a27”' 7aivblub27"' 7bj—1}-

Thus a;=m—2=1i+7j5—1.
The author of [15] had proved (4), (5), (6) and (7). W

Lemma 2. Suppose that an integer a;, there exists an unique integer j < ¢ such
that b;_; < a; < b;. For any integer ¢ with 1 <¢ <1, we have

{Oa ]-72a e, A — ]-} g {ala A2, -+, 011, b07b17 T abj—l}- (2)
Proof. By the definition of a; 1 = mex{a,, b,|0 < w <t — 1}, we have
{Oa ]-7 2a s, a1 — ]-} g {a'la ag, - ,0d¢-2, b07 bla T 7bt—2}- (3)

(Case i) t < j.
In this case, t — 2 < j — 1. It follows from Lemma 1(1) that b,_o < b;_;. Thus

{Oa ]-7 2a s, A1 — ]-7 at—l} g {a17 A2, ,A¢—2,0¢—1, bOa b17 Tt abj—l}- (4)
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By Lemma 1(2), a; — a;—1 € {1,2}. If ;-1 = a; — 1, then Eq. (4) gives Eq. (2); if
a1 = a; — 2, it implies that a; —1 € B and a; — 1 < a; — 1 <b;_q, so Eq. (2) is true.

(Case ii) t > j. We distinguish two subcases t =i and j <t <7 — 1:

(Subcase ii.1) t = i. By Lemma 1(2), a; —a;—1 € {1,2}. If a;—1 = a; — 1, then Eq. (4)
gives Eq. (2); if a;—1 = a;—2, we can conclude that a;—1 < b1 < a; = a; < bj,1le. a4—1 =
bj—l- ThU.S, {O, 1, 2, e, Q1 — 1, i1, Q — 1} Q {0,1, ag, - ,A¢_92,0_1, bo, bl, cee ,bj_l}.

(Subcase ii.2) j <t < i — 1. We show that a;_o < b;_y. In fact, if a;_o > b;_;, then
bi_1 < aj—2 < aj—1 < a; <bj,ie. b; —bj_y >3, which contradicts b; — b;_y € {2,3}. We
note that a;—1 —1 < a;_o —1 < b;_y for t <i—1, thus

{0,1,2,--- a1 — 1} C{ay, a9, - ,at—2,b9, b1, -+ ,bj_1}. (5)

It follows from Eq. (5) that
{0,1,2,--- ;a1 — Lap—1 } CHar, a0, , ap—2,ai-1,b0, b1, - ,bj_1}. (6)
If a;.1 = a; — 1, then Eq. (6) gives Eq. (2); if a4y = a — 2, then
{0,1,2,--- ;a1 — 1,4 — 2} C {ay,a9, - ,ai—2,a4-1,b0,b1,- -+ ,bj_1}. The condi-

tion a;_; = a; — 2 means that ¢, — 1 € B. It follows from a;, — 1 < a; ((a; < a; ) and
bj_1 < a; <bj that a; —1 < b;_y, which gives Eq. (2). B

Lemma 3. Suppose that an integer b; = R for i € Z=!. For any integer ¢ with
1 <t<R—1, we have

{071727'“ , At — 1} - {a17a27'“ 7at—17607b17”' 7bz} (7)

Proof. By Lemma 1(4), a,, = b; — 1, so ag_; = ap,_; = a5, = b; — 1. By the definition of
a1 = mex{a,, b,|0 < w <t —1}, we have

{07 1727 ey, Q1 — 1} g {a17a27 e 7a‘t—27b07617 e 7bt—2}' (8)

(Case i) 1 <t < i+ 1. In this case, t —2 < 7. It follows from Lemma 1(1) that
bi_o < b;. Thus

{07 17 27 Q1 17 at—l} C {CLl, Az, 5 Ap—2, A1, bOa bla T 7b7,} (9)

By Lemma 1(2), a; — a;—1 € {1,2}. If a1 = a; — 1, then Eq. (9) gives Eq. (7); if
a;_1 = a; — 2, then Eq. (9) gives

{07 17 27 e, A1 — 17 ay — 2} g {CLl, A2, ,A—2, A1, bOa bla T 7b7,}
The condition a;_; = a; — 2 implies that a; — 1 € B. We note that a; — 1 < a;;y — 1 =
biv1 — (1 +2) <b+3—(i+2) <b;, thus we have Eq. (7).
(Caseii) i+1 <t < R—i. Inthis case, a1 —1 < ar_;—1=0b;—2 < b; < b;_5. Thus

{07 1a 27 e, Q-1 — ]-7 at—l} g {ala a2, -+ ,0t—92,a¢—1, bOa bla e 7b7,} (]-O)
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If a;_y = a; — 1, then Eq. (10) gives Eq. (7); if a;—1 = a; — 2, then Eq. (10) gives

{07 17 27 e, A1 — 17 ay — 2} g {Cll, g,y Qg—2, Qg—1, bOa bla T 7bz}
The condition a;_1 = a; — 2 means that a; —1 € B. We note that a; — 1 < ar_; — 1 < b;,
thus {07 17 27 e, A1 — 1aa't - 27at - 1} g {&1,@2, crt A2, g1, bOa b17 T abz} |

Theorem 4. By & we denote the set of all P-positions of RMWG. For any
integer R € Z=!' = A|J B, & can be determined by the following two cases:
(1) If R = q; for an integer i € Z=1, then

R—1 i

2 = ((Jllas, b+ (R+ Dm)lm € 22D [ J( b + R+ 1+ (R+ 1)n)n € Z2°}).
(2) If R = b; for an integer ¢ € Z=!, then

2 = (f(as, bs + (R + Dm)|m € 22} U(U{(bt,at +R+1+4 (R+1)n)n € 22%).

Proof. By (%) we denote the remainder of the division of a by b for a > 0, b > 0. Before
we give the proofs of Theorem 4, the following Table 2 lists the first few P-positions,
which shows us how to determine the set & of all P-positions of RMWG game by using
Theorem 4.

Table 2: The first few P-positions of RMWG game.

R &
R=1:a1
(i=1, s=01(0,0) (0,2) |(0,4) |(0,6) |(0,8) |(0,10)|--- | (ao,bo+ (R+1)m)
R—i=0)
t=11((23) |(2,5) [(2,7) |(2,9 [(2,11)](2,13) |- | (by,a1 + (R+1)(n+1))
R=2=b
(i=1, 1 s=01(0,0) (0,3) |(0,6) |(0,9) |(0,12)|(0,15)|--- | (ao,bo+ (R+1)m)
R—i=1)
s=1(1L2) [(L5) |3 |@WID | @Lid) [ (LIn) [ | (an, b + (B + D)m)
t=11(24) |27 [(210)][(213)](2.16)[(2,19) |-~ [(br,a1 + (R+ D) (n + 1))
R:3:a2
(i =2, s=01(0,0) |(0,4) |(0,8) |(0,12)](0,16)|(0,20)|--- | (ao,bo + (R + 1)m)
R—i=1)
s=11(1,2) [(1,6) |(L,10) [ (1,14) [ (L,18) [ (1,22) |- | (a1, b1 + (R + 1)m)
t=11(25) | (29 [(213)][@217)] 220 [(225) ] - |(b1,a1 + (BR+ 1)(n+1))
t= (5,7) 1(5,11) | (5,15) | (5,19) | (5,23) | (5,27) | - -+ | (b2,a2 + (R+ 1)(n+ 1))
R=05= by,
(i =2, : s=01(0,0) |(0,6) |(0,12)(0,18)](0,24) | (0,30) | --- | (a0, bo + (R + 1)m)
R—i=3)
1] (1,2) |(L,8) |(L,14) | (1,20) | (1,26) | (1,32) (a1,b1 + (R + 1)m)
=21(35) |31 ] 3,17)](3,23)[(3,29) | (3,35) (az,b2 + (R+ 1)m)
t=11(27) |(2.13)](2,19)](2,25)] (2,30) | (2,37 (b1, a1 + (R+ D)(n+1))
t=21(59) | (,15)|(5,21) ] (5.27) ] (5,33) [ (5,39) (b2,a2 + (R+ 1)(n + 1))
t=3[(7,10) | (7,16) | (7,22) | (7.28) | (7,34) [ (7,40) (b3,a3 + (R+ 1)(n + 1))
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We will show that & is a stable and absorbent set of the game graph.

Part I: & is a stable set.

(1) For R = a;, there exists a unique integer j € Z=! such that b;_; < a; < b;. By
Lemma 1(3), we have i > jandi+j=a;+1=R+1,ie. R—i=j— 1.

The remaining proof is technical. We will find every P-position of RMWG game, then
we prove that one can not move it to any P-position of RMWG game. We now consider
moves that take from just one heap, we mainly use the fact: let (vy,v9) and (wy,ws) be
two positions of RMWG, if v; # wq, v1 # ws, v9 # wy and vy # wsy, then one can not
move (v1,vz) to (wy, ws) by taking tokens from one heap.

(i) Suppose that 0 < s; < 59 < j — 1, then as, # as,, as, # bs, + (R+1)m, bs, + (R +
1)m # as,, bs, + (R+ 1)m # bs, + (R + 1)n. So one can not move (as,,bs, + (R + 1)m)
to (as,,bs, + (R + 1)n).

Suppose that 0 < s < j—1,1 <t <i. Wehaveas; <a,+R+1+ (R+1)n, soone
can not move (as,bs + (R+ 1)m) to (by,a; + R+ 1+ (R+ 1)n).

(ii) Suppose that 1 < t; < to < 4, we now show that if b,y = a;, + R+ 1+ (R+ 1)n for
somen € Z=° thenn = 0 and ¢; < j—1. The inequality b, < b; = a;+1 < 2a; < 2(R+1)
gives by, = a;, + R+ 1. Suppose t; > j, then

bi=bi— R—1+(R+1)
— i~ 1+R+1=R—j+R+1
= a;+R+1<a, +R+1,

by,

[ IA

yielding a contradiction. Thus we have: If by, = a;, + R+ 1, then ¢; < j—1. Now suppose
by, = ar, + R+ 1 and one can move (b, ar, + R+ 1) to (b, a;, + R+ 1), then

at0+R+1—bt1 = bto—to—atl—tl‘i‘R—'—l
= R+1+R+1—(to+t)
> R+1+R+1—(i+j—1)=R+2

contradicts its bound R(If one can move (by,, ay, + R+ 1) to (b, ar, + R+ 1), then one
must take a;, + R+ 1 — b, (> R+ 2) tokens from the second heap of (by,,ar, + R+ 1),
however, there is an upper bound R when one remove tokens from a single heap, yielding
a contradiction).

We also know by, # by, az, + R+1+ (R+1)n# a;, + R+ 1+ (R+ 1)m, so one can
not move (b, a;, + R+ 1+ (R4 1)n) to (b, ar, + R+ 1+ (R+ 1)m).

Suppose that 0 < s < j— 1,1 <t <4, one can not move (b;,a; + R+ 1+ (R + 1)n)
to (0,(R+ 1)m) for by < a; + R+ 1. We consider 1 < s < j — 1. We know b; # as,
a;+R+1+(R+1)n # as, a;+R+1+(R+1)n # by+(R+1)m. If 1 < s =1t < j—1, suppose
one can move (b, a;+ R+14+ (R+1)n) to (a;,b;), then ay;+ R+1+(R+1)n—a; > R+1,
contradict its bound. If j <t < i, as # bs + (R+ 1)m # by, as # bs + (R + 1)m #
a;+ R+ 1+ (R+1)n, so one can not move (b, a;+ R+ 1+ (R+1)n) to (as, bs+ (R+1)m).
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We now consider moves that take from both heaps. We mainly use the method: Let
(v1,v9) and (wy, wy) are two positions of RMWG game. If one can move (vy, v3) to (wy, ws)
when one take from both heaps, we get v9 — vy=ws — wy. In order to prove that & is a
stable set, we show that ve — vy # we — wy for (vy,vy) € & and (wy,wy) € . It suffices

to show that 7(%5") # r(“41*). In fact,

bs+(R+1)m—as .
p(etBm—e) — 5 0<s<j—1,

p(UHEEE Db — Rt 41,1 <t <
Ifs=R—t+1,wehave s+t=R+ 1, contradicts s+t <j—1+i=R< R+ 1.

(2) R =b;. We note that R —i =b; —i = a; > i for i € Z='. We now consider moves
that take from just one heap.

(1) Suppose that 0 < s1 < sy < 4, then ag, # as,, s, # bs,+(R+1)m, bs, +(R+1)m #
sy, bs, + (R4 1)m # by, + (R + 1)n. So one can not move (a,,,bs, + (R + 1)m) to
(@55, bsy + (R +1)n).

Suppose that 0 < s <4,1 <t < R—i. Wehavea, < a; < b; = R < a4+ R+1+(R+1)n,
so one can not move (ag, bs + (R4 1)m) to (by,a; + R+ 14 (R+ 1)n).

(i) Suppose that 1 < t; <ty < R—1, we now show that if b;) = a;, + R+1+ (R+1)n
for some n € Z2° then n = 0 and ¢; < i. The inequality by, < bp_; = ap_; + R —1i =
ap,—i +R—i=a,+R—i=b—-1+R—1i<2(R+1) gives by, = a;, + R+ 1. Suppose
tiy > 1+ 1, then

by, < bri=ar_;+R—1
= ai—1+R<at1—|—R—1
< ay, + R+1,

yielding a contradiction. Thus we have: If by, = a;, + R+ 1, then t; < 7. Now suppose
by, = ar, + R+ 1 and one can move (b, ar, + R+ 1) to (b, a;, + R+ 1), then

at0+R+1_bt1 = bto—to—atl—t1+R+1
— R+1+R+1—(tg+1t)
> R+1+R+1—(R—i+i)=R+2

contradicts its bound R(If one can move (by,, ay, + R+ 1) to (b, ar, + R+ 1), then one
must take a;, + R+ 1 — b, (> R+ 2) tokens from the second heap of (by,,ar, + R+ 1),
however, there is an upper bound R when one remove tokens from a single heap, yielding
a contradiction).

We also know by, # by, az, + R+1+ (R+1)n # a;, + R+ 1+ (R+ 1)m, so one can
not move (b, a;, + R+ 1+ (R4 1)n) to (b, ar, + R+ 1+ (R+ 1)m).

Suppose that 0 < s < i, 1 <t < R — i, one can not move (b;,a; + R+ 1+ (R+ 1)n)
o (0,(R+ 1)m) for by = a; +t < a; + R+ 1. We consider 1 < s < i. We have
ai <a2<~-~<aR_i:bi—1<R+1, thllS,

at+R+1 Rl .
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Then we know b; # as, a;,+ R+1+(R+1)n # as, a; + R+ 14+ (R+1)n # bs+ (R+1)m.
If 1 < s =1t <4, suppose one can move (b, a; + R+ 1+ (R + 1)n) to (a,b;), then
a+R+1+(R+ 1)n—a > R+ 1, contradict its bound. If i +1 < ¢t < R — 4,
as # bs+ (R+1)m # by, as # bs+ (R+1)m # a, + R+ 1+ (R + 1)n, so one can not
move (b, a; + R+ 1+ (R+ 1)n) to (as,bs + (R+ 1)m).
We now consider moves that take from both heaps. The arguments are similar to that

of (1).

r(ib”(Rgi)lm_aS) =s5,0<s<i,

p(a B Db Rt + 1,1 <t < R—i.
Ifs=R-—t+1, we have s+t =R+ 1, contradicts s+t <i+ R—1=R < R+ 1. Thus
we have proved that vy — v # wy — wy for (v, v3) € & and (wy,ws) € &2, i.e. one can

not move (vy,vy) to (wy, ws) when one take two heaps.

Part II: &7 is an absorbent set of the game graph.

The remaining proof is technical, we mainly use the method: Finding every position
except P-positions of RMWG game, then we prove that one can move it to another
P-position of RMWG game by moving once.

(1) R = a;, then by < a; < b; for i,j € Z='. Suppose that V (X,Y) ¢ 2, we
will prove that one can move (X,Y) to (X', Y') € & by moving once. We only consider
X <Y and proceed by distinguishing three cases (1.1) R =a; =1, (1.2) R =ay = 3 and
(1.3) R=aq; fori > 2:

(1.1) R=a; = 1. In this case, i = j = 1, and & = {(0,2m), (2,3 + 2n)}.

(Subcase 1) X € {0,2}. If X = 0, there exists a unique integer m such that Y = 2m+1.
One can move (X,Y) to (0,2m) € & by taking 1 token from the second heap. If X = 2,
there exists a unique integer n such that ¥ = 3 + 2n 4+ 1. One can move (X,Y) to
(2,34 2n) € & by taking 1 token from the second heap; If X = 2 and Y = 2, then one
can move (X,Y) = (2,2) to (0,0) € & by taking 2 tokens from each heap.

(Subcase 2) X ¢ {0,2}. If X =1 and Y = 2n+1, one can move (X,Y) to (0,2n) € &
by taking 1 tokens from each heap. If X = 1 and Y = 2n + 2, one can move (X,Y) to
(0,2n +2) € & by taking 1 tokens from the first heap.

If X >3and Y = X + 2n, one can move (X,Y) to (0,2n) € & by taking X tokens
from each heap; If X >3 and Y = X + 2n + 1, one can move (X,Y) to (2,3 +2n) € &
by taking X — 2 tokens from each heap.

(1.2) R = ay = 3. In this case, i = j = 2. Thus & = {(0,4m), (1,2 + 4m), (2,5 +
4n), (5,7 + 4n)}. The method of this proof is similar to that of (1.1).

(1.3) R = a; for i@ > 2. In this case, we have ¢ > j > 2. In fact, if i = j then
bi—1 < a; <b; =0b;, thus b — b1 > b; —a;, =1 > 2, ie. b; —b,_y > 3, which contradicts
Lemma 1(2).

We note that

2 = (Ut(awbe+ (R+ Dm)im € 220 (UKo + R+ 1+ (R+ Dl € 22°)).
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By Lemma 1(2), b; — b;_1 € {2,3}, i.e. b —1 € A, thus there exists an integer kg such
that b;_; < ag, = b; — 1 < b;. It follows from ay, > b;—; > b; > a; that kg > j. Let

A = {a0>a1>a2>"' >aj—1}a
A2 = {ajuaj-‘rlv'” 7ako}7
As = {ak0+1, Arg+2, * ** }7

Bl = {b17b27b37”'7bi}7
By = {bit1,biy2,---}.

Thus for any integer X € Z=° we have X € A;|J A2 A3 B1 U B2. We proceed by
discussing two cases X € A;|JB; and X € Ay |J Az Bo.

(1.3.1) X € A;|J B;. We distinguish the following four cases: (i) X =asand 0 < s <
j—1 (i) X =band 1 <t <j—1; (iii) X =b and j <t <i—1; (iv) X = b,

(i) X =asfor0 <s<j—1.

(i) X <Y <bs. Let my=Y — X, wehave 0 <mg=Y — X <bs—as;=5<j—1,
X =as>an, and Y — (X —ap,) =Y — X + ayy = Mg + @y = bi,, thus one can move
(X,Y) to (amg, bim,) € & by taking X — a,,, tokens from each heap.

(1.2) bs+(R+1)m <Y < by+(R+1)m+R+1. We note that 0 < Y —(bs+(R+1)m) <
R+1, so one can move (X,Y) to (as,bs+ (R+1)m) € & by taking Y — (bs + (R+ 1)m
tokens from the second heap.

(i) X =b, for 1 <t<j—1.

(ii.]) X <Y <a;+R+1. Wenotethat 0 < X —a; <Y —a; < s+ R+1—a, = R+1,
so one can move (X,Y) to (b, a;) = (at, by) € & by taking Y — a; tokens from the second
heap.

(ii2) s+ R+1+(R+1)n<Y <a;+R+1+4+(R+1)n+ R+ 1. We note that 0 <
Y —(a;+R+14+(R+1)n) < R+1, so one can move (X,Y) to (b, a;+ R+1+(R+1)n) € &
by taking Y — (a; + R+ 1+ (R + 1)n) tokens from the second heap.

(iii) X = b, for j <t <i— 1. We distinguish the following three subcases:

(iii.l)) X <Y <b+j—1=a;+t+ R—1i Let my =Y — X, we have 0 < my =
Y- X<j—-1,X=b>b_1>a_1>an andY — (X —ayy) =Y — X + ty = by,
so one can move (X,Y) to (amgy, bm,) € & by taking X — a,,, tokens from each heap.

(ii2) ap +t+R—i+1=b+j<Y <a,+R+1.

We now prove that one can move (X,Y) to (X',Y') € & by taking tokens from the
first heap. Let so = (a; +t+ R+ 1) — Y, we have j <t < sy <i and

Y a+t+R—s9+1
T(R+1):r(t R+10 )=a;+t—so<a <a;=R.
It follows from Lemma 2 that r(RLH) e {ai,az, - ,ai_2,a;-1,b0,01,- -+ ,bj_1}.
If there exists s € {0,1,2,---,7 — 1} such that T‘(RL_H) = b, = a; + 1 — sg, then we

have Y =bs+ R+1by b, <bj_1 <bj+j<b;+j<Y <a+R+1<2(R+1). Thus
O<X—&8:bt—(bs—8):bt—bt+$0+$§i+j—1:R<R+]_,

one can move (X,Y) to (as,bs + R+ 1) € & by taking X — a, tokens from the first heap.
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If there exists g € {1,2,---,¢t — 1} such that T(RLH) = a, = a; + 1t — So, then we have

Y=a,+R+1bya, <a, <b+j<Y <a+R+1<2(R+1). Thus
0<X—-by=b—a;—q=b—b+s50—q<sp<i<a =R,

so one can move (X,Y) to (b,,a, + R+ 1) € & by taking X — b, tokens from the first
heap.

({i3) 4+ R+1+(R+1)n<Y <a,+R+1+(R+1)n+ R+ 1. In this case, 0 <
Y —(a;+R+1+4+(R+1)n) < R+1, so one can move (X,Y) to (b, a;+ R+1+(R+1)n) € &
by taking Y — (a; + R+ 1+ (R + 1)n) tokens from the second heap.

(iv) X = b;. We distinguish the following two subcases:

(ivl) X <Y <a+R+1=0b+R+1—1i Let my =Y — X, it follows from
0<Y - X=Y—-b<R+1—i7=j that 0 <mg=Y — X < j—1. We note that
X =b>b;>a;_1 > ap, and Y — (X — ayy) = Mo + @y = by, one can move (X,Y)
t0 (A, by ) € & by taking X — a,,, tokens from each heap.

(iv2) e+ R+1+(R+1n<Y <a;+R+1+(R+1)n+ (R+1). We have 0 <
Y —(a;+R+14+(R+1)n) < R+1, so one can move (X,Y) to (b;, a;+ R+1+(R+1)n) € &
by taking Y — (a; + R+ 1+ (R + 1)n) tokens from the second heap.

(1.3.2) X € A, A3 U Bs.

(i) X € Ay. In this case, X = a; for j —1 < k < ko, and there exists an integer
¢ such that b,y < a, < b,. We can conclude that 1 < ¢ < 4. In fact, if £ > 7 then
be—1 > b; > ay, > ap, which contradicts by_; < ag. For any Y > X = a, (X,Y) ¢ &,
there exists an integer m € Z=% such that a, + (R+1)m <Y <ap+ R+ 1+ (R+ 1)m.
We distinguish the following three subcases:

i) ag+(R+1)m <Y <ar+j—1+(R+1)m. Let mg =Y — (X + (R+1)m), we
have 0 <mg < j—1<k, X =ar > ap, and Y — (X —apy) =mo+ (R+1)m + apy =
b, + (R 4 1)m, thus one can move (X,Y) to (mgy, bm, + (R + 1)m) by taking X — ap,
tokens from each heap.

(i2)ax+R—i+1+(R+1)m=ar+j+(R+1)m <Y <ay+R—{(+1+(R+1)m.

We now prove that one can move (X,Y) to (X',Y') € & by taking tokens from the
first heap. Let p=(axy + R+ 1+ (R+ 1)m) — Y, we have ¢ < p < i and

R+1+(R+1)m—
() = r(etiinoy)
= ak—p<bg—€

= ay<a; =R.

We note that 1 < ¢ < 4 and bj_; < a; < bj, it follows from Lemma 2 that
{07 1727 ce Gy — 1} g {a17a27 e 7af—17b07bl7 e 7bj—1}’ ThU.S,

T‘(RL_H) € {ay, a9, - ,ap—2,ap-1,b0,b1,- -+ ,bj_1}.

If there exists s € {0,1,2,---,j — 1} such that T(RLH) = b, = a;, — p, then we have
Y

ap+j+ (R+1)m
aj1+j—1+(R+1)m
bi1+(R+1)m

bs + (R+ 1)m,

(11)

AV | IRVAR AV,
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and

ar+R—(+14+(R+1)m
by—l+R+1+(R+1)m

aw+R+1+(R+1)m (12)
a;+R+14+(R+1)m

R+1+R+1+(R+1)m.

The Egs. (11) and (12) imply that Y =b,+ R+ 1+ (R + 1)m and

AN VAN I IRVANRVAN

0<X—-a;=X—-(bs—s)=X—-ap+p+s=p+s<i+j—1=R<R+1,

hence one can move (X,Y) to (as,bs + R+ 1+ (R+ 1)m) € & by taking X — a, tokens
from the first heap.

If there exists ¢ € {1,2,---,¢ — 1} such that T‘(RL_H) = a, = a — p, we have

ag <ag<a; <bj=a;+j<ap+j

Thus a; + (R+1)m < ar+j+ (R+1)m <Y and Eq. (12) imply that Y =a,+ R+ 1+
(R + 1)m. We note that

0<X—-b=X—-(a,+q¢)=X—(ar—p+q¢=p—q<p<i<ag=R<R+1,

so one can move (X,Y) to (b, a,+ R+ 14+ (R+1)m) € & by taking X — b, tokens from
the first heap.

(i.3) ag+R—{(+1+(R+1)m <Y < ay+R+1+(R+1)m. Let mg =Y —(X+(R+1)m),
we have R —/+1 < my < R+ 1. We note that

X =ap > by—1 = bpp1—(R+1-(t=1)) = bR+1-mo>

and
Y - (X - bR+1—mo) - (Y - X) + bR+1—mo
= (mo+(R+1)m)+ (R+1—mo~+ agti—m,)
= Qri1-my + R+ 1+ (R+1)m,
so one can move (X,Y) to (bpti—mgs @r+1-me + B+ 1+ (R + 1)m) € & by taking
X — bry1-m, tokens from each heap.
(ii) X € As|J Ba. We can conclude that X > b;. In fact, if X € By then X > b1 > b;;
it X € A; then X > ap 41 > ax, +1 = b;, on the other hand, X € A3 C A, so X # b, i.e.
Suppose that Y > X and let v = r(¥=%) € {0,1,2,--- , R}, i.e. there exists an integer

R+1
nsuch that Y — X = (R+1)n+v. f0<v <j—1, then X > b, >a; >a; > a, and

Y- (X—-a)=Y—-X+a,=b,+(R+1)n,

so one can move (X,Y) to (a,,b, + (R+ 1)n) € & by taking X — a, tokens from each
heap. If j <v < R, then X > b; = bpy1-j; > bry1-, and

Y_(X_bR—i-l—v) = Y_X_'_bR-l-l—v
= v+ (R+1)n+arp—v+R+1—v
= apr1v+R+1+(R+ 1)n,

THE ELECTRONIC JOURNAL OF COMBINATORICS 18 (2011), #P207 12



so one can move (X,Y) to (bri1—v,api1-0v+R+14+(R+1)n) € & by taking X —bri1_,
tokens from each heap.

(2) R=10; fori € Z='. GivenV (X,Y) ¢ &, we will prove that one can move (X,Y)
to (X',Y") € & by moving once. We only consider X <Y and proceed by distinguishing
two cases (2.1) R =b; =2 and (2.2) R =1, for ¢ > 1:

(2.1) R=10; = 2. Inthiscase, R—i =i =1, and & = {(0,3m), (1,2+3m), (2,4+3n)}.

(Subcase 1) X € {0,1,2}. f X =0and Y =3m—+k, k € {1,2}, one can move (X,Y)
to (0,3m) € & by taking k(< R) tokens from the second heap.

If X =1andY = 3m, one can move (X,Y) to (0,3m) € £ by taking 1 token from
the first heap; if X =1 and Y = 3m + 1, one can move (X,Y) to (0,3m) € & by taking
1 token from the each heap.

If X =2 and Y = 3m, one can move (X,Y) to (0,3m) € & by taking 2 tokens from
the first heap. If X = 2 and Y = 3m + 2, then one can move (X,Y) to (0,3m) € &
by taking 2 tokens from each heap; if X = 2 and Y = 3, then one can move (X,Y’) to
(1,2) € & by taking 1 token from each heap.

(Subcase 2) X ¢ {0,1,2}. We have X > 3. If Y = X + 3m, one can move (X,Y)
to (0,3m) € & by taking X tokens from each heap; if Y = X + 3m + 1, one can move
(X,Y) to (1,24 3m) € & by taking X — 1 tokens from each heap; if Y = X + 3m + 2,
one can move (X,Y) to (2,44 3m) € & by taking X — 2 tokens from each heap.

(2.2) R =b; for i > 2. In this case, we have R — 1 =b; —i = a; > 1.

We note that

2 = ((J{(as. by + (R+ 1)m)lm € 22°%) U(U{(btaat +R+1+ (R+1)n)n € 27%).

By Lemma 1(2), bg_; —br_i—1 € {2,3}, i.e. bg_; — 1 € A, thus there exists an integer
ko such that bp_;,_1 < ag, = br—i — 1 < bg_;. It follows from ay, =bp_; —1 > bj1; — 1 =
a1 +1+1—1>a;q that kg > i+ 1. Let

A = {a07a17a27”' 7ai}7
Ay = {az‘+17 Ajt2," " 7ako}7
A3 - {ak()-i-la a’k0+23 T }7

Bl - {blaanb?n”'abR—i}a
By = {br—i+1,bp—iy2, -}

Thus for any integer X € Z2° we have X € A;|J A2 A3 B1 U B2. We proceed by
discussing two cases (2.2.1) X € A;|JB; and (2.2.2) X € Ay|J A3 U Ba:

(2.2.1) X € A;UB;. We distinguish the following four subcases: (i) X = a, and
0<s<g(ii)X=handl <t<q (ili) X=bandi+1 <t< R—i—1; (iv) X = br_;.

(i) X =a, for 0 < s <.

(i) X <Y <bs. Let mp=Y — X, wehave 0 <mg =Y — X < by —a, = s <1,
X =as>am, and Y — (X —ay,) =Y — X + @y = Mo + @y = biy, thus one can move
(X,Y) to (amg, bmy) € & by taking X — a,,, tokens from each heap.

THE ELECTRONIC JOURNAL OF COMBINATORICS 18 (2011), #P207 13



(1.2) bs+(R+1)m <Y < bs+(R+1)m+R+1. We note that 0 < Y —(bs+(R+1)m) <
R+1, so one can move (X,Y) to (as,bs+ (R+1)m) € & by taking Y — (bs + (R+ 1)m
tokens from the second heap.

(i) X = b, for 1 <t <.

(ii.]) X <Y <a;+R+1. Wenotethat 0 < X —a; <Y —a; <, +R+1—a, = R+1,
so one can move (X,Y) to (b, a;) = (a, by) € & by taking Y — a; tokens from the second
heap.

(ii2)ay+R+1+(R+1)n<Y <a,+R+1+4+(R+1)n+ R+ 1. We note that 0 <
Y —(a;+R+14+(R+1)n) < R+1, so one can move (X,Y) to (b, a;+ R+1+(R+1)n) € &
by taking Y — (a; + R+ 1+ (R + 1)n) tokens from the second heap.

(i) X =b, fori+1 <t < R—1— 1. We distinguish the following three subcases:

(iii.])) X <Y <b+i. Letmg=Y — X, wehave 0 <mpg=Y — X <i, X =b >
b > a; > apmy and Y — (X — apy) = Y — X + aypy = biny, S0 one can move (X,Y) to
(g by ) € & by taking X — a,,, tokens from each heap.

(iii.2) by + R+1—(R—i)=b+i+1<Y <a+R+1=b+R+1—t.

We now prove that one can move (X,Y) to (X',Y') € & by taking tokens from the
first heap. Let so = (b; + R+ 1) — Y, we have t < sp < R — i and

Y )—T(bt+R+1_SO
R+1" R+1

r(

):bt—sozat+t—so<at<aR_i:b,-—1<bi:R.

It follows from Lemma 3 that

r(

R"—l) € {071727"' y g — 1} g {a17a27"' 7at—27at—17607b17'” 7b2} (13)

If there exists s € {0,1,2,---,i} such that T(RL_H) = by = b — So, then we have
Y =b+R+1byb, < b <bj+it<b+i<Y<auy+R+1<ar;+R+1=

b —1+R+1<2(R+1). Thus
0<X—as:bt—(bs—8):bt—bt+50+3§R—i+i:R<R+1,

one can move (X,Y) to (as,bs + R+ 1) € & by taking X — as tokens from the first heap.
If there exists ¢ € {1,2,---,t — 1} such that T’(RL_H) = a, = by — S, then we have
Y=a,+R+1bya, <a; <b+i<Y <a,+R+1<2(R+1). Thus

0<X—by=b—ag—q=b—b+s9—q<sy<R—i<R,

so one can move (X,Y) to (by,a, + R+ 1) € & by taking X — b, tokens from the first
heap.

(ii3) 4+ R+1+(R+1)n<Y <a+R+1+ (R+1)n+ R+ 1. In this case, 0 <
Y —(a;+R+1+(R+1)n) < R+1, so one can move (X,Y) to (by, a;+ R+1+(R+1)n) € &
by taking Y — (a; + R+ 1+ (R + 1)n) tokens from the second heap.

(iv) X = br_;. We distinguish the following two subcases:

(ivl) X <Y <ar i+ R+ 1. Let my =Y — X, It follows from 0 < Y — X =
Y —bp;<ari+R+1—(ar_i+R—1i)=1+1that 0 <mg=Y — X <i. We note that
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X =bgpi>b >a; > ap, and Y — (X — apy) = Mo + Ay = by, 0ne can move (X,Y)
t0 (Gmy, bimy) € 2 by taking X — a,,,, tokens from each heap.

(iv2) ap-i + R+ 1+ (R+1)n<Y <ap;+R+1+(R+1)n+ (R+1). We have
0<Y —(ag-i+R+1+4+(R+1)n) < R+1, so one can move (X,Y) to (bg—;,ag—i + R+
1+ (R+1)n) € & by taking Y — (ag—; + R+ 1+ (R+1)n) tokens from the second heap.

(2.2.2) X € Ay |J A3 Bo.

(i) X € Ay. In this case, X = a; for i < k < ko, and there exists an integer ¢
such that by_1 < ap < b;. We can conclude that 1 < ¢ < R — 4. In fact, if £ > R — 1,
iel—1> R —1, then bypy > by —1 > br_; — 1 = ay, > aj, which contradicts with
by < ag. Forany Y > X = ap, (X,Y) ¢ 2, there exists an integer m € Z=% such that
ar+(R+1)m <Y < ap+ R+ 1+ (R+1)m. We distinguish the following three subcases:

(i) ag+ (R+1)m <Y <ar+i+ (R+1)m. Let mo =Y — (X + (R+ 1)m), we have
0<mp<i<k,X=ag>an andY —(X —a,) = mo+(R+1)m+au, = by, +(R+1)m,
thus one can move (X,Y") to (G, bm, + (R + 1)m) by taking X — a,, tokens from each
heap.

(i.2) ax+R+1—(R—i)+(R+1)m = ap+i+1+(R+1)m <Y < a+R+1—(+(R+1)m.

We now prove that one can move (X,Y) to (X',Y") € & by taking tokens from the
first heap. Let p=(ap + R+ 1+ (R+1)m) —Y, we have / < p < R — i and

Y +R+1+(R+1)m—
() = r(ethmn,
= ap—p< by — 14
= ay < ap—;

It follows from Lemma 3 that

r(

R+1) 6{071727"' >a€_1}g{a1>a2>"' aa'é—lab0>bl>"' >b7,} (14)

If there exists s € {0,1,2,---,i} such that T‘(RL_H) = b, = aj, — p, then we have

Y ar+i+1+(R+1)m
a;+i+ (R+1)m
b+ (R+1)m

bs + (R + 1)m,

AVAR VANV

and

ag+R—(+1+(R+1)m
bp—(+R+1+(R+1)m

a+R+1+(R+1)m (16)
ap—i+R+1+(R+1)m

R+14+R+1+(R+1)m.

The Egs. (15) and (16) imply that Y = bs + R+ 1 4+ (R + 1)m. We note that

AN VAN VAN VAN

0<X—-a,=X—(hy—s)=X—ar+p+s=p+s<R—i+i=R<R+1,
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hence one can move (X,Y) to (as,bs + R+ 14+ (R+ 1)m) € & by taking X — a, tokens
from the first heap.

If there exists ¢ € {1,2,---,¢ — 1} such that T’(RL_H) = a, = a, — p, we have

ag < ay<ap_; <bj=a;+1i<ap+1+1.

Thus a; + (R+1)m < ay+i+1+ (R+1)m <Y and Eq. (16) imply that ¥ =
a,+ R+ 14 (R+ 1)m. We note that

0<X—-b=X—-(a,+¢)=X—(ar—p+q=p—q<p<R—i<R<R+1,

so one can move (X,Y) to (by,a,+ R+ 14+ (R+1)m) € & by taking X — b, tokens from
the first heap.

(1.3) ag+R—(+1+(R+1)m <Y < ay+R+14+(R+1)m. Let mg =Y —(X+(R+1)m),
we have R —(+ 1 < mg < R+ 1. We note that

X =ar > b—1 = bry1—(Ry1-(t=1)) = DR41-mo)

and
Y — (X - bR—i—l—mo) = (Y - X) + bR—i—l—mo
= (mo+ (R+1)m)+ (R+1—mo+ art1-m,)
= Qr41-my + R+ 1+ (R+1)m,

so one can move (X,Y) to (bpti1—mgs Qr+1-me + R+ 1+ (R + 1)m) € & by taking
X — bry1-m, tokens from each heap.

(i) X € A3|JBy. We can conclude that X > bg_;. In fact, if X € By then X
br—it1 > br—i; it X € Az then X > ay,+1 > ag, +1 = bg—;, on the other hand, X € A;
A so X #£br_;,ie. X >br_ ;.

Suppose that Y > X, v = r(%) € {0,1,2,---, R}, i.e. there exists an integer n
such that Y — X = (R+ 1)n+wv. If 0 <wv <4, then X > br_; > ag_; > a; > a, and

Y- (X—-a)=Y—-X+a,=b,+(R+ 1)n,

>
C

so one can move (X,Y) to (a,,b, + (R+ 1)n) € & by taking X — a, tokens from each
heap. If 1 +1 <wv < R, then X > br_; > bgy1_, and

Y_(X_bR—i-l—v) = Y_X+bR+l—v
= v+ (R+1)n+arp—v+R+1—v
= apt1v +R+1+(R+1)n,

so one can move (X,Y) to (bgi1—v,api1-0v+R+14+(R+1)n) € & by taking X —bri1_,
tokens from each heap. W
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