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Abstract

We determine the asymptotic behaviour of the number of Eulerian circuits in
undirected simple graphs with large algebraic connectivity (the second-smallest
eigenvalue of the Laplacian matrix). We also prove some new properties of the
Laplacian matrix.

1 Introduction

Let G be a simple connected graph all of whose vertices have even degree. A Fulerian
circuit in G is a closed walk (see, for example, [2]) which uses every edge of G exactly
once. We let Eul(G) denote the number of these up to cyclic equivalence. Our purpose
in this paper is to estimate Ful(G) for those G having large algebraic connectivity.

Our method is to adopt the proof given in [6] for the case G = K,. We refer to
that paper for the interesting history of this problem, and suggest that readers who want
to understand our proofs carefully may find it helpful to have a copy at hand. Since
the publication of [6], the work [3] has appeared showing that counting the number of
Eulerian circuits in an undirected graph is complete for the class #P. Thus this problem
is difficult in terms of complexity theory.

Here is an outline of the paper. The asymptotic formula for Ful(K,) and our main
result are presented and discussed in Section 2. In Section 3 we prove some basic properties
of the Laplacian matrix, which may be of independent interest. In Section 4 we express
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Eul(G) in terms of an n-dimensional integral using Cauchys formula. The value of the
integral is estimated in Sections 5 and 6, using some Lemmas proved in Section 8. We
prove the main result in Section 7.

2 Asymptotic estimates of the number of Eulerian
circuits

In what follows we suppose that undirected graph G has no loops and multiple edges, i.e.
G is a simple graph. (2.1)

We also assume that
all vertices of G have even degrees. (2.2)
Define the n x n matrix ) by

-1, (vj,u) € EG,

ij - dj ] — k’, y (23)
0, otherwise

where n = |V G| and d; is the degree of the vertex v; € VG. The matrix Q = Q(G)
is called the Laplacian matrix of the graph G. The eigenvalues A\g < A\ < ... < A\,
of the matrix ) are always non-negative real numbers and Ay = 0. The eigenvalue \; is
called the algebraic connectivity of the graph GG. (For more information about the spectral
properties of the Laplace matrix see, for example, [4] and [7].)

According to the Kirchhoff’s Matrix-Tree-Theorem, see [5], we have that

1
t(G) - g)\l)\g e )\n—lu (24)

where t(G) denotes the number of spanning trees of the graph G.
Let p > 1 be a real number and ¥ € R”. We use notation

n 1/p
1z, = (Zml”) : (2.5)

For p = oo we have the maximum norm

= max |z;|. (2.6)
J

The matrix norm corresponding to the p-norm for vectors is

1AZ]],,
[A]l, = sup (2.7)

20 7,
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We denote by ||A||,¢ the HilbertSchmidt norm of the matrix A.

IAllgs = ([ DD 1Al (2.8)

j=1 k=1
If f is bounded both above and below by ¢g asymptotically, we use the notation

f(n) = @k17k2 (g(n)) ) (29)

which implies as n — oo, eventually

klg(n)] < [f(n)] < kalg(n)]- (2.10)

When functions f and g depend not only on n, but also on other parameters E, we use
notation (2.9) meaning that condition (2.10) holds uniformly for all possible values of &.
The main result of the present work is the following theorem.

Theorem 2.1. Let matriz (Q be the Laplacian matrix of graph G with n vertices. Let
conditions (2.1), (2.2) hold and the algebraic connectivity Ay > on for some o > 0. Then

as n — oo
EUZ(G) _ @k1,k2 <2E_7l21ﬂ__7l21 /t(G) H (% — 1)') , (211)
j=1

where E = |EG|, d; is the degree of the vertex vj, t(G) denotes the number of spanning
trees of the graph G and constants ky, ks > 0 depend only on o.

Remark 2.1. We can replace condition A\; > on for some o > 0 in Theorem 2.1 by the
condition that for some o > 1/2 the degree of each vertex of G at least on.
For the complete graph K, one can show that \; = n and t(K,) = n""2

Theorem 2.2. (variation of Theorem 4 of [6]) As n — oo with n odd

Bul(K,) = 2“5 7~ n"s ((” . L 1) !) (1 + O(n-1/2+€)) (2.12)

for any € > 0.

In fact, Theorem 2.2 is stronger than Theorem 2.1 in the case of G = K,,. However,
the asymptotic estimate of Theorem 2.1 holds for considerably broader class of graphs.
3 Some basic properties of the Laplacian matrix

Consider the graph G such that conditions (2.1), (2.2) hold. The Laplacian matrix @ has
the eigenvector [1,1,...,1]7, corresponding to the eigenvalue \g = 0. We use notation
Q = Q + J, where J denotes the matrix with every entry 1. Note that () and ) have the
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same set of eigenvectors and eigenvalues, except for the eigenvalue corresponding to the
eigenvector [1,1,...,1]T, which equals 0 for Q and n for Q.
Since the spectral norm is bounded above by any matrix norm we get that

A1 = 1Ql12 < 1QI]2 < [1Q11 = max Y | Q| = n. (3.1)
-
We denote by G, the graph which arises from G by removing vertices vy, vs, ..., v,

and all adjacent edges.

Lemma 3.1. Let condition (2.1) holds for graph G with n vertices. Then

n
< in d;
M@ < " mind,, (32
M(G) > 2mind; —n + 2, (3.3)
J
M(Gr) > M(G) =, (3.4)

where M\ (G) is the algebraic connectivity of G and d; is the degree of the vertez v; € VG.
The proof of Lemma 3.1 can be found in [4].

Lemma 3.2. Let condition (2.1) hold and the algebraic connectivity A\ > on for some
o > 0. Then there is a constant co, > 0 depending only on o such that

A A Coo
17 = 110 e < == (5

Proof of Lemma 3.2. We consider & € R" such that ||Z]|. = 1. For simplicity, we assume
that |z1] = 1. We denote by .J, the set of the indices j such that |z;| > /8.
In the case of |J,| > on/4 we have that

. [o?
[|Z]]2 > 6—4071/4. (3.6)

Since the algebraic connectivity A; > on, we get that

. AL . . o3n
\V llQT5, > [|QT]|2 > Mi|Z]|2 > onl|Z][2 > on 556 (3.7)

In the case of |J,| < on/4 we have that
1Q |00 > (di + D|z1| = Y ||
=2

>di+ 1= fagl = > |l (38)

Jj€Js Ji¢Jo
>di+1—on/4—no/8.
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Using again A\; > on and (3.2) we get that

n—1

dy > mind; > on > on/2. (3.9)
J

Combining (3.7), (3.8) and (3.9) we obtain that
1QF o0 = e nl|7]|oc, (3.10)
for some constant c¢,, > 0 depending only on o. ]

The following lemmas will be applied to estimate the determinant of a matrix close to
the identity matrix 1.

Lemma 3.3. Let X be an n x n matriz such that || X||, < 1. Then for fived m > 2

det(I + X) = exp (WLX_: <_1r)r+1 tr(X") + Em(X)) , (3.11)

r=1

where tr is the trace function and

X"

n
|En(X)| € — o
m 1 — X,

(3.12)

Lemma 3.3 was also formulated and proved in [6].

Lemma 3.4. Let the assumptions of Lemma 3.3 hold and all eigenvalues of X are non-
negative real numbers. Then

det(I — X) > exp (-%) | (3.13)

Proof of Lemma 3.4. Using Lemma 3.3 we get that

(_1)r+1

det(I — X) = exp (i - (-1)%(){")) (3.14)

Since all eigenvalues of X are non-negative real numbers
0<tr(X") <tr(X) || X5, (3.15)

Hence

det(l — X) > exp (— Z tT(TX) ||X||;_1> > exp (—%) : (3.16)

r=1
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Lemma 3.5. Let the assumptions of Lemma 3.2 hold. Then there is a constant ¢; > 0
depending only on o such that

det Q

n

| det M11| < C1 (317)

where My, denotes the (n—1) x (n—1) matriz that results from deleting the first row and
the first column of Q = Q + J.

Proof of Lemma 3.5. Since the algebraic connectivity A\; > on, using (3.2), we get the
following estimate for the degree dj of the vertex v, € VG.

1
dy > mind; > ——on > on/2. (3.18)
J

Consider the n x n matrix X such that

P { ﬁ—tl’ :)fﬂ(lzlr;:ljs)eg EG, (vi,v) ¢ EG and j,k # 1, (3.19)
After performing one step of the Gaussian elimination for Q + X, we obtain that
det(Q 4+ X) = (dy + 1) det My, (3.20)
Since the spectral norm is bounded above by any matrix norm, we get that
IXI < lIXJh < s < 2. (3:21)
di+1" o
Since \; > on, taking into account (3.1), we obtain that
1XQ e < IXIRIQ e < - < - (322)

Combining Lemma 3.3 with (3.22), we get that as n — oo

A-1) _ A1 A1 2 —1
det <I+XQ ) = exp <tr <XQ ) + FE, (XQ )) < exp <n0_2n +0(n) ). (3.23)
From (3.20) and (3.23) we have that as n — oo
(dy + 1) det My, = det (I + XQ_1> det Q < det Q exp (2/6®+0(n™). (3.24)

Since @ is positive definite, using (3.18) in (3.24), we obtain (3.17). n
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Lemma 3.6. Let the assumptions of Lemma 3.2 hold. Let G, be the graph which arises
from G by removing vertices vy, va, . .., v, and all adjacent edges. Then there is a constant
¢y > 0 depending only on o such that for any ¢ € (0,1) and r < n®

det Q(G)

(con)”

det Q(G,) > (3.25)

Proof of Lemma 3.6. We give first a proof for the case of r = 1. For our purpose it is
convenient to use notations Q = Q(G) and Q1 = Q(G,). Note that the matrix My, that
results from deleting the first row and the first column of Q) coincides with the matrix Qy
with the exception of the diagonal elements. In a similar way as (3.20) we get that

det(Q + Q + X) = (dy + 1) det Qy, (3.26)
where X is such that

oo { re o) £ 5G. () ¢ BG and k1
e

0, otherwise. (3.27)

and €2 is such diagonal matrix that

1 it (v, ) € EG,
Q5 = { 0, otherwise. (3.28)

Taking into account (3.21), we have that

2 3
12+ Xl < 102+ 1XJ <14 2 < 2. (3.29)
In a similar way as (3.22) we get that
1@+ X))@l < 19+ XIBIQ < - < (330)
- ~ o\ T o?n
Combining Lemma 3.3 with (3.30), we get that as n — oo
det (l +(Q+ X)Q—1> = exp (tr ((Q + X)Q‘l) + E, <(Q + X)Q—l))

(3.31)

> exp (—ngTsn + O(n_l)) :
From (3.26) and (3.31) we have that as n — oo
(dy + 1) det Qy = det (I +(Q+ X)Q—l) det Q@ > det Qexp (—3/a2+0(n™Y)). (3.32)
Since d; +1 < n we get (3.25) for the case of r = 1.
Taking into account (3.4) and using r times (3.32) we get (3.25) for the general case.
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According to (2.4), we have that

1 det §
HE) = A hor = . (3.33)

where t(G) denotes the number of spanning trees of the graph G.

Lemma 3.7. Let the assumptions of Lemma 3.2 hold. Then for some c3 > 0 depending

only on o the number of spanning trees of the graph G with mazimum degree greater than
d is less then ¢§ det Q/d! for all d > 0.

Proof of Lemma 8.7. According to Lemma 5 of [6] the number of labelled trees on n

vertices with first vertex having degree greater than d is less than 2n"~2/d! for all d > 0.
We have that R
detQ > A} > (on)". (3.34)

To complete proof it remains to note that the number of spanning trees with maximum
degree greater than d in G does not exceed the number of such spanning trees in the
complete graph with n vertices. ]

Consider a spanning tree T' of the graph G. We denote by G the graph which arises
from G by removing all edges of the tree T

Lemma 3.8. Let the assumptions of Lemma 3.2 hold. Let T be the spanning tree of G
with the mazimum degree at most on/4. Then the algebraic connectivity A\ (Gr) > on/2
and

det Q(Gr) > ¢4 det Q(G) (3.35)
for some ¢y > 0 depending only on o.

Proof of Lemma 3.8. Note that

N A

Q(Gr) = Q(G) — Q). (3.36)

Since the spectral norm is bounded above by any matrix norm and the maximum degree
of vertex of T at most on/4 we get that

QD)2 < QD) < on/2. (3.37)

Therefore, since the algebraic connectivity A\;(G) > on, we have that
M(Gr) 2 M(G) = [IQ(T)]|l2 = on/2 (3.38)

and
det Q(Gr) = det Q(G) det(I — X), (3.39)

where X = Q(T)Q(G)!. Note that Q(G) is the matrix of positive definite quadratic form
and Q(T) is the matrix of quadratic form with non-negative eigenvalues. Considering the
basis in which both matrices are diagonal, we have that

tr(QT)Q(G)™) < tr(QM))IQ(G) |5 (3.40)
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and

all eigenvalues of Q(T)Q(G)™" are non-negative. (3.41)
Using again the fact that the algebraic connectivity \;(G) > on and (3.37) we get that
. 1 1
X|» < |lQ(T < 20— =2 42
11l < QUG e < T2 = 2 (3.42)
Since T is the spanning tree tr(Q(T)) = 2(n — 1). Using (3.40), we get that
. 1 2
r(X) < tr(@E)IIQE) Ml < 20 = 2. (3.43)

To complete the proof it remains to combine Lemma 3.4 with (3.39), (3.42) and (3.43). m

Lemma 3.9. Let a > 0 and the assumptions of Lemma 3.2 hold. Then for any set
A C VG such, that |A| > an, there is a function h : VG — Ny, having following
properties:

h(v) =0, ifve A, h(v) < H, foranyv € VG, (3.44)

{w e VG | (w,v) € EG and h(w) < h(v)} | > an, ifv ¢ A, (3.45)
where constants H,a > 0 depend only on a and o.

Proof of Lemma 3.9. At first, we construct the set Ay = {v € VG | h(v) =1}, having
property (3.45).

If |[A| > n—on/4, then let A1 = {v € VG | v ¢ A}. Taking into account (3.18), we
get that property (3.45) hold for @ = ¢/4. In this case H = 1.

For |A| <n — on/4 define ¥ € R" such that

1—]A|/n, v;eA
x; = ’ 3.46
S R (340
Since r1 + a2+ ... +x, =0
ST = _ T Az =112 n — |A] ’ 2 ao’n’?
Y =1 Q¥ > M||Z]]5 > M|A] >onan(o/4)" = 16 (3.47)
On the other hand,
FQi= ) (x—w) (3.48)
(vj,vp)EEG
which is equal to the number of edges (v, w) € EG, where v € A,w ¢ A. We denote A;
the set of vertices w ¢ A, having at least an adjacent vertices in A, where o = 3—12a03.
7' QF < n|Ai| + an|VG]. (3.49)

Combining (3.47) and (3.49), we get that |A;| > an.

We make further construction of the function h inductively, using for the k-th step
the set A®) = AU A, U...U A. The number of steps does not exceed 1/a as |A;| > an
for each step, perhaps with the exception of the last one. [ |
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4 The result expressed as an integral

The reasoning below is similar to the arguments of Section 2 of [6]

An Eulerian orientation of G is an orientation of its edges with the property that
for every vertex both the in-degree and the out-degree are equal. Any Eulerian circuit
induces an Eulerian orientation by orienting each edge in accordance with its direction of
traversal.

A directed tree with root v is a connected directed graph T such that v € VT has out-
degree zero, and each other vertex has out-degree one. Thus, 7" is a tree which has each
edge oriented towards v.

Let D be a directed graph with n vertices, and let v € V. D. A directed spanning tree
of D with root v is a spanning subgraph of D which is a directed tree with root v.

The following famous theorem, sometimes called the BEST Theorem, is due to de
Bruijn, van Aardenne-Ehrenfest, Smith, and Tutte [1,8].

Theorem 4.1. Let D be a directed graph with vertices vy, v, ..., v,. Suppose that there
are numbers dy,ds, ..., d, such that, for every vertex v,, both the in-degree and the out-
degree of v, are equal to d,.. Let t. =t.(D) be the number of directed spanning trees of D
rooted at v,. Then t, is independent of r, and

Eul(D) =t,

J

(d; — 1)L (4.1)

=1

Consider the undirected graph G with n vertices such that conditions (2.1), (2.2) hold.
Note that for every spanning tree T' of the graph G and any vertex v, € VG there is only
one orientation of the edges of T" such that we obtain a directed tree with root v,. We
denote by 7, the set of directed trees with root v, obtained in such a way. For 7" € |J 7,

r=1

denote by EO(T) the number of Eulerian orientations of GG that the corresponding graphs
contain 7.

From Theorem 4.1 in the case of a graph D corresponding to Eulerian orientation of
the graph G we find that

Eul(D) =t,(D)[| <% - 1) ) (4.2)

i=1

where d; is the degree of the vertex v; € VG. Let denote by £O the set of all graphs cor-
responding to Eulerian orientations of the graph G. Grouping Eulerian circuits according
to the induced orientations, we obtain that

Eul(G)= 3 Bul(D) =[] (% - 1)! S 4(D) (4.3)

De&O Jj=1 Dego

for any fixed natural number r < n.
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Regrouping the terms of the final summation according to the directed subtrees rooted

at v,, we find that
— _J |
Eul(G) = jl |1 (2 1). E EO(T). (4.4)

TeT,
For n > 1 and R > 0 we use notation U,(R) = {(z1,xs,...,x,) | |x;] < R for all i}.
The value of EO(T) is the constant term in

-1

H (z; 7 o + 2 ay) H = Tk T — (4.5)

1 1
T, X+ T X
(Ujvvk)EEG (’Uj,l}k)EET J k k j)

which we can extract via Cauchys Theorem using the unit circle as a contour for each
variable. Making the substitution z; = €% for each j, we find that

Eul(G) =

d] |2\EG| n+1 —nS (46)

J 1

where

S = / H cos Ay, Z H (1+itanAjy) de, (4.7)

Un(7/2) (vj,vr)EEG T€Tr (vjv,)EET

having put Aj; = 6; — 0, and using the fact that the integrand is unchanged by the
substitutions 6; — 6; + 7 if condition (2.2) holds.

We approach the integral by first estimating it in the region that would turn out to
be the asymptotically significant one. Then we bound the integral over the remaining
regions and show that it is vanishingly small in comparison with the significant part.

5 The dominant part of the integral

In what follows, we fix some small constant € > 0. Define

0+...+0,

Vo ={0€U,(r/2): |0; — 0] (modm) < n~/?*¢ where § =
n

Lo (B
and let Sy denote the contribution to S of e Vh. Since the integrand is invariant under

uniform translation of all the 6;’s mod , we can fix § = 0 and multiply it by the ratio of
its range 7 to the length n~'/? of the vector 1[1,1,...,1]". Thus we have that

Sy = mn!/? H cos Ajj Z H (1+itanAjy) dL, (5.2)
LAVo (vj,vr)EEG T€Tr (vjv,)EET
where L denotes the orthogonal complement to the vector [1,1,...,1]T.

The sum over 7, in the integrand of (5.2) can be expressed as a determinant, according
to the following theorem of [9].
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Theorem 5.1. Let w;, (1 < j,k <n, j# k) be arbitrary. Define the n x n matriz A by

A‘ - w]k7 Zf.] % kv
ik Zr;ﬁj Wip, ka :j ’

the sum being over 1 < r < mn with r # j. For any r with 1 <r < mn, let M, denote the
principal minor of A formed by removing row r and column r. Then

det M, => [ w, (5.4)

where the sum is over all directed trees T with VT = {vy, v, ..., v,} and root v,.

(5.3)

Lemma 5.1. Let the assumptions of Theorem 2.1 hold. Let Q = Q+ J, where J denotes
the matrixz with every entry 1. Then for 0 € Vi as n — oo

n 0T Qa+tr(AQ—1)2
S5 I it - (1 0w, (6

n
r=1 T€Tr (vj,vg)EET

where & denotes the vector composed of the diagonal elements of the matrix Q‘l, A denotes
the diagonal matriz whose diagonal elements are equal to the components of the vector Q8.

Proof of Lemma 5.1. Define the n x n matrix B by

—tan Ay, for (vj,vy) € EG,
o > tan A, for k = j,
Bjk - l:(vj,0)EEG ’ (56)
0 otherwise .

Using Theorem 5.1 with the matrix A = @) + ¢B, we get that
S5 J] (+itanag) =S, (5.7
r=1 T€T (vj,vg)EET r=1

where M, denotes the principal minor of A formed by removing row r and column r. Since
the vector [1,1,...,1]T is the common eigenvector of the matrices Q and B, corresponding
to the eigenvalue 0, we find that

ZM det( Q + zB) (5.8)

Note that for 8 € Vo B _
Aji = (0; = 0) — (6 — 0) < 2n7 /¥, (5.9)

Since the spectral norm is bounded above by any matrix norm we get that

[1B]l2 < ||Bl]x —maXZIBJkI = O(n'**). (5.10)

k=1
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Let ® = BQ‘l. Since the algebraic connectivity A; > on, we get that
. 1 o
1]l < [IB]l21lQ7]2 < A—lHBllz = O(n~'?%). (5.11)

Using Lemma (3.3) with the matrix ¢®, we find that as n — oo

o , tr(®?) —1/2+3¢
det(I +i®) = exp | tr(i®) + 5 +O(n ). (5.12)
Let
B = Bskew + Bdiagu (513>

where Bgpe, is the skew-symmetric matrix and By, is the diagonal matrix. Since @ is
the symmetric matrix

tr(Bgrew @) = 0. (5.14)
Using (5.9), note that as n — oo

|| Baiag — All2 = O(n=1/27%), (5.15)

where A denotes the diagonal matrix whose diagonal elements are equal to the components
of the vector Q8. Since the algebraic connectivity A\; > on, we get that as n — oo

tr (Baiag = M)Q7)| < llBaiag = AlIQ 712 = O™ 25%). (5.16)
Using (5.14) and (5.16), we obtain that as n — oo
tr(®) = tr(BaiagQ ") = tr(AQ™Y) + O(n~/2+3) = §TQa + O(n~1/2+%), (5.17)

where @ denotes the vector composed of the diagonal elements of the matrix Q‘l.
Using the property of the trace function tr(XY') = tr(Y X), we have that

tr (9?) = tr ((Bsker‘l)Q) +tr ((Bd,-agc}—l)2> +2tr (Bsker—lemgQ—l) . (5.18)
Since Bipew is the skew-symmetric matrix and @_1Bdmg@_1 is the symmetric matrix
tr (Bsker—lemg@*) —0. (5.19)
One can show that

tr (X7) < [|1X|ls.

5.20
XY |lrs < [1XLasl[¥ - (5.20)

Therefore we get that

S ||Bskew@_1||§{5" (521>

tr ((BaewQ™")?)
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Since the algebraic connectivity A\; > on, using (5.9), we obtain that as n — oo
1Buken@ s < 1107 ol Butenl s < -1 Buellins = O™ 29). (5.2
Using (5.9) and (5.15), we get that
tr (Buiog = Q' BuagQ ™) | < n%%H(Bdmg = 8|kl Baiagllz = O~ )  (5.23)

and

i1 ((Buias — M@ Baag — Q)| < gyl (Buiog — AF = 0(n727%). (5.29)
1
Thus
tr <(BdmgQ_1)2> — tr ((AQ—1)2) +O(n~1r), (5.25)
Combining (5.18), (5.19), (5.21), (5.22) and (5.25), we obtain that

tr (%) = tr ((A@—1)2) + O(n~ 1+, (5.26)
Using (5.17) and (5.26) in (5.12), we get that

tr ((AQ™)?)

det(I +i®) = exp | i67Qa + 5

+O(n~V#3e) | . (5.27)

Combining (5.7), (5.8) and (5.27), we obtain (5.5). [

—

We denote by P(6) the orthogonal projection onto the space L.

Lemma 5.2. Let the assumptions of Theorem 2.1 hold. Let Q = Q + J, where J denotes
the matriz with every entry 1. For positive constants a,b, c,dy, ds let sequence of vectors

—

{d,} and sequence of differentiable functions {R,(0)} be such that

@]l < ¢/m, (5.28)
R 07 Q6
|Ra(0)] < da f : (5.29)
R, (6) = R.(P(6)) (5.30)
and for § € U, (4n=1/2+)
aR”E ) < dyn~ Ve, (5.31)
o6 || _
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Forn > 2 define

J, = /exp i0"Qan, —a > AR —b > AL +R,(0)|dL. (5.32)

LAV (vj,vk)EEG (vjvp)EEG

I = Ok, ks (7rn21a_n2lnl/2/\/ det Q) , (5.33)

where constants ki, ko > 0 depend only on a, b, ¢, dy, dy and o.

Then as n — 0o

Lemma 5.2 is proved in Section 8.

Lemma 5.3. Let the assumptions of Theorem 2.1 hold. Then as n — oo

SO = ®k1,k2 (2717177'”7“72,_1 \/ det Q) y (534)

where constants ki, ks > 0 depend only on o.

Proof of Lemma 5.3. Using formula (5.2) with » = 1,2...,n and summing, we obtain
that

nSy = zn:ﬂnl/z / H cos Ay, Z H (1+itanAj;) dL
r=1

LAVe (vj,vx)EEG TeT; (vj,v,)EET (5 35)
= nt/? / H cos Ajj Z Z H (1+itanAj) dL.
LAV, (Vive)EEG r=1 T€T, (vjv,)EET

By Taylor’s theorem we have that for e Vo
H cos Aj = exp 1 Z A%, _ 1 Z Al +0m™*%) . (5.36)
! 2 12
(vj,vp)EEG (vj,vk)EEG (vj,vk)EEG
Combining (5.35) with (5.36) and Lemma 5.1, we obtain that as n — oo
y 1 1 -
AT A~ 2
So~vm— [ exp (i07Qd — 3 > A - - > AL+ R(0) | dL, (5.37)
LNV, (vjvr)EEG (v;,vk)EEG

where @ denotes the vector composed of the diagonal elements of the matrix Q‘l and

— A

R(0) = tr(AQ™)?, (5.38)
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where A is the diagonal matrix whose diagonal elements are equal to the components
of the vector Q. Since vector [1,1...,1]7 is the eigenvector of @, corresponding to
eigenvalue 0, we have that

Qf = QP(6). (5.39)

Thus .
R(0) = R(P(6)). (5.40)

Note that Lemma 3.5 implies as n — oo
@] < c1/m, (5.41)

where ¢; = ¢1(0) > 0. Since the algebraic connectivity A; > on, using (5.20), we get that

[RE)] < 1AQ " |[Frs < [IAII7s1Q7I13

— QAR QB < 1IQIE 101 14112 (5.4)
1~ 107Q0 16700

<N 0P <Pl < — .

>~ n—l)\%H ||2—n >\% >\1 — 0_3 n

Note that for 8 € Un(gn_l/zﬁ) and for some 1 < k<n
1Al <D Al = O (n'/?). (5.43)
=1

For 1 < k < n we denote by (Q'); the k-th column of the matrix Q~'. Using again
A1 > on, we get that

1= ||Q(Q_1)k||2 > )\1||(Q_1)k||2 > 0n||(@‘1)k||2, (5.44)
Note that
gTR = 2t7’(§7AQ_1AQ—1) = Qdk(Q—lAQ—l)kk + 2tT(1~\Q_1AQ_1), (545)
k k

where (QAQ 1) denotes (k, k)-th element of the matrix Q~*AQ~! and the matrix A
is such that for any 1 < j < n the diagonal element |Aj;| < 1 . Since the algebraic
connectivity Ay > on, using (5.43) (5.44), we get that as n — oo

< A A < oA A ~ 1
tr(AQTAQTH < n[IAQTTAQT > < nIA]ls [[All2 35 = O(n~1?%) (5.46)
1
and R R R
2di(Q 7 AQ ik = 2di Ak (Q7 VKI5 = O(n™1/2%). (5.47)
Thus for some d > 0, depending only on o
‘ 8}2‘;9) < dn Ve (5.48)

Combining (5.37), (5.40), (5.41), (5.42), (5.48) and using Lemma 5.2 we obtain (5.34). m
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6 The insignificant parts of the integral

In this section we prove that Sy contributes almost all of S, even though it involves only
a tiny part of the region of integration, compare with Section 4 of [6]. We continue to use
the same value of € as in the previous section.

Let assumptions of Theorem 2.1 hold. Define E'T' = {(v;, vy,), (v, v;) | (vj,vx) € ET}.
We express the integrand of (4.7) as

F@O) =Y T[ f(T.0), (6.1)

TeT, jkeEG
where
. cos Aji(1+itanAyg), (vj,vx) € ET,
fin(T,0) =< cosAjp(1 —itanAjy), (vg,v;) € ET, (6.2)
cos Ay, otherwise.

—

Note that | f;x(T,0)] <1 for all values of the parameters. One can show that

1 9
| cos(z)| < exp(—=a?) for |z| < —. (6.3)

2 16
Divide the interval [—%71‘, %W] mod 7 into 32 equal intervals Hy, ..., H3; such that
Hy = [—6—147r, 6—147T]. For each j, define the region W; C U, (7/2) as the set of points having

at least z5n coordinates in H;. Clearly, the W;’s cover U,(w/2) and also each W; can
be mapped to W, by a uniform translation of the 6; mod 7. This mapping preserves the
integrand of (4.7) and also maps Vj to itself, so we have that

|F(6)|d6 < 327, (6.4)

Un(7/2)—Vo

where
7 = / |F(6)]d6. (6.5)
Wo—Vo

We proceed by defining integrals S7, ..., 5 in such a way that Z is obviously bounded
by their sum. We then show that S; = o(Sy) for j = 1,2, 3,4 separately. Write

— — —

F(e) :Fa( )+Fb(9)> (66)

where F,(0) and Fy(0) are defined by restricting the sum to trees with maximum degree

greater than on/4 and no more than on/4, respectively. Also define regions V; and V; as
follows.

Vi={deW,] |6;| > —m for fewer than n® values of j},

32 (6.7)

Vo={0eVi |10 > 6" for at least one value of j}.
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Then our four integrals can be defined as

(6.8)

S = / \F(6)|dd

i—Va—VWy

We begin with Si. Let h be the function from Lemma 3.9 for the set A = {v; | |§;| <
6i47r}. We denote [,,,;,, such natural number that inequality

6,1 > o1+ 1/H) (6.9)

holds for at least n°/H indices of the set {j | h(v;) = }. Existence of l,,;, follows from
the definition of the region V;. If ; and 0 are such that

1 1
160;] > @ﬂ'(l + lnin/H) and |0| < 6_47T(1 + (lyin — 1)/ H) (6.10)
or vice versa, but (v;,v;) ¢ E'T, we have that |f;x(T, 6| < cos(g;m/H). This includes at

least (an —n®)% — n edges (v, v,) € EG. Using (3.1) and (3.33), we get that as n — oo

S < t(G)m" (cos MLH)(M S = O(exp(—cn1+5)>2n7717rn;1n_1\/ detQ  (6.11)

for some constant ¢ > 0 depending only on o.
To bound S5, we first note from Lemma 3.7 that the number of trees with maximum
de- gree greater than on/4 is less than ¢ det ()/(on/4)!. Using (6.3), we see that

(T, 0)] < exp(~3A%) (612

except for at most n* pairs (j, k) with |Aj| > =7 and fewer than n pairs in E'T. In
those excluded cases the value exp(— A?k) may be high by a factor exp(2 72). Hence, we
have that

@ det Q 1 _ 1
5= Loy ™ (72(7”"2 )) / Pl 2. A (6.13)
Un(r/2) (vj,vr)EEG
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Lemma 6.1. Let the assumptions of Lemma 3.2 hold. Then

1 - 272 2
/exp —= Z A% d@gﬂ. (6.14)

9 j A
Un(7/2) (vj k) EEG \/det @

Lemma 6.1 is proved in Section 8. Combining (6.13) and (6.14), we obtain that as n — oo

So =0(n™") 2" "2 ny/det Q (6.15)

for some constant ¢ > 0 depending only on o.
We denote by G the graph which arises from G by removing all edges of the tree
T. Let G 57 be the graph resulting from from G7 by removing vertices, corresponding to

those values of j for which |6;| > &

For 1 < r < nf let S3(r) denote the contribution to S3 of those 6 € V;, such that
|0;] > =7 for exactly r values of j. If |0;| < 557 and [0 > &7 or vice versa, we have
that

| fir(T, )] < cos (;2 ) (6.16)

unless (vj,vy,) € E'T. This includes at least r(on/2 —on/4 —n®) pairs (j, k), because the
degree of any vertex of the graph G is at least on/2, see (3.2). For pairs (j, k) such that
10;1,10k| < 7, but (v;,v) ¢ E'T, we use (6.12). We put ¢’ = (6y,...,0,-,). Then,

Ss(r) <" ((:ors—)r((m/4 " ZZ / exp —% Z Az, dg',  (6.17)

Unir(ﬂ/g) (Uj,Uk)GEGT s

where the first sum is over choices of those values of j for which |6;] > ;-7 and the second
sum is over trees with maximum degree on/4. Using Lemma 3.8 and then Lemma 3.1
and Lemma 3.6 for the graph G, we obtain that

M(Grg) = on/2 —n (6.18)
and
A det Q
det Q(Grg) > ) (6.19)

where ¢5 = ¢5(0) > 0 and Q = Q(G). According to Lemma 6.1, we have that

n—r—1 n—r+1

1 L2
/ exp | =3 > AL |do < SR (6.20)

Un—r(m/2) (v, 00)€EGy g det Q(Grg)

Combining (6. 17) with (6.19), (6.20) and allowing n" for the choice of those values of j
for which |6;| > <tm, we obtain that

r(on/4—nf) t(G) (C571)T/2

det )

S3(r) < 2" gt (cos %) (6.21)
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and, using (3.33), we can calculate that

S = Z S3(r) =0(c™") 2%1%";171_1\/ det Q (6.22)
r=1

for some constant ¢ > 1 depending only on o.

Since A, < éﬂ' for § € Vi—Vo—V, an the integrand is invariant under uniform
translation of all the 6;’s mod 7, we can fix # = 0 and multiply it by the ratio of its range
7 to the length n='/2 of the vector 1[1,1,...,1]”. Thus we get that

Sy < wn!/? / |Fy(0)]dL, (6.23)

LUy (7/8)—Vo

where L denotes the orthogonal complement to the vector [1,1,...,1]7. In a similar way
as (6.17) we find that

1
S, < mn'/? E / exp | —3 E A?k drL, (6.24)
T

LNUn(7/8) Vo (vj,vk)EEGT
where the first sum is over trees with maximum degree on/4.
Lemma 6.2. Let the assumptions of Lemma 3.2 hold. Then as n — oo

1 2" " /2
/ exp | —5 Z A% dL:O(exp(—cn%))& (6.25)

A

L—Up(n—1/2+¢) (vj,0)EEG det )

for some ¢ > 0 depending only on o.

Lemma 6.2 is proved in Section 8. Using Lemma 3.8 and combining (6.25), (6.24) and
(3.33), we obtain that as n — oo

Sy = O (exp(—cn™)) t(G)m = O (exp(—cn™)) 2%71%”7171_1\/ detQ  (6.26)

~

det

for some ¢ > 0 depending only on ¢. Combining (6.11), (6.15), (6.22), (6.26) and Lemma
5.3, we obtain the desired result.

Lemma 6.3. Let the assumptions of Theorem 2.1 hold. Then as n — oo
S = (1+0 (exp(—cn™))) So (6.27)

for some ¢ > 0 depending only on o.
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7 Proof of Lemma 3.2

According to (4.6) and (4.7)

Eul(G) =
j

d] |2\EG| n+1 —nS (71)

(5 -
1

where

S = / H cos Ay, Z H (1+itanAy,) d6. (7.2)

Un(7/2) (vj,vp)EEG T€T, (vjv,)EET

Combining Lemma 5.3 and Lemma 6.3 we get that as n — oo

S = O, ks <2n217rn31n_1\/det Q) : (7.3)

where constants k1, k2 > 0 depend only on . Taking into account (3.33) we obtain (2.11).
]

If for some o > 1/2 the degree of each vertex of the graph G at least on, we can use
(3.3) and get that
M(G) > 2mind; —n+2 > (20 — 1)n. (7.4)
j
8 Proofs of Lemma 5.2, Lemma 6.1 and Lemma 6.2

Let assumptions of Lemma 3.2 hold. We define

We continue to use notation P(93 for the orthogonal projection onto the space L, where
L is the orthogonal complement to the vector [1,1,...,1]T. For any a > 0 we have that
/e‘“gr@gdgz 7T”/2a_"/2/\/ det Q (8.2)
R
and
/e_agrQedL = /e_agrQedL = Wanla_anlnlﬂ/\/ det Q. (8.3)
L L

Proof of Lemma 6.1. Note that

> AL =070 (8.4)

(vj,v)EEG
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Since diagonal of Uy, (7/2) is equal to 7n'/2 and Qf = QP(6) we have that

1 ) .
/ exp | =5 D, AL |dI<mn! / e 2710, (8.5)
Un(7/2) (vj,vE)EEG J
Using (8.3), we obtain (6.14). .

—

Note that for some g1(6) = g1(0s,...,60,)

o 01(0)? 2
6TQ0 = “1L . 8.6
Q 41 + 91(0) (8.6)
Using (3.9), we get that as n — oo
“+00 —+00 “+00 2
/e‘“ﬁngdgz / / e~ 9102,-6n) / e_a%del doy . ..do,
R" —00 —0o0 — 0O (87)
= (1 + O (exp(—énza))) / e—a07Q0 45

61(8)| < Lestnl/2+e

for some ¢ > 0 depending only on ¢ and a, where ¢, is the constant of Lemma 3.2.
Combining similar expressions for ¢1, ¢, . .. ¢,, we obtain that as n — oo

/ eaf'Q0gg = (14 O (exp(—cn™))) /e‘“gf@gdg (8.8)
16(0)]] 00 < eact nt/2+e Re
for some ¢ > 0 depending only on ¢ and a. Using Lemma 3.2, we get that as n — oo
—aG_TQAG_' n_ _n2e _angé N
e df = (14 O (exp(—cn™))) /e de. (8.9)
Un(3n=1/2+°) R

Proof of Lemma 6.2. Note that

||P(§)||m = ||§_ é[L L..., 1]T||oo < 2||9_]|00a (8'10)
where
G_titat. . .0, (5.11)
n
Thus
Un(%n—lﬂﬂ c ) P) € U (n)) (8.12)
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Since QF = QP(6), using (8.4) and (8.12), we get that

1 -
exp (=5 D, A |dL= / 270

—

LOU,, (n—1/2+¢ (vjvK)EEG LAUn(n—1/2+¢)
MO . ol (8.13)
_ / _1g70d *// ~lng? n'/ L 0TQ0 7
= e 2 do e 2"dr > — do.
P(O)EU, (n—1/2+¢) —00 Un Lp—1/2+¢)
Combining (8.2), (8.9) and (8.13) we obtain (6.25). [

To prove Lemma 5.2 we separate the integrand in (5.32) into three factors.

e exp (z gr QOZL) — the oscillatory factor,

e cxp |a Z A?k — the regular factor,
(vj,vr)EEG

e exp Z A+ R, (6) | — the residual factor.
(vj,vr)EEG

The proof consists of the following steps.

1. In Lemma 8.3 we estimate an integral analogous to (5.32) but without an oscillatory
factor.

2. Using Lemma 8.5, we get rid of the oscillatory factor in (5.32).

3. Combining Lemma 8.5 and Lemma 8.3, we complete the proof of Lemma 5.2.
At first, we prove two technical statements.

Lemma 8.1. For any a > 0 and sequence of functions r,(x) such that as n — oo

sup  |ra(z)] = o(1). (8.14)
‘x‘gn—1/2+s
Then as n — oo
n71/2+s n71/2+5
/ nale” e @) gy = (2i + 0(1)) / e (@) (g (8.15)
a
_p—1/2+e _p—1/2+e
and —1/2+4¢ —1/24¢
3
n2ztem e (@) gy — <ﬁ + 0(1)) / e (@) g (8.16)
a
_p—1/2+e _p—1/2+
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Proof of Lemma 8.1. Note that

nt +o0 nt

/ e dt = (1+ O (exp(—cn™))) / e qt = (21a + 0(1)) / e dt (8.17)
and

n® 400 3 n®

/ tre~ " dt = (1+ O (exp(—cn®))) /t46_“t2dt = (4—a2 +0(1)) / e~ dt.  (8.18)

Using (8.14), we get that as n — oo
sup | — 1] = o(1). (8.19)

|z|<n—1/2+e

Making the substitution ¢ = y/nz and combining (8.17) and (8.18) with (8.19), we obtain
(8.15) and (8.16), respectively. |

Lemma 8.2. Under the assumptions of Lemma 8.1, let r,(z) be differentiable and as

n — 00
sup | (@)] = O(n~1/2+%), (8.20)
|x|§n71/2+s
Then as n — oo
n—1/2+e n—1/2+e
_p—1/24e —n—1/2+¢

Proof of Lemma 8.2. Note that

ne —+o0
/ te™dt = (1+ O (exp(—cn*))) / re i = 2_1a+0(exp<—cn2€>)- (8.22)
0 0

According to the Mean Value Theorem, we have that for some |Z| < |z|

|€7"7L(x _ 6r7l(_x)| — |€T7l(x ( )21‘| (823)
Using (8.20), we get that as n — oo
sup @ — ()| = O (n7HE) (8.24)
‘w‘gnfl/QJre
We have that
n—1/2+e n=1/2te
/ AT (@) g / re= o (@) _ grn(-2)) gy (8.25)
_p—1/2+e 0
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Making the substitution ¢ = y/nz and combining (8.22) with (8.24), we obtain (8.21). m

We use notation .
j=1

According to the Generalized Mean Inequality, we have that

g /n < (pa/n)"*.
Since
Gp=(d+ D)0+ > 0,
(vk,v)EEG
and (see (3.18))
dp > on/2

we obtain that

2
O] < — <|¢k| 2 \(%I)
J#k
Using Lemma 3.2, we find that
Coo Coo
D16 <16l < ==llolh = ==
, n n
J#k
Combining (8.27), (8.30) and (8.31), we get that
16

16 Co \? 4
0 < s (10nl+ om) < o (100 e Gua/m) )

Using the inequality (x + y)* < 8(z* + y*), we obtain that

ﬁ 2!
0F < ¢yt 4,2
k= ¢n4 Mn5’

where constants ¢4, ¢, > 0 depend only on o.

(8.26)

(8.27)

(8.28)

(8.29)

(8.30)

(8.31)

(8.32)

(8.33)

Lemma 8.3. Let assumptions of Lemma 3.2 hold. Let {a,} be sequence of positive num-

bers having limit a > 0. Then for any b > 0 as n — o

/ exp | —a 07Q0 b > AL | df= 0y, ( / e‘““éTQ(;dg), (8.34)
Un(n—1/2+s) R™

(vj7vk)€EG

where constants ki, ky > 0 depend only on a, b and o.
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Proof of Lemma 8.3. Using the inequality (z + y)* < 8(z* + y*), we find that

AL < 8nie§. (8.35)
j=1

(Ujvvk)EEG
n

We define R;(6) = Z . Thus we have that

/ exp | —a,07Q6 — b Z Al d§2/ A IOF ) (8.36)
U, (n 1/2+e) n

(vj7vk)€EG

Using (8.9), we find that as n — oo

¢4e—an9 QO R1(6 dg / ¢4 —ang QO Ri(6 dg
/Un(nl/2+s) ! 7L(%,Fl/QJre) 1€

(8.37)
+0 (exp(—cn™)) / e~ 070 gy
for some ¢ > 0 depending only on a and o. It follows that
n—1/2+e n—1/2+e dp—1/2+e
/ / / ple=an Q-1 @ g, | g, ... db,
—n—1/2+e —n—1/2+e —771 —1/2+4¢ (838)
— / Ple —anf7 QO—FR1 (0 dg O (exp(—cn%)) / e 0" Q0 g
Up(n—1/2+¢) n
Using (8.6), we find that
n—1/2+e n—1/2+¢ %nfl/%s
/ / / ple—and Q-1 gg. | g, .. do,
_n—1/2+e _n—1/2+e _én71/2+6
n—1/2+e n—1/2+e %n*l/?+E
2
_ / / gm0z 0n) =P 0 / gte~ a0 | aa, ... b,
—n—1/2+e —n—1/2+e _4n-1/24¢
(8.39)
where R,() = Z 6. Using (8.30), we get that as n — oo
én71/2+6
’ 4 —a L%—Slme‘l 2 4 —a L%—Slme‘l
/ ¢pre Tt tdf, = (1 +0 (exp(—cn 8))) / pre Tatt 1db,
_§n71/2+s |p1|<nl/2+e
(8.40)
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Combining (8.38), (8.39), (8.40) and Lemma 8.1 with x = ¢ /n, we obtain that as n — oo
/ Gheand"QI-Ra(0) g < /2 / - anT QI () 4
Up (n—1/2+2) - Un (n—1/2+¢)

+0 (exp(—cn2€))/ e~anf" Q0 g

n

(8.41)

for some constants ¢, ¢ > 0 depending only on a and o.
Combining similar to (8.41) inequalities for ¢q, ¢a, ..., ¢, and using (8.33), we find
that as n — oo

/ eile—ané’TQﬁ—Rl @ gg
Up (n—1/2+s)

IA

(co + cu)c/ / e_ané*TQJ_Rl(é‘)dg
Un(n—1/2+e)

2
" (8.42)
+0 (exp(—cn™)) / emanl Qg
for some ¢ > 0 depending only on a and o. Note that as n — oo
n71/2+5 n71/2+5 n71/2+5
S o3 .
/ e / e_a"gl(€2 """ On)—R2(0) / €_anm 8 eildel deg e den
_n71/2+6 _n71/2+6 _n71/2+6
e (8.43)
Gt
= / e " aH (1 —8bnby + O (n~?*%)) db, | db .. .db,
_—n—1/2+¢
Combining (8.42) and (8.43), we get that as n — oo
/ oo BT QT ) 4G > (1 N f) / a8 Q- Ra() 4]
Un(n=1/2+¢) n Un(n=1/2+e) (8 44)
+0 (exp(—cn™)) / e‘“"éTdig,
where ¢ depends only on a, b and o.
We continue similarly to (8.44)
/ oo QT R) g5 > (1 N é) / o an8" Q- Ries1(8) 4
Un(n—1/2+¢) n Un(n=1/2+¢) (8 45)
+0 (exp(—cn™)) / e‘“"éTdig,
where .
Ry(0)=8nY 0L (8.46)
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Combining all inequalities of (8.45) for Ry, Rs, ..., R,, we get that

/ o~ QIR @) 15 > (1 N é) / —an8T Q0 4F

Un(n=1/2+2) n) Juameree (8.47)
—andTO0 17

e df

+0 (exp(—cn™)) /n

for some ¢ > 0 depending only on a and o. Note also that
(8.48)

T AL L=
e~ 0 dp

—

/ o—anf" QIR ( )df < /
Un(n=1/2+¢) Un(n—1/2+¢)

Combining (8.9), (8.47) and (8.48), we obtain (8.34).

—

Lemma 8.4. Let the assumptions of Lemma 3.2 hold. For positive constants a,b, dy, ds
let sequence of differentiable functions {R,(0)} be such that

2 (8.49)

~ 07 Q0
Re (Ru(0)) < dy .
n
and for § € U, (in=1/2+<)
R, (6)
00, > d2n ( )
Then as n — oo
/ ¢kei%¢k—a9_TQ§+Rn(_‘)d9—’: @kl ko / 6i%¢k—a§TQ§+Rn(§)d§
Un(n*1/2+5) Un(n*3/2+5) (8.51)
+O(n—1/2+4a) /e—agTdig

RTL

and

/ ¢i6i%¢k—a§TQé‘+Rn(_‘)d§: Okiks | 1 / 6i%¢k—a§TQ§+R7L(§) a0
Un(n=3/2+¢) (8.52)

Un(n—1/2+¢)
+0 (exp(—én™)) /e‘“éTdi@

RTL

where constants ki, ky, ¢ > 0 depend only on a, b, di, dy and o
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Proof of Lemma 8.4. For our purpose it is convenient to assume that £ = 1. Note that

/ b1l QTR ) g < / o—adT Qi) 9T
Up(n—1/2+e) Un(n—1/2+)
Using (8.2), we get that as n — oo
/ |€ bd>1 a 0T QO+ R, (0) |d9 0O (1) / €_aéTQ§d5.
Un(n*1/2+6) Un(n—1/2+s)

Similar to (8.37), for m = 1,2 we find that as n — oo

ml| i¢1—abTO 9—1—R7 n
/ o i =00 D
Un(%n—1/2+s)_Un(n—1/2+s)

=0 (exp(—cnzs))/ a7

for some ¢ > 0 depending only on a,d; and o. It follows that

n—1/2+e n—1/2+e %nfl/%s
Q _ T Ao 3
/ / / Prein 1=t QRO g, | df, . . . db,
—n—1/2+e —n—1/2+e _én71/2+5

:/ ¢Tei%¢1_“§TQ§+R7L§d§ O(exp(—cn%))/ e—10 Q0 gy
Upn(n—1/2+¢) n

We define B
Rl (6) = R,(0,6s,...,0,)

and B . .
ri(6) = R (0) — R,,(0).
According to Mean Value Theorem, for § € U, (2n~'/27¢) we have that

—

~ ~ - OR,, (0 s
()] = [7a(8) — B = |0, 2520 | _ o)
00,
Using (8.6), we find that
n—1/2+e n—1/2+¢ 4 n—1/2+e
/ . / / ¢m zb(j)l aéTQ9+Rn(€)d91 d92 o den
—p—1/2+¢ —n—1/24e 4 n—1/2+e
n—1/2+e gnfl/%s

2

—

= / e—agl(eg ..... 0r)+R., (9) / ¢m i ¢1 a d1+1+”( )del db, . .

—n—1/2+e _§n71/2+6
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(8.55)

(8.56)

(8.57)

(8.58)

(8.59)

.db,,

(8.60)
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Using (8.30), we get that as n — oo

4,-1/24¢
—dp1/24e (8.61)
2 i2g1—a 221 tr(B)
= (1+ O (exp(—cn™))) / e T a T g,
‘¢1‘§n1/2+5

Combining (8.56), (8.60), (8.61) with m = 2 and (8.15) with = ¢, /n, we obtain (8.52).
Note that

b ¢2 M
[ atemmihn g,

nl/2+e
|p1]|<nt/2+ ) . ] (8.62)
_ / b1 (1 + Zgﬁbl +0 (n—1+2a)) e e FrES et )d91
|p1|<nt/2te

Since 0ry/060, = OR,,/00y, using (8.21) with x = ¢1/n, we get that

¢16 d1+1+7‘1(ﬂ)d91 =0 (n—1/2+4e> / e d1+1 +7‘1(ﬂ)d01 (8 63)
‘¢1‘§n1/2+5 |¢1|§n1/2+s

Combining (8.56), (8.60), (8.61) with m = 1 and (8.52), (8.54) with b = 0 and (8.63),
we obtain (8.51). n

Lemma 8.5. Let the assumptions of Lemma 5.2 hold. For positive constants a,b,dy, ds
let sequence of vectors {3,} and sequence of real differentiable functions {R,(0)} be such
that

[18ullo0 <D, (8.64)
Ra(0) < dy grfe, (8.65)

and for § € U, (in=1/2+<)
0}2@&9) ‘ < dyn /2t (8.66)

Then as n — oo

/ 2,63;9 aéTQ9+Rn(€ dg @]% ; / e—aéTQ§+Rn gdé’
1,k2
Un (n—1/2+¢) Un (n—1/2+¢) (867)
+O(n—1/2+4a)/e—aﬁégd9—”

R
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where R, = R, — 1 3707 and constants k1, ko depend only on a, b, di, dy and o .
2 p—

Proof of Lemma 8.5. Using (8.54), we get that as n — oo

2TE AT AL >
/ ezﬁne a0’ QO+R,(9) d@

Up(n—1/2+¢)

202
= / (1 + 10, — /61291

Un(n—1/2+e)

(n—3/2+3€)) ei(@{@—ﬁlel)—aﬁrQ§+Rn édé’

(8.68)
_ i (FLT-0101)=a 07 QU+ RaB)=3 5302 4 | () =5/2+3¢) / —a07Qf 4

Un(n—1/2+s) Un(n—1/2+s)

n / 150yt FL-6100)-0 07 QO+ 0) g7

Up(n—1/2+¢)
Taking into account (8.28) and using Lemma 8.4, we find that as n — oo

/ bt FLO-5100)-a 07 QO+ Ru ) g

Un(n—1/2+5)

= le,kz / ei(ﬁg;g—ﬁlel)—agrég—l-}fn gdé’ + O(n—1/2+4€> /6_G§TQ§d§

Un (n=3/2+¢) Rn

AT T AL — A
= O, ks / oi(BR0—p101)—a 0T QO+ R (6)— 3707 17 +O0(n 1/2-1—45)/6—@0 Qg

Un(n=3/2+¢) R™
(8.69)
where constants ki, ks depend only on a, b, dq, ds and o.
According to Lemma 3.2, we have that
A—1 A—1 Coo
17l =110l < 2. (8.70)
Thus as n — oo
er 3T o — 6191)—a€_TQ9+Rn(0)d9
n("71/2+6) (8 71>
< f / ei(ﬁf@’—ﬁlel)—aé’fc}éﬁr}%n 6)-1p2 2% 4 +0(n 3/2+4a) / e—aé’fc}é’dg
= n Y

n(n73/2+5) R™
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where ¢ > 0 depends only on a, b, di, dy and o.
Combining (8.68) and (8.71), we get that as n — oo

/ o FLG-a 87 QR () g
Un (n=1/2+¢)
(1) P - )
_ (1 + C_) / 6@(5{9—6191)—aéTQ9+Rn(9 —3829% g (8.72)

n
Un (n—3/2+¢)

+ O(n—3/2+4a) /e—aﬁégdé”
R?’L
where |cM| < &3, < éb.
We define
1
R®W =R, — = Z 3262, (8.73)
] 1
We continue similarly to (8.72)

=

3;0; >—a9‘TQ§+R£ﬁ)(9) .
do

=

[

Un(n—1/2+¢)
+
(k+1) i gra- i | —aTQO+RETV ()

<.
m»

n
Un(n73/2+5)

+O(n—3/2+4e)/e—aé’TQ§d9‘”

RTL

where |c*+D| < &3, < éb.
Combining all inequalities of (8.74) for k =0,1,...,n — 1, we get that as n — oo

/ o BTG-a 8T QR () 4

Un(n—1/2+e)

ey ™ —aBTOTLE () 17
() () [ ey

Un(n73/2+5)

+O(n—1/2+4s)/e—aéTQ§d‘9_"

Rn

Since |c¢®)| < bé for k= 0,1,...,n — 1, using (8.75), we obtain (8.67). n
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Proof of Lemma 5.2. Note that for § € U, (In~Y% ) as n — oo

i Z ALl =0m™12e), (8.76)

(vjvvk)eEG )

We define /?n = Qay,. Using Lemma 8.5, we find that as n — oo

—

/ exp | 107 Qar, — af Qb — b Z Al + Ry (0) g

Up(n—1/2+e) (vjv)EEG
= 9151,1%2 / exp —ae_TQH —b Z A4 S+ lfg (5) do (8.77)
Un (n=1/2+2) (v;v0)EEG
+O(n—1/2+4€)/e—a§TQ§7

RTL
where R, = R, — % > 6]29]2- and constants k;, k» depend only on a, b, di, d and o. Note
j=1

that for some ds > 0, depending only on ¢ and o,

3 26592 < dy

Combining (8.2), (8.77) and Lemma 8.3, we find that as n — oo

g
Qe (8.78)

/ exp | 107Qar, —af"QI—b > Al +R,(0) | df
Un (n—1/2+¢) (vj,0k)EBG (8.79)

= Ok (2%17Tn71/\/ det @) ;

where constants k7, k, depend only on a, b, dy, d2 and o. Note that

“+oo
/e‘“”mde / exp | i07Qal, —a Z A% — Z Ak+R(_’) dL
o LAVo (vj,vr)EEG (vj,vk)EEG (880)
= / exp | 107 Qar, — af" Qb — b Z Ak—l—R(_’) de.
P(#)eLNVo (v 0r)EEG
We have that
exp | 1607 Qar, — afT Qb — b Z Al + R, @) ]| < e—of" QB+ 0T QI (8.81)
(vj,vp)EEG
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Thus, combining (8.9), (8.12), (8.79) and (8.80), we obtain (5.33) |

9 Final remarks

In fact, using Lemma 5.1 and Lemma 6.3, the estimation of the number of Eulerian circuits
is reduced (see proof of Lemma 5.3) to estimating the integral

/exp P07 — + oAy 1—12 > AL +r(AQTY? | df, (9.1)

Vo (vj,vr)EEG (vj,vr)EEG

\)

where o denotes the vector composed of the diagonal elements of Q‘l, A denotes the
diagonal matrix whose diagonal elements are equal to components of the vector Qg.
Apparently, it is possible to estimate integral (9.1) more accurately for particular classes
of graphs and obtain asymptotic formulas for Ful(G), similar to (2.12).

Finally, we want to note that the following expression

2lECI—*3 =225 /(@) ﬁ (% — 1)! (9.2)

gives a surprisingly good estimate for the number of Eulerian circuits in graphs. Namely,
we calculated the exact numbers of Eulerian circuits for small random graphs and in all
cases the values given by (9.2) differ from the exact ones within not more than 30% error.

References

[1] T. van Aardenne-Ehrenfest, N.G. de Bruijn, Circuits and trees in oriented linear
graphs, Simon Stevin, 1951, 28, 203-217.

[2] N. L. Biggs, E. K. Lloyd and R. J. Wilson, Graph Theory, 1736-1936, Clarendon
Press, Oxford, 1976.

(3] G. Brightwell, P. Winkler, Note on Counting Eulerian Circuits, Proceedings of
the 7th ALENEX and 2nd ANALCO 2005 , ALENEX/ANALCO 2005 Vancou-
ver, BC, C Demetrescu, R Sedgewick and R Tamassia (eds.), (2005) 259-262.
arXiv:cs/0405067v1.

[4] M. Fiedler, Algebraic connectivity of graphs, Czech. Math. J. 23 (98) (1973), 298-305.

G. Kirchhoff, Uber die Auflosung der Gleichungen, auf welche man bei der Unter-
suchung der linearen Verteilung galvanischer Strome gefiihrt wird, Ann. Phys. Chem.
72 (1847), 497-508. Translated by J. B. O’Toole in [.R.E. Trans. Circuit Theory, CT-5
(1958) 4.

6] B. D. McKay, R. W. Robinson, Asymptotic enumeration of eulerian circuits in the
complete graph. Combinatorica, 7(4), December 1998.

=)

THE ELECTRONIC JOURNAL OF COMBINATORICS 18 (2011), #P219 34



[7] B. Mohar, The Laplacian spectrum of graphs, Graph Theory, Combinatorics, and
Applications, Vol. 2, Ed. Y. Alavi, G. Chartrand, O. R. Oellermann, A. J. Schwenk,
Wiley, 1991, pp. 871-898.

8] C. A. B. Smith and W. T. Tutte, On unicursal paths in a network of degree 4,
Amer.Math. Monthly, 48 (1941) 233-237.

9] W. T. Tutte, The dissection of equilateral triangles into equilateral triangles, Proc.
Cambridge Philos. Soc., 44 (1948), 463482.

THE ELECTRONIC JOURNAL OF COMBINATORICS 18 (2011), #P219 35



