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Abstract

Let n,r and ¢ be distinct positive integers with r < £ < n/2, and let X; and X»
be two disjoint sets with the same size n. Define

X
f:{AE(r_i_g).]AﬂXl\:rorﬁ},

where X = X; U Xo. In this paper, we prove that if § is an intersecting family

. n—1\ [n n—1\ (n . . .
<
in F, then |S| < <7‘ - 1> <€> + <£_ 1) <7‘>’ and equality holds if and only if

S={AecF:ac A} for some a € X.
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Introduction

k < n, let [k,n] denote the set {k,k + 1,...,n}. Given a set X, by (‘)]S) we denote

the set of all k-subsets of X, and by X X Y we denote the direct product (or Cartesian

product) of sets X and Y, which consists of all pairs (z,y) where z € X and y € Y.

A family A of sets is said to be intersecting if AN B # () for every pair A, B € A. One
of the classical results in extremal set theory is the Erdés-Ko-Rado theorem [4]: If A is
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an intersecting family in <[Z]), then

n—1
A= (3 0)
for n > 2k, and if n > 2k, equality holds if and only if A ={A € GZ]) 11 € A} for some
1€ X.

This paper is motivated by the consideration of this theorem from the poset viewpoint.
Let P be a finite ranked poset. Thus, P is a poset equipped with a rank function p from P
into the set of nonnegative integers such that p(x) = 0 for some minimal element z € P,
and p(z) = p(y) + 1 if z covers y in P. The maximum rank of elements of P is denoted
by p(P). For 0 < k < p(P), let Py denote the set of elements with rank k. For z,y € P,
we say x and y intersect if they have a common lower bound of rank greater than zero.
For P' C P, let a(P’) denote the maximum size of intersecting families in P’. And, for
z € P with p(z) > 0, set P'[z] ={x € P': x> z}. We call P'[z] a star (with center z)
if P'[z] # (). Clearly, a star is an intersecting family in P. Hence |Py[z]| < a(FPy). If the
equality holds for some z € P;, we then say that P has the EKR property for rank k.

In extremal combinatorics, a well-studied poset is the boolean lattice B,,, consisting
of all subsets of [n] ordered by inclusion. It is clear that B, is a ranked poset of rank n.

Following the above notation, we write its kth rank set as B, ; instead of ([n]) Then,

k
the Erdés-Ko-Rado theorem says that B,, has the EKR property for each rank k£ < n/2.
It is well known that B,, is isomorphic to a direct product of n chains of length one, from
which we may find the structures of maximum intersecting families in B, ; for k < n/2.
A general definition of direct products of posets is given as follows.

Let P and () be ranked posets with rank functions pp and pg, respectively. The direct
product of P and @ is a poset defined on P x @ such that (z,y) < (2/,%') if and only if
x <z in Pand y <y in (). As usual, this poset is still denoted P x Q. It is easy to see
that P x @ is ranked with the rank function p((z,vy)) = pp(x) + po(y), and

(PXQ)kzlu (£ x Q).

By definition we have that

a((PxQ)) = maX{ > (Rpoll < 1Qs0), > (1P x |Qj[QO]|)} (1)
i+j=k it+j=k
for any py € P, and gy € (01, and equality implies that P x () has the EKR property for
rank k.
Now let us check the boolean lattice. It is well known that B, = B,, x B, for any
positive integers m and ¢ with m + ¢ = n. For any iy € [n],

> (IBumalioll x |Besl) = Y (n;__ll) (5) - (Z: D '

i+j=k i+j=k
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The Erdés-Ko-Rado theorem implies that 1 holds for the direct product B,, x B, provided
m + ¢ = n > 2k. This is immediately raise the problem of whether or not the equality
holds for other direct products. A related problem is posed by Tardif [13] in the language
of graph theory.

Let P be a ranked poset of rank n. We say P is rank transitive if there is a group
acting transitively on each P; and preserving the order relation of P. For every subset
P’ of P, we define a graph G[P’], whose vertex set is P’ and xy is an edge if and only
if © and y do not intersecting. Clearly, an intersecting family in P’ corresponds to an
independent set in G[P']; a(FP;) = a(G[P)]), the independence number of G[F;], and, if P

is rank-transitive, then G[P;] is vertex-transitive for each i =0, 1,... n.
Given graphs G and H, the direct product of them is the graph G x H
with vertex set V(G x H) = V(G) x V(H) and edge set E(G x H) =

{{{u, v}, {,v'}} © {u, '} € E(G) and {v,v'} € E(H)}.  Clearly, o(G x H) >
max{a(G)|V(H)|,a(H)|V(G)|}. In general, the equality does not hold (see [10]). Tardif’s
problem is whether or not the equality

a(G x H) = max{a(G)|V(H)|, o(H)|V(G)[}

holds for all vertex-transitive graphs G and H. This problem received much attention
2,5,6,8,9, 11, 12, 15]. Recently, the second author completely solved this problem [16].
In the language of posets, this result states that if P and @) are ranked and rank-transitive
posets, then

a(F; x Q) = max{a(F)[Q;l, | Pila(Q;)} (2)
hold for all 0 < i < p(P), 0 < j < p(Q). Further, we would like to ask, for what kind of
ranked posets P and Q),

(P X Qr—i) U(P; X Qr—;)) = max{a(B)|Qp—i| +(F))| Q1 | Pl Qr—s) + | Pyl r(Qr—j) }

hold for all 0 < i < j < k. In this paper, we study this problem for boolean lattices.
Let n,r and ¢ be distinct positive integers with r» < ¢ < n/2, and let X; and X, be
two disjoint sets with the same size n. Define

X
f—{AE <T+€).|AQX1|—7’0r£},

where X = X; U X5. Since X; and X, are disjoint, we may identify F with a union of
two direct products of sets:

)= (e ()< ()

r l 14 r

which is clearly isomorphic to (B, X Bnyg) U (Bne X By,). If one of r and /¢ is greater
than n/2, the problem is trivial, and if r = ¢, the problem is a special case of Tardif’s.

So in the following we always assume that r < ¢ < n/2. The main result in this paper is
the following theorem.
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Theorem 1.1 IfS is an intersecting family in F, then

n—1\ (n n—1\ (n
912 (72 () (=) €):
and equality holds if and only if S = Fla] = {A € F :a € A} for somea € X.

Our proof is based on Katona’s cycle method [7]. In the next section we expatiate on
the way of proving the theorem and present some preliminary results. We then prove the
theorem fully in Section 3.

2 Preliminary Results

Let H be the graph with vertex set V(H) = F and edge set E(H) = {{A, B} :
ANB=0and A, B € F}. Clearly, H is vertex-transitive, and each intersecting sub-
family of F corresponds to an independent set of H. So, to prove Theorem 1.1, it suffices
to determine the independence number «(H) and the structure of maximum-sized inde-
pendent sets in H.

In the context of vertex-transitive graphs, the following result named “no-
homomorphism lemma” is useful to get bounds on the size of independent sets.

Lemma 2.1 (Albertson and Collins [1]) Let G and G’ be two graphs such that G is

_ 17 ; ; el o(G) a(G)
vertez-transitive and there exists a homomorphism ¢ : G' — G. Then ey <

and the equality holds if and only if for any independent set I of cardinality o(G) in G,
¢~Y(I) is an independent set of cardinality o(G') in G'.

This lemma has many applications in extremal combinatorics and graph theory (see
6, 8,9, 10, 11, 12, 14, 15, 16]). For B C V(G), let G[B] denote the sub-graph of G
induced by B. Then, in Lemma 2.1, by taking G’ as an induced subgraph G[B] and ¢
as the embedding mapping, we obtain the following lemma. For B C V(G), let G[B]
denote the induced subgraph of G by B. Then, in Lemma 2.1, by taking G’ as an induced
subgraph G[B] and ¢ as the embedding mapping, we obtain the following lemma (cf. [3]).

Lemma 2.2 (Cameron and Ku) Ho;((g))‘ < o‘(‘GB[j‘BD holds for all B C V(G). Equality

implies that |I N B| = a(G[B)) for every mazimum independent set I of G.

Clearly, Fla] is an independent set of H for each a € X, hence a(H) > <7; : i) (Z) +

(Z : 11 ) (Z) . To prove equality, by Lemma 2.2, we only need to find an induced subgraph

H' of H with ‘T(If,]) = ”2—# so that

ot < Sy =LY ()= (20 () (D) ().
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We now give some notations. Suppose that X; = [n] and Xy = [n+1,2n]. Arrange the
elements of [n] on a cycle and let R; and L; denote the ith r-interval and ¢-interval in the
cycle, respectively. That is, for 1 < i < n, R; and L; consist of the least positive residues
of [i,i+7r—1] and [i,i4 ¢ — 1] modulo n, respectively. Similarly, let R, = {n+z : x € R;}
and L) = {n+vy :y € L;}. Set R = {Ry,Ry,...,R,} and L = {Ly,Ls,...,L,},
R ={R,,R,,...,R,} and L = {L},L,,..., L}

Set H= (R xL)U(LxR'). Then |H| = 2n? and we may regard H as a subfamily of
F. With the graph H in mind, we consider the induced subgraph H[H], which contains
Ho[R]| x Hy[L'] and Hy[L] x Hy[R'] as subgraphs, where Hy[R], Ho[L], Ho[R'] and Hy[L']
are defined in a natural way. Clearly, Hy[R] is isomorphic to the well-known circular
graph Circ(r,n). Here, the graph Circ(r,n) has the vertex set [n], and ¢ and j are not
adjacent if and only if |i — j| < 7 or |[n+i — j| < r. Hence, a(R) = n if n < 2r, and
a(R) =rif n > 2r. And, when n > 2r, by the well-known result of Katona [7], Hy[R] is
connected and the maximum-sized independent sets of Hy[R] are stars.

We shall prove that a(H[H]) = (r + {)n, implying o“%%) = ZH je, the induced
subgraph H[H] is a desired subgraph H’. To do this, we first present a lemma.

For CDCRUR ULUL, set Np(C)={Ae€D: AN B = for some B € C} and
Np(C) =D\ Np(C)={AeD:ANB #{ for all B € C}.

Lemma 2.3 Let C,D € {R,L}. For each A C C, we have that Np(A) = 0 if |A| >
a(C) + a(D); and |Np(A)| + |A] < a(C) + a(D) if |A| < a(C) + (D). If [Np(A)| +
|A| = OK(C)"—Oé(D), then A = {RZ, RZ’+1, ey Ri+|A|—1} or {LZ, Li—l—h ey Li+|A|—1} fOT some
i € [n], according to C =R or L.

Proof. Suppose C = R and D = L. Then a(C) = r and «(D) = ¢. For L; € L, it is
clear that A C Nz ({L;}) if and only if L; € N;(A). By definition it is easy to count
that |[Ngr({L;})| = r + ¢ — 1 for every L; € L. Therefore, if |A| > 7 + ¢, then A cannot
be a subset of Nr({L;}), i.e., no L;’s belong to N:(A). This proves that N.(A) = ()
if |A] > r+ ¢. Suppose that |A] = s < r+¢—1 and Ng(A) # 0. By symmetry we
may assume that L, € N;(A). Then A € Nx({L,}) = {R1,Rs,..., Rys_1}. So we
may assume that A = {R;, R;,,..., Ri,} with 1 <y < iy < -+ <y <r+{—1. Set
Aj = {Ri,,Ri,,...,R;;} for 1 < j <s. Then N(A;) 2 Ne(Az) 2 -+ 2 Ne(A) =
N (A). Note that No({R;}) = {Lix1-¢, Lizo—¢, .., Lis,—1} for each R; € R. It is clear
that L;, ¢ & Nz(Aji1). On the other hand, because —¢ < iy — (ij41 — 1) =7 —ij41 +
iy < rfort=12...,j, we have that L;,,,_, € Nz({R;}) for 1 <t < j. Therefore
r+0—1=|N(A)| > |[Ne(Ay)| > -+ > |[Ne(As1)| > |[Nz(A)], which implies that
INc(A)| + |A| < r+ €. Furthermore, since n > r + £, if i;,1 > i; + 1, it is easy to
show that Lij+1—£ ¢ NL(.AJ'_H) but Lij+1_g c Ng(.Aj), that is, |N£(.Aj)| > |NL<AJ'+1)| +1.
Therefore, |Nz(A)| + [A] = 7+ ¢ holds if and only if A = {R;, Riy1,..., Riyja-1} for
some i € [n].

The other cases can be settled in a similar way, so we omit the detail. O
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3 Proof of Theorem 1.1

Let F and H be defined as above and let § and &’ be maximum-sized intersecting families
in F and H, respectively. The proof of the theorem is completed in two steps: (i)
|S’| =n(r+¢), and (i) S is a star.

We first prove (i). For i € [n], let us consider the star H[i]| = {A € H : i € A}. Then,
the maximality of |S’| implies that |S'| > |H[i]| = n(r + ¢). We now proceed to prove
that 8" = H[i] for some i € [n], which would complete the first step of the proof.

Given A € R U L, define

S,={CeR UL :(AC)eS}

and
. L, ifAeR;
AT R, ifAeL.

Clearly, 8’y C P4 for A€ RUL. Set

Ri ={AeR:|S,| >0} Ly={BecL:|Sy>r}
Ry ={A€R:0<|S,| <), Lo={BeLl:0<]|S <r}

and set 8’| x, = R1UR2 UL ULy, That is, 8’| x, is the projection of &’ on <)§1) U (il)

From this observation it follows that

S =[S

AES’|X1

For any A, B € S'lx,, ift AN B = 0, then C N D # ) holds for all C' € & and
D € 8} because & is an intersecting family. Then Sy C Np,(S)), which implies that
|S4| + [Np, (S| > |S4] + |Sk|. By Lemma 2.3, however, we have |S'y| + |Np, (S4)] <
a(P4) + a(Pg). Therefore, we have the following claim.

Claim: For any A, B € 8'|x,, if AN B =0, then |S}| + |Sg| < a(Pa) + a(Psg).

By the claim we immediately obtain that ANB # () for any A, B € R{UL;. Therefore,
R1 U Ly is an intersecting family in R U L.

Set Dy = {A € RiUL; : Np,({A}) = 0}, D} = {A € Ry UL, : Np,({A}) # 0},
where Dy = Ry U L. By definition we have immediately that {D;, D}, Dy} is a partition
of 8'x,, D1 UD| =Ry ULy, and Dy and D] U Dy are cross-intersecting, i.e., AN B # ()
for all A € Dy and B € D} UD,.

If Dy =0, then 8" C (RyxL)U(L1xR'). So |S'| <n(|R1|+]|L1]) < n(a(R)+a(L)) =
n(r + ), and the equality holds if and only if both Ry and £; are stars of order r and /,
respectively. Therefore, the maximality of &" implies that S’ = H]i] for some i € X;. So
in the following we suppose Dy # (), and prove that D; U D} = 0.

We first prove that D} = (). Suppose contrary that D} # (). Then |Np,({A})| > 1 for
every A € D}. Assume that t > 1 and |Np,(D)| > |D| holds for all D C D} whenever
|D| < t. We now prove that, if t < |Dj|, then every (¢t + 1)-subset of D] also has
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this property. Otherwise, there is a (¢t 4+ 1)-subset of D}, say D' = D U {A’}, satisfying
|Np,(D')| =t = |Np,(D)|. Set

81 = [8' = Unenp, o) ({A} x S (JUaep ({A} x Pa)l.
It is not difficult to see that S is also an intersecting family in H because D; U D is
an intersecting family so that Ng (D) = Np,(D'). Set D = {Ay, As,..., A} By
Hall’s marriage Theorem, we may rearrange the elements of Np,(D) so that Np,(D) =
{By,Bs,...,B;} with A;N B; = fori = 1,2,...,t. Note that |S;/| < n. Then, by the
claim, we can deduce that

S =18 = (n = [Sul) + > (n =S4, | = 1Sk.) >0,

1<i<t

contradicting the maximality of |S’|. We therefore obtain that |Np,(D})| > |Dj|. Set
D} = {A1, Ay, ..., A} and assume By, By, ..., Bs € Np,(D}) such that A, N B; = 0,
i=1,2,...,s. If |[Np,(D})| > s, set

Sy = [Uaep,({A} x Pa)l U [Uaepjup, ({A} x Palal)],

where a € Xy. Then &) is an intersecting family because both Uaep, ({A} x Pa) and
Uaepiup, ({A} X Pala]) are intersecting families, and D; and D; UD; are cross-intersecting.
And,

Sl = IS = D (n—ISi)+ Y (a(Pa) —ISil)

AeD;q AeD|UDy
= D (n=18u)+ D (Pa) +a(Ps) — Sk | = ISp,])
AeD;y 1<i<s
+ Y (a(Ps) - |Sp)),
BeD)

where Dy = Dy — {By, By ..., Bg}. Clearly, n > |S| for any A € Dy, and by the claim,
a(Pa,) + a(Pp,) > |Sy| + |Sp,| for i = 1,2,...,s. By definition, a(Pp) > |Sp| for
all B € D), and, because |Np,(D})| > |D}|, there exists a B’ € D) and A; € D} with
B'NA; = 0. Then, the claim implies a(Pp/) + a(Pa4,;) > [Sp/| + |S),|. By definition,
however, |S)y | > a(Pa,) for A; € D;. Hence a(Pp) > |Sp|. We thus proved that
|S5| > |S’|, contradicting the maximality of |S’|. Therefore, |Dj| = |Np,(D})|.

In order to show Dj = (), we construct another family as follows:

Sy = [§" = Uicics({Bi} x Sp)] U [Ui<i<s({Ai} x Pa)]. (3)

Clearly, S’ is an intersecting family in H. Using the similar argument to that for S} we
have that

Sl =18 = > (=S| =ISp 1) = Y (n—a(Pa) —a(Py,))

1<i<s 1<i<s

> s(n—20)>0.
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From this we see that |S3| = [S'| if and only if |S, | = |Sp | = a(Pa,) = a(Pp,) =
(= Suppose it is the case. Then D] U Np,(D]) C R, and then £, C D;. Set
R, = Rs —NDQ(DD. If £, # 0, then by definition of R} and Ry U L, is intersecting,
R1UR, C Ng(Ly), and then by Lemma 2.3,

|3

IRy + R, + | L1 <7 + L. (4)

Clearly, if £; = 0 and R, = 0, then |Rq| + |RS| + [£1] < r < 7+ £, because R; is an
intersecting family in R. If £; = () but R} # (), then since R, € Nz(R;), Lemma 2.3
implies |Ry| + |Rj| < 2r < r+ . Therefore, (4) holds in any cases. Similarly, we can also
obtain that the inequality

[Ral +[La] + [Lof <7 4 £ (5)

always holds.
Suppose Lo = ). Then S C (R x L) U (L1 x R'). Recall that |Si| > |S'| > n(r +£).
If we assume that £; = (), then we get |S5| < |Ri|n + |Ra|l < |Ri|n + (n — |Ry|)¢ =
nl + |Ril(n =€) < nl +r(n—{) < n(r+{), a contradiction. So £, # 0. Since we
earlier obtained £; C Dy, we have Ry C N (L;), and together with the fact that Ry UL,
is intersecting, this implies that Ry U Ry € Ng(L;). Then, Lemma 2.3 implies that
|R1| + |Ra2| + |£1] < r+ £. By the definition of Ry and the above properties of Sj, it
follows that |Rs| = 0. But then, since Dy = Ry U Ly, we get Dy = (), a contradiction.
Therefore, £y # (). Recall that £ = & > r. From (3) it follows that
S5 <

n(|Ra| + [L£1]) + (Ry| + r[Lof
n(|Rul + [Ry| + [L1]) — URs| + 7[ Lo
= n([Ral+ L] + [La2]) + ORS| + (r — n)[Lal,
from which, together with (4) and (5), it follows that |S5| < n(r + ), yielding a contra-
diction. Therefore, D} = ().

If Dy # 0, then |S'| < n|D1| 4+ €| Rs| + 7| Ls] = n(|R1| + |L1]) + €| Ra| + r| L. Similarly
to (4) and (5), we can also obtain that the two inequalities

|Ri|+ |[Ra| + |L1] < r + 2. (6)

and
|R1| + |L1| + | Lo <7 + 2. (7)

always hold. If |Rq| > |L2|, then by (6) and the above property of S, we have

IS'I < (Rl + |L4]) + € Ra| + [ Ly
= n(|Ra| + [Ro| + [L1]) + (€ = n)[Ra| + r|Ls|
< n(|Raf + [Re| + [Lh]) + (£ 4+ 17 —n) Ry
< n(r+1?),

the strict inequality holds because n > r + ¢ and |Ra| + [£2] = |D2| > 0. Otherwise,
|Rs| < |Ls], by (7) and the above property of &', we similarly obtain |S'| < n(r + £).
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Thus, in both cases, we get |S'| < n(r + {), contradicting |S'| > n(r + ¢). Therefore,
D, = (0. In this case,

S| = > ISh+ Y [Shl < [Rall + [Lar < n(f+7).

AER2 BeLlo

Equality implies that Ry = R, Lo = £, and |S| = ¢ and |S| = r for all A € R and
B € L. From the structure it is seen that for any A4;, 4, € R, §), = &, whenever
Ay N Ay = 0. Then, that R, = R implies that S = &, for any A; N A; = 0, so the
identical &'y is a star, that is, S, = L'[i] for some i € X5. Hence the connectivity of H[R]
implies Sy = L'[i] for all A € R. Similarly, S = R'[i] for any B € £. That is, S’ = H]i]
for some i € X,. This completes the proof of the first step.

We now prove (ii). For every cyclic permutation o of [n] and A C [n], we say o
contains A if A is an interval. Define R, = {A € B,,, : o contains A} and £, = {A €
By, : o contains A}. Similarly, we may define R and L. Let I'y and I'y be the set
of all cyclic permutations of [n| and [n + 1, 2n], respectively. It is well know that I'y is
a conjugate class in the symmetric group S,, i.e.,, I'1 = {67 : 7 € S, } for each selected
o €T'y. Here, 07 = o7~ L.

Foro € I'y andn € 'y, let H,,, = (Ro X £, )U(Ly X R;). Clearly, F = Ucrel"l, ners Hom-
Write 0g = (1,2,...,n) and g = (n+1,n+2,...,2n). Then H = H,, ,,. Foreach o € I'y
and 7 € I'y, by Lemma 2.2 and step (i), S N H,,, = H,,[x] for some x € [2n], which is
denoted by x,.,. That is,

SNHyy = (R X E;Z[xm]) U (L, x R;[za,n]) if 5, € [n+1,n], or
SNHoy = (Rolzsy] X £;7) U (Lo[20,] X R;) if z,, € [n].

Without loss of generality, we may assume @, ,, = n+ 1. To complete the proof we need
only prove that z,, =n+ 1 for all 0 € I'y and n € I's.

Define a relation ~ on I'y;: o ~ 7 if 7 = 0(0) for some i € [n]. Here, (i,j) denotes
the transposition in S, which interchanges i and j, and fixes other elements of [n]. This
relation is clearly symmetric. We now prove that z,, = z,, if 7 ~ 0. By symmetry
we may assume 7 = 19, 0 = oo and 7 = o@*. Suppose z,,, = x # n + 1. Then,
from r» < £ < % we see that £, x R'[z] and £ x R'[n + 1] are not cross-intersecting if
x € [n+1,2n]; and R.[z] x £ and R x L'[n + 1] are not cross-intersecting if = € [n].
So SN'H,, and S N'H,, are not cross-intersecting, contradicting that S is intersecting.
Similarly, z,, = 24, if n ~ 7.

For o € T'y, it is easy to see that there exists a subset {01, 09,...,04} of I'; such that
0y ~ 01,01 ~ Og,...,0, ~ o. Similarly, for n € 'y, there exists a subset {n;,m2,..., 7}
of I'y such that 79 ~ n1,m1 ~ N2, ...,m ~ 1. So we have n+ 1 = x5y ) = =+ = Top oy =
Togmo = "+ = Ty, as required. O
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