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Abstract

We use information theory to study recovering sets Ry, and strongly cancellative
sets Cyr, on different lattices. These sets are special classes of recovering pairs and
cancellative sets previously discussed in the papers of Simonyi, Frankl, and Fiiredi.
We mainly focus on the lattices B,, and le . Specifically, we find upper bounds and
constructions for the sets Rp,, Cp,, and C Dk

1 Introduction

In this paper, we study the strongly cancellative sets Cj, and recovering sets R that are
subsets of points in lattices L, see Definition 2.1 and 2.2. On one hand, the study of the
former set is motivated by the work of Ahlswede, Frankl, and Fiiredi [8] and Fredman
[7]. Specifically, strongly cancellative sets are a special class of cancellative sets. On the
other hand, the study of recovering sets is prompted by the previous work of Simonyi [9]
on recovering pairs. A recovering pair (A, B) is an ordered pair of subsets A, B of points
in a lattice such that for any a,a’ € A and b, € B, we have the following:

aNb=d ANV = a=4d,
aVb=d Vi =0=10".

The paper of Korner and Olistky [5] shows that the upper bound of |A||B]| plays an
important role in the zero-error information theory. Cohen gave an upper bound 3" for
the size of |A||B| on the Boolean lattice while Holzman and Korner improved the bound
to 2.3264" afterward. Throughout this paper, we study a special class of the recovering
pairs (R, Ry) which takes a single set Ry. We call Ry, a recovering set. As Definition
2.1 and 2.2 shows, a recovering set is a special case of a strongly cancellative set. Here, we
focus on the upper bounds and structures of these two sets by using Information Theory.

This paper is organized as follows: Section 2 presents the definitions of strongly can-
cellative sets, recovering sets, and some results on the entropy function in Information
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Theory. In Section 3, we study the recovering set Rp, on the Boolean lattice B,, and
find an upper bound |Rp, | < v/3-2%40%6"  As a result, this class of the recovering pairs
has an upper bound 3-2%8M12n — 3.(1.7546703)" on its size. In Section 4, we study
strongly cancellative sets Cp, on B,. We give a tight upper bound 23 on |Cjp | for
this lattice. Finally, Section 5 considers the strongly cancellative sets C Dy, ., OL the

,,,,, !
lattice Dy, ; which is the product of k chains of length i, —1,...,l; — 1. We show
that when [; =

k

.-+ = [ = [, there exists a strongly cancellative set of size ngJ and
Cp, | < (2% +40 1

2 Preliminaries

For basic definitions and results concerning lattices, we encourage readers to consult
Chapter 3 of [11]. In particular, the Boolean lattice B, is the lattice of all subsets of the
set {1,...,n} ordered by inclusion, and Dy, _,, is the lattice formed by the product of k
chains of length [y —1,...,l;—1, so that the points in D;, _;, correspond to k-dimensional
vectors (vy, ..., vx) with 0 <wv; <[; — 1. The ordering of points in Dy, 4, is as follows:
v3we vy <w, forall 1 <i<k.

A cancellative set is a subset of points in lattice L such that any three different points

V1, Vg, v3 in this set satisfy the following condition:

Ul/\’UQ #’01/\1)3.
We define strongly cancellative sets as a special class of cancellative sets.

Definition 2.1. A strongly cancellative set Cyp, of lattice L is a subset of points in L such
that for any three different points a, as, a3 € Cy,

al/\a2;£a1/\a3 and al\/agséal\/ag. (21)

Secondly, a recovering set meets all the conditions that define a strongly cancellative
set. In addition, any recovering set R, forms a recovering pair (R, Ry) on L. Here, we
give a formal definition for Ry.

Definition 2.2. A recovering set Ry, of lattice L is a subset of points in L such that for
any four different points aq, as, a3, as € Ry, we have

ay N\ as # ag A\ ag and ay V as # az V ay, (2.2)
ai; N\ as ;éal/\ag and al\/agséal\/ag.
Now, we introduce the entropy function and show an inequality of it.

Given a discrete random variable X with m possible values x4, ..., ,,, we define the
entropy function 'H of X as follows:

m m 1

H(X) = — Zp(:cl) log, p(;) = ZP(SL’Z) log,, ma (2.4)

THE ELECTRONIC JOURNAL OF COMBINATORICS 18 (2011), #P75 2



where p is the probability mass function of X and x; is the value of X. In this paper, we
always set b = 2. Also, the function xlog% is concave down when x > 0. Therefore, for
any s values 0 < pq,...,ps < 1, we have

i (pj log p%) <s <¥> log <ﬁ) (2.5)

j=1
The following inequality of entropy functions is the major inequality throughout this

paper. A proof of the inequality is given in [3].

Theorem 2.3. If & = (&1, ..., &n) is an n-dimensional random variable, then

H(E) < ZH(@) (2.6)

3 Recovering Set on Boolean lattice B,

In this section, we study recovering sets on Boolean lattices where we use N and U instead
of A and V. In the following theorem, we give an upper bound for |Rp, |.

Theorem 3.1. For any recovering set Rp,, we have |Rp, | < v/3-20:4056n

Remark 3.2. In particular, (Rp,,Rp,) is a special class of recovering pairs on the Boolean

lattice, and we give a bound (v/3- 20'4056”)2 which is significantly better than the cardi-
nalities of a general recovering pair discussed in [1], [9], and [10].

Proof. Let us define a random variable { = a; N a;, where a; and a; are independently
chosen according to the uniform distribution on Rp_ . We wish to show that for any value
a in &, there are at most three ordered pairs (a;, a;) such that @ = a;Na;. Fixed an ordered
pair (aq, as) for (a;,a;), and suppose that there exists another ordered pair (ay,, as,) such
that a;, Nas, = a; Nas = as N a;. We have the following two cases:

1. a; # as. By Definition 2.2, a;, and a4, should be the same element in B,, and we
have the following possible cases:

(a> Aty = Gg, ¢ {ataas}-
In this case, since a; N as = a;, M ay,, the set a4, is contained in a; and a,. It
follows that a;, N a; = a; N as which contradicts the second requirement of
Definition 2.2.

(b) Ay, = Qg c {at,as}.
This leaves us exactly one choice for (ay,, as, ).

2. a; = a,. This is the same condition as case (b) in (1). That is to say, one of a;, and
as, must be the set a; , and (ay,, as,) has only two possible choices.
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Consequently, at most three different ordered pairs obtain the same value in £&. We can
give a lower bound on the entropy function of £ based on this property.
For any a in &, let C(a) = {(a;,qa;) : a; Na; = a,and a;,a; € Rp,} and P,

Pr({=a) = \‘lgéz)l‘?‘ By the above argument, we have |C(a)| < 3 and P, < |2, for

any a in £. Considering the entropy function in (2.4), we obtain the following mequahty:

Bn 2 R, |”
ZPlog—>ZPl zlogT
acé a€g
On the other hand, ¢ is an n-dimensional random variable ({1, .. .,&,), where

1, t€a;Naj.
& =
O, t¢ aiﬂaj.
R,

We set Rp, (t) = {a; | a; € Rp,, t € a;} and Pry, (1) = IRT(t\)" forany 1 <t < n.

This shows that, Pr (& = 1) = (Pr,, (t))z, for any t € {1,...,n}. Let us denote h(z) as
xlog% + (1 —x)log 1Tlx We have by Theorem 2.3 that

10g% <H(E) < ZH &) =3 [ (Pu, (7)) (3.1)

t=1

Consider the random variable ¢ = a; U a;. Since entropy functions have the property
that h (x) = h (1 — ), we similarly get

log 1Be:” ?P<ih(1— (1= (Pry, 1)) = Zh( (1= (Pr,, 1)) (32)

t=1

R Bn\

Now, averaging (3.1) and (3.2), we obtain an upper bound for log , namely:

o B2 < 55 [ (i 7)1 (0= P, 0)) 3)
R

Finally, by the work of D. J. Kleitman, J. Shearer and D. Sturtevant [3], we know that

. h(z2) . . . .
the function % is concave down, hence, Jensen’s inequality gives

max (xh(ﬁ) + (1 — I)M) < max h((z® 4+ (1 = 517)2)2).

0<a<l x -z To<e<t 224 (1—x)?
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%ﬁ) is decreasing with

22 )2
< x < 1. Therefore, 2h(i) = 0.8112 is an upper bound for Lg(l)), and we

btain an upper bound for |Rp,_|:

By some simple calculation, one can see that the function

1
2
0

|RBn| < \/g . 20.4056n

4 Strongly Cancellative set on Boolean lattice B,

In this section, we show that the maximal size of Cp, on B,, see Definition 2.1, is 2l2/.
In addition, this is the tightest bound.

Theorem 4.1. There exists a strongly cancellative set Cp, of size 221 on B,.
Proof. We construct Cg, as follows. First, let us divide the set {1,...,2[2]} into [Z]
blocks S; = {2i—1,2i}, for 1 <7 < [§]. We define Cp, to be the family of all the subsets
5= {51, . .,SL%J} such that s; € S;, for 1 <i < |3 ]. Thus, we have |Cp, | = 2L3), Now,
we show that Cpg, satisfies the conditions defining strongly cancellative set.

Consider different elements b = {bl, el bL%J} and ¢ = {cl, e CL%J} in Cp,, so that
there exists some 1 < k < |2 such that by # ¢;. Without lost of generality, assume that

2
b, = 2k — 1 and ¢, = 2k. Consequently, for any element a = {al, Y }, we have the

following properties:
1. by ¢ ancand ¢, ¢ anNb,
2. by €aUband ¢, € aUc,
3. ap = by or a, = ¢4,

4. bp €eanborc, €anc,

ot

e ¢aUbor b, ¢ aUec.
Clearly, property (3) implies (4) and (5). Moreover, (1) and (4) imply that aNb # anec,

and similarly, (2) and (5) imply that aUb # aUc. Therefore, Cp, is a strongly cancellative
set. U

Now, we show that |[Cp,| < ol3].

Theorem 4.2. For any strongly cancellative Cg, on B, we have |Cpg,| < ols].
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Proof. Fix an element v' € Cp,. We consider the following sets:

Ci(v)={vniv :v#v,veCp},
Cy(v)={vUv :v#v,veCpg}.

By Equation (2.1), we have |C;(v')| = |C2(v")] = |Cp,| — 1. This implies that
|ICp,| <1+min([{v:v CV},[{v:v2Dv}). (4.1)

Moreover,

min ([{v:v CV'}H,{v:v 20} < HU cv C o' rank(v*) = {gJ }’ : (4.2)
We consider the following two cases:

1. 2| n. Then we have rank(v) = | 2| if the equality holds in (4.2). Suppose that the
equalities in (4.1) and (4.2) hold for every v’ € Cp,. Consequently, rank(v') = | 2],
for every v € Cpg_ , which implies that any two elements in the set are incompa-

rable. One can easily see that, C;(v') # |[{v:v Cv'}| and Co(v') # [{v:v D v'}.
Therefore, the equalities in (4.1) and (4.2) can not hold at the same time.

2. 2¢n. Then rank(v') = | 2] or |2 ] if the equahty hold in (4.2). Suppose that the
equalities in (4.1) and (4.2) holds for every v € Cp,. Pick some element w € Cp, .
If rank(w) = | 2], then by (4.1) there exist other two elements w’ and w” in the set
such that w Nw' = w and w N w” = . This implies that rank(w’) = || and

w\w = {x}, where 1 <x <mn.

By Equation (2.1), we have ) = w N w” # w' N w”, and thus x € w”. This means
that w Uw” = w’ Uw” which is not possible. As a result, the equalities in (4.1) and

(4.2) cannot hold at the same time. Similarly, one can prove the same statement
when rank(w) = |2 |.

Finally, from (1) and (2), we have

|ICp,| < {v cv Co* rank(v*) = {SJ H =olz].
O
5 Strongly Cancellative Sets on lattices D; ; and

Dy

For the definition of the lattice Dy, see Section 2. In particular, we say that D is a

7777 ks

lattice of k chains of length [ —1. It is easy to show that for any two points v = (vy, ..., vg)
and v' = (v{,...,v}) in Dy, 4,

(v1, .., 08) A (v, ..., v) = (min (vy,v}), ..., min (vg, v)),

(v1,...,08) V (v1,...,v;) = (max (vl,vi) , max (vg, v)).
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In the following proposition, we give a tight bound for the size of strongly cancellative
sets on Dy, 4.

Proposition 5.1. Let CDM2 be a strongly cancellative set on the lattice Dy, ;,. Then

’CDM2 ’ < min(ly,ls).

Proof. Without lost of generality, we assume that /; < l;. Every point v in Dy, 4, is a
vector (vy,vq), where 0 < vy <13 —1 and 0 < vy <ly — 1. We proceed by contradiction.

> [y. Then there exists two points v = (v, v2) and w = (wy, wy)

Suppose that ‘CDM2

such that v; = w; and vy < wy. For any point v* = (vj,v;) ¢ {v,w}, all the following
four possible cases lead to contradiction:

1. v; < vy implies that v* Av =v* Aw.
2. vy > wy implies that v* Vv =v* Vw.
3. vy <v; <wy and vi < vy imply that v* Vw =v V w.

4. v9 < v; < wy and vy > vy imply that v* Av =v Aw.

Therefore, we must have ‘C Dy, 1,

< Iy = min(ly, l3), as desired. O

The bound min(ly,l5) is tight for

the following set is a strongly cancellative set of size min(ly, [5):

Cp, , ’ In particular, it is not hard to show that
1-°2

CDll,lz = {(x,y) | Tt+y= min(lla l2) - 1}-
In the following, we study the size of the strongly cancellative sets on DF.

Proposition 5.2. Suppose that Cy, is a strongly cancellative set on the lattice Dl]’Cl for
some small ki, and any two elements in Cy, are incomparable. Then, for any k with

L%J = s, there is a strongly cancellative set Cy, of size |Cy,|* on DF.

Proof. Every point in DF is a k-dimensional vector (vq,...,v;), where 0 < v; < [ — 1
for 1 < i < k. For every vector v = (vy,...,v;), we define subvectors induced by v as
Bj(U) = (U(j—l)kl—l—la- .. 7Ujk1)7 for 1 S j S S, and Bs+1(U> = (Uk1s+17 o .,’Uk). Let Ck to
be the set of all k-dimensional vectors v such that Bj(v) € Cy, for all 1 < j < s, and
Bs1(v) is the zero vector. Clearly, we have |Cy| = |Cy,|”.

Suppose there are three different elements v,v’,v” € Cj such that v Vv = v V.
Since v" and v” are different, we have Bj-(v') # Bj«(v") for some 1 < j* <'s. On the
other hand, we know Bj«(v)V Bj«(v") = Bj«(v) V Bj«(v") which implies that one of Bj«(v)
or B;«(v") is equal to Bj«(v). Therefore, v; < v/ or v/ =< v!, and this contradicts the
assumption that any two different elements in Cy, are incomparable. Similarly, it is easy
to see that v Av' # v Av”. As aresult, Cy, is a strongly cancellative set of size |Cy,|”. O
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We can use this result to give a construction of a strongly cancellative set on Df.

Corollary 5.3. There exists a strongly cancellative set Cle on the lattice DY, such that

Proof. We have seen that Cpz = {(z,y) | x +y = [ — 1} is a strongly cancellative set of
size [ on D? such that any two elements in the set are incomparable. By Proposition 5.2,
there exists a strongly cancellative set C DF of size 115). O

We end this section with an upper bound of the size of strongly cancellative sets on
DE.

Theorem 5.4. Let CDf be a strongly cancellative set on DY, then

k(l—1)

1.
5 +

‘CDf < (20)% +

Proof. Any element v on the lattice DF is a k-dimensional vector v = (vy,...,v;) such
that 0 <v; <1 —1forall 1 <i < k. We first define C,,(¢) and P,,(t).

1. We define C,,(t) to be set of vectors whose m-th component is ¢, for any 1 <t < k.
That is, Cp,(t) = {v [v € Cpp, v =1}

2. Let v be a random element uniformly chosen in the set C pr- We denote the proba-
bility that the m-th component v, of v is t by P,,(t). So,

_ [Cu®)
Cot

Pn(t)

Fix an arbitrary element v € C DE- We define the random variable £, = v A v*, where
v* is the random element uniformly chosen in Cpr\{v}. Suppose that there exist two
elements v; and v, in Cle so that we obtain the same value in &,. That is, v Avy = v A v
which is not possible in strongly cancellative sets. Consequently, every value in &, appears
exactly once. Since there are totally ’C D;c’ — 1 different values for &, the entropy function
of &, is

H(&.) = log (|Coy

- 1). (5.1)

For convenience, we set N = ‘C Df} — 1.

On the other hand, every value in &, is a k-dimensional vector (§,(1),...,&,(k)) such
that &,(m) = min(vy,, v},) for any 1 < m < k and randomly chosen element v*. Conse-
quently, for any 1 < m < k, §,(m) takes all its values in {0,1,...,v,}. We denote the
probability that &,(m) =t by P, (m)(t'). Moreover, if 0 < ¢’ < v,, — 1, we should have
t' = min(vy,, v},) < v, and thus, v}, =t'. If ' = v,,, we must have min(v,,, v¥) =t = v,
which implies that v, < vy,.
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Therefore, we obtain the following properties for Pe, ¢, (t'):
[Cm (t)]
N 0 S t, S Um — 1.

Psﬂ(m) (t/) = |: i,Iiv'm ‘Cm(tll)‘ -1 (52)

= , =,
0, vy tl<t <l—1.

The entropy function of &,(m) can be computed as follows:

H (gv(m)) =H (PS (m) ( ) "Pfu(m) (Um - 1)>P€v(m)(vm))
1
= Pe,(m) 1 _ .
Z o ) log ng(m) (t’)

Furthermore, by Eq.(5.1) and Theorem (2.3), we have

k v
m 1
log N < ZH(&)( ZZP& t') log Pe o (0) (5.3)
m=1 om

m=1t'=

The above equation holds for every element v in the set C DE- If we take the average
over all the elements in the set Cpr, we obtain

Yec,, Somat HEm) S8 Yee,, H(E(m)

log N < : _ l . 4
08 = N+1 N+1 (5:4)

Moreover, from (2), we know that the probability that v, =t for some 0 <t <1 —1is

Pu(t) = |(]3\}”+(1 , and therefore, (5.4) can be rewritten as follows:

k 1-1 t
log N <Y ) Pul(t) (Z Peymy (') log m> . (5.5)

Now, we consider the random variable 5; = v V v*, where v* is also independently
chosen under the uniform distribution on Cpx\{v}. Thus, we have the following:

0, 0<t <uw,—1.
Pé‘{)(m) (tl) — |:Zt’ —0 ‘Cm(t )‘:|

= , =,

Cnll -y + 1<t <11,

By similar arguments, Eq.(5.6) implies that:

k 1-1 —
1
log N < 3 o (8) (S Pey oy () log =——— | . 5.7
s Pl ( Promle) o8 7’§U<m>(t’)> >0

m=1 t=0
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[, 1l -1

For convenience, let P/ (t') = ‘C’"(t . Also, we set g, (t) = N ,and ¢, (t) =
falCn)l] -1
= :
Consider the following inequality,
t 1 -1 1
Peyim) () 10g =——— 4+ Y  Pe,m) (') log ———— (5.8)
t,zz:o o Pe,m) () tz::t e Pe,m) (')
-1 1 1
< ' ()1 m(t) 1 ' (t 5.9
(Z?m>%ﬂﬂg+q<mgdﬁwm>g%® (5.9
N +1 IN 2
<({———— )1 m (T (1)) -1 —_— |- 1
< (N ) lor g 0+ e tog (). G0

Note that (5.9) holds because plog% > 0, when 0 < p < 1, and (5.10) holds by the
inequality in (2.5).

Finally, by adding (5.5) and (5.7), the above result implies that

Pu®)(ant) + ) 1o () (1 1o

-1

The last inequality is due to the fact that function :Elog is decreasing with x > 1 and

that g (t) + g, () = 1+ CnlDIZl > 1 when P, (1) = I(féil L2£0.

Therefore, we have
N < 25750 %), (5.11)

Consider the function f(N) = N— 95151 x), The inequality (5.11) implies that f(N) <0
and is increasing with N. If we set Ny = (21)2 + k(l U then it is easy to see that

k:(l

R‘

F(N,) = 5(1 (1+1-1)7 ) (5.12)

A () e

_k:(l—l (20)3 =1
) N, 2 ~

R‘

(5.14)

where (5.12) implies (5.13) because (1 +a)® < 1+ ab when b <1 and a > 0.
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As a result, since f(N) <0 < f(Ny),

c k(-1

Cot
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