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Abstract

This paper concerns the tau constant, which is an important invariant of a
metrized graph, and which has applications to arithmetic properties of algebraic
curves. We give several formulas for the tau constant, and show how it changes
under graph operations including deletion of an edge, contraction of an edge, and
union of graphs along one or two points. We show how the tau constant changes
when edges of a graph are replaced by arbitrary graphs. We prove Baker and
Rumely’s lower bound conjecture on the tau constant for several classes of metrized
graphs.

1 Introduction

A metrized graph I' is a finite compact topological graph equipped with a distance function
on their edges. In this paper, we give foundational results on the tau constant 7(I"), a
positive real-valued number. We systematically study 7(I'), and develop a calculus for its
computations. Our results in this article and in [3], [4], [5], [6] and [7] are intended to
show that 7(I') should be considered a fundamental invariant of T

Our results extend to weighted graphs. We show that many of the intricate calculations
concerning metrized graphs can be obtained in much simpler way by viewing the graph
as an electrical circuit and then performing suitable circuit reductions.
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One of the motivation to study the tau constant of a metrized graph is the following
conjecture of Rumely and Baker:

Conjecture 1.1. If (') = [.dx denotes the total length of T', then we have

(L)
/(1)

inf > 0,
r

taking the infimum over all metrized graphs I' with ¢(I") # 0.

We call this Baker and Rumely’s lower bound conjecture (see Conjecture 2.13 which is
the original form). The tau constant is also closely related to the graph invariants that are
the crucial part of Zhang’s conjecture concerning the Effective Bogomolov Conjecture [16].
Recently, Effective Bogomolov Conjecture over function fields of characteristic 0 is proved
[6] by relating several graph invariants to the tau constant. We think that this paper
presents a self contained background information to understand the tau constant, and the
results and the techniques included here will be important to improve the achievements
in [6].

In summer 2003 at UGA, an REU group (REU at UGA, in short) lead by Baker and
Rumely studied properties of the tau constant and the lower bound conjecture. Baker and
Rumely [2] introduced a measure valued Laplacian operator A which extends Laplacian
operators studied earlier in the articles [8] and [15]. This Laplacian operator combines
the “discrete” Laplacian on a finite graph and the “continuous” Laplacian —f”(x)dz on
R. Later, Baker and Rumely [2] studied harmonic analysis on metrized graphs. In terms
of spectral theory, the tau constant is the trace of the inverse operator of A, acting on
functions f for which [, fdfican = 0, when I' has total length 1.

Next, we give a short summary of the results given in this paper. We show how the
Laplacian A acts on the product of two functions (see Theorem 2.1):

Theorem 1.2. If f and g are C* on a metrized graph T and both f"(x) and g"(z) are in
LY(T), then Ay (f(2)g(x)) = 9(x)Asf(z) + f(2)Asg(z) — 2f'(2)g (x)dx.

We express the canonical measure fi.,, on a metrized graph I' in terms of the voltage
function j,(y, z) on I' (see Theorem 2.8):

Theorem 1.3. For any p,q € I, 2pcan() = Ayju(p, q) + d4(z) + 6,(2).

We give new formulas for the tau constant and resistance function (see Theorem 2.18,
Lemma 2.20, Theorem 2.21, and Theorem 5.7). For example, we obtain the following
results:

Theorem 1.4. For any p, q €', 7(I") = ifr(%jx(p, q))%dx + ir(p, q)-

Theorem 1.5. For any p, q € I', and for —1 <n € R,

n+1

[ G )it 0rde = o

n+1
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Our main focus is to give a systematic study of how the tau constant behaves under
common graph operations. We show how the tau constant changes under graph oper-
ations such as the deletion of an edge, the contraction of an edge into its end points,
identifying any two vertices, and extending or shortening one of the edge lengths of I' (see
Theorem 5.1, Corollary 5.3, Lemma 6.1, Lemma 6.2 and Corollary 7.2).

We define a new graph operation which we call “full immersion of a collection of given
graphs into another graph” (see §4), and we show how the tau constant changes under
this operation. That is, we determine how 7(I') behaves under the operation of replacing
all edges of a graph by copies of suitably normalized graph or collection of graphs (see
Theorem 4.7, Theorem 4.9, Theorem 3.4 and Theorem 3.8 ).

We prove that the lower bound conjecture, Conjecture 1.1, holds for several classes of
metrized graphs. For complete graphs, we have the following result (see Proposition 2.16):

Proposition 1.6. Let I be a complete graph on v > 2 wvertices with equal edge lengths.

Then we have 72 = (%(1 — %)2 - v%) In particular, T8 > 23

oT) W = 500 with equality when
v =5.

We also include the following unpublished result, due to Baker, with its proof (see
Theorem 2.24 and Theorem 2.27):

Theorem 1.7. Suppose all edge lengths in a metrized graph I' are equal. If I has v

vertices and e edges, then % > %(1 — ”;61)2 In particular, Conjecture 1.1 holds with
C = ﬁ if we also have at least 3 edges connected to each vertex in I.

Conjecture 1.1 holds with C' = % for metrized graphs with 2 vertices and any number
of edges (see Corollary 2.23 and Proposition 8.3):

7(T) > 1

Proposition 1.8. Let I" be a graph with 2 vertices. Then, o = 167 with equality when

I' has 4 edges that have equal edge lengths and have distinct end points.

We obtain the following result for any graph whose adjacent vertices are connected by
multiple edges (see Theorem 2.25):

Theorem 1.9. Let I' be a metrized graph. If any pair of vertices that are connected by

an edge are joined by at least two edges, then % > ﬁ. That is, Conjecture 1.1 holds

with C'= 55 for such class of metrized graphs.

In an another direction, we show the following upper bound for the tau constant (see
Corollary 5.8, Remark 5.9 and Proposition 2.28):

Proposition 1.10. Let I be a metrized graph. If I can not be disconnected by deleting
any of its edges, then % < %, with equality when T" is a circle graph or one point union
of any number of circle graphs.

We show that the infimum is not attained by any metrized graph if the lower bound
conjecture is true (see Theorem 4.8):
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Theorem 1.11. If Conjecture 1.1 is true, then the infimum is not attained by any
metrized graph. Moreover, for any metrized graph T with small 7(I') and ¢(I') = 1,
there is a metrized graph 3 of unit length with 7(5) < 7(T").

We explicitly compute the tau constant of various metrized graphs especially in §8.
We show how our results can be applied to compute the tau constant for various classes of
metrized graphs, including those with vertex connectivity 1 or 2. The results here extend
those obtained in [3, Sections 2.4, 3.1, 3.2, 3.3, 3.4 and 3.5].

The tau constant is also related to the Kirchhoff Index of molecular graphs [7].

Metrized graphs appear in many places in arithmetic geometry. R. Rumely [13] used
them to develop arithmetic capacity theory, contributing to local intersection theory for
algebraic curves over non-archimedean fields. T. Chinburg and Rumely [8] used metrized
graphs to define their “capacity pairing”. Another pairing satisfying “desirable” prop-
erties is Zhang’s “admissible pairing on curves”, introduced by S. Zhang [15]. Arakelov
introduced an intersection pairing at infinity and used analysis on Riemann surfaces to de-
rive global results. In the non-archimedean case, metrized graphs appear as the analogue
of a Riemann surface. Metrized graphs and their invariants are studied in the articles
[15], [16], [10], [3], [4].

Metrized graphs which arise as dual graphs of algebraic curves, and Arakelov Green’s
functions g, (x,y) on the metrized graphs, play an important role in both of the articles
[8] and [15]. Chinburg and Rumely worked with a canonical measure fi,, of total mass 1
on a metrized graph I' which is the dual graph of the special fiber of an algebraic curve
C. Similarly, Zhang [15] worked with an “admissible measure” ji,4, a generalization of
Hean, Of total mass 1 on I'. The diagonal values g,,,,,(z,x) are constant on I'. M. Baker
and Rumely called this constant the “tau constant” of a metrized graph I', and denoted
it by 7(I').

Further applications of the results given in this paper can be found in the articles [4],
[5], [6] and [7].

2 The tau constant and the lower bound conjecture

In this section, we first recall a few facts about metrized graphs, the canonical measure
fean O & metrized graph I', the Laplacian operator A on I', and the tau constant 7(T")
of I'. Then we give a new expression for fi,, in terms of the voltage function and two
arbitrary points p, ¢ in I'. This enables us to obtain a new formula for the tau constant.
We also show how the Laplacian operator A acts on the product of two functions.

A metrized graph T is a finite connected graph equipped with a distinguished paramet-
rization of each of its edges. One can find other definitions of metrized graphs in the
articles [2], [15], [1], and the references contained in those articles.

A metrized graph can have multiple edges and self-loops. For any given p € I', the
number of directions emanating from p will be called the valence of p, and will be denoted
by v(p). By definition, there can be only finitely many p € I" with v(p) # 2.
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For a metrized graph I', we denote a vertex set for I' by V(I'). We require that V (I")
be finite and non-empty and that p € V(I') for each p € I" with v(p) # 2. For a given
metrized graph I, it is possible to enlarge the vertex set V(I') by considering additional
points of valence 2 as vertices.

For a given graph I' with vertex set V(I"), the set of edges of I" is the set of closed line
segments whose end points are adjacent vertices in V(I'). We denote the set of edges of
[ by E(T).

Let v := #(V(I')) and e := #(FE(I')). We define the genus of I' to be the first Betti
number g := e — v+ 1 of the graph I'. Note that the genus is a topological invariant of I'.
In particular, it is independent of the choice of the vertex set V(I"). Since I' is connected,
g(T") coincides with the cyclomatic number of I' in combinatorial graph theory.

We denote the length of an edge e¢; E E(T) by L;. The total length of I", which will

be denoted by ¢(I), is given by ¢(I" Z L;.

Let I' be a metrized graph. If we scale each edge of I' by multiplying its length by Z(F

we obtain a new graph which is called normalization of I, and will be denoted T'Vor™,

Thus, ¢(TNo™) = 1.

We denote the graph obtained from I' by deletion of the interior points of an edge
e; € E(I') by I' —e;. An edge e; of a connected graph I is called a bridge if I' — e; becomes
disconnected. If there is no such edge in I', it will be called a bridgeless graph.

As in the article [2], Zh(I") will be used to denote the set of all continuous functions
f: T — C such that for some vertex set V(T), f is C* on T'\V(T') and f”(z) € L(T).

Let dz be the Lebesgue measure on I', and let 0, be the Dirac measure (unit point
mass) at p. For vatp, a formal unit vector (a direction) at p, we denote the directional
derivative of f at p in the direction of ¥ by dgf(p). That is, dzf(p) = lim;_ o+ M
For a function f € Zh(I'), Baker and Rumely [2] defined the following measure Valued
Laplacian on a given metrized graph:

A(f(@)) = —f'()dz— 3 [ZM } )
peV(T') -vatp

See the article [2] for details and for a description of the largest class of functions for
which a measure valued Laplacian can be defined.

We now clarify how the Laplacian operator acts on a product of functions. For any
two functions f(x) and g(z) in Zh(I'), we have f(x)g(z) € Zh(I") and

As(f(2)g(x)) = = ["(2)g(z) + 2f (2)g'(x) + f(2)g"(x)] dw

- > {Z dzg(p) + 9(p)dsf (p) | 0p(2)

peV () -vatp
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~ o e — Y o) 3 des )]0

peV(I) vatp
- f@g s 5 10| 3 da)] o) - 270 @)
peV(T) vatp

= 9(@)As f(2) + f(2)Dsg(x) = 2f'(x)g'(z)da.

Thus, we have shown the following result:

Theorem 2.1. For any f(z) and g(x) € Zh(T"), we have

Au(f(2)g(2)) = g(@)Anf (x) + f(2)Aag(x) — 2f'(x)g' (x)dz.

The following proposition shows that the Laplacian on Zh(I") is “self-adjoint”, and
explains the choice of sign in the definition of A. It is proved by a simple integration by
parts argument.

Proposition 2.2. [15, Lemma 4.af[2, Proposition 1.1] For every f,g € Zh(T'),

/?Af = /fA—g, Self-Adjointness of A
r r
:/f/(fb’)g’(x)dx Green’s Identity.
r

In the article [8], a kernel j.(x,y) giving a fundamental solution of the Laplacian is
defined and studied as a function of z,y,2z € I". For fixed z and y it has the following
physical interpretation: when I' is viewed as a resistive electric circuit with terminals at
z and y, with the resistance in each edge given by its length, then j,(x,y) is the voltage
difference between x and z, when unit current enters at y and exits at z (with reference
voltage 0 at z).

For any z, y, z in I, the voltage function j,(y,z) on I' is a symmetric function in y
and z, and it satisfies j,(z,z) = 0 and j,(y,y) = r(x,y), where r(z,y) is the resistance
function on I'. For each vertex set V(I'), j.(x,y) is continuous on I' as a function of 3
variables. As the physical interpretation suggests, j.(y,z) > 0 for all z, y, z in I". For
proofs of these facts, see the articles [8], [2, sec 1.5 and sec 6], and [15, Appendix]. The
voltage function j,(z,y) and the resistance function r(z,y) on a metrized graph were also
studied by Baker and Faber [1].

Proposition 2.3. [8] For any p,q,x € I',  Ayj,(z,q) = 04(x) — 0,(x).

n [8, Section 2|, it was shown that the theory of harmonic functions on metrized
graphs is equivalent to the theory of resistive electric circuits with terminals. We now
recall the following well known facts from circuit theory. They will be used frequently
and implicitly in this paper and in the papers [4], [5], [6]. The basic principle of circuit
analysis is that if one subcircuit of a circuit is replaced by another circuit which has the
same resistances between each pair of terminals as the original subcircuit, then all the
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Figure 1: Series and Parallel Reductions

AB+CB+AC
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Figure 2: Delta-Wye and Wye-Delta transformations

resistances between the terminals of the original circuit are unchanged. The following
subcircuit replacements are particularly useful:

Series Reduction: Let I" be a graph with vertex set {p,q, s}. Suppose that p and
s are connected by an edge of length A, and that s and ¢ are connected by an edge of
length B. Let § be a graph with vertex set {p, ¢}, where p and ¢ are connected by an
edge of length A + B. Then the effective resistance in I" between p and ¢ is equal to the
effective resistance in  between p and ¢. These are illustrated by the first two graphs in
Figure 1.

Parallel Reduction: Suppose I' and 3 be two graphs with vertex set {p, ¢}. Suppose
p and ¢ in I are connected by two edges of lengths A and B, respectively, and let p and
¢ in B be connected by an edge of length f% (see the last two graphs in Figure 1).
Then the effective resistance in I' between p and ¢ is equal to the effective resistance in 3
between p and q.

Delta-Wye transformation: Let I' be a triangular graph with vertices p, ¢, and s.
Then, I' (with resistance function rr) can be transformed to a Y-shaped graph  (with
resistance function r3) so that p, ¢, s become end points in 3 and the following equivalence
of resistances hold: rr(p, q) = r3(p, q), rr(p, s) = ra(p, s), rr(q, s) = r3(q, s). Moreover, for
the resistances a, b, ¢ in I', we have the resistances - +blf+c, b’ 3 +“bb+c in 3, as illustrated
by the first two graphs in Figure 2.

Wye-Delta transformation: This is the inverse Delta-Wye transformation, and is
illustrated by the last two graphs in Figure 2.

Star-Mesh transformation: An n-star shaped graph (i.e. n edges with one common
point whose other end points are of valence 1) can be transformed into a complete graph of
n vertices (which does not contain the common end point) so that all resistances between
the remaining vertices remain unchanged. A more precise description is as follows:

Let Ly, Lo, -+, L, be the edges in an n-star shaped graph I" with common vertex p,
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*3

Figure 3: Star-Mesh transformations when n = 6.

where L; is the length of the edge connecting the vertices ¢; and p (i.e., the resistance
between the vertices ¢; and p. The star-mesh transformation applied to I' gives a complete
graph I'“ on the set of vertices ¢1,qs, - - , ¢, with % edges. The formula for the length
L;; of the edge connecting the vertices ¢; and ¢; in I'“ is L;; = L;L; - Z Lik’ for any
1<i<y<n. =

When n = 2, the star-mesh transformation is identical to series reduction. When
n = 3, the star-mesh transformation is identical to the Wye-Delta transformation, and
can be inverted by the Delta-Wye transformation. This is the one case where a mesh can
be replaced by a star. When n > 4, there is no inverse transformation for the star-mesh
transformation. Figure 3 illustrates the case n = 6. (For more details see the articles [14]
or [11]).

For any given p and ¢ in I', we say that an edge e; is not part of a simple path from p to
q if all walks starting at p, passing through e;, and ending at ¢ must visit some vertex more
than once. Another basic principle of circuit reduction is the following transformation:

The effective resistances between p and ¢ in both I' and I' — e; are the same if e; is
not part of a simple path from p to q. Therefore, such an edge e; can be deleted as far as
the resistance between p and g is concerned.

For any real-valued, signed Borel measure p on I' with pu(I') = 1 and |p|(T) < oo,

define the function j,(z,y) = /jg(x,y) du(¢). Clearly j,(z,y) is symmetric, and is

jointly continuous in x and y. Chinllgurg and Rumely [8] discovered that there is a unique
real-valued, signed Borel measure ji = ficq, such that j,(x,x) is constant on I'. The
measure [ie, is called the canonical measure. Baker and Rumely [2] called the constant
Sju(x,x) the tau constant of T' and denoted it by 7(T'). In terms of spectral theory, as
shown in the article [2], the tau constant 7(I") is the trace of the inverse of the Laplacian
operator on I' with respect to fican-

The following lemma gives another description of the tau constant. In particular, it
implies that the tau constant is positive.

1

0
Lemma 2.4. [2, Lemma 14.4] For any fized y in ', 7(I') = —/ ?
r

(%r(x,y)) dx.

4
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Figure 4: Circuit reduction with reference to 3 points x, p and q.

The canonical measure is given by the following explicit formula:

Theorem 2.5. [8, Theorem 2.11] Let I be a metrized graph. Suppose that L; is the length
of edge e; and R; is the effective resistance between the endpoints of e; in the graph I' —e;,
when the graph is regarded as an electric circuit with resistances equal to the edge lengths.
Then we have

1 dz
pen(@) = 3 (1=5v@) @+ > T p
peV(T) ei€Er) Z

where 6,(x) is the Dirac measure.

Corollary 2.6. [2, Corollary 14.2] The measure fica, is the unique measure v of total

mass 1 on T mazimizing the integral [ . r(z,y)dv(z)dv(y).
The following theorem expresses fi.q, in terms of the resistance function:

Theorem 2.7. [2, Theorem 14.1] For any p € I', the measure fico,(x) is given by
,U/can(x) = %Amr(xap> + 5P(x)

It is shown in [8] that as a function of three variables, on each edge j.(p,q) is a
quadratic function of p, ¢, = and possibly with linear terms in |z — p|, |x — ¢|, |p — 4|
if some of p, ¢, x belong to the same edge. These can be used to show that j.(p,q) is
differentiable for z € I'\ ({p, ¢} U V(I')). Moreover, we have j,(p,q) € Zh(I') for each p
and ¢ in T

For any z, p and ¢ in I', we can transform I' to an Y-shaped graph with the same
resistances between z, p, and ¢ as in I' by applying a sequence of circuit reductions.
The resulting graph is shown in Figure 4, with the corresponding voltage values on each
segment. For any given I' with p, ¢ in V(I'), and for each z € T', the fact that we can
transform I' to a Y-shaped graph as in Figure 4 is a basic result of circuit reductions,
and it is a high possibility that this fact is already explained in the literature. Since the
circuit reductions giving rise to Figure 4 is fundamental for our later results, we elaborate
their details below for reader’s convenience:

(1) Start with a metrized graph I" with p, ¢ in V(T'), and z € T'. Recall that T" is a
connected graph.

(77) Enlarge V(I') by considering z as a vertex of I'.
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(7i1) Apply parallel circuit reduction(s) until the transformed graph has no any parallel
edges. Note that this procedure if applicable reduces the number of edges.

(7v) Apply Series circuit reduction(s) until the transformed graph has no adjacent
edges in series connection. Note that this procedure if applicable reduces the number of
vertices, and that we don’t apply a series reduction if it deletes any of the fixed vertices
p, ¢, and z.

(v) Apply star-mesh transformation to reduce the number of vertices by 1. We want
to keep the vertices p, ¢ and x, so any of these vertices can not be the center vertex of
the star-mesh transformation.

(vi) After a star-mesh transformation, if some parallel edges show up, we apply parallel
circuit reduction(s) as in (zii) again, and we apply series reduction(s) as in (iv) again if
needed.

(vii) We continue applying the reductions above until the remaining vertices are only
p, ¢ and x. At this stage, the transformed graph is a triangle with vertices p, ¢ and x.

(viit) Finally, apply Delta-Wye transformation to obtain a Y-shaped graph as in Figure
4.

By Figure 4, we have

r(p,x) = jp(v,q) + Ju(p, @), 7(q,2) = jg(z,p) + ju(p, 0), T(p,Q)qu(x,p)Jrjp(%Q),( |
2

Axr(p, ZL’) = A:cjp(£v Q) + Ax]x(p> Q)a A:cr(% l’) = Ax]q(l’vp) + Ax]x(p> Q)a

A (D, q) = Dujy(,p) + Aujp(x, q) = 0. (3)

Using these formulas, we can express fi.., in terms of the voltage function in the
following way:

Theorem 2.8. For any p,q € I',  2pcan(v) = Ayju(p, q) + 94(z) + ,(2).

Proof. By Proposition 2.3 and Equation (3),

Axr(z,p) = A:c]:c(p> q) + 5Q(x) - 5P(x) (4>
Hence, the result follows from Theorem 2.7. O

Let e; € E(T") be an edge for which I" — e; is connected, and let L; be the length of e;.
Suppose p; and g; are the end points of e;, and p € ' —¢;. By applying circuit reductions,
I' — e; can be transformed into a Y-shaped graph with the same resistances between p;,
¢i, and p as in I' — e;. The resulting graph is shown by the first graph in Figure 5, with
the corresponding voltage values on each segment, where 3m(y, z) is the voltage function
in I' — e;. Since I' — ¢; has such a circuit reduction, I" has the circuit reduction shown in
the second graph in Figure 5. Throughout this paper, we use the following notation:
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Figure 5: Circuit reduction of I' — e; with reference to p;, ¢; and p.

Rai,p = jpz‘ (pv Qi)a Rbi,p = jQi(piap)a
Re.p = Jp(pis a), R; is the resistance between p; and ¢; in [ — e;.

Note that R, , + Ry, , = R; for each p € I When I' — ¢; is not connected, we set
Ry, , = R; = 0o and R,, , = 0 if p belongs to the component of I' — ¢; containing p;, and
we set R,, , = R; = oo and Ry, , = 0 if p belongs to the component of I' — e; containing
4q;-

Another description of the tau constant is given below.

Proposition 2.9 (REU at UGA). Let I' be a metrized graph, and let L; be the length of
the edge e;, fori € {1,2,...,e}. Using the notation above, if we fix a vertex p we have

1 L3+ 3L;(Ra, , — Ry, p)?
F _ [ 1 Qa;,P 5P )
() =152 < (L; + R,)?

e; el

Here, if I'—e; is not connected, i.e. R; is infinite, the summand corresponding to e; should
be replaced by 3L;, its limit as R; — o0.

Proof. We start by fixing a vertex point p € V(I'). By applying circuit reductions, we can
transform I' to the graph as in the second graph in Figure 5 when x € e;. Then, applying
parallel reduction gives

(7 + Ramp)(Li — T+ Rbivp)

’l"(l’,p) = L + R + Rci,P‘
Thus,
Li_2m+Rbi,p_Rai,p . - s
4 ap) = Tk , if I' — e; is connected, (5)
dx €, if T — e;is disconnected,

where € is +1 or —1, depending on which component of I' — ¢; the point p belongs to.
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By Lemma 2.4,

)= [ =1 ¥ [ (o) ©)

e, € E(T)

Computing the integral after substituting Equation (5) into Equation (6) gives the result.
U
Chinburg and Rumely showed in [8, page 26] that

L : R;
Z T 0 g, equivalently Z IR~ v— 1. (7)
e;€E(T) e;€E(T)

Remark 2.10. The Valence Property of 7(I') Let I' be any metrized graph with
resistance function r(x,y). The formula for T(I') given in Proposition 2.9 is independent
of the chosen point p € V(I'), where V(I') is the specified vertex set. In particular,
enlarging V(I') by including additional points p € I" with v(p) = 2 does not change T(I').

Thus, T7(I') depends only on the topology and the edge length distribution of the metrized
graph T'.

Note that Z v(p) = 2e for a metrized graph I" with e edges.
peV (D)
The following Lemma follows from Proposition 2.9:

Lemma 2.11. For any p and q in V(I'),

Z Li(Raup - Rbivp)2 o Z Li(Rai,q - Rbi,q)2
. 2 - . )2 :
e;€ E(I) (Li + i) es€ BE(D) (Li + Ri)

Let I" be a graph and let p € V(I'). If a vertex p is an end point of an edge e;, then
we write e; ~ p. Since one of R,, , and Ry, , is 0 and the other is R; for every edge e; ~ p,

Li(Ra,p — Ro,p)’ LR Li(Rayp — Rovy)?
o~ Toup)” i o ~ Toup)” (g
eE;(F) (Li + )2 ;a (Li + Ri)? ps (Li + R;)? ®)

e;€ E(T)

e, € E(T)

Lemma 2.12. Let I" be a graph and p € V(I'). Then

2 : Li(Raivp B Rbi7p)2 _ 2 § : LZR12 + 1 § : ( § : Li(Rai,P B sz‘,P)2>
. )2 - ] N2 - ' N2 .
ei€ B(I) (Li+ Ri) Y e BT (Li+ Re)? v pe V(D) “?fr) ot

e, e
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Proof. By Lemma 2.11, summing up Equation (8) over all p € V(I') and dividing by
v=#(V()) gives

Li(Ra,p — Rup)* 1
2 (LZ-erR,-)2p =7 2 (

LR

e;€ E(T) pe V(T') eigg&) )
1 Li(Rai,p - Rbi,p)2
oy (3 M)
pe V(T) eilp ¢ ¢
e;€ E(T)

Each edge that is not a self loop is incident on exactly two vertices. On the other hand,
R, = R,,, = Ry, , = 0 for an edge e; that is a self loop. Thus, the result follows from
Equation (9). O

It was shown in [2, Equation 14.3] that for a metrized graph I' with e edges, we have

1 1
() < 7(0) < LUD), (10)

with equality in the upper bound if and only if ' is a tree. However, the lower bound is
not sharp, and Baker and Rumely posed the following lower bound conjecture:

Conjecture 2.13. [2] There is a universal constant C' > 0 such that for all metrized
graphs T',
7I) > C-).

Remark 2.14. Based on results and examples given later in the paper, it seems probable

_ 1
that one can take C = 08 -

Remark 2.15. [2, pg. 265] If we multiply all lengths on T' by a positive constant ¢, we
obtain a graph T of total length ¢ - ((I"). Then 7(I'") = ¢ - 7(I"). This will be called the
scale-independence of the tau constant. By this property, to prove Conjecture 2.13, it is
enough to consider metrized graphs with total length 1.

The following proposition gives an explicit formula for the tau constant for complete

graphs, for which Conjecture 2.13 holds with C' = %.

Proposition 2.16. Let I' be a complete graph on v wvertices with equal edge lengths.
Suppose v > 2. Then we have

r(0) = (55 (1= 2)°+ 3) ) (1)

12 v v3

In particular, T(T') > 25(T), with equality when v = 5.

THE ELECTRONIC JOURNAL OF COMBINATORICS 18 (2011), #P81 13



Proof. Let I" be a complete graph on v vertices. If v = 2, then I" contains only one edge e;
of length Ly, i.e. I is a line segment. In this case, R; is infinite. Therefore, 7(I') = % by
Proposition 2.9, which coincides with Equation (11). Suppose v > 3. Then the valence of

”(v; Y and g = w Since all edge

lengths are equal, L; = Z(F for each edge e; € E(T"). By the symmetry of the graph, we

any vertex is v — 1, so by basic graph theory e =

have R, = R; for any two edges e; and e; of I'. Thus Equation (7) implies that R; = 2L§
. _ LiRi
for each edge e;. Moreover, by the symmetry of the graph again, r(p,q) = 1 ip; for all

distinct p, ¢ € V( ). Again by the symmetry and the fact that R, ,+ Ry, , = R;, we have
R, p = Ry, = 5 for each edge e; with end points different from p. Substituting these
values into the formula for 7(I") given in Proposition 2.9 and using Lemma 2.12 gives the

equality. The inequality 7(I') > 22/(T') now follows by elementary calculus. O

4r)

Corollary 2.17. Let ' be a circle graph. Then we have 7(I') = =5

Proof. A circle graph can be considered as a complete graph on 3 vertices. The vertices
are of valence two, so by the valence property of I', edge length distribution does not
effect the tau constant of I'. If we position the vertices equally spaced on I', we can apply
Proposition 2.16 with v = 3. 0

The following theorem is frequently needed in computations related to the tau con-
stant. It is also interesting in its own right.

Theorem 2.18. For any p, ¢ €' and —1 <n € R,

/1“(%%(%@)2%(%(1)"6133 =

n+1
n+17”(p, q)" .

Proof. Note that %jp(at, q)"*1 is integrable when —1 < n € R.

(n+1) /F(%jp(x’ q))2jp(xv q)"dx = /p %jp(xu @%(jp(xu Q)n+1)dx

= /jp(IaQ)"Hijp(:E,q), by Proposition 2.2
r

= [l o) = ).

Then the result follows from the properties of the voltage function. O
We isolate the cases n = 0, 1, and 2, since we will use them later on.

Corollary 2.19. For any p and q in T,

A(%jp(I,Q))Zdaf =r(p,q), /F(%jp(x,q))sz(:vmdx = %T(p, q)° and
Gt )i a)ds = rir.0)"
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Lemma 2.20. For any p and q in I,

d . d . . . . )
/—Jx(p, q)—Jp(x, q)dx = /Jp(w,q)ijx(p, q) = /Jx(p, Q) Azjp(z,q) = 0.
T dl’ dl’ r r

Proof. Since A, is a self-adjoint operator (see Proposition 2.2),

e 0 8ialp0) = [ G2l )il 0) = i) = ol ) =0
where the second equality is by Proposition 2.3. Also, by the Green’s identity (see Propo-
sition 2.2), 1 jz(p, ) Aujip(®,q) = [ Lj,(2,q)-Lju(p, ¢)dz. This completes the proof. O
Now we are ready to express the tau constant in terms of the voltage function.
Theorem 2.21. For any p,q € T, 7(T) = % [(Lj.(p, q))*dz + ir(p, q).
Proof. For any p, g € I', we have

47(T) = / (gr(p, :c))2dx, by Lemma 2.4;
r

ox
= /r(p, x)A,r(p,x), by the Green’s identity;
T
— [0 0)(Baselp.) +8,(@) (). by Equation (4)
T
= / r(p, ) Apje(p,q) + r(p,q), since 7(p,p) = 0;
T

=Amm®+%@QM&@m+dn% by Equation (2):

d . . . "
= /(%Jz(% q))dx + /Jm(p, 7)Azjp(x,q) +7(p,q), by Proposition 2.2;
r r
d
= /(_.jm(pu q))*dxr +1r(p,q), by Lemma 2.20.
T d.f(f
This is what we wanted to show. O

Since j.(p,p) = r(p,z) and r(p, p) = 0, Lemma 2.4 is the special case of Theorem 2.21
with ¢ = p.

Suppose I' is a graph which is the union of two subgraphs I'y and I'y, i.e., ' =T UTs.
If I'; and T’y intersect in a single point p, i.e., I'y N 'y = {p}, then by circuit theory (see
also [1, Theorem 9 (ii)]) we have r(z,y) = r(z,p) + r(p,y) for each x € I'y and y € T's.
By using this fact and Corollary 2.4, we obtain 7(I'y UT's) = 7(I'y) + 7(I'y), which we call
the “additive property” of the tau constant. It was initially noted in the REU at UGA.

The following corollary of Theorem 2.21 was given in [2, Equation 14.3].

Corollary 2.22. Let I" be a tree, i.e. a graph without cycles. Then, 7(I") = @.
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Proof. First we note that for a line segment 3 with end points p and ¢, we have that
r(p,q) = £(B). It is clear by circuit theory that j,(p,q) = 0 for any = € 3, where j,.(y, 2)
is the voltage function on 3. Therefore, 7(3) = @ by Theorem 2.21. Hence the result
follows for any tree graph by applying the additive property whenever it is needed. [

Thus, Conjecture 2.13 holds with C' = i when the infimum is taken over the class of
trees.

Corollary 2.23. Let I' be a metrized graph, and let E\(I') = {e; € E(I')|e; is a bridge}.
Suppose I is the metrized graph obtained from U by contracting edges in E1(I') to their

: (T L UD)—(T)
end points. Then 7(I') = 7(T') + =—=5——.

Proof. 1t E1(T) # (), we successively apply the additive property of the tau constant and
Corollary 2.22 to obtain the result. O

By Corollary 2.23, to prove Conjecture 2.13, it is enough to prove it for bridgeless
graphs.

Theorem 2.24 (Baker). Suppose all edge lengths in a metrized graph I' with ((I") = 1
are equal i.e., of length 1. Then 7(I") > 12( 2. In particular, Conjecture 2.13 holds with

C = ﬁ if we also have U( ) > 3 for each vertex p € V(I).

Proof. By Corollary 2.23, the scale-independence and the additive properties of 7(I'), it

will be enough to prove the result for a graph I' that does not have any edge whose

removal disconnects it. Applylng the Cauchy-Schwarz inequality to the second part of
L} L} :

the equahty Z m Z m Z LZ glves

1

eiEE(F) EiEE(F) EiEE(F)
. 2 ) ‘
cepmy (Lit B cemry LT B
We have
1
7(T) = _2 Z [(PE L by Proposition 2.9;
€B(T
1 12 2
= E( L. —i—ZRZ) , by Equation (12);
e, €E(T)
1 /1 L, 2 .
=1 <_ ; | I Ri> , since all edge lengths are equal,
_Lgp .
= E(E) , by Equation (7).

This proves the first part. If v(p) > 3 for each p € V(I'), then we have e > %v by basic
properties of connected graphs. Thusg =e—v+1 > e— §e+ 1 > . Using this inequality
along with the first part gives the last part. O
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In the next theorem, we show that Conjecture 2.13 holds for another large class of
graphs with C' = %. First, we recall Jensen’s Inequality:

For any integer n > 2, let a; € (¢, d), an interval in R, and b; > 0 for all i = 1,... n.
If f is a convex function on the interval (¢, d), then

(5 = =

If f is a concave function on (¢, d), the inequality is reversed.

Theorem 2.25. Let I" be a graph with ((I') = 1 and let L;, R; be as before. Then we have
1 1

Bl .

12 (1 + ZeiEE(F) Ri)

In particular, if any pair of vertices p; and q; that are end points of an edge are joined by

at least two edges, we have T(T') > .

() >

1
and using the assumption that 3" b; = ¢ (F)x

L2 - 1
Li+ R = 143 cpm Bi’ (13)

Proof. Let b; = L;, a; = £ and f(z) = % on (0, 00). Then applying Jensen’s inequality
L

1, we obtain the following inequality:

e, €E(T)

Then the first part follows from Proposition 2.9, Equation (12), and Equation (13). Under
the assumptions of the second part, we obtain Zeie B(T) R, < Zeie E(T) L; = 1 by applying
parallel circuit reduction. This yields the second part. O

Additional proofs of Equation (13) can be found in [3, page 50].
Lemma 2.26. Let I" be a metrized graph with ¢(I') = 1. Then we have

L;R? LiR; \?
§:(@+my2< DM+R)'

e, € E(T) e € E(

Proof. We have ¢(I') = 1. Hence, by Cauchy-Schwarz inequality

LR LR’ LiR: \?2
> Wormp 2 moame, o b2 2 o)

e; €E(T) e;€E(T)

The following theorem improves Theorem 2.24 slightly:

Theorem 2.27. Suppose all edge lengths in a graph T with ((T') = 1 are equal, i.e., of

length % Then
1 v—1

(

12 e +% e

2
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Figure 6: I and I'P44

Proof. 1t follows from Lemma 2.12 and Lemma 2.26 that

Z Li(Raup - Rbi,p)2 > 2( L;R; )2
) 2 = ) o
e;€ BE(D) (Li + Ri) v e;€ BE(T) Li+ R;
Since L; = 1 for each edge e, D eic B(T) % = %ZeieE(F) % = =1 by using Equa-

tion (7). Therefore, the result follows from Proposition 2.9 and the proof of Theo-
rem 2.24. O

Suppose I' be a metrized graph with V(I') = {p} and #(E(I")) = e > 2. We call such
a graph a bouquet graph. When e = 2, I' is just a union of two circles along p.

s _qn)
Proposition 2.28. Let I' be a bouquet graph. Then we have 7(I') = =5
Proof. The result follows from Corollary 2.17 and the additive property of the tau con-

stant. ]

3 The tau constants of metrized graphs with multiple
edges

Let ' be an arbitrary graph; write E(I") = {ey, ea,...,e.}. As before, let L; be the length
of edge e;. Let I'P4" for a positive integer n > 2, be the graph obtained from I' by
replacing each edge e; € E(I') by n edges €;1,¢€;9,...,¢€;, of equal lengths % (Here DA
stands for “Double Adjusted”.) Then, V(I') = V(I'P4") and ((T") = ¢(T'P4"). We set
P4 .= 1'P42 The following observations will enable us to compute 7(I'?4") in terms of
7(I"). That is, if we know the formula 7(I"), we have a machinery described in this section
to obtain new family of graphs for which we can compute the tau constant. In particular,
we prove Conjecture 2.13 for the family of graphs I'?4". By using the formulas of this
section, one can try giving “good” lower bounds to 7(I'P4") in order to obtain a positive
lower bound to 7(I") for any graph T

We denote by R;(I') the resistance between end points of an edge e; of a graph I' when
the edge e; is deleted from TI'.

Figure 6 shows the edge replacement for an edge when n = 4. A graph with two
vertices and m edges connecting the vertices will be called a m-banana graph.

Lemma 3.1. Let 3 be a m-banana graph, as shown in Figure 7, such that L; = L for

each e; € 3. Let r(z,y) be the resistance function in 3, and let p and q be the end points
of all edges. Then, r(p,q) = L.

m
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Figure 7: Circuit reduction for a banana graph.

Proof. By parallel circuit reduction, o plq Yoy % = 7. Hence, the result follows. [

Remark 3.2. If we divide each edge length of a graph T, with resistance function r(x,y),
by a positive number k, we obtain a graph with resistance function T(x’y)

Corollary 3.3. Let r(z,y) and r"(x,y) be the resistance functions in I' and T'PA", re-
spectively. Then, for any p and ¢ € V(T'), r™(p,q) = r(p.a)

n2 -

Proof. By using Lemma 3.1, every group of n edges €;1,€;9,. .., €in, in B(I'PA™) corre-
sponding to edge e; € E(I') can be transformed into an edge e;. When completed, this
process results in a graph which can also be obtained from I' by dividing each edge length

L; by n?. Therefore, the result follows from Remark 3.2. O
Theorem 3.4. Let I' be any graph, and let TPA™ be the related graph described before.
Then T T -1 1 12
FDAJL — T n— 2 n— 7 )
( ) n? + 12( n )+ 6n? L; + R;
e;,c E(F)

Proof. Let p be a fixed vertex in V(I') = V(I'P4"). Whenever z € e;; for some j €

{1,2,...,n}, we can transform I'?4" into the graph shown in Figure 8 by first applying
parallel circuit reductions to n — 1 edges {e;1,€;2,...,€i,} — {€;;} to obtain an edge of
length d = ﬁ and by transforming I'P4" — {€i1,€i2,...,€,,} into a Y-shaped circuit

with vertices p;, ¢;, and p. In this circuit reduction process to obtain Figure 8, the edge
e;; of length A = Li is kept as in T'P4".

We note that if we first apply parallel circuit reductions to multiple edges {es 1, €52, - - -,
esn} of TPAM —fei) €0, .. e;n} for any s € {1,2,... e} — {i}, this yields the graph
obtained by dividing each edge lengths in I'—e; by n?. Therefore one can use Remark 3.2,
Corollary 3.3 and circuit reductions for I' — e; to see that a = (” Lobh= nQ , = —in
Figure 8 (Here R, ,, Ry, , and R,  are resistances for I' —¢; as 1r1 Proposrtlon 2.9 and so
Ry, + Ry, = Ry).

Then, by using a Delta-Wye transformation followed by parallel circuit reduction, we
derive the formula below for the effective resistance between a point « € e; ; and p, which
will be denoted by r"(z, p).

(z+ ) (B -4 =2 ) ab

a+b+d a+b+d
_ . 14
(x,p) Ly am + e (14)
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Figure 8: Circuit reduction for I'P?4" with reference to an edge and a point p.

By using Corollary 2.4,

T(FDA’") = 1/ i7’(1’ ) 2dz
_4 'DAn dx Y .

:i 3 )/em_ (%T(I,y))zdm 15)

ei,]‘EE(FDAvn
n & d 2
=1 Z / (d—r(x,y)) dz, by symmetry within multiple edges.
x
eicE(T) Y0

This integral can be computed using Maple, after substituting the derivative of Equa-
tion (14) and the values of a, b and d as above into Equation (15). Let

T 2
I; ::/ (—r(:p,y)) dr, and let
0 dx (16)
I :ﬂ(n — 1)2 LR 1 L2 N 1 L} +3Li(R,,, — Re,,)?
120 n 6n? L, + R, 12n2 (L; + R;)? )

Then, via Maple, %1; = J;. Inserting this into Equation (15) and using Proposition 2.9,
we see that T(I'PAn) = >eien(r) Ji- This yields the theorem. O

In §4, we give a far-reaching generalization of Theorem 3.4.
The following immediate corollary of Theorem 3.4 will be used in [4]:

Corollary 3.5. Let I' be a graph. Then,

ry ¢r) 1 L?
FDA — T( - i )
="t m ta L+ R
e;€ E(T)
ry ¢« 1 L?
[DA3Y — 7( L i
) =S S T 2 TR
e, € E(T)
Proof. Setting n = 2 and n = 3 in Theorem 3.4 gives the equalities. O

Corollary 3.6. Let I' be a banana graph with n > 1 edges that have equal length. Then,

(T) HT),n—1.2 LT)n*—2n+4 _ (T)
M=2e 13 ) =1 2 =1
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Figure 9: Division into m = 3 equal parts.

Proof. Let 3 be a line segment of length ¢(I'). Since Ry(8) = oo, 7(3P4n) = =8 4

n2

@( = )2 + 0 by Theorem 3.4. On the other hand, we have 3°4" =T, ¢(3) = ¢(T'), and

T(6) = (6 ) since [ is a tree. This gives the equalities we want to show, and the inequality
follows by Calculus. O

By dividing each edge e¢; € E(I') into m equal subsegments and considering the end
points of the subsegments as new vertices, we obtain a new graph which we denote by
['™. Note that T" and I'"™ have the same topology, and ¢(I') = ¢(I'™), but #(E(I'"™)) =

m - #(E(T)) = m-eand #(V({I™)) = #(V(I)) + (m = 1) - #(E[D)) = v+ (m—1) -e.

Figure 9 shows an example when I' is a line segment with end points p and ¢, and m = 3.

Suppose an edge e, € E(I'"™) has end points py and g, that are in V/(I'"™). To avoid
any potential misinterpretation, we denote the length of e, by Li(I'™). Likewise, the
resistance between py and g in I'™ — e, will be denoted by Ry (I'™).

Lemma 3.7. Let I' be a graph, and I'™ be as defined. Then the following identities hold:

, Ly(T™ 1 L?
(3) 2 L ka+£2 T m Li+ R’
ex€E(I™) k k e;€B(I) ‘
» Ly (T™) 1 L3
(ZZ) Z m m))2 = 2 Z - 2°
exeB(T™) (Lk(f‘ ) + Rk(f‘ )) m e;€B(I) (L, + RZ)
Ry(T™) m—1 1 L;R;
(iid) > = Co = 0T + — .
er€B(I™) Lk F +Rk(r ) m meiGE(F) LZ +RZ

Proof. Proof of part (i): Note that subdivision of an edge in E(I") results in m edges in
E(™). If e, € E(I'™) is one of the edges corresponding to an edge e; € E(I'), then we
have Ly(I'™) = & and Ry(I') = ™L; + R;. Therefore, Ly(I"™) + Ri(I'"™) = L; + R;
giving

SETIENS TSR B
ex€E(IT™) Lk Fm + Rk Fm Jj=1 e, €E(T) LZ + RZ m e;€E(T) LZ + Rz
The proofs of parts (i) and (iii) follow by similar calculations. O
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Figure 10: Circle graph, circle with multi vertices and the corresponding double graph.

Theorem 3.8. Let I" be a graph, and let I'™ be as above. Then,

(TP =

() T),n—1.2 n-—1 L?
n? * 12( n ) +6mn2 _ L;+R;

Proof. Applying Theorem 3.4 to I'™ gives

m\DAn (™) Iy n—12 n—1 Ly (T™)?
A ==t T () T e 2 LT + Ry U7

ex€ E(I'™)
Since £(I'"™) = ((I") and 7(I'™) = 7(I"), the result follows from part (i) of Lemma 3.7. O

Example 3.9. Let I" be the circle graph with one vertex, and let I'"™™ be as above (see

also Figure 10). Since 7(I') = @ and > cpiry % = ((I"), we have 7((I'™)P4n) =

(("1213122“ +2=1)¢(T') by using Theorem 3.8. In particular, we have 7((I'"™)P4) = L¢(T') +
—((T).

24m

Lemma 3.10. Let I' be a graph. The following identities hold:

1 L;R;
) RZ FDA’n = — L .
(9) g Y Py sy y o
L;(TPAn)2 n—1 1 L?
(i) Z DAn DAn) (r) +— Z R
ei€ B(TDAm) LZ(F ’ ) + RZ<F ’ ) n n ei€ B(T) LZ + RZ

Proof. The proof of (i): By the proof of Theorem 3.4 with its notation a, b, d,

Li R
R‘(FDA’TL) _ d(a' + b) _ n(n—1) n2 _ l L;R;
i d+a+b n(§1)+% n(nL;+ (n—1)R;)’

The proof of (ii): By using part (i),

Li(FDA’")Z B (%)2
Z L;(TPAn) + R,(TDAn) = n Z L L 1_ LRk

e;€ B(T'DAn) e;€ E(I) nnL;+(n—1)R;

Then the result follows. ]
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Theorem 3.11. Let I' be a graph with ((T') = 1. Suppose T(I'PAm") > W18(3nn—2)2' Then

() > .
Proof. By Theorem 3.4, 7(T') = n2r(I'P4n) — % — ol cie BT) % On the other
L2 L2
hand, by the proof of Theorem 2.24 7(T') > & ( D eic B() Lz-+LRi> Letz =3, cpm 3R
and y = 7(I"); then we have
Bn—-22 (n—-1?% n-1 x?
> — — dy > —. 18
Y= 108 12 6 V=1 (18)

The line and the parabola, obtained by considering inequalities in Equation (18) as equal-

ities, in xy—plane intersect at x = % and y = ﬁ, since n > 1. Hence, (18) implies the

result. O
- _ A 1 A, 49

Corollaxl'y 3.12. Let T be a graph with {(T') = 1. If 7(DP4) > & or 7(TP4?) > 25| then

Proof. The result follows from Theorem 3.11. O

In section §4, we give far-reaching generalizations of Theorem 3.4 and Theorem 3.8.

4 The tau constant and graph immersions

In this section, we define another graph operation which will be a generalization of the
process of obtaining I'P’4" from a graph I' as presented in §3. Let r(z,y) and 7"(z,y)
be the resistance functions on I' and I'P4" respectively. First we reinterpret the way we
constructed I'P4™ in order to clarify how to generalize it.

Given a graph I' and a n-banana graph (3, (the graph with n parallel edges of equal
length between vertices p and ¢q) we replaced each edge of I' by ,, a copy of (3, scaled
so that each edge had length nL;. Then, we divided each edge length by n? to have
((TPAn) = ¢(T'). In this operation the following features were important in enabling us
to compute 7(I'P4") in terms of 7(I):

e We started with a graph I' and a graph 3, with distinguished points p and gq.
e We replaced each edge e; of I' by (3, a copy of 3,, scaled so that 73, ,(p,q) = L;.

e After all the edge replacements were done we obtained a graph which had total
length n2¢(T"). We divided each edge length of this graph by n? to obtain I'P’4" so
that ((I'PA") = ((T).

e We kept the vertex set of I' in the vertex set of TPA" V(') = V(I'PA") and for

any p, ¢ in V(I'), we had r"(p, ¢) = “&2,

n2
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Now consider the following more general setup.
Let I" and 3 be two given graphs with ¢(I") = ¢(3) = 1. Let p and ¢ be any two distinct
points in 3. For every edge e; € E(I'), if e; has length L;, let 3; be the graph obtained

from B by multiplying each edge length in § by m(Lpi P where r3(z,y) is the resistance

function in 3. Then ¢(5;) = m(LTi,q)’ and if rg,(z,y) is the resistance function in 3;, then
rg,(p,q) = L;. For each edge e; € E(I), if e; has end points p; and ¢;, we replace e; by
B;, identify p; with p and ¢; with ¢. (The choice of the labeling of the end points of e;
does not change the 7-constant of the graph obtained, as the computations below show
clearly. However, we assume that a labeling of the end points is given, so that the graph
obtained at the end of edge replacements will be uniquely determined.) This gives a new
graph which we denote I' x 3, ,, and call “the full immersion of 8 into I' with respect to

p and ¢” (see Figure 14). Note that

(apy= 3 o)=Y -0 1 (19)

ei€B(T) cicB(r) P (pq)  rslpya)  ra(pi9)

Having constructed I' x 3,,, we divide each edge length by ¢(I" x §,,), obtaining the
normalized graph (' x 3, ,)V°™, with £((T' x 8,,)V°™) = 1 = {(T).

Our goal in this section is to compute 7((I' x 3, ,)V™). We begin with some prelimi-
nary computations which will also be useful in later sections.

Notation. Define J
Apari= [ 2elor0) (S 0) P
F x

Note that A,,r > 0 for any p, q € I The importance of A, ,r will be clear when
we examine its relation to 7(I") in later sections. In some sense it is “the” basic hard-to-
evaluate graph integral, and many other integrals can be evaluated in terms of it.

Remark 4.1 (Scaling Property for A, ,r). LetI' be a graph and let 3 be a graph obtained
by multiplying length of each edge in E(T') by a constant c. If x on an edge e; in T’
separates the edge e; into two parts with lengths x and L; — x, there corresponds a point
Z in B separating the corresponding edge of B into parts of lengths T =c-x and c- L; — T.
Then ((B) = c- UT), V(8) = V(I), j2(p,a) = ¢ ju(p.q), and Apgp = 2 Apqr for any p
and q in V(T).

Remark 4.2. For any p, ¢ and x € T, %jp(x, q) = —%jq(a:,p), since 1(p, q) = jp(x, q) +
jq($ap)'
Theorem 4.3. For any p, q € I', the following quantities are all equal to each other:

(i) Apgr (@) 5 [ ) Ale,ifo.9)
i) 5 [ o e DBuiclpea) (o) = [ G0 0) i)
r(p,q)*

©) [ i piead @) =50 [ ).
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Proof. (i) and (ii) are equal:

[ 008l i) = [ dalp) (3 p) i)+ o)D)

— Q%jp(:c, q)%jq(:c,p)dx>, by Theorem 2.1;

_ / 52(p, @)ial, D) (8, 2) — 8,(x)) + / 5o(p, o, ) (G(x) — 6,(2))

. d . d . . _
—2 /ij(p, q)%jp(x, q)ﬁjq(x,p)dx, by Proposition 2.3;
= 340, 0)Ja(q, p) = Jp(0; Q) Ja (P, P) + G (P, O)p(P, @) — Jo(P, @) Jp(a; @)

d
+ 2/%(% q)(%jp(x,q)fdx, by Remark 4.2;
r

: d . . : :
=2 [ o, )l a) i, since jo(p.a) =0 = (0,0
T

=24,,1.

(i) and (iii) are equal: This follows from the self-adjointness of A,, see Proposition 2.2.
(iii) and (iv) are equal:

5 e i) Aialpn) = 5 [ il i) i)
1 d . ‘ d 4 d
= §A%Jx(p, 0) o, p)7=dp(, @) = Jp(@, @) —jp(w, ¢) | dr, by Remark 4.2;
1 d . d . .
=3 /F To0e (0, @) p(@, 0) [r (P, @) = 2jp(w, q) | do
= @/F%jm(p, q)%]’p(%q)dw—/Fjp(x,Q)%jx(p, q)%jp(x,Q)dx

d d
= —/Fjp(x,q)%jp(x,@%jx(p, q)dz, by Lemma 2.20.

(iv) and (v) are equal:
. d . d . . d . d .
- /F Jp(, q)%Jp(x, q)%h(p, @)dz = — | [r(p.q) — jo(z,p)] %Jp(x, q)%h(p, q)dx
. d . d .
=—r(p,q) -0+ /qu(x,p)%jp(x, q)%jx(p, q)dx, by Lemma 2.20.

(i) and (vi) are equal: By Equation (2),

4 d . 4 d .
Apar = [ il (o) = [ (4(p2) ) () P
r dflf r dflf
Hence the result follows from Corollary 2.19. 0
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Figure 11: Diamond graph.

Example 4.4. Let I' be the graph, which we call the “diamond graph”, shown in Figure
11. Assume the edges {e1, ..., e5} and the vertices {a, b, p, ¢} are labeled as shown. Let
each edge length be L. By the symmetry of the graph, edges e;, e, e3 and e; make
the same contribution to A, ,p. After circuit reductions and computations in Maple,
we obtain that j,(x,¢q) is constant on es, where j,(y, z) is the voltage function in I
(Alternatively, j,(a,q) = j,(b,q) by the symmetry again, so j,(z,q) must be constant on
es.) Therefore,

. d . ) d .
AmI:Lh@ﬂkﬁb@@yﬁ:4LFA%®%WA%WWM

Using circuit reductions and computations in Maple, one finds % Jp(z,q) = % and j.(p, q)

= %. Evaluating the integral gives A, ,r = %2.

Proposition 4.5. Let I' be a tree. Then, for any points p and q inI', A, ,r = 0.

Proof. Let j.(y,z) be the voltage function in I'. Let e; € E(T'). If e; is not between p
and ¢, then %jp(:v,q) = 0 for all z € ¢;. If ¢; is between p and ¢, then j.(p,q) = 0 for
all z € e;. Therefore, j.(p, q)(%jp(x, q))* = 0 for every x € I'. This gives, by definition,
Apar = 0. O

The following proposition is similar to the additive property of 7.

Proposition 4.6 (Additive Property for A,,r). Let I', 'y and 'y be graphs such that
['=T1UTly and Iy N Ty = {y} for somey € T'. For anyp € I'; and q € Ty,

Ap,q,l“ = Ap,y,l“l + Ay,q,Fz-

Proof. Let j.(p,q), ji(p,q) and j2(p,q) be the voltage functions in ', I'; and I'y respec-
tively. For any x € I'y, after circuit reduction, we obtain the first graph in Figure 12.
Note that s is independent of x, so %(s) = 0. Also, j.(p,q) = jt(p,v).

Similarly, after circuit reduction, for any x € I'y we obtain the second graph in Figure

12. Note that S is independent of z, so %S = 0. Also, j.(p,q) = j2(p,y). Thus
. d . )
T xr

= [ oot are+ [ 2oty

I'>

Then the result follows from the definitions of A, ,r, and A, ,;r,. O
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Figure 13: Circuit reduction for I' x 3, , with reference to p, ¢, y, and =.

The following theorem gives value of 7((I' x 3,,)V°"™) in terms of 7(T), 7(3), r5(p, )
and two other constants related to I" and j3.

Theorem 4.7. Let I" and 3 be two graphs with ((T') = () = 1, and let p and q be two
distinct points in V(3). Let rg(z,y) be the resistance function on 3. Then,

L?
Li+R;

Norm\ __ _ Tﬁ(p> q) Ap,q,ﬁ
(L Bpg) ™) = 7(8) = == +rs(p @)D + 20 5 eiEZE%F)

Proof. We first compute 7(I'* 3, ,). Let y be a fixed point in the vertex set V(I') and let
r(z,y) be the resistance function in I' x 8, ;. Then, by Corollary 2.4,

(% B,,) = %/F*ﬁ (dir(x’y))2dx = i Z / (%r(x,y))%lx. (20)

T
e;€E(T)

Consider a point z € ;. By carrying out circuit reductions in 3; and in I' — e;, we
obtain a network with equivalent resistance between the points x, p, ¢, y as shown in
Figure 13. Note that in this new circuit, the existence of the part with edges d, f and h
depends on the fact that y, being a point in V(I"), belongs to I' —e;. To be more clear, the
Y-shape in Figure 13 with vertices p, ¢ and y is obtained after circuit reductions applied
to I'x 3, ; — i, and by our construction it is the same as the Y-shape that we obtain for
I' — e; for which the end points of e; and y are fixed. Now, we recall the discussion given
before Proposition 2.9. It is possible that y = p or y = ¢, in which cases some of the edge
lengths in {d, f, h} are 0, i.e., the corresponding edges in Figure 13 are contracted to their
end points. It is also possible that I' — e; is disconnected, in which case one of d or f will
be oo, i.e., the corresponding edge in Figure 13 are omitted. Let j2i(y, z) be the voltage
function in §; and R, ,, Ry, 4, R, be the voltages in I' — e;, using the same notation
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as in Proposition 2.9. Then the resistances in Figure 13 are as follows: a = j%(p, q),
b=jyi(r,q), c= jgi(:v,p), f = R4, d= Ry, h =R, Notethat the values in the
figure are results of our conditions on (3; and the replacements that are made. Note also
that b + c =r1g(p,q) = L; and f +d = R;, so as x varies along an edge of f3;, we have
4p = —dc Since rg(p,q) = Lj for each e; € E(I' — ¢;), I x B, can be transformed to
the cu"cult in 13.

By applying parallel reduction,

(b+ f)lc+d)
b+c+d+ f

(9(x,q) + Ra, ) (37 (x,p) + Ru,y)
L, + R,

r(z,y) = = j%(p,q) + + R, p.

Therefore,
d d 3o (@, p) + Ruy d g 37 (@, q) + Rayy d
Since %jqﬁl('xvp) = _@ng(xﬂ) and jpz(qu) +.]qz(x7p) = Liv

d d ) Lz_2,] ’(LU q>+Rb —Ra d
_ - 3; D ) iyY Y ﬁz

Thus,
i 2 o i .8, 2 L; + Rbi,y - Rai,y 2/ i :Bi 2
/ (datr(x y)) dx = /ﬁ (dxjm (p,q)) dx + [ Lt R ] | (dxjp (z,q)) dx

4 5 d 4
+‘Z}jf;f}§3§']£ [Jfltr,q)gi—jfltr,q)}zdx

Li+ Ry — Ray / d 5 d
2 i i LB p, )L (1, q)d
o[t [ ) g
4 d d
. -3; B el dx
R, ) o) il 0
L""Rb. —R. 3. d 2
L iy — aiy Bi A s .
(L; + R;)? /ﬁi]p (CEaQ)[dx]p (IaQ)} dx
(21)
On the other hand, we have
By Corollary 2.19, / ]p z,q)) d{L’ =15,(p,q).
ﬁ'L
1
By Corollary 2.19, / Jp'(,q) —Jp (2,)] dz = 3(rs.(p,9)"
6@
d
By Lemma 2.20, / . — P (p, q)d—jp (z,q)dx = 0. (22)
ﬁ'L
6, d 4 d 4
By Theorem 4.3, gz, q)d Jr(p, q)d—jp’(:z q)dr = —A, 45,

5 d 4 1
By Corollary 2.19, / i (x,q) [%jf}(:c, q))*dz = 5 (76:(p, q))*.
Bi
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Substituting the results in Equation (22) into Equation (21), and recalling 74, (p, ¢) = L;,
gives
d 2 d 3. 2 L; —+ Rb. — R ) 2
d _ Bi d |: 7 iy ai,Yy i
/_ (-r(z,y)) de / (o3 (p,q)) do + iR L

413 4A ) L; L — R, L?
+ i P08 4 + Ry y — R iy i (23)
3(L,~ + R,-)2 L; + R; (Li + R,-)2 2
d g 2. L343Li(Rypy— Ray)? 44,5
— B d ? ? iy aq,y D,9,5:
/ﬁi(dxjx (p,q)) dz + LT rp

By applying Theorem 2.21 to (3;, we obtain

Substituting this into Equation (23) and summing up over all edges in E(I") gives

Z/ —rxy dx—llz (B:) — ZL+4Z quﬁl

e;€E(T) e;€E(T) e, €E(T e, €E(T)
1 Z L? + 3Li(Rbi,y — Ramy)2 (24)
. )2
e;€B(T) (Li+ Ri)
p 4,8
=4 ) T(B) —1+4 > T R+4r(r).
e;€B(T) e;€B(T)

The second equality in Equation (24) follows from Proposition 2.9. By using Remarks

(2.15) and (4.1) and the fact that ¢(3;) = —) we obtain
L. L. 12
7(8;) = ———7(8), and A, 5 = |———| Apqs 25
(ﬂ) Tﬁ(p, q) (ﬁ) P,q,8 [Tg(p, q)] D,q,0 ( )

Substituting the results in Equation (25) into Equation (24) gives

Z / —rxy dm—4 (6)) Z Li+4r(I) -1+ 4qu6 Z

e;€B(D ra(p g e;€B(T) (ra(p,g €E( Li RZ
(26)
Substituting Equation (26) into Equation (20) gives
7(8) 1 Apg8 L7
T(I'x Bpq) = +7(T) — =+ = L.
( ) 5, q) () 17 (r5(p, 9))2 G L + R, (27)

Since ((I' x B,,) = m by Equation (19), for the normalized graph (I x 3, ,)V™ we
have

L
Li+R;

Norm\ __ Tﬁ(p7 q) Ap,q,ﬁ
T((F */Gp#l) ) - T(ﬁ) + Tﬁ(pv Q)T(F) - 4 + Tﬁ(p, q) eieZE% .

This is what we want to show. O
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Theorem 4.8. Let I" be a normalized graph. Let r(x,y) be the resistance function on T,
and let p and q be any two points in I'. Then for any € > 0, there exists a normalized
graph T such that

r(I) < (1)~ r(p, ) — (D) + =

In particular, if Conjecture 2.13 holds with a constant C, then there is no normalized
graph B with 7(6) = C.

Proof. Let I'™ be the graph defined in §3. Then by Lemma 3.7,

Le(T™)? 1 %
2 Lk(l“m]; TR m 2 TR (28)

ex€E(I™) e, €E()

Fix distinct points p, ¢ in I'. Equation (28) and Theorem 4.7 applied to I'"™ and T" give

1 AT L?
I %1 Norm\ _ ) — - T P4, ] )
T((I" x Tpg)™™) = 7(0) = 7(p, @) (7 = (1)) + ——"7— - > I TR, (29)
eiEE(F)
. quF L22 ..
Since —— is independent of m, we can choose m large enough to make
r(p.a) Gty Li + B

A L?
#&’;q) EZE%F) I ‘I’ZRi < ¢ for any given £ > 0. Then taking IV := (I'™ % I, ,)No™
gives the inequality we wanted to show.
Suppose Conjecture 2.13 holds with a constant C' and that 3 is a normalized graph
with 7(8) = C. Then we have 7(3) < 5 since 7(I') = & for the normalized circle graph

12
I’ by Corollary 2.17. Thus, i —7(8) > 0. Let p and ¢ be distinct points in 3, and let
B = (8" % B,4) V™. For sufficiently large m, we have 7(3') < 7(3) by the inequality we
proved. This contradicts with the assumption made for 3. This completes the proof of

the theorem. O

Note that additive property of 7(I') is very useful in practice when I' has vertex
connectivity one. It is natural to ask if there is an analogous formula for 7(I') when
I' has vertex connectivity two. Although Theorem 4.7 is an important progress in this
direction, it only provides a partial answer. A complete answer is given by Theorem 4.9
below. When it is applicable for a metrized graph I', Theorem 4.9 reduces both of the
computation of the tau constant and Conjecture 2.13 to metrized graphs that are smaller
parts of I'.

The proof of Theorem 4.7 suggests a further generalization as follows:

Let I be a graph with ¢(I') = 1 and e edges. For each i = 1,2,..., ¢, suppose 3" is a
graph with ¢(3") = 1. Let p; and ¢; be any two distinct points in V' (5"), and let 74 (z, y) be

the resistance function in 4°. By multiplying each edge length of 5 by - _éﬁ o we obtain
ﬁ’L 1541
a graph which will be denoted by ;. Note that ((3;) = —=— and 7r5,(p;,q;) = Li,

741 (Pi,qi)
s
where rg, (z,y) is the resistance function in 3;. We replace each edge of I' with 3; and
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identify the end points of e; € E(I") with the points p; and ¢; in §; so that the resistances
between points in V(I') do not change after the replacement When edge replacements
are complete, we obtain a graph which we denote by T'x (3} oy X ﬁzmz X oo x B8 ) or
by I'«[[;_, B}, for short (see Figure 15). Clearly,

(Il = X = Y — (30)

e;eE() eicB(r) B (pis ;)
L, . L. 2
AP S dA..:(72>A__i.
T(ﬁ) TI@Z' (pl’ ql)T(ﬁ ) an Di,Gi,Bi Tﬁi (p“ qz) i, i, (31)

Let r(x,y) be the resistance function in I'. For any fixed y € V(I'), we can employ the
same arguments as in the proof of Theorem 4.7. Therefore, Equation (24) gives

T / (e y)de = —14+4 Y 7(B)+4 Y LMR +4r(D).  (3)

e, €E(T e;€E(T) e, €E(T)

Substituting Equations (31) into Equation (32) gives

—T xT y — -1 + v~ "Pisqi, )
.. ; / .. ; <Tﬁz (irai) | (Li+ Ro)(ra (i Qi))2>
(33)

Using Equation (20) and Equation (33) gives

° . LA, . 5
(T % ﬁl. ) = 7_ = _'_ 2 + i “1pi,qiy 0 . (34
( 11 ) EZE: o) ) EiezE%F) (Lt ) (pea)?” Y

By using Equation (30), we can normalize F*H ﬁ;’ 4~ In this way, we obtain the following
i=1

theorem.

Theorem 4.9. Suppose T' is a normalized metrized graph with #(E(T')) = e. Let [3°

be a normalized metrized graph, and let p; and q; be any two points in E(B') for each

1=1,2,...,e. Then

e _1 LiT(8") L?Apiﬂiﬁi ]

r i Norm, T(F) it ZeiEE(F) 751 (P, i) - (Li+Ri)(rgi (pi,0:))?
T(( *Hﬁpiﬂh) )_ Z L; :
i=1 eiEE( )

D) rgi(piai)
Corollary 4.10. Let T’ and 3',...,[3° be as before. For each i € {1,2,... e}, if there
exist points p; and q; in B3 such that rg,(pi,q;) = r, where rg,(z,y) is the resistance

function in 3¢, then

L2

= ; orm 7 1
H(C*[]5a) " = @) = 34 30 L)+ 3 s e A
=1

e, €E() e;€E(T)
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Figure 14: T, § and T'x [[7_; Bp..q-

Figure 15: T’ (edges are numbered), 3" (i = 1,---,6) with corresponding p and ¢, and
I'x H::l ﬁlz‘#}z"

Proof. Setting r4,(p;, ¢;) = r in Theorem 4.9 gives the result. O

Corollary 4.11. Let " and (3 be two normalized graphs and let #(E(I')) = e. Let rg(x,y)
be the resistance function in 3. For any pairs of points {p1, ¢1},{p2, @2}, - - -, {Pesqe} in [,

1 L%Am, i
(D) — 3+ ZE/LEE(F) (Li+Ri)(Tﬁ%pi7f1i))2

((C* [T 8a) ™) = 7(8) +

L;
ZeiEE(F) r3(Di,q:)
Proof. Setting 3° = 3 in Theorem 4.9 gives the result. O

One can derive many of the formulas of the coming sections without using the results
of §3 and §4 as it was done in [3]. However, we presented §3 and this section earlier,
and used the results of these sections in the subsequent sections. This enabled us to give
considerably shorter and more systematic proofs.

5 The tau constant of the union of two graphs along
two points

Let I'y U Ty denote the union, along two points p and g, of two connected graphs I'y
and Iy, so that I'y N Ty = {p,q}. Let r(x,y), r1(z,y) and ro(x,y) denote the resistance
functions on I'y U T, I'y and Ty, respectively. Note that £(T'y UTy) = £(T'y) + £(T').
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Theorem 5.1. Let p, q, m1(p,q), r2(p,q), I'1, Ty and 7(I'y UTy) be as above. Then,

T (p7 Q) + 7 (p7 Q) AP#LFl + Ap,q,F2
6 (P, q) + 72(p; q)

T(Flurg):’T(Fl)—l—’T(Fg)—

Proof. Let T' be the circle graph with vertex set {p, ¢}, and with edge lengths L; =

m1(p,q) _ r2(p,q) 1 _ pNorm 2 _ 1T Norm
m and L2 = m Let ﬂ = Fl and ﬂ = F2 . Then the result

follows by computing T((F * H?:l ﬁ;q) Norm), applying Theorem 4.9. O
A different proof of Theorem 5.1 can be found in [3, page 96].

Corollary 5.2. Suppose I' :=T'; =Ty in Theorem 5.1. Then, ri(x,y) = ro(z,y) and

7“1(}9, Q) + Ap,q,F
3 Tl(p> q)

F(TUT) = 2r(T) —

Proof. Since I' :=I'y = T'y, clearly, we have r(x,y) = ro(z,y), 7(I') = 7(I'y) = 7(I'2) and
A, ,r=A =A O

p,q,I' — “ip,q,I'1 p,q,I'2

The following corollary of Theorem 5.1 shows how the tau constant changes by deletion
of an edge when the remaining graph is connected.

Corollary 5.3. Suppose that T is a graph such that T' — e; is connected, where e; € E(T)
15 an edge with length L; and end points p; and q;. Then,
L; R, A, ,r—e,
P — 1"_ ; -t o Pi>qi, ez‘
7(I') = 7( e)—|—12 6+7L,~+Ri
Proof. Let I'y := e; and T'y := I' —e;. Therefore, 7(I';) = % by Corollary 2.22, r1(p;, ¢;) =
Li, ro(pi,q;) = R;, and A, .10, =0 by Proposition 4.5. Then by Theorem 5.1, we have

M) =71 —¢;) + % —s(Li+ R) + % This gives the result. O

Corollary 5.4. Suppose that T is a graph such that I — e;, for some edge e; € E(T") with
length L; and end points p; and q;, is connected. For the voltage function j'(y, z) in T'—e;,

1 d . Li+R;, A,
F — _ a0 ; i 2d Disqi, e’L
(1) 4/p_ei(dxjx(p’q)) Ty gt
Proof. By Theorem 2.21, 7(T' —¢;) = 1 [ . (< ji (pi, qi))*dx + B2, Substituting this into
the formula of Corollary 5.3, one obtains the result. O

Note that Corollary 5.4 shows that the tau constant 7(I') approaches 2L (the tau
constant of a circle graph) as we increase one of the edge lengths and fix the other edge
lengths.

One wonders how 7(I") changes if one changes the length of an edge in the graph T'.
Lemma 5.5 below sheds some light on the answer:
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Lemma 5.5. Let I and IV be two graphs such that I' — e; " — €. are connected, where
e; € E(') is of length L; and has end points p;, q; and €, € E(I") is of length L; + x; and
has end points p;, q;. Here, x; € R s such that L; + x; > 0. Suppose that I' — e; and
[V — €. are copies of each other. Then,

Li xiAPi,qz',F—Ei

Proof. By Corollary 5.3, 7(I') = 7(I' —¢;) + & — & %ﬁ{el Again, by Corollary 5.3
and the fact that I' —e; =TIV — ¢}, 7(I") = 7([" — e,-) o Lot S g #;R@ The result
follows by combining these two equations. O

One may also want to know what happens to 7(I") if the edge lengths are changed
successively.

Let I' be a bridgeless graph. Suppose that {ej, es, ..., €.} is the set of edges of I" in an
arbitrarily chosen order. Recall that e is the number of edges in I'. Also, L; is the length
of the edge e; with end points p;, ¢;, for i = 1,2,...,e. We define a sequence of graphs as
follows:

[y := T, I'y is obtained from I'g by changing L, to Ly + x;. Similarly, I'; is obtained
from I'y_; by changing L. to Ly + xy at k—th step. Here, x;, € R is such that L, +z, > 0
for any k. We have ((I'y) = ((T") + Zlezzj. With this change, the edge e, € I'y_;
becomes the edge ej, € I'y, so I'y1 — e, =Ty — e and Ay g1, e, = Ap,guri—e,- We
also let R (Ry) denote the resistance, in I'y — ¢}, (in I' — e;), between end pomts of ey,
(ex, respectively). Here, k € {1,2,...,e}. Therefore, at the last step we obtain I', and
() = D) + iy 25

With these notation, we have the following lemma:

xiApqu',Fi—eé
Lemma 5.6. 7([',) = foz Z Li+ R)(Li + R+ ;)

Proof. Apply Lemma 5.5 inductively. Namely, use Lemma 5.5 to compare 7(I';) and 7(I)
at step 1, 7(I'y) and 7(I'y) at step 2, and finally 7(I'.) and 7(I"._;) at step e. O

Theorem 5.7. Let I' be a bridgeless graph. Suppose that p;, q; are the end points of the
edge e;, for eachi=1,2,...,e. Then,

() = LiA, gr—e.
= )N Lifpigi e
"M =5 ; (L; + R,)?

Proof. Let M be a positive real number. By choosing z; = M - L; for all i = 1,2,... e
in Lemma 5.6, we obtain I'c with ((I'.) = ¢(I') + M 3 7%_, L; = (M + 1)((I"). We can
also obtain I', by multiplying the length of each edge in I' by M + 1. Therefore, 7(I'.) =
(1+ M)7(I'). Then, by using Lemma 5.6,

(1+M)7r(T) =7(T) + 1.W( ) — e M- Lidlyguri-
T - (LZ-+R;)(LZ-+M~LZ-+R§)'

12
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Then,

i LiAPi,qz',Fi—eg
— (L + R})(Li + M - L; + R’

=1

(") = @—

On the other hand, by Rayleigh’s Principle (which states that if the resistances of a circuit
are increased then the effective resistance between any two points can only increase, see
[9] for more information), we see that R; < R, < (1 + M)R;.

As M — 0, we have Ty — e}, — ' — ey, Ap, gri—et — Ap,gi7—e;, and B — R;.
Hence, the result follows. O

Corollary 5.8. Let I' be a bridgeless graph with total length 1. Then, 7(I') < 1—12 )

Proof. Since A, 4. r—¢, > 0 for any ¢ = 1,2,... e, Theorem 5.7 gives the result. O

Remark 5.9. The upper bound given in Corollary 5.8 is sharp. When I is the circle of
length 1, 7(T") = % For a bridgeless I', Corollary 5.8 improves the upper bound given in
Equation (10).

We give a second proof of Theorem 5.7 by using Fuler’s formula for homogeneous func-
tions. A function f : R™ — R is called homogeneous of degree k if f(Azy, Axg, -+, Ax,) =
N f(zy,x0,++ ,2,) for A > 0. A continuously differentiable function f : R® — R which is
homogeneous of degree k has the following property:

n

k-f:;xiaa—i. (35)

Equation (35) is called Euler’s formula.

For a graph I" with #(E(I")) = e, let {Ly, Lo, -+, L.} be the edge lengths, and let
r(z,y) be the resistance function on I'. For any two vertices p and ¢ in V(I'), we have
a function R,, : RS, — R given by R, (L1, Ls, -+ ,L.) = r(p,q). By using circuit
reductions, we can reduce I' to a line segment with end points p and ¢, and with length
r(p,q). It can be seen from the edge length transformations used for circuit reductions
(see §2) that Ry,(Ly, Lo, - -, L) is a continuously differentiable homogeneous function of
degree 1, when we consider all possible length distributions without changing the topology
of the graph I.

Similarly, we have the function 7' : R$, — R given by T'(Ly, Lo, -+, L.) = 7(I').
Proposition 2.9 and the facts given in the previous paragraph imply that T'(Ly, Lo, - - - , L)
is a continuously differentiable homogeneous function of degree 1, when we consider all
possible length distributions without changing the topology of the graph I'.

Lemma 5.10. Let I' be a bridgeless graph. Let p; and q; be end points of the edge
e; € E(I'), and let L; be its length for i =1,2,--- e. Then

or 1 Api,qz',F—Ei

0L; 12 (Li+ R)*
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Proof. By Corollary 5.3, T'(Ly, Lo, -+, Le) = 7(I' — ;) + f—2 - % A”Lq%, for each
i =1,2,---,e. Since 7(I' —¢;), R; and A, , r—., are independent of L;, the result

follows. O

It follows from Equation (35) and Lemma 5.10 that Theorem 5.7 is nothing but Euler’s
formula applied to the tau constant.

6 How the tau constant changes by contracting edges

For any given I'; we want to understand how 7(I") changes under various graph operations.
In the previous section, we have seen the effects of both edge deletion on I' and changing
edge lengths of I'. In this section, we consider another operation done by contracting the
lengths of edges until their lengths become zero. First, we introduce some notation.

Let T'; be the graph obtained by contracting the i-th edge e;, i € {1,2,...¢e}, of a given
graph I' to its end points. If e; € I' has end points p; and ¢;, then in T';, these points
become identical, i.e., p; = ¢;. Also, let I'; be the graph obtained from I' by identifying
pi and ¢;, the end points of ;. Then the edge e; of I' becomes a self loop, which will still
denoted by e;, in I';. Thus, {(I';) = ¢(T;) + L; = {(T') and I'; — ¢; = T;.

Lemma 6.1. Let e;, p;, q;, L; and R; be as defined previously for I'. IfI'—e; is connected,
then
=~ L; R; Am,qz‘,F—ei

T R; Ai,ur—@i
T(Fi)ZT(F—ei)—gJF%’ ) =rl—e)+ 5 -+ ¢

Proof. By Corollary 5.3, 7(I') = 7(I —¢;) + & — & ¢ % As L; — 0, we have
I — Ty, so 7(I') — 7(T;). Since 7(I" —¢;), Ri, Ap. q.r—e; are independent of L;, in the
limit we obtain the following:

R; Apqu',l“—ei

) =7 —¢) — 5 + R,

This yields the first formula. On the other hand, since f, —e; and the self-loop e; intersect
at_one point, p; = ¢;, we can apply the additive property of the tau constant. That is,

(L) = 7(0; — e;) + 7(e;) = 7(T';) + 4. Using this with the first formula gives the second
formula. O

Lemma 6.2. Lete;, p;, q;, L; and R; be as defined previously for I'. If I'—e; is connected,
then

— L; LA, ;17— ~ LA, o T—e.
F — 1’12 - 1 "Piyqi,l —€4 F — FZ _ 1 7Piyqi,l —€4 .
Proof. By combining Corollary 5.3 and Lemma 6.1, one obtains the formulas. O
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7 How the tau constant changes by adding edges or
identifying points

Let p, ¢ be any two points of a graph I' and let " be an edge of length L™*". By
identifying end points of the edge " with p and q of [' we obtain a new graph which
we denote by I'(, 4. Then, ((I'(, ) = ¢(I') + L. Also, by identifying p and q with each
other in I' we obtain a graph which we denote by I'y,. Then, ¢(I'y,) = ¢(I"). Note that if

p and ¢ are end points of an edge e; € I', then I',; = I';, where I'; is as defined in §6.

Corollary 7.1. Let I' be a metrized graph with resistance function r(x,y). For p, q and
L(pq) as given above,

L r(p,q) Apgr
r =7(T — — .
Proof. We have I'(, ;) — " =T, so the result follows from Corollary 5.3. O

Corollary 7.2. Let I" be a metrized graph with resistance function r(x,y). For two distinct
points p, g and I'y,, we have

o T(p> q) + Ap,q,F
6 r(p: q)

Proof. Note that I, oy — I'pq as L™ — 0. Thus, we obtain what we want by using
Corollary 7.1. O

7(Lpg) = 7(I)

It would be interesting to have formulas showing how the tau constant changes under
identifying three points of the graph at a time or under deleting a vertex with all of the
edges containing it. One would need to establish additional properties of A, ,r to do
those. We think that the formulas given in the rest of this section provide partial progress
in this direction.

As the examples in the next section show, the formulas given below along with the ones
given previously can be used to calculate the tau constants for several classes of metrized
graphs, including graphs with vertex connectivity one or two. For metrized graphs with
vertex connectivity one, we have Additivity properties for both 7(I') and A, ,r (see §2
and Proposition 4.6). For metrized graphs with vertex connectivity two, we can use the
techniques developed in §4 and Theorem 5.1. We think that the more information we
obtain on A, ,r, the more we understand the tau constant.

In the following theorem, we derive a formula for A, ,pr for a metrized graph with
vertex connectivity two.

Theorem 7.3. Let I'y UT'y denote the union, along two points p and q, of two connected
graphs I'y and Ty, so that 'y N Ty = {p,q}. Let ri(z,y) and ro(x,y) denote the resistance
functions on I'y and Ty, respectively. Then,

A= 0)*Apqr + 1P, 0)*Apgr, }( ri(p, q)r2(p, q) )2
,q,1'1U -
B (r1(p, q) + r2(p, ) 6 \r1(p,q) +72(p,q)
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Proof. Let r(z,y) be the resistance function on I'; UTy. We have r(p, ¢) = % y

parallel circuit reduction. For a metrized graph I, let I',, be the metrized graph obtained
by identifying p and ¢ as in §7. By applying Corollary 7.2 to (I'y UT'3),,,

T’(p, Q) + Ap,q,F1UF2
6 r(p.q)
On the other hand, (I'; UT'y),, is the one point union of (I'y),, and (I'z),,, so by the

additive property of the tau constant, 7((I'y U '2),,) = 7((I'1)pq) + 7((I'2),g). Thus by
applying Corollary 7.2 to both (I'y),, and (I'2) g,

T((Fl U Fg)pq) = T(Fl U Fg) -

() — r1(p, q) +r2(p,q) L+ Avar | Apgrs
6 ri(p,q)  ra(p,q)

Hence, the result follows if we compute 7(I'; UT'3) by applying Theorem 5.1. O

T((T1UTe)p) =7(0y) + 7

We can explicitly compute A, ,pr in a circle graph I':

Corollary 7.4. Let I' be a circle graph. Fix p and q in I'. Let the edges connecting p and

q have lengths a and b, so ((I') =a+b. Then A, 1 = %.

Proof. Let I'1 and I'; be two line segments of lengths a and b. For end points p and ¢
both in I'; and I'y, A, ,r, = A, 4,1, = 0 by Proposition 4.5. Since the circle graph I' is
obtained by identifying end points of I'y and I'y, the result follows from Theorem 7.3. [

As the following lemma shows, whenever the vertices p and ¢ are connected by an
edge e; of I', we can determine the value of A, ,r in terms of A, ,r_., and resistance, in
I', between p and gq.

Lemma 7.5. Let e; € E(') be an edge such that ' — e; is connected, where L; is its
length, R; 1s the resistance between p and q in I' —e; and p and q are its end points. For
the resistance function r(z,y) of T,

LiApgr-e;  (p.q)°
(L; + R;)? 6
Proof. Let I'; be the line segment of length L;, and let I's be the graph I' — e;. We have
A, ,r, = 0 by Proposition 4.5. Note that r(p,q) = LLZ_ZFR}%Z_ by parallel circuit reduction.
Inserting these values, the result follows from Theorem 7.3. O

Ap,q,F =

A different proof of Lemma 7.5 can be found in [3, Lemma 3.32].
We can explicitly compute A, ,r for a banana graph I":

Proposition 7.6. Let I' be an m-banana graph with vertex set {p,q} and m edges. Let

r(p.9)?

r(x,y) be the resistance function on it. Then Ap,r = (m —1)- =5

Proof. When m = 1, T is a line segment. In particular, it is a tree. Then the result in
this case follows from Proposition 4.5. When m = 2, I" is a circle, so the result in this
case follows from Corollary 7.4. Then the general case follows by induction on m, if we
use Lemma 7.5. O
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Figure 16: A Diamond Necklace graph, I'(a, b, 4).

8 Further Examples

In this section, we give some examples showing how the formulas we have obtained for
A, ,r and 7(I') can be used to compute the tau constant of some graphs explicitly.

Example 8.1. Let I" be the Diamond graph with equal edge lengths L(see Example 4.4).
Let e5 be the inner edge as labeled in Figure 11, with end points @ and b. Then I' — e5 is

a circle graph and ((T' — e5) = 4L, so that 7(I' —e5) = £. Also, Agpr—e; = % = %2
by Corollary 7.4. By parallel reduction R., = L. Thus applying Corollary 5.3 to I' with

: _ Lej Reg Apgr—es _ L L L 1 L2 _ L
edge e5 gives 7(I') = 7(T' —e5) + 30 — = + TetRe. — 31t~ 6 TI:z6 — 3 1€
is] is]

7(0) = 49,

Let I' be circle graph with ¢ vertices and t edges of length a. If we disconnect each
vertex and reconnect via adding a rhombus with its short diagonal whose length is equal
to side lengths, b, we obtain a graph which will be denoted by I'(a,b,t). We call it the
“Diamond Necklace graph” of type (a,b,t). Figure 16 gives an example with ¢ = 4. The
graph I'(a, b,t) is a cubic graph with v = 4¢ vertices and e = 6t edges.

Example 8.2. Let I'(a,b,t) be a normalized Diamond Necklace graph. Let e, be an
edge in E(I'(a,b,t)) of length a with end points p and ¢. Note that R., = (t — 1)a +
tb. By applying the additive property for A, g r(apt)—e. i-€., Proposition 4.6, and using
Proposition 4.5, we obtain Ay, r(apt)—e, = tAp,q,, Where v is a Diamond graph with edge
lengths b and p, ¢ as in Example 8.1. By Example 4.4, A4, , , = %. Also, 7(I'(a, b, t)—e,) =
@ +tr(y) = W +t§ by using the additive property and Example 8.1. Thus applying
Corollary 5.3 to I'(a, b, t) with edge e, gives

Lea Rea Ap7q7r(a7b7t)—€a

12 6 Le, + Re,
t—1Da b a (t—1)a+tb 1 v?
= fo 4 — — o
Tt 6 e U—Datib 8
t(a + 2b) b?

2 8a+b)

7(I'(a,b,t)) = 7(F(a,b,t) — e,) +
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In particular, if I'(a, b, t) is normalized, then 1 = ¢(I'(a, b, t)) = ta + 5tb gives

24t3a% + 22t2a + 4t + 3 — 6ta + 3t32a?

['(a,b,t
(e, b,1)) = 120t(4ta + 1)
When I'(a, b, t) is normalized, we have b = 1;:” and one can show that the equality
1 L3 _ 4-12(a—1)t+(12a% +24a+13)t>+a(1996a% —84a+91)t3 +8a> (6a+13)t* —208a3t° hold
ﬁ Zeief‘(a,b,t) (LL+RZ) - 960t2 (4at+1) S.
In particular, when a = 557, b = =5t; and t = 100 we have 7(I'(a,b,t)) > 137 and
1 L: 1
— Z @ +Z R < 000" Moreover, for any given £ > 0 there are normalized dia-

e; €l (a,b,t)
mond graphs I'(a, b, t) such that 7(T'(a, b, t)) is close to 15 and that 7 > eier(abt) ﬁ <
£. This example shows us that the method applied in the proof of Theorem 2.24 can not
be used to prove Conjecture 2.13 for all graphs.

Next, we show that the lower bound to the tau constant of a banana graph I' is egg).
For a banana graph I', a participant in the REU at UGA, Crystal Gordon, found by
applying Lagrange multipliers that the smallest value of 7(I") is achieved when the edge
lengths are equal to each other and the number of edges is equal to 4 as in the following
proposition. We provide a different, shorter proof.

Proposition 8.3. Let I be an m-banana graph with vertex set {p,q} and resistance func-

tion r(x,y), where m > 1. Then 7(T') = @ - (m_2) r(p, q).
In particular, 7(T) > ((D)(55 — 2=3) > zgg , where the first inequality holds if and

only if the edge lengths of I' are all equal to each other, and the second holds if and only
if m=4.
Proof. By Corollary 7.2, we have 7(I',) = 7(I') — %G’q) + T(quqr On the other hand, 7(I',)
becomes one pointed union of m circles, and so by applying additive property of the tau
constant and Corollary 2.17 we obtain 7(I',,) = @. Therefore, the equality follows from
Proposition 7.6.

Note that the inequality was proved in Corollary 3.6 when the edge lengths are equal.
Let edge lengths of I" be given by {Li, L, -+, L, }. Then by elementary circuit theory

r(p,q) = Zl’i% On the other hand, by applying the Arithmetic-Harmonic Mean in-

equality we obtain (F) > i, with equality if and only if the edge lengths are equal.
i=1 L

Hence, the result follows by using the first part of the proposition and by elementary

algebra. ]

Example 8.4. Let I' be the tetrahedral graph, a cubic graph on 4 vertices, with edge
lengths {a, b, ¢, d, e, f} as shown in Figure 17. By using various results given in this
paper, one can show that

a+b+c+d+e+f A

() = 12 B

THE ELECTRONIC JOURNAL OF COMBINATORICS 18 (2011), #P81 40



Figure 17: Tetrahedral graph.

where A = abcd + abce + abde + acde + 2bcde + abef + abdf + 2acdf + bedf + 2abef +
acef +beef + adef + bdef + cdef, and B = 6(abd 4+ acd + bed + abe + ace + bee + bde +
cde + abf + acf + bef + adf + cdf + aef + bef + def). In particular, 7(I') = & when
a=b=c=d=e=f = é. We leave the details as an exercise to the reader.
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