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Abstract

In this paper, we introduce the notion of “extension” of a toric variety and study
its fundamental properties. This gives rise to infinitely many toric varieties with a
special property, such as being set theoretic complete intersection or arithmetically
Cohen-Macaulay (Gorenstein) and having a Cohen-Macaulay tangent cone or a local
ring with non-decreasing Hilbert function, from just one single example with the
same property, verifying Rossi’s conjecture for larger classes and extending some
results appeared in literature.

1 Introduction

Toric varieties are rational algebraic varieties with special combinatorial structures mak-
ing them objects on the crossroads of different areas such as algebraic statistics, dynamical
systems, hypergeometric differential equations, integer programming, commutative alge-
bra and algebraic geometry.

Affine extensions of a toric curve has been introduced for the first time by Arslan and
Mete [2] inspired by Morales’” work [10] and used to study Rossi’s conjecture saying that
Gorenstein local rings has non-decreasing Hilbert functions. Later, we have studied set-
theoretic complete intersection problem for projective extensions motivated by the fact
that every projective toric curve is an extension of another lying in one less dimensional
projective space [17]. Our purpose here is to emphasize the nice behavior of toric varieties
(of any dimension this time) under the operation of extensions and we hope that this
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approach will provide a rich source of classes for studying many other conjectures and
open problems.

In the first part of the present paper we note that affine extensions can be obtained
by gluing semigroups and thus their minimal generating sets can be obtained by adding
a binomial, see Proposition 2.4. In the projective case a similar result holds under a mild
condition, see Proposition 2.7, which is not true in general by Example 2.6 since projective
extensions are not always obtained by gluing. In particular, if we start with a set theoretic
complete intersection, arithmetically Cohen-Macaulay or Gorenstein toric variety, then we
obtain infinitely many toric varieties having the same property, generalizing [19].

We devote the second part for the local study of extensions of toric varieties. Namely,
if a toric variety has a Cohen-Macaulay tangent cone or at least its local ring has a non-
decreasing Hilbert function, then we prove that its nice extensions share these properties
supporting Rossi’s conjecture for higher dimensional Gorenstein local rings and extending
results appeared in [1, Proposition 4.1] and [2, Theorem 3.6]. Similarly, we show that if its
local ring is of homogeneous type, then so are the local rings of its extensions. Local prop-
erties of toric varieties of higher dimensions have not been studied extensively, although
there is a vast literature about toric curves, see [12, 16], [3, 18] and references therein.
This paper might be considered as a first modest step towards the higher dimensional
case.

2 Prelimineries

Throughout the paper, K is an algebraically closed field of any characteristic. Let S be
a subsemigroup of N¢ generated by my, ..., m,. If we set degg(z;) = m;, then S—degree
of a monomial is defined by

degs(xP) = degg (" - - - 2%) = bym; + --- 4 b,m,, € S.

The toric ideal of S, denoted Ig, is the prime ideal in Klzy,...,z,| generated by the
binomials x® — xP with degg(x®) = degg(xP). The set of zeroes in A" is called the toric
variety of S and is denoted by Vs. The projective closure of a variety V' will be denoted
by V as usual and we write S for the semigroup defining the toric variety Vg.

Denote by S¢m the affine semigroup generated by fmy, ..., ¢m, and m, where / is a
positive integer. When m € S, we define 6(m) (respectively A(m)) to be the minimum
(respectively maximum) of all the sums s;+- - -+s,, where s1, ..., s, are some non-negative

integers such that m = symy + -+ - 4+ s,m,,.

Definition 2.1 (Extensions). With the preceding notation, we say that the affine toric
variety Vs, . C A"l is an extension of Vg C A", if m € S, and ¢ is a positive integer
relatively prime to a component of m. A projective variety £ C P**! will be called an

extension of another one X C P" if its affine part E is an extension of the affine part X
of X.

Remark 2.2. 1. Notice that Vg = Vs, Is C Is,,, and I3 C I3, .
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2. The question of whether or not Ig, =~ (resp. Ig, ) has a minimal generating set
containing a minimal generating set of g (resp. Ig) is not trivial.

3. This definition generalizes the one given for monomial curves in [2, 17].

4. In [19], special extensions for which ¢ equals to a multiple of 6(m) has been studied
without referring to them as extensions.

Now we recall the definition of gluing semigroups introduced first by Rosales [14] and
used by different authors to produce certain family of examples in different context, see
for example [3, 7, 11]. Let T = Ty | |T» be a decomposition of a set 7' C N? into two
disjoint proper subsets. The semigroup N7 is called a gluing of N77 and NT; if there
exists a nonzero a € NT (| NT5 such that Za = ZT; ( ZTx.

Remark 2.3. If S is a gluing of S; and Sy then Ig = Ig, + Is, + (F,), where F, =
pit by — gty with degg(Fa) = degg(al - atr) = degg(yf -+ ysr) = a. Since
F,, is a non-zero divisor, the minimal free resolution of I5 can be obtained by tensoring
out the given minimal free resolutions of Is, and [g,, and then applying the mapping
cone construction. It is also standard to deduce that the coordinate ring of Vg is Cohen-
Macaulay (Gorenstein) when the coordinate rings of Vg, and Vg, are so. The converse
is false as there are Cohen-Macaulay (Gorenstein) toric curves in A* which can not be
obtained by gluing two toric curves.

The first observation is that affine extensions can be obtained by gluing.

Proposition 2.4. If the toric variety Vs, C A" s an extension of Vs C A", then Spm
is the gluing of NT} and NTy, where Ty = {{m, ..., /m,} and Ty = {m}. Consequently,
Is,,. = Is+ (F), where F = af , —xi' - .

n

Proof. First of all, S = N{my,...,m,}, Semm = NT, where the set T =T, UT,, T\ =
{fmi,... fm,} and T, = {m}. We claim that Sy, is the gluing of its subsemigroups
N7T7 and NT5. To this end we show that ZT1 N ZT, = Z«, where o = fm € NT7 N NT5.
Since fm = s;fm; + - - - 4+ s,/m,, with non-negative integers s;, we have clearly ZT} N
ZTy O Za. Take zm = zi0my + - - - + z,fm,, € ZT) N ZT, and note that zm = ¢(z;m; +
-+ 4 z,m,). Since ¢ is relatively prime to a component of m by assumption, it follows
that ¢ divides z and thus zm € Za« yielding ZT) N ZT> C Za. By the relation between

the corresponding ideals, we have Ig, . = Is + (F), since I, = I and Iz, = 0. O
Since F' = zf,, ---xin is a non-zero divisor of R[z,i1]/lsR[Tni1], where R =

Klzq,...,z,], and /I =1/ I s+ V'F the following is immediate.

Corollary 2.5. If Vs C A" is a set theoretic complete intersection, arithmetically Cohen-
Macaulay (Gorenstein), so are its extensions Vs, C A"
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2.1 Projective Extensions

Since projective extensions can not be obtained by gluing in general, see [17], we study
them separately in this section. Contrary to the case of affine extensions, it is not true in
general that a minimal generating set of a projective extension of V5 contains a minimal
generating set of I5 as illustrated by the following example.

Ezample 2.6. If S = N{1,4,5}, then the projective monomial curve Vg in P? is defined
by S = N{(5,0), (4,1),(1,4),(0,5)}. Consider the projective extension Vs, ,, defined by
the semigroup

S1.10 = N{(10,0), (9,1), (6,4), (5,5), (0,10)}.

It is easy to see (use e.g. Macaulay [4]) that the set {F}, Fy, Fs, Fy, F5} constitutes a
reduced Grobner basis (and a minimal generating set) for the ideal Ig with respect to the
reverse lexicographic order with x; > x5 > x3 > ¢, where

Fy, = af —adxy
F, = z3—n
F3 = 2322 — zo13
Fy = 2313 — 2322
F5 = T1x2 — ToIx3.

A computation shows that the set {Fy, Fy, Fy, F, Fg, Fr} is a reduced Groébner basis for

I with respect to the reverse lexicographic order with x; > xy > x3 > x4 > x(, where

S1,10
_ .2
F = XT3 — ToTyg
Fs = 25— 2214
Fr = 23xy — xorius.

We observe now that F; = x3F5 —x, Fs and that the set {Fy, Fy, Fs, F, Fg} is a minimal
generating set of Iy | . The fact that no minimal generating set of Iy extends to a minimal
generating set of Iy =~ follows from the observation that u(lg) = u(lg, ,,)(= 5), where
u(+) denotes the minimal number of generators.

Notice that the previous example reveals why minimal generating sets need not extend
when ¢ < 0(m). Next, we show that this can be avoided as long as ¢ > §(m). So, we
compute a Grobner basis for [g[vm using the Proposition 2.4 and the fact that if G is
a Grobner basis for the ideal of an affine variety with respect to a term order refining
the order by degree, then the homogenization of G is a Grobner basis for the ideal of its
projective closure.

Proposition 2.7. If G is a reduced Grobner basis for Is with respect to a term order >~
making xo the smallest variable and £ > §(m), then G U {F'} is a reduced Grobner basis

Jor Is, —with respect to a term order refining = and making 11 the biggest variable and

£—4(m)

thus I, = Ig + (F), where F =x!  , —x, xjt e ain,
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Proof. Let G = {Fy,...,F;}. If we dehomogenize the polynomials in G by substi-
tuting zp = 1, we get a reduced Grébner basis {Gy,...,Gy} for Ig with respect to
> which refines the order by degree. From Proposition 2.4, we know that Ig, =
Is + (G) = (Gy,...,Gk, G), where G = F(1,x1,...,x,). Since LM(G;) € K|[z1,...,z,)
and LM(G) = ¢4, it follows that gcd(LM(G;),LM(G)) = 1, for all i. This implies that
the set {G1,..., Gk, G} is a Grobner basis for g, . with respect to a term order refining
the order by degree and >. Hence, their homogenizations constitute the required Grobner
basis for Ig, —as claimed.

Now, if LM(F;) does not divide NLM(F') := xf;_&(m)x‘;l .- -axdr it follows that G U {F'}
is reduced as G is also. Otherwise, i.e., NLM(F) = LM(FZ-)xg_é(m)M , for some monomial
M in K[xq,...,z,|, we replace NLM(F) by Ti:cg_é(m)M, since degg(LM(F;)) = degg(T3),
which means that the new binomial F = zf, — Tixf;_ M e Ig, ... Since G is reduced
and F; are irreducible binomials, no LM (F;) divides Tixg_é(m)M . Therefore, the set
G U {F} is reduced as desired. Thus, we obtain Ig, =I5+ (F). O

As in the affine case we have the following.

Corollary 2.8. If Vo C P" is a set theoretic complete intersection, arithmetically Cohen-
Macaulay (Gorenstein), so are its extensions Vg, C P! provided that £ > 6(m).

3 Local Properties of Extensions

In this section, we study Cohen-Macaulayness of tangent cones of extensions of a toric
variety having a Cohen-Macaulay tangent cone, see [1, 12, 16] for the literature about
Cohen-Macaulayness of tangent cones. We also show that if the local ring of a toric vari-
ety is of homogeneous type or has a non-decreasing Hilbert function, then its extensions
share the same property. As a main result, we demonstrate that in the framework of ex-
tensions it is very easy to create infinitely many new families of arbitrary dimensional and
embedding codimensional local rings having non-decreasing Hilbert functions supporting
Rossi’s conjecture. This is important, as the conjecture is known only for local rings with
small (co)dimension:

e Cohen-Macaulay rings of dimension 1 and embedding codimension 2, [6],
e Some Gorenstein rings of dimension 1 and embedding codimension 3, [2],
e Complete intersection rings of embedding codimension 2, [13],

e Some local rings of dimension 1, [3, 18],
where embedding codimension of a local ring is defined to be the difference between its

embedding dimension and dimension. For instance, if A" is the smallest affine space
containing Vg, then embedding dimension of the local ring of Vg is n. Its dimension
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coincides with the dimension of Vg and its embedding codimension is nothing but the
codimension of Vg, i.e. n — dim V.

Before going further, we need to recall some terminology and fundamental results
which will be used subsequently. If Vg C A" is a toric variety, its associated graded ring
is isomorphic to K{z1,...,x,]/Is", where Is* is the ideal of the tangent cone of Vg at the
origin, that is the ideal generated by the polynomials f* with f € Is and f* being the
homogeneous summand of f of the smallest degree. Thus, the tangent cone is Cohen-
Macaulay if this quotient ring is also. Similarly, we can study the Hilbert function of the
local ring associated to Vg by means of this quotient ring, since the Hilbert function of
the local ring is by definition the Hilbert function of the associated graded ring. Finally,
we can find a minimal generating set for Is* by computing a minimal standard basis of
Is with respect to a local order. For further inquiries and notations to be used, we refer
to [8].

Assume now that Vg, = C A" is an extension of Vs, for suitable £ and m. Then, by

Proposition 2.4, we know that Is, = = Is + (F), where F = af_, —af' - .

Proposition 3.1. If G is a minimal standard basis of Is with respect to a negative degree
reverse lexicographic ordering = and { < A(m), then GU{F'} is a minimal standard basis
of Is, . with respect to a negative degree reverse lexicographic ordering refining = and
making x,.1 the biggest variable.

Proof. Let G = G U {F}. Since NF(spoly(f,g)|G) = 0, for all f,g € G, we have
NF(spoly(f,g)|G') = 0. Since LM(f) € Klz1,...,2,] and LM(F) = zf_,, it follows at
once that ged(LM(f), LM(F')) = 1, for every f € G. Thus, we get N F(spoly(f, F')|G’") =0,
for any f € G. This reveals that G’ is a standard basis with respect to the afore mentioned
local ordering and it is minimal because of the minimality of G. O

Theorem 3.2. If Vs C A™ has a Cohen-Macaulay (Gorenstein) tangent cone at 0, then
so have its extensions Vs, C A", provided that £ < A(m).

Proof. An immediate consequence of the previous result is that I, =* = Is"+(F*), where
F*is af_; whenever ¢ < A(m) and is F if ¢ = A(m). In any case F* is a nonzerodivisor
on Klzy,...,on41]/Is" and thus Klxy,...,7,11]/1s,,," is Cohen-Macaulay as required.
In particular, both tangent cones have the same Cohen-Macaulay type. O

Remark 3.3. Theorem 3.2 generalizes the results appeared in [1, Proposition 4.1] and [2,
Theorem 3.6] from toric curves to toric varieties of any dimension. Moreover, Hilbert
functions of the local rings of these extensions are nondecreasing in this case supporting
Rossi’s conjecture.

According to [9], a local ring is of homogeneous type if its Betti numbers coincide with
the Betti numbers of its associated graded ring, considered as a module over itself. It is
interesting to obtain local rings of homogeneous type, since in this case, for example, the
local ring and its associated ring will have the same depth and their Cohen-Macaulayness
will be equivalent since they always have the same dimension. It will also be easier to get
information about the depth of the symmetric algebra in this case, see [9, 15].
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Proposition 3.4. If the local ring of Vg C A™ is of homogeneous type, then its extensions
will also have local rings of homogeneous type if and only if £ < A(m).

Proof. Let K[[S]] denote the local ring of Vs, i.e. the localization of the semigroup ring
K[S] = R/Is at the origin, where R = K|xy,...,x,]. The Betti numbers of K[[S]] and
K[S] is the same, since localization is flat. For the convenience of notation let us use
GR[S] for the associated graded ring corresponding to Vg and (;(GR[S]) for the Betti
numbers of the minimal free resolution of GR[S] = R/Is" over R.

Assume now that K[[S]] is of homogeneous type, i.e. 5;(K[[S]]) = Bi(GR[S]), for all 7.
For any extension Vs, =~ C A" of Vg, we have from Proposition 2.4 that Is, .. = Is+(F),
where F' = af | — 23! -+ - air. Therefore, by Remark 2.3, the Betti numbers are as follows

o Ai(K[[Seml]) = Ar(K[S]]) +1
o Bi(K[[Seml]) = Bi(K[[S]]) + Bi1 (K[[S])), 2 < i < d = pd(K[[S]])
® Bap1 (K[[Seml]) = Ba(K[[S]])-

If furthermore ¢ < A(m), Proposition 3.1 yields Ig, .~ = Is* + (F*). Hence, by
Remark 2.3, Betti numbers of GR[S; ] are found as:

* J1(GR[Sim]) = Bi(GR[S]) +1
o Bi(GR[Sim]) = Bi(GR[S]) + B;-1(GR[S]), 2 <i < d = pd(K[[S]])
® Bat1(GR[Sim]) = Pa(GRIS]).

It is obvious now that B;(GR[Sim]|) = 0i(K[[Sem]]) for any ¢ and that local rings of
extensions are of homogeneous type.

The converse is rather trivial, since homogeneity of local rings of extensions force
that B1(GR[Sim]|) = Bi(K[[Seml]), 1. Is,," = Is" + (F*) which is possible only if
¢ < A(m). O

Finally, inspired by [3, Theorem 3.1], we consider extensions of a toric variety whose
local ring has a non-decreasing Hilbert function and whose tangent cone is not necessarily
Cohen-Macaulay. The proof is a modification of that of [3, Theorem 3.1] and the reason
for this is that there are toric surfaces having non-decreasing Hilbert functions but having
Hilbert series expressed as a ratio of a polynomial with some negative coefficients. The
Hilbert series of the toric variety in Example 3.6 item (3) is such an example:

(143t + 6t + 85 + 9t + 77 + 3t° — %) /(1 — )2

Theorem 3.5. If Vo C A™ has a local ring with non-decreasing Hilbert function, then so
have its extensions Vs, . C A", provided that { < A(m).
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Proof. Let R = Klxy,...,x,]. If I is a graded ideal of R, then it is a standard fact that
the Hilbert function of R/I is just the Hilbert function of R/LM([), where LM(/) is a
monomial ideal consisting of the leading monomials of polynomials in /. Now, Proposition
3.1 reveals that Ig, . * = Ig" + (F*), where F =z}, —«{'--- 25 and that LM(Ig, ") =
LM(I5*) + (LM(F™*)). Since LM(Ig*) C R and LM(F*) = f_, with respect to the local
order mentioned in Proposition 3.1, it follows from the proof of [5, Proposition 2.4] that
R/ = Rl XK Rg, where

R' = R[z,41]/LM(Is,,."), Ri = R/LM(Is*) and Ry = K [z,41] St ).

Hilbert series of Ry can be given as ), ait®, where aj, < aj4q for any k& > 0, since from
the assumption the local ring associated to Vg has non-decreasing Hilbert function. It is
clear that the Hilbert series of Ry is ha(t) = 1+t + .-+ t‘~1. Since the Hilbert series of
R’ is the product of those of Ry and Ry, we observe that the Hilbert series of R’ is given
by

Dbt = (Lt tTHD gt

k>0 k>0
= > att + Y a4 Y !
E>0 £>0 E>0
= D>t + Y aatt o Y aath
k>0 E>1 E>0—1

Therefore, the Hilbert series Zkgo bith of R’ is given by

ag + (CLQ + al)t + -+ (ao + -+ ag_g)te_z + Z (ak + Qg1+ -+ Clk_g_,_l)tk.
>0—1

It is now clear that b, < bgyq, for any 0 < k < ¢ — 2, from the first part of the last
equality above, since a, < ajy1. For all the other values of k, i.e. k > ¢ — 1, we have
b, — bry1 = ar_p11 — apr1 < 0 which accomplishes the proof. O

Ezample 3.6. In the following, we will say that the extension is nice if £ < A(m).

1. The local ring of the affine cone of a projective toric variety is always of homogeneous
type, for instance, S = {(3,0),(2,1),(1,2),(0,3)} defines a projective toric curve
in P? and its affine cone is the toric surface Vg C A* with the homogeneous toric
ideal Is = (22 — 123,23 — Toxy, Tox3 — x124). Thus by Proposition 3.4, its affine
nice extensions will have homogeneous type local rings which are not necessarily
homogeneous. Take for example, ¢ = 1 and m = (0,3s) for any s > 1. Then,
although I, . = Is+ (x] —5) is not homogeneous, its local ring is of homogeneous

type.

2. Similarly, one can produce Cohen-Macaulay tangent cones using arithmetically
Cohen-Macaulay projective toric varieties, since the toric ideal Ig of their affine
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cones are homogeneous and thus Is = Is*. Therefore, all of their affine nice exten-
sions will have Cohen-Macaulay tangent cones and local rings with non-decreasing
Hilbert functions, by Theorem 3.2. The toric variety Vg C A? considered in the
previous item (1) and its nice extensions illustrate this as well.

3. Take S = {(6,0),(0,2),(7,0),(6,4),(15,0)}. Then it is easy to see that Is =
(103 — x4, 25 — 2175, 25 — 22). Since Vg C A® is a toric surface of codimension
3, Is is a complete intersection and thus the local ring of Vg is Gorenstein. But, the
tangent cone at the origin, is determined by Is* = (22, x4, 2325, 25, 7125) and thus
is not Cohen-Macaulay. Nevertheless, its Hilbert function Hg is non-decreasing:
Hg(0) = 1,Hg(1) = 4,Hs(2) = 8,Hs(3) = 13, Hg(r) = 6r — 6, for r > 4. Con-
sider now all nice extensions of Vg; defined by the following semigroups Sym =
{(6¢,0),(0,2¢),(7¢,0), (6¢,4¢), (15¢,0), m}. Therefore, Theorem 3.5 produces in-
finitely many new toric surfaces with local rings of dimension 2 and embedding
codimension 4 whose Hilbert functions are non-decreasing even though their tan-
gent cones are not Cohen-Macaulay. Indeed, one may produce this sort of examples
in any embedding codimension by taking a sequence of nice extensions of the same
example, since in each step the embedding codimension increases by one.
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