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Abstract

An undirected graph is called integral, if all of its eigenvalues are integers. Let
I'=2,, ® --®Zp,, be an abelian group represented as the direct product of cyclic
groups Z,, of order m; such that all greatest common divisors ged(m;,m;) < 2
for ¢ # j. We prove that a Cayley graph Cay(T',S) over T is integral, if and only
if S C T belongs to the the Boolean algebra B(I') generated by the subgroups of
I. Tt is also shown that every S € B(T') can be characterized by greatest common
divisors.

1 Introduction
The greatest common divisor of nonnegative integers a and b is denoted by gecd(a,b).
Let us agree upon ged(0,b) = b. If x = (xq,...,2,) and m = (my,...,m,) are tuples of
nonnegative integers, then we set

ged(x,m) = (dy,...,d,) =d, d;=ged(x;,m;) fori=1,... r

For an integer n > 1 we denote by Z,, the additive group, respectively the ring of integers
modulon, Z,, ={0,1,...,n—1} asaset. Let I" be an (additive) abelian group represented
as a direct product of cyclic groups.

=72, ® --®Zy,. ,m>1fori=1,...,r
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Suppose that d; is a divisor of m;, 1 < d; < m;, for v = 1,...,r. For the divisor tuple
d=(dy,...,d.) of m=(my,...,m,) we define the gcd-set of I with respect to d,

Sr(d) = {x=(21,...,2.) €T : ged(x,m) = d}.

If D={d",... ,d®} is a set of divisor tuples of m, then the gcd-set of I' with respect
to D is

Se(D) = | J Sr@d?).

In Section 2 we realize that the ged-sets of I' constitute a Boolean subalgebra By.q4(I') of
the Boolean algebra B(I") generated by the subgroups of I'. The finite abelian group I is
called a ged-group, if Byeq(I') = B(I'). We show that I' is a ged-group, if and only if it is
cyclic or isomorphic to a group of the form

2y Q@ QLyQ Ly, n 2> 2.

Eigenvalues of an undirected graph G are the eigenvalues of an arbitrary adjacency
matrix of G. Harary and Schwenk [8] defined G to be integral, if all of its eigenvalues
are integers. For a survey of integral graphs see [3]. In [2] the number of integral graphs
on n vertices is estimated. Known characterizations of integral graphs are restricted to
certain graph classes, see e.g. [1]. Here we concentrate on integral Cayley graphs over
ged-groups.

Let T be a finite, additive group, S C T, 0 ¢ S, —S ={-s: s€ S} = 5. The
undirected Cayley graph over I' with shift set S, Cay(L',S), has vertex set I'. Vertices
a, b € I' are adjacent, if and only if a — b € S. For general properties of Cayley graphs
we refer to Godsil and Royle [7] or Biggs [5]. We define a ged-graph to be a Cayley graph
Cay(T, S) over an abelian group I' = Z,,,, ®- - -® Z,,,. with a ged-set S of I'. All ged-graphs
are shown to be integral. They can be seen as a generalization of unitary Cayley graphs
and of circulant graphs, which have some remarkable properties and applications (see [4],
9], (1], [15).

In our paper [10] we proved for an abelian group I' and S € B(I'), 0 ¢ S, that
the Cayley graph Cay(T",S) is integral. We conjecture the converse to be true for finite
abelian groups in general. This can be confirmed for cyclic groups by a theorem of So
[16]. In Section 3 we extend the result of So to ged-groups. A Cayley graph Cay(T', S)
over a ged-group I is integral, if and only if S € B(T").

2 gcd-Groups

Throughout this section I' denotes a finite abelian group given as a direct product of
cyclic groups,
=2, ® - ®&Zy, ,m>1fore=1,...,r

Theorem 1. The family By.a(L') of gcd-sets of I' constitutes a Boolean subalgebra of the
Boolean algebra B(I") generated by the subgroups of T.
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Proof. First we confirm that By.4(I') is a Boolean algebra with respect to the usual set
operations. From Sp(0) = 0 we know () € Byq(T). If Dy denotes the set of all (positive)
divisor tuples of m = (my,...,m,) then we have Sp(Dy) = I', which implies I' € B,.4(T").
As By.q(I') is obviously closed under the set operations union, intersection and forming
the complement, it is a Boolean algebra.

In order to show B.q(I') C B(I'), it is sufficient to prove for an arbitrary divisor tuple
d=(dy,...,d,) of m=(myq,...,m,) that

Sr(d) = {z=(21,...,2,) € I': ged(x,m) = d} € B(I).

Observe that d; = m; forces x; = 0 for x = (2;) € Sp(d). If d; =m, for every i =1,...,r
then Sr(d) = {(0,0,...,0)} € B(I'). So we may assume 1 < d; < m,; for at least one
ie{l,...,r}. Fori =1,...,r we define §; = d;, if d; < m;, and §; = 0, if d; = m,,
d = (61,...,6,). For a; € Z,,,we denote by [a;] the cyclic group generated by a; in Z,,,.
One can easily verify the following representation of Sr(d):

Se(d) = [Ble--oB]\ |J (nale--- o). (1)

In (1) we set \; =0, if §; = 0. For ¢ € {1,...,7} and §; > 0 the range of \; is
1<\ < % such that ged(\;, %) > 1 for at least one i € {1,...,7}.

(2 3

As [61]®- - -®[0,] and [A\101]®- - -®[\,.0,] are subgroups of ', (1) implies Sp(d) € B(I'). O

A ged-graph is a Cayley graph Cay(T', Sp(D)) over an abelian group I' = Z,,,, ® - -+ ®
Zm, with a ged-set Sp(D) as its shift set. In [10] we proved that for a finite abelian group
['and S € B(I'), 0 ¢ S, the Cayley graph Cay(I',S) is integral. Therefore, Theorem 1
implies the following corollary.

Corollary 1. Every gcd-graph Cay(T', Sp(D)) is integral.

We remind that we call I' a ged-group, if By.q(I') = B(I'). For a = (a;) € I' we denote
by [a] the cyclic subgroup of I' generated by a.

Lemma 1. Let I' be the abelian group Z,,, @ -+ & Zp,., m = (mq,...,m,). Then T is a
ged-group, if and only if for every a € I', ged(a, m) = d implies Sr(d) C [a].

Proof. Let I be a ged-group, Byq(I') = B(I'). Then every subgroup of I', especially every
cyclic subgroup [a] is a ged-set of I'. This means [a] = Sp(D) for a set D of divisor tuples
of m. Now ged(a, m) = d implies d € D and therefore Sr(d) C Sp(D) = [a].

To prove the converse assume that the condition in Lemma 1 is satisfied. Let H be
an arbitrary subgroup of I'. We show H € By.4(I'). Let a € H, ged(a,m) = d. Then our
assumption implies

a€Sp(d)C o) CH H=|]Sr(d) = Sr(D) € Byea(I),
deD

where D = {gcd(a,m): a € H}. O
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For integers =, y,n we express by x =y mod n that x is congruent to y modulo n.
Lemma 2. Fvery cyclic group I' = Z,, n > 1, is a gcd-group.

Proof. As the lemma is trivially true forn = 1, we assumen > 2. Leta € I', 0 < a < n—1,
ged(a,n) = d. According to Lemma 1 we have to show Sp(d) C [a]. Again, to avoid the
trivial case, assume a > 1. From ged(a,n) = d < n we deduce

a = ad, 1§a<%, gcd(a,%)zl.

As the order of a € I' is ord(a) = n/d, the cyclic group generated by a is
[a| ={z€l: z=(Aa)d mod n, 0§A<g}.
Finally, we conclude
[ 2{zel: 2=0Ma)d mod n, 0< A< g, gcd(A,g) ~1}

n

d

—{rel: a=pd mod n, 0< < ,@am%y:u:Sﬂ@.
0

Lemma 3. IfI'=2,,, ®---®Z,,,, r > 2, is a gcd-group, then gcd(m;, m;) <2 for every
it i =1, .7

Proof. Without loss of generality we concentrate on ged(mq, ms). We may assume m; > 2
and my > 2. Consider ¢ = (1,1,0,...,0) € I' and b = (my — 1,1,0,...,0) € I". For
m = (my,...,m,) we have

ged(a,m) = (1,1, ms,...,m,) = ged(b,m).

By Lemma 1 the element b must belong to the cyclic group [a]. This requires the existence
of an integer A, b = Aa in I', or equivalently

A=—-1 mod m; and X=1 mod ms.

Therefore, integers k; and ks exist satisfying A = —1 4+ kymy; and A = 1 4+ kymsy, which
implies kymy — kamsy = 2 and ged(my, mg) divides 2. O

The next two lemmas will enable us to prove the converse of Lemma 3.

Lemma 4. Let ay,...,a,,91,...,q, be integers, r > 2, g; > 2 fori=1,...,r. Moreover,
assume ged(g;, g;) = 2 for every i # 7, i,j =1,...,r. The system of congruences
r=a; mod ¢i,...,x=a, mod g, (2)

is solvable, if and only if
a; =a; mod 2 foreveryi,j=1,...,r (3)
If the system 1is solvable, then the solution consists of a unique residue class modulo

(192 gr)/2" 7L
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Proof. Suppose that x is a solution of (2). As every g; is even, the necessity of condition
(3) follows by
a;=x mod 2fore=1,...,7.

Assume now that condition (3) is satisfied. We set k = 0, if every a; is even, and
k=1, if every a; is odd. By z = a; mod 2 we have x = 2y + « for an integer y. The
congruences (2) can be equivalently transformed to

_G1— K g1 ar — K

VE— mod oY =

Gr
5 mod 5 (4)

As ged((9:/2), (9;/2)) = 1 for i # j, 4,5 = 1,...,r, we know by the Chinese remainder
theorem [14] that the system (4) has a unique solution y =h mod (g;---g.)/2". This
implies for the solution x of (2):

r=2y+r=2h+r mod 912;_'19?.
]
Lemma 5. Let ay,...,a,,my,...,m, be integers, r > 2, m; > 2 forit=1,...,r. More-
over, assume ged(m;, m;) < 2 for everyi # j, i,j =1,...,r. The system of congruences
r=a; mod m,...,x=a, mod m, (5)

1s solvable, if and only if
a; =a; mod 2 foreveryi#j, mi=m; =0 mod 2, i,j=1,...,m (6)

Proof. If at most one of the integers m;, i = 1,...r, is even then ged(m;, m;) = 1 for
every i # j, 4,7 = 1,...,r, and system (5) is solvable. Therefore, we may assume that
mq,...,myareeven, 2 < k <r, and mgyq,...,m, are odd, if £ < r. Now we split system
(5) into two systems.

r=a mod my,...,x=a;, mod my (7)

r=ap mod myyq,...,x=a, mod m, (8)

By Lemma 4 the solvability of (7) requires (6). If this condition is satisfied, then (7)
has a unique solution z = b mod (my---my)/2¥"1 by Lemma 4. System (8) has a
unique solution z = ¢ mod (mgyq---m,) by the Chinese remainder theorem, because
ged(m;,mj) =1fori#j, 4,7 =Fk+1,...,7r. So the original system (5) is equivalent to

ml"'m

le and x =c¢ mod (mgyr---my). (9)

z=b mod

As ged((my - - -my), (Mgy1---m,)) = 1, the Chinese remainder theorem can be applied
once more to arrive at a unique solution z = h  mod (my ---m,)/2¥ 1 of (9) and (5). O
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Theorem 2. The abelian group I' = Z,,,, @ - -+ @ Z,, s a ged-group, if and only if
ged(my, mj) < 2 for every i # j, i,5=1,...,1. (10)

Proof. As every cyclic group is a gcd-group by Lemma 2, we may assume r > 2. Then
(10) necessarily holds for every ged-group I' by Lemma 3.

Suppose now that I" satisfies (10). Let a = (ay,...,a,) and b = (by,...,b,) be elements
of ' m = (mq,...,m,), and

ged(a,m) =d = (dy,...,d,) = ged(b,m). (11)

According to Lemma 1 we have to show that b belongs to the cyclic group [a] generated
by a. Now b € [a] is equivalent to the existence of an integer A which solves the following
system of congruences:

by =Xa; mod mq,...,b, = Xa, mod m,. (12)
If d; = m; then a; = b; = 0 and the congruence b; = Aa; mod m; becomes trivial.
Therefore, we assume 1 < d; < m; for every i = 1,...,r. By (11) we have ged(a;, m;) =
ged(b;, m;) = d;, which implies the existence of integers p;, v; satisfying

a; = pid;, 1< p; < ?—Z, ged (ps, %) =1; b =vd;, 1 <y < 7;—;7 ged (v, i;—:) =1L
(

Inserting a; and b; for : = 1,...,r from (13) in (12) yields
vidy = Mpdy mod my, ..., vpd, = A\pd, mod m,..

We divide the i-th congruence by d; and multiply with x;, the multiplicative inverse of
w; modulo m;/d;. Thus each congruence is solved for A\ and we arrive at the following
system equivalent to (12).
my
A=Ky mod —,..., A=k, mod — (14)
dl dr
To prove the solvability of (14) by Lemma 5 we first notice that ged(m;, m;) < 2 for
i # j implies ged((m;/d;), (m;/d;)) < 2 for 4,5 = 1,...,r. Suppose now that m;/d;
is even. As ged(pi, (mi/d;)) = 1, see (13), pu; must be odd. Also k; is odd because of
ged(kq, (mi/d;)) = 1. If for i # j both m;/d; and m;/d; are even, then both x;v; and k;v;
are odd, because all involved integers x;, v;, K;, v; are odd. We conclude now by Lemma
5 that (14) is solvable, which finally confirms b € [a]. O

Lemma 6. Let' = 7, ®---® Z,,, be isomorphic tol" =7, @---® Z,,, I ~1". Then
I is a ged-group, if and only if TV is a ged-group.

Proof. We may assume m; > 2 for i = 1,...,r and n; > 2 for j = 1,...,s. For the
following isomorphy and more basic facts about abelian groups we refer to Cohn [6].

Zpg >~ Z, @ Zy, it ged(p,q) =1 (15)
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If the positive integer m is written as a product of pairwise coprime prime powers, m =
Uy -+ - Uy, then

T = oy @+ @ Z,. (16)
We apply the decomposition (16) to every factor Z,,,, i = 1,...,r, of I" and to every
factor Z,;, j=1,...,s, of . So we obtain the “prime power representation” I'*, which

is the same for I and for I", if the factors are e. g. arranged in ascending order.
'~I"=27,® - ®Z, ~I', ¢; aprime power for j =1,....¢t
The following equivalences are easily checked.
ged(m;,mj) < 2 for every i # j, i, =1,...,r
< ged(qr,q) <2 forevery k#£1, kil=1,...,t (17)
& ged(ng,nj) <2foreveryi#j, i,j=1,...,s
Theorem 2 and (17) imply that I' is a ged-group, if and only if I'*, respectively IV, is a
ged-group. O
Every finite abelian group I’ can be represented as the direct product of cyclic groups.

P~Z, ® - ®Z, =T (18)

We define T to be a ged-group, if I' is a ged-group. Although the representation (18) may
not be unique, this definition is correct by Lemma 6.

Theorem 3. The finite abelian group I" is a ged-group, if and only if I is cyclic or T" is
isomorphic to a group I of the form

IN'=72,Q0 - QZyQ Z,, n> 2.

Proof. If T" is isomorphic to a group I as stated in the theorem, then I' is a ged-group by
Theorem 2.

To prove the converse, let I' be a gcd-group. We may assume that I is not cyclic. The
prime power representation I'* of I" is established as described in the proof of Lemma 6.

We start this representation with those orders which are a power of 2, followed possibly
by odd orders.

Pl =20 Q23R Zpa @ Ly, Q-+ R Ly, a>1, u;oddfori=1,...;s (19)

Theorem 2 implies that there is at most one order 2¢ with o > 2. Moreover, all odd orders
U1, ..., us must be pairwise coprime. As 2% uy,...,us are pairwise coprime integers, we

deduce from (15) that
Z2“®Zu1®"'®Zus EZn forn:2au1...us_

Now (19) implies
Pl =72,0 ® Zy ® Z,.
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3 Integral Cayley graphs over gcd-groups

The following method to determine the eigenvectors and eigenvalues of Cayley graphs
over abelian groups is due to Lovész [13], see also our description in [10]. We outline the
main features of this method, which will be applied in this section.
The finite, additive, abelian group I', |I'| = n > 2, is represented as the direct product
of cyclic groups,
' =2, - ®Zy,, m>2forl <i<r. (20)

We consider the elements = € I' as elements of the cartesian product Z,,, x --- X Z,,,
r=(x;), ©; € Zm, ={0,1,...,m; — 1}, 1 <i <.

Addition is coordinatewise modulo m;. A character ¢ of I' is a homomorphism from I'
into the multiplicative group of complex n-th roots of unity. Denote by e; the unit vector
with entry 1 in position ¢ and entry 0 in every position j # i. A character ¥ of I is
uniquely determined by its values ¢ (e;), 1 <i <.

T

v =(z;) = Z viei, ¥(x) = ] (W(e)™ (21)

i=1

The value of ¥(e;) must be an m;-th root of unity. There are m; possible choices for this
value. Let (; be a fixed primitive m;-th root of unity for every ¢, 1 < i < r. For every
a = (o) € I' a character v, can be uniquely defined by

Yale:) = G 1<i<r (22)
Combining (21) and (22) yields
Yol(T) = H ¢ for a = (o) €' and z = (x;) € T, (23)
i=1
Thus all [I'| = my - --m, = n characters of the abelian group I" can be obtained.

Lemma 7. Let 1y, ..., 10, 1 be the distinct characters of the additive abelian group I' =
{wo, ..., w1}, SCIL, 0¢85, =S =5. Assume that A(G) = A = (a; ;) is the adjacency
matriz of G = Cay(T', S) with respect to the given ordering of the vertex set V(G) =T.

G = { , if w; 1s adjacent to w; 0<i<n-10<j<n—1

0, if w; and w; are not adjacent

Then the vectors (1;(w;))j=o,..n-1, 0 < i < n — 1, represent an orthogonal basis of C"
consisting of eigenvectors of A. To the eigenvector (¢;(w;))j=o,..n—1 belongs the eigenvalue

Ui(S) =D i),

ses
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There is a unique character 1,,, associated with every w; € I' according to (23). So we
may assume in Lemma 7 that ¢, = 1, for ¢t =0,...,n — 1. Let us call the n x n-matrix

H(F):(wwi(wj))a 0<i<n—-1,0<;7<n-—1,

the character matriz of I with respect to the given ordering of the elements of I'. Here we
always assume that I is represented by (20) as a direct product of cyclic groups and that
the elements of I" are ordered lexicographically increasing. Then wy is the zero element of
I'. Moreover, by (23) the character matrix H(I') becomes the Kronecker product of the
character matrices of the cyclic factors of I,

' =2, & - ®Z,, implies HT') = H(Z,,,) ® --- @ H(Zy,,). (24)

We remind that the Kronecker product A® B of matrices A and B is defined by replacing
the entry a;; of A by a; ;B for all ¢, j. For every Cayley graph G = Cay(T', S) the rows
of H(T") represent an orthogonal basis of C™ consisting of eigenvectors of G, respectively
A(G). The corresponding eigenvalues are obtained by H (I')cgr, the product of H(I') and
the characteristic (column) vector cgp of S in I,

. 1, ifw; €S .
csr(i) = {O ;fzing ,0<i<n—1.

Consider the situation, when I is a cyclic group, I' = Z,,, n > 2. Let w,, be a primitive
n-th root of unity. Setting r = 1 and (; = w, in (23) we establish the character matrix
H(Z,) = F, according to the natural ordering of the elements 0,1,...,n — 1.

Fo=((w)"),0<i<n—-1,0<j<n-1

Observe that all entries in the first row and in the first column of F), are equal to 1. For
a divisor 0 of n, 1 < ¢ < n, we simplify the notation of the characteristic vector of the
ged-set Sz, (0) in Z, to csp,

: 1, if ged(i,n) =46 :
= <:1<n-—
Can i) { 0, otherwise y Usesn—1

For 0 < n we have 0 &€ Sz (). So the Cayley graph Cay(Z,, Sz, (6)) is well defined. It is
integral by Corollary 1. The eigenvalues of this graph are the entries of F,cs,. Therefore,
this vector is integral, which is also trivially true for 6 = n,

F.cs,, € Z™ for every positive divisor d of n. (25)

The only quadratic primitive root is —1. This implies that H(Zs) = F; is the elemen-
tary Hadamard matrix (see [12])
1 1
ne (1)
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By (24) the character matrix of the r-fold direct product Z, ® - - - ® Zy = Z7F is
HZ) = B ®F = F,

the r-fold Kronecker product of Fy with itself, which is also a Hadamard matrix consisting
of orthogonal rows with entries +1.
From now on let I' be a ged-group. By Theorem 3 we may assume

' =20 2Z,, r>0, n>2. (26)

If weset p=n—1and ¢ =2"—1, then we have |[I'| =1 =2"n —1 = gn+ p. We order
the elements of 7}, and I' lexicographically increasing.

Zg = {ao,al,...,aq},

ap=(0,...,0,0), a; = (0,...,0,1), ... jag=(1,...,1,1);

F = {wo,wl,...,qu+p}, (27)
Wy = (ao,O), w1 = (a(), 1), ey 'LUp = (ao,p),

Wep, = (ag,0), Weni1 = (ag, 1), ..., Wonip = (aq,p).

The character matrix H(I") with respect to the given ordering of elements becomes the
Kronecker product of the character matrix F2(T) of Z% and the character matrix F,, of Z,,,

HI) = F"®F,.

This means that H(I") consists of disjoint submatrices +F,,, because Fz(r) has only entries
+1. The structure of H(T") is displayed in Figure 1. Rows and columns are labelled with
the elements of I'. Observe that a label « at a row stands for the unique character ,.
The sign €(j,1) € {1, —1} of a submatrix F}, is the entry of FQ(T) in position (j,1), 0 < j <
q, 0<1<q

| (a0,0) -+ (a0, p) | -+~ | (a,0)--(ar,p) | -+ | (a4,0) - (ag, p)

(CL(),O)

. €(0,0)F, . €(0,1)F, - €(0,9)F,
(CL(),p)
(aj>0)

e(j,0)F, e(j, ) F, (4, 0) Fn
(a0)

e(q,0)F, e(q, 1) F, €(q,q)F,
(aqu)

Figure 1: The structure of H(Zj ® Z,).
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Let m = (mq,...,mp,mpy1), my = ... = m, = 2, m,y; = n. Suppose that d =
(dy,...,d,y1) is a tuple of positive divisors of my,...,m,11, d; € {1,2} fori =1,...,r,
dyy1 =0 divides n. If v = (xq,...,2,41) € I' = ZJ® 7, and ged(x,m) = d, then 24, ..., x,
are uniquely determined,

r; = {O, it d =2 fori=1,...,r.

This means that the divisor tuple d of m determines a unique element a; € Zj such that

Sr(d) = {(a,b): be Z,, ged(byn) =4}
= {w, €l i=In+b, 0<b<p=n-—1, ged(b,n)=0}.

The characteristic vector c¢,r of Sr(d) in I' may have nonzero entries only for positions
t=In+0b, be Z,. Its restriction to these positions is zs,, the characteristic vector of
Sz,(0) in Z,,. The vector H(I')cqr is composed of 2" disjoint vectors +F),¢s,,, which by
(25) have only integral entries. So H(I')cyr has also only integral entries,

H(T)cqr € ZM for every divisor tuple d of m. (28)

For different divisor tuples dV), ..., d*) of m the sets of positions of Ca() ps - -+ 5 Cqty p With
entries 1 are pairwise disjoint. Therefore, these vectors are linearly independent in the
rational space QI'!.

From now on we abbreviate H(I') = H, H = (hap), 0 <a <|I'|-1, 0 < g < || -1.
We continue to use the notation established for (27). By D we denote the set of all
positive divisor tuples of m = (2,...,2,n). The transpose of a vector v is vT. It is easily
verified that

A= {veQ: HveQ}

is a subspace of the rational space Q. By (28) we see that
D =span{cyr: d€ D} C A (29)

As {cqr : d € D} is a basis of D, we have dim(D) = |D| = 2"7(n), where 7(n) is the
number of positive divisors of n. The next lemma will enable us to show D = A.

Lemma 8. Let the elements of I' = Z" ® Z,, be ordered as in (27), I' = {wo, ..., Wenip},
q=2"—1, p=n—1, and let the character matrix H = (ho ) of I' be established with
respect to this ordering of the elements (Figure 1). Moreover, letv = (vg, ..., Vgnip)’ € A,
u= (U, Ugnsp). = Hv. Then

ged(wg, m) = ged(wy, m) implies ugs = u; for every s, t € {0,1,...,qn + p}.

Proof. Notice that v € A and v = Hv implies that the entries of v and u are rationals.
Suppose ged(ws, m) = ged(wg,m) = d, d = (dy,...,dr11), di € {1,2} fori =1,...,r,
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d..1 = 0 a positive divisor of n. As explained earlier, d uniquely determines elements
a; € Zy and by, by € Z,, such that

Ws = (al7b1)7 Wy = (al7b2>7 S = ln_'_ b17 t=1In + b27 ng(bhn) = ng<b27n) =0. (30)

Rows s and ¢ of H belong to the same row of submatrices €(l, g)F,,, 0 < g < ¢ in Figure
1. We remind that F,, = (w¥), w, a primitive n-th root of unity, 0 <i < p, 0 < j < p,
p=mn—1.

gn+p
Ug = Z hskvk = Z Z hln+b1 gn+f Ugn+f
g=0 f=0
Ug = Z l g Z Wy bif Ugn—i—f (31)

g=0
Similarly we deduce
Uy = Z (l,9) Z w2l v (32)
g=0

Setting w® = z in (31) shows that w? is a root of the rational polynomial

U(x) = Z (1, 9) Z ol Vgnyr — U
g=0
As ged(by,n) = by (30), we know that w® is an (n/§) = §’-th root of unity. The irre-
ducible polynomial over the rationals for a §’-th root of unity is the cyclotomic polynomial
5 (see [6]). Therefore, we have (x) = M(x)®Py(x) with a rational polynomial M (z).
Now we see by (30), ged(ba, n) = 4, that w?? is also a §'-th root of unity. So w?? is also a
root of ®g (z) and consequently also of (z).

q p
@b(wzz) = Z E(Z,g) Z Wfff Vgn4f — Us = 0.
f=0

g=0
Finally, (32) implies us = u;. O

Corollary 2. Assume that the conditions of Lemma 8 are satisfied. Let D be the set of
all positive divisor tuples of m = (2,...,2,n). Ford € D denote by car the characteristic
vector of Sp(d) = {w € ' : ged(w,m) = d} in T, D = span{cqr : d € D}. Then we
have

u= Hv €D for every v € A.

Proof. Suppose d € D. By Lemma 8 the vector u = Hv has the same entry \; in every
position j, w; € Sp(d). The sets Sp(d), d € D induce a partition of the set of all possible

positions {0,1,...,|'| = 1} = Zjr into disjoint subsets.
Sry = |J {1 €2 wy e Se(d)}
deD
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This implies
U = Z )\dcd,l“ e€D.

U
Lemma 9. With the notations introduced for Lemma 8 and its corollary we have D = A.

Proof. By (29) D is a subspace of the linear space A C QIFl. Consider the mapping A
defined by A(v) = Hv for v € A. Corollary 2 shows that A maps A in D. As the rows of
H are pairwise orthogonal and nonzero, this matrix is regular. Therefore, A is bijective,
dim(D) = dim(A), D = A. 0O

As before let D be the set of all positive divisor tuples d of m = (2,...,2,n). Remem-
ber that {cqr: d € D} is a basis of D = A, dim(A) = |D|.

Lemma 10. LetT'=Zi® Z,, SCT, 0¢ S, —S =S. The Cayley graph G = Cay(T', S)
is integral, if and only S = 0 or if there are positive divisor tuples dV, ... d%* of m =
(2,...,2,n) such that S = Sp(D) for D = {dV,... d"}.

Proof. For S = Sp(D) the Cayley graph G = Cay(T, S) is a ged-graph, which is integral
by Corollary 1.

To prove the converse, we skip the trivial case of G' being edgeless and assume that
G is integral, S # (. Let csr be the characteristic vector of S with respect to the same
ordering of the elements of I' which we used to establish the character matrix H = H(T'),
see Figure 1. By Lemma 7 the entries of Hcg are the eigenvalues of G, which are integral.

This means cgr € A. Lemma 9 implies that there are positive, distinct divisor tuples
dV, ..., d® of m such that

Csr = >\lcd(1),1" + -+ )\kcd(ku—x , )\j €Q, )\j #0 forj=1,...,k.

All vectors cym r, . .., cqu r have only 0,1-entries and their sets of positions with entries
1 are pairwise disjoint. As cgr has also only 0,1-entries, we must have \y = --- = X\, = 1.
Then S becomes the disjoint union

S = Sp(dMVYU-- U Sp(d®) = Sp(D).
]

Theorem 4. Let I' be a ged-group, S C I', 0 ¢ S, — S = S. The Cayley graph
G = Cay(T', S) is integral, if and only if S belongs to the Boolean algebra B(T') generated
by the subgroups of T.

Proof. In [10] we showed that S € B(I') implies that G is integral.

To prove the converse, we assume S # () and G = Cay(T', S) integral. By Theorem 3
we know that there is a group [V = ZJ ® Z,, and a group isomorphism ¢ : I' — I". If we set
S" = p(S) and G' = Cay(I”,S"), then ¢ becomes also a graph isomorphism ¢ : G — G'.
Therefore, G’ is integral and S is a ged-set of IV by Lemma 10, S’ € By(I") = B(I).
The group isomorphism ¢ provides a bijection between the sets in B(I") and in B(I"). So
we conclude S € B(I'). O
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Example. We have shown that for a ged-group I' the integral Cayley graphs over I' are
exactly the ged-graphs over I'. For an arbitrary group I' the number of integral Cayley
graphs over I' may be considerably larger than the number of gcd-graphs over I'.

Let p be a prime number, p > 5. We determine the number of nonisomorphic gecd-
graphs over I' = Z,® Z,. There are three possible divisor tuples of (p, p) for the construc-
tion of a ged-graph over I': (1,1), (1,p), (p,1). From these tuples we can form 8 sets of
divisor tuples:

Dl = (2)7 D2 = {(17 1)}7 D3 = {(17p>}7 D4 - {(pv 1)}7 D5 = {(17 1)7 (17p)}7
De ={(1,1),(p, 1)}, Dz ={(L,p).(p, 1)}, Ds={(1,1),(L,p), (p,1)}.

Obviously, D3 and D, generate isomorphic ged-graphs over I', so do D5 and Dg. Therefore,
we cancel Dy and Dg. The cardinalities |Sp(D;)| for i € {1,2,3,5,7,8} = M are in
ascending order:

0, p—1,2(p—1), (p—1)% plp—1), p* — 1.

These are the degrees of regularity of the corresponding ged-graphs Cay(T, Sp(D;)), i €
M. As the above degree sequence is strictly increasing for p > 5, there are exactly 6
nonisomorphic ged-graphs over I' = 7, ® Z,,.
Every element of I' = Z, ® Z, has order p except for the zero element (0,0). Denote
by [a] the cyclic subgroup generated by a. There are nonzero elements ay,...,a,+; in I’
such that
I'= U1U"'UUp+1, UZ = [ai], UiﬂUj = {(0,0)} fOl"’L?Aj

The sets
SOZ(Da SZZ(U1UUUZ)\{(O>O)}a 1§Z§p+17

belong to the Boolean algebra B(I"). Therefore, the Cayley graphs G; = Cay(I', S;), 0 <
1 < p+ 1, are integral. They are nonisomorphic, because they have pairwise distinct
degrees of regularity: degree(G;) = i(p — 1), 0 < i < p+ 1. As there are exactly 6
nonisomorphic ged-graphs over I', we conclude that there are at least (p+2) —6=p—4
nonisomorphic integral Cayley graphs over I'; which are not ged-graphs. An interesting
task would be to determine for every prime number p the number of all nonisomorphic
integral Cayley graphs over I' = Z, ® Z,,.
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