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Abstract

By extending Lv-Xin-Zhou’s first layer formulas of the g-Dyson product, we
prove Kadell’s conjecture for the Dyson product and show the error of his ¢-
analogous conjecture. With the extended formulas we establish a g-analog of Kadell’s
conjecture for the Dyson product.

1 Introduction

In 1962, Freeman Dyson [3] conjectured the following constant term identity.

Theorem 1.1 (Dyson’s Conjecture). For nonnegative integers ag, ay, . . ., ap,
cr ] (1 ) S
T ) T adad - al
0<iri<n Qag: Ay - (07

where a := ag+ ay + - - -+ a, and CTy f(x) means to take constant term in the x’s of the

series f(x).

The conjecture was quickly proved independently by Gunson [6] and by Wilson [15].
An elegant recursive proof was published by Good [5], and a combinatorial proof was
given by Zeilberger [16]. In 1975, George Andrews [1] came up with a g-analog of the
Dyson conjecture.

Theorem 1.2. (Zeilberger-Bressoud). For nonnegative integers ag, ai, . . ., ay,

a Al & ) @q) - e

where (2)ym = (1 —2)(1 — 2zq) - - - (1 — z¢™1).
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The Laurent polynomials in the above two theorems are respectively called the Dyson
product and the g-Dyson product and denoted by D, (x,a) and D, (x,a, q) respectively,
where x := (zg,...,2,) and a := (ag, ..., a,).

The Zeilberger-Bressoud ¢-Dyson Theorem was first proved, combinatorially, by Zeil-
berger and Bressoud [17] in 1985. Recently, Gessel and Xin [4] gave a very different proof
by using the properties of formal Laurent series and of polynomials. The coefficients of
the Dyson and the ¢-Dyson product were researched in [2, 7, 8, 9, 11, 12, 13]. In the
equal parameter case, the identity reduces to Macdonald’s constant term conjecture [10]
for root systems of type A. In 1988 Stembridge [14] gave the first layer formulas of the
g¢-Dyson product in the equal parameter case.

Condition 1. Let I = {iy,...,4,} beaproper subset of {0,1,...,n} and J = {j1,..., Jm}
be a multi-subset of {0,1,...,n} \ I, where 0 < i3 < -+ < i, <nand 0 < j; < -+ <
Jm < n.

Our first objective in this paper is to prove the following conjecture of Kadell [7].
Conjecture 1.3. For nonnegative integers ag, aq, . . ., a, we have
e T z; \" al
1+a— a)CT (1—ﬂ) R :(1 a>7. 1.1
< + Z k)% H Ti, H x; + aplay! - - -ap! (1.1)
kel k=1 0<i#j<n

In the same paper, Kadell also gave a g-analogous conjecture, we restate it as follows.

Conjecture 1.4. Let P = {(iy,jx) | i € I,jx € J,)k =1,2,...,m}. Then for nonnega-
tive integers ag, ay, . . ., a, we have

(o) I (3, ()
X o<sct<n Nt aitx((t,s)eP) \Ts Jajix((s,t)eP)

— _ A+a (Q)a
= (1) G 12

where the expression x(S) is 1 if the statement S is true, and 0 otherwise.

In trying to prove Conjecture 1.4, we find that the conjectured formula is incorrect.
One way to modify the conjecture is to evaluate the left-hand side of (1.2). This can be
done by writing it as a linear combination of some first layer coefficients of the ¢-Dyson
product, and then applying the formulas of [8]. Unfortunately, we are not able to derive
a nice formula.

Our second objective is to contribute a g-analogous formula of (1.1), which is motivated
by the proof of (1.1), and is stated in Theorem 4.1.

This paper is organized as follows. In Section 2 we reformulate the main result in
[8] and give an extended form of it. In Section 3 we prove Conjecture 1.3 and give an
example to show the error of Conjecture 1.4. In Section 4 we give our main theorem.
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2 Basic results

Let T'={t1,...,tq} be a d-element subset of I with ¢; < --- < t4. Define

{ai> fOT i ¢T7 (21)

0, for 1eT.

Let S be a set and k be an element in {0,1,...,n}. Define N(k,S) to be the number of
elements in S no larger than k, i.e.,

N(k,S)=|{i<k|ie S} (2.2)
In particular, N(k, @) = 0.
The first layer formulas of the g-Dyson product can be restated as follows.

Theorem 2.1. [8] Let I,J with iy = 0 satisfying Condition 1. Then for nonnegative
integers ag, ay, . . ., a, we have

L1 Tjy  Tjm (9)a d Lerin_ L= qErer %
CT=L122 “Inp (xaq) = ——2% 1 (T|1) , 2.3
X XjyLijg "+ Ty, (X N Q) (Q)ao T (Q)an Q;AET:QI( ) a 1— q1+a—ZkET ag ( )
where
L(T | 1) =Y [N(k,I) = N(k, J)]wi(T). (2.4)

k=0

We need the explicit formula for the case i; # 0 for our calculation. As stated in [§],
the formula for this case can be derived using an action 7 on Laurent polynomials:

W(F(l’o,l‘l, c. ,l’n)) = F(Ilfl,l‘g, ey Tp, l’o/q)
By iterating, if F'(xq,z1, %2, ..., x,) is homogeneous of degree 0, then

71-n—i_l(Fj(an:ljla"'71’71)) = F(xO/Q7zl/an2/Qa"'axn/Q) = F(x0>x1>x27"'axn)7

so that in particular 7 is a cyclic action on D, (x,a,q). We use the following lemma to
derive an extended form of Theorem 2.1.

Lemma 2.2. [8] Let L(x) be a Laurent polynomial in the x’s. Then

CXT L(x) D,(x,a,q) = CXT 7(L(x)) Dy (%, (an, ao, - - -, an-1),q)- (2.5)

By iterating (2.5) and renaming the parameters, evaluating CTyx L(x) Dy(x, a, q) is equiv-
alent to evaluating CT 7*(L(x)) D, (x,a,q) for any integer k.
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For I, J satisfying condition 1, let ¢ be such that j; < i, and j;11 > 41, where we treat
Jo=—00 and jm-i-l = 00. Denote by JT = {j1> s ajt} and J* = {jt+17 s 7]m}

Theorem 2.3. For nonnegative integers ag, ay, . . ., a, we have
Tji Ljy - T, (9)a d e L — grer
CT == Im D, (x,a,q) = ———24 —— —1)gE (T , 2.6
X [1;‘2-1"1;2-2 . e xim ( ) (q)ao e (q)an g#ZT:CI( ) 1 _ q1+a—ZkET ag ( )
where
n i1—1
LY(T|I)=t+ Y [N(kI) = Nk, J)]wp(T)+ > [t = N(k,J )] ax. (2.7)

k=i1 k=0

The idea to prove this theorem is by iterating Lemma 2.2 to transform the random i
in (2.6) to zero and then applying Theorem 2.1. But in the proof there are many tedious
transformations of the parameters, so we put the proof to the appendix for those who are
interested in.

Letting ¢ — 17 in Theorem 2.3 we get

Corollary 2.4. [8] For nonnegative integers ay, . . ., a, we have
le e (L‘]m ZT; i CL! d ZkET Qg
cT ——= H 1——) = —— Z (—1) 1 . (2.8)
X Ty Ty, o<ii<n Z;j ag' c o Qp! GATCI +a— ZkeTak

This result also follows from [8, Theorem 1.7] by permuting the variables. Note that
the right-hand side of (2.8) is independent of the j’s.

3 Proof of Conjecture 1.3

Now we are ready to prove Conjecture 1.3.

Proof of Conjecture 1.3. If I = @ then Conjecture 1.3 reduces to the Dyson Theorem,
which is also the case when m = 0 in Corollary 2.4. So we assume that I # &. Expanding
the first product of (1.1) gives

m a; m a;
T (1_ﬁ> 1—-22) =cTh1 1) i S 1
T0-5) T (-2Y —arfe ey 3 sl (o

i=1 kT ogi#i<n J =1 @+ CI b L4 0i#ji<n J

where [; = {uq,...,u;} ranges over all nonempty subsets of I and {vy,...,v} is the
corresponding subset of J. Denote the left constant term in the above equation by LC'.
By applying Corollary 2.4, we get

LO:lH;H)Z 2 2 (_1)d1+az—ke§;ak}ao! Tar 61

GALCI G#TCly
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where d = |T'|. Changing the order of the summations, and observing that for any fixed

set T the number of I; satisfying T'C I; C [ is (T__dd), we obtain

1)+ m— d 2ker al
IV
L+a—3 crar]aol ---ap!

@£TCI 1=d

|
= (14 Zke[ Ak a. ’ (32)
ap! - ap!

1+a—2kelak

where we used the easy fact that for d # m

i(— ”d( ) g ( ) =(1—a)™7 _ =0.

l=d l=

The conjecture then follows by multiplying both sides of (3.2) by 1 +a — )", ; ax. O

For the g-case, Conjecture 1.4 does not hold even for m = 1. To see this take n =
2,1 ={0},J = {1} and ay = a; = ags = 1. For these values the left-hand side of (1.2) is

(1—Q)CT(1—x—1)(1—q )(1—612;—;)(1 xz)(l—qo)(l—x—z)(l—q )

=(1—¢*)(1 42+ 3¢° +2¢°),

while the right-hand side of (1.2) equals (1 — ¢*)(1 +¢)(1+ ¢ + ¢?).

4 A g-analog of Kadell’s conjecture

4.1 Motivation and presentation of the main theorem

In this section we will construct a g-analog of Conjecture 1.3. The new identity is mo-
tivated by the proof of Conjecture 1.3 in the last section, where massive cancelations
happen. We hope for similar cancelations in the g-case.

Our first hope is to modify Conjecture 1.4 to obtain a formula of the form:

1— q1+a Yker Ok CT Lk Ljx Dn(X, a, q) — (1= q1+a (Q)a ’ (4‘1)
( )< H 7 =) e
where L, is an integer depending on i, j, and a.

It is intuitive to consider the m = 2 case, so take I = {iy,is}. We need to choose
appropriate L; and Ly such that

(1attemmnmen ) QT (1 =M ) (1= 2 Dafxang) = (10" (- <q>(f = @
(4.2)
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By applying Theorem 2.3, the left-hand side of (4.2) becomes

* ; " 1 — g% * N ; 1 — g%
(1 _ q1+a—az—1—az—2> <1 P e AUV I B 220 AV O I S

1— q1+a_ai1 1— q1+a—ai2
B A A (A [ el S AES 20 A (ST M
1— ql-i—a—ail 1— ql—}—a—ai2
ey 1 — g tai (@)a
+qL1+L2+L ({1,832} {d1,42}) —— ) . (4.3)
1- q1+ T (Q)ao (Q)Cu e (Q)an
It is natural to have the following requirements to get (4.2)
DY) _ LitLa L (Giniaah) —
LD i i) _ LitLat D (Giabiniah) — (4.4)
qL1+L2+L*({i172'2}‘{2'1,722}) — ql+a—ai1 —a1‘2‘

This is actually a linear system having no solutions, so our first hope broke.

Looking closer at (4.4), we see that the first two equalities must be satisfied to have
a nice formula. Agreeing with this, for general [ with |I| = m we will need 2™ — 2
restrictions for massive cancelations as in the proof of Conjecture 1.3. More precisely, by
applying Theorem 2.3, the left-hand side of (4.1) will be written as

) 1 _ qZkET Ak (q)
e e ak y
(1 q kel ) <1 + Z BT 1+G—ZkeT “k) (Q)ao e (Q)an 7

where 1" ranges over all nonempty subsets of I. We need to have By = 0 for all T" except
for T'= I. This is why using only m unknowns dooms to fail.

We hope for some nice A7 such that the constant term of

ZAT —up, (x,a,q)

uy

has the desired cancelations. We are optimistical because from the view of linear algebra,
such Ar exists but is difficult to solve and might only be rational in g. Amazingly, it turns
out that in many situations, the A7 may be chosen to be 4¢**¢9¢". Our formula for Ap
is inspired by the proof of Conjecture 1.3. To present our result, we need some notations.

Let I, J satisfy Condition 1. Given an [-element subset [; = {uy,...,u;} of I, we say
Jy = {vy,...,v} is the pairing set of I if up = i, (1 < k < 1) for some ¢ implies that
v = Jp. Write I\ [} = {ipy,... 0}, 11 < -+ < rppy. We use A—5 B to denote
B = A Ui}, and define a sequence of sets:

I =1, 1+1Z—>Hm zlm—> [ 1zm;l>2 “—1>H1_I (4.5)

For a set S of integers, we denote by min S the smallest element of S. Define J;(.J;) to
be the set {j; > minly | j; € J,U {4, }}, we use J; as an abbreviation for J;(.J;).

Our g-analog of Conjecture 1.3 can be stated as follows.

THE ELECTRONIC JOURNAL OF COMBINATORICS 18(2) (2011), #P2 6



Theorem 4.1. (Main Theorem) For nonnegative integers ag,ay, ..., a,, if there is no
s,t,u such that 1 < s<t<u<mand j <is<j, <1ty then

"L‘v ...xv
<1+ > (_1)1‘10(]1)7%1...%Z>Dn(x’a=q)]

(1-g"roSnere) CT

@£, CI ug
(9)a
= (1—¢'te ) 4.6
0 =") e =, o
where, with L*(1; | I;) defined as in (2.7),
m—l
CI)=1+a—> ap+ Z (irg, D) = N, Ji))as, — L*(I | I). (4.7)

kel =1

We remark that there is no analogous simple formula if the u’s and the v’s are not
paired up, and that the sum 1+, - (=1)!¢? 2= in (4.6) does not factor.
= ’LLl

uq

4.2 Factorization and cancelation lemma

To prove the main theorem, we need some lemmas.

Let U be asubset of I}, |[U| =d and I\U = {iy,,...,4,,_,},t1 < -+ <tp_q. For fixed
I;, suppose that min I, = 7,,. By tedious calculation we can get the following lemma.

Lemma 4.2. Let U, C (1)), L*(U | I,) be as described. Then for i,, € I; but i,, ¢ U U {i,}
we have

C(Iz)+L*(U | 1) = O\ {ir }) —L*(U | L\ {in })

= —ZX (i, > Jug > iv)ai, + Z Xy, > Jr, > o), (4.8)
k=s+1

where X (iy, > Ji, > 1) =1 = X(it, > Jo, > 1)

We denote — Zk vX(Ztk > Jt, > Zv)au + Zk s+1 X (i, > Ji, > Zv)au by g(is,)-

Lemma 4.3. Forn > 2, every term in the expansion of [}, Zk# a(s, k) has a(k,r)a(s,1)
as a factor for some k,r,s,l satisfying 1 <r<s< k<1l <

Proof. Construct a matrix A with 0’s in the main diagonal as follows.

0 a(1,2) a(l,n)
A a(%, 1) 0 | a(2., n)
a(n,1) a(n,2) --- 0

THE ELECTRONIC JOURNAL OF COMBINATORICS 18(2) (2011), #P2 7



Then each term in the expansion of []/_, >, 4s a(s, k) corresponds to picking out one
entry except for the 0’s from each row of A. We prove by contradiction.

Suppose we choose a(1, k1) (k1 = 2) from the first row. Then we can not choose a(2,1),
for otherwise a(2,1)a(1, k;) forms the desired factor. Now from the second row, we have
to choose a(2, k) (ko > 3). It then follows that a(3,1) and a(3,2) can not be chosen, for
otherwise a(3, e)a(2, k2),e = 1,2 forms the desired factor. Repeat this discussion until the
n — 1st row, where we have to choose a(n — 1,n). But then our nth row element a(n,e)
(with 1 < e < n—1) together with a(n—1,n) forms the desired factor, a contradiction. O

The following factorization and cancelation lemma plays an important role and it is
our main discovery in this paper.

Lemma 4.4. For fized set U # I and integer i, < minU we have the following factor-
1zation

Z(_l)l+dq0(lz)+L*(U\Iz) - (_1)X(minUsﬁiv)qC(UU{iv}HL*(UlUU{iv}) H (1 — qg(its))7

I 1t €INU\{i1,0. 00 }
(4.9)

where I; ranges over all supersets of U with the restriction min I; = 4,. Furthermore, if
there is no s,t,u such that 1 < s <t<u<m and j; <is < Ju < iy, then

1T (1= g#e)) =0, (4.10)

it €1\U\ i .oiv}

with the only exceptional case when I\ U\ {i,...,i,} = @.

Proof. We prove this lemma in two parts.
1. Proof of (4.9).

Notice that I, = U U {i,} is the smallest set which satisfies min I, = i, and U C I}.
So first we extract the common factor ¢¢ (ViDL UIUUED from the summation of (4.9).
Thus we need to calculate

C)+ LU | L) —C(UU{i,}) — L (U | UU{i,}).
By Lemma 4.2 we have
Ch) + L*(U [ ) = C(L A\ {ie }) = LU [ LA\ i, }) = g(i,), (4.11)
where i;, € I; but i, ¢ U U{i,}. Thus iterating (4.11) we get

CI)+L U L) -CUU{i,})—L (U [UU{i}) = > glis,). (4.12)
i €EL\U\{iv}
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So extracting the common factor @Vt H+L WUIUULY from the left-hand side of (4.9)
and by (4.12) we have

Z(_ 1)i+dgCUNFLTUI) - CUWEH)+L7 (UIUU{in}) Z(_l)“rdqzits en\\{iv} 90its ), (4.13)
Il Il

where I; ranges over all supersets of U with the restriction min [; = i,,.

Next we prove the following factorization.

Z(_l)l—i—quitsell\U\{i”}g(itS) — (_1)X(minU7’éiv) H (1 — qg(itS)), (414)
T g ENNO\{i1,-oviv}

where [; ranges over all supersets of U and we restrict min I; = i,,.

If minU = i,, then the sign in the right-hand side of (4.14) is positive. Every term
in the expansion of the right-hand side of (4.14) is of the form (—1)¢! IL,.c o o) =

(—1)|G\qzit5€G9(“s), where G is a subset of I \U\{iy,...,i,}. Thus expanding the product
of (4.14) we get

[[ (-¢)= > ()flgneet) (4.15)

its EINUN{#1,eyi0 } GCI\U\{i1,--yi0 }

Notice that I;\U\{i,} reduces to I;\U when min U = i,. Substitute [;\U by G’ in the left-
hand side of (4.14). Then G’ ranges over all subsets of I\U\ {i1, .. .,4,} if I; ranges over all
supersets of U with the restriction min I; = i,. Notice that (—1)I¢l = (=1)=¢ = (—1)",
thus the left-hand side of (4.14) can also be written as the right hand side of (4.15). Hence
(4.14) holds when min U = i,. The case min U # i, is similar.

Therefore (4.9) follows from (4.13) and (4.14).

2. Under the assumption that there is no s,t,u such that 1 < s <t < u < m and
Ji < is < ju < iy we need to prove (4.10).

If min [; = minU = i,, recall that I \ U = {iy,,...,4, ,} and t; < --- < t;,_4, then
ty =kfork=1,...,v—1and t, > v. Thus t, € ]\U\{zl,...,zv}. It follows that

L cnongiy iy (1= glis)) = [T (1 — g9lins)).

.....

If min [; # min U, then ¢, = v. It follows that ¢, ¢ I\ U \ {i1,...,4,}. Thus we have
[T cnipi, iy (1= @) = TIS0, (1= ¢o0)) and x(ir, > ji, > i) = x(iy > ji, >

.....

ip) = 0. In this case g(i,) reduces to

s—1 m—d
gin) == Y x(in, > Gr, > i)ai,, + > X, > G, > i0)ti,,
k=v+1 k=s+1

We only prove (4.10) when min /; = min U, the case min I; # min U is similar.

We can write the left-hand side of (4.10) as H;”:_Ud (1 —¢o%)) when min/; = min U.
To prove []7" (1 —¢90)) =0, it is sufficient to prove 174 g(ir,) = 0.
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Taking a(s, k) = —x(iy, > ji, > iv)a;, for s > k and a(s, k) = x(ig, > ju, > tv)ai,
for s < k, by the definition of g(i,,) we can write []"-% g(i,,) as []7=." > hzs 0(s, k). By
Lemma 4.3 each term in the expansion of H:;d g(i,) has a factor of the form —y(i,, >
Jt, > )X (1, > Ji, > iv)aitraitl, where v <r <s< k<l<m—d. Thus

m—d
I 9 = > —X(it, > jo, > 1o)X (i > o > 60)ai, G, - A, (4.16)

v<r<s<k<I<m—d
where A is the product of some a(s, k)’s.
Next we prove each x(ir, > ji, > 4v)X(it, > js. > 4,) = 0 by contradiction under the
assumption that there is no s,¢,u such that 1 < s <t <u <m and j; < iz < J, < 4.
Suppose X (i, > j1, > t0)X(ig, > js. > 4,) = L forsome v <r < s<k<Il<m—d.
Then x (i, > ji, > ) = X (&, > Jr, > 1n) = 1. By x(ir, > ji, > i,) = 1 we have
i, > Jr, > by (4.17)
By x(it, > ji, > i,) = 1 we obtain
iy, < Jr, Or gy, <y Or gy < iy (4.18)

Since [ > v, we have ¢, > [ > v and ¢, > i,. Thus the last inequality of (4.18) can not
hold. Because [ > r, k > s and 4, > j;, in (4.17), we have 4y, > i, > j;, = ji,. So the
first inequality of (4.18) can not hold too. Thus by (4.17) and the middle inequality of
(4.18) we obtain that if x (i, > jr, > @)X (i, > Ji, > 1p) = 1 then jy, < i, < jr, < is,. It
follows that j;, < i, < ji, < i, since r < s. Because v < s < k, we have v < t, <t, < 1y.

Thus for v < t, <t the fact j;, < i, < jy, < ¢, conflicts with our assumption. O
Lemma 4.5. If U is of the form {ip,ips1, ..., im}, then
qC(U)+L*(U\U) _ qC(UU{ihfl})+L*(U|Uu{ih71}) = 0. (4.19)

Proof. By the formula of C'(;) in (4.7) we have

h—1
CU)+ LU |U)=1+a=Y ar+ Y _ [N(ir,U) = N(in,, Vi)]a,, .
k=1

keU

where Vi = {js > i | js € Vi U {jr. }} and Vi = {jp, ..., jm} is the pairing set of U.
Since U is of the form {in,ipi1,...,%m}, we have i,, =i, for k = 1,...,h — 1. Hence
N(iy,,U) = N(i,,V;s) = 0 for k = 1,...,h — 1. It follows that C(U) + L*(U | U) =
1 +a— ZkeU ag.

Meanwhile

C(U U {in}) + L (U | U U {in_1})
=l+a—Y ap—ay , + Y [N(i,,UU{in1}) = Ny, Vi)]a,

T
kcU k

— LY (U U{ipn} |UU {z'h__l}) + LU | U U{in-1}),
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where Vi = {j, > ix | js € Vo U {jﬂ;}} and Vo = {Jn_1,.--,Jm}. Since U U {ip_1} is
of the form {i,_1,ip,...,%n}, we have if’ﬁc =i, for k =1,...,h — 2. Hence N(iT;,U U
{in-1}) = N(iT;,Vk*) =0for k =1,...,h —2. And by the definition of L*(T | I) in
(2.7) we have —L*(U U {ip—1} | U U {ip—1}) + L*(U | U U {ip—1}) = a;,_,. Therefore
C(UU{in_1})+ L*(U | UU {ip_1}) has the same value as C(U) + L*(U | U). O

4.3 Proof of the main theorem

With Lemma 4.4 and Lemma 4.5, we are ready to prove the main theorem.

Proof of Theorem 4.1. If m = 0, then the theorem reduces to the g-Dyson Theorem. So
we assume that m > 1.

Applying Theorem 2.3 to the constant term in the left-hand side of (4.6) yields

T [<1+ > (1)lq0("l)M>Dn(x,a,Q)]

@#£I,CI bt

_ (@a ) O +L7 (U1 1 — g2rev %
- (q)ao (Q)a 1+ Z Z 1 _q1+a—ZkEUak ? (4.20)

@A CI @AUCH

where [ = |[;| and d = |U].

Because U is a subset of I;, we have min I; = i, < min U. By changing the summation
order, the right-hand side of (4.20) can be rewritten as

min U

( Ja d+l G+ V) 1 — gXrev %
Do (@ 1+ Z Z Z TS ST b (4.21)

@#UCI iy=11 I;

where I; ranges over all supersets of U with the restriction min [; = i,,.

If U # I, then by Lemma 4.4, under the assumption that there is no s, t, v such that
I1<s<t<u<<mand j; <is < J, <1 we have

Z(_l)quC(hHL*(U\Iz) =0, (4.22)

I

with the only exceptional case when I\ U \ {i1,...,7,} = &, where [; ranges over all
supersets of U and we restrict min I; = i,,.

If I\U\{i,...,i,} = @, then U is of the form {ip,ips1,...,%,} and i, is either iy
or iy_1 corresponding to I; = U or I; = U U {ij,_1 } respectively. Thus by Lemma 4.5 we
have

qC(U)‘l'L*(U\U) _ qC(UU{ih—l})"'L*(UIUU{i}L—l}) = 0. (4.23)
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By (4.22) and (4.23) the summands in (4.21) cancel with each other except for the
summand when U = I; = [. It follows that (4.21) reduces to

(9)a ( Cnerr L= grer
__Wa_ (14 gowLran ) 4.24

@@ =g S 2
By the formula of C'(1;) in (4.7) we get C(/) = 1+a— >, ar — L*(I | I). Substituting
C(I) into (4.24) and multiplying the equation by 1 — ¢'*% 2ker® we can obtain the
right-hand side of (4.6). O

5 Remark

If there exist some s, t, u such that s < t < w and j; < is < j, < i, then our main theorem
does not lead to the desired cancelations. As stated in Section 4.1, we can solve for Ar
such that the constant term of Y, Ap—2"""L D, (x,a,q) has the desired cancelations.

However, experiments show that there is no nice form for A in this situation.

Ty Ty

Another possibility to let the u’s and the v’s be not paired up. Some of the cases can
be established by applying the operator 7 defined in Section 2 to our main theorem. But
not all the un-paired up cases can be obtained in this way.

Acknowledgments. I would like to thank the referee for helpful suggestions to improve
the presentation, and also to acknowledge the helpful guidance of my supervisor William
Y.C. Chen. I am very grateful to Guoce Xin, for his guidance, suggestions and help. I
thank Lun Lv and H.L. Saad for helping me check the errors in my paper.

6 Appendix: Proof of Theorem 2.3

Proof. By the definition of 7, it is easy to deduce that

Titk, or 1+ k< n;
e = * ! , (6.1)
xi-l—k—n—l/(]a fO’f’ i+k>mn.
Iterating Lemma 2.2 n — 4; + 1 times, i.e., acting with 777" we obtain
1’ . “ .. 1’ .
CT MDH(X, a, q)
x xil o ‘(Eim
¢ , . m o g—(m=t)
—1 Lj4+n—i — L, —i
— CT Hl_l Jl+ 1+1 Hl_t+1 ]l_;lq Dn(xa (b()) ceey bn)> q)7 (62)
x ToTiy—iy " Lip—ir 4
where
by — Qi s fO’f’ k= 7"'>n_'é1; (63)
k= , .
Ak—(n—ir+1)> for k=n—i1+1,...,n.
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To apply Theorem 2;1, we define I = {0,149 — 1y, . o z'm: il}L and J~ = {j1+n—i +
Lo yjitn—ir+1}, J"={js1— 41, ., jm — 41}, J = JUJT. Then by Theorem 2.1
we have

T oo (q)a ~ ~ 1_qzkefbk
CT upn(x’ a, q) :qt— (_1)qu(T\I) ’
X xil PN xim (q)ao o .. ( )an @7%7 1 _ q1+a_zk€7~" bk
where |T| = d and
L(T | T) =" [N(k,I) - N(k,J)]w(T), (6.4)

k=

[en]

in which @, (T) is by if k ¢ T and 0 otherwise.
There is a natural one-to-one correspondence between I and I: I 7, Z, fla) =a—1iy,
a € I. This correspondence clearly applies between their subsets T and T.

Since the largest element in T is not larger than i,, — ¢, and ¢,, —i; < n — i1, by the

definition of b, we have
Zbk = Zak+i1 = Zak.

keT keT keT

Next we have to rewrite (6.4) in terms of wy(T"), N(k,I) and N(k,J) to get L*(T" | I).

Because the largest element in I is im — 11 < n—iy, 80 if k> n —i; then k ¢ T. Tt
follows that

wk(T) = bk = ak_(n_ilﬂ). (65)
If kK <n—iy, then

- be = apyi,, if kT
G ()= § = W RET (6.6)
0, if ke,
which is in fact w1, (7).
It is straightforward to check that
N(k,I) = N(k+i1, 1), (6.7)
Nk, J)=Nk—(n—ir+1),J7), Nk, J)=N(k+iy,J), (6.8)
N(k,J) = N(k,J")+ N(k,J*). (6.9)
Substituting (6.5) and (6.6) into (6.4) we have
k=0 k=n—i1+1
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By (6.7)-(6.9) the above equation becomes
L(T|1)=Y [N(k+i,I) = N(k—(n—i1 +1),J7) = N(k+ i1, J )] wpss, (T)

k=0
n

+ Z [N(k+i17])_N(k_(n_il+1)7J_)_N(k+ilvj+)]ak—(n—i1+1)-
k=n—i1+1
(6.10)

If ke [0,n—1iy] then kK —(n—4;+1) <0. Thus N(k—(n—14,+1),J7) =0.
If k € [n—iy+1,n] then k+4; > n. Thus N(k+i1,1) =m and N(k+iy,JT) =m—t.
Therefore (6.10) reduces to

n—iy

LT | 1) =Y [N(k+i1,I) = N(k+ i1, J )] wpss, (T)

k=0
+ Z [t —N(k—(n—1i1+1), J_)] Ak —(n—iy+1)
k=n—i1+1
n i1—1
=" [N(k, 1) = Nk, T wn(T) + > [t = N(k, J7)] .
k=i k=0

Then we obtain

LT | )=t+L(T|I)=t+ Zn: [N(k,I) = N(k, J)]wi(T) + > [t — N(k, J7)]ay.
k=11 k=0
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