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Abstract

A pattern P of length j has the minimal overlapping property if two consecutive
occurrences of the pattern can overlap in at most one place, namely, at the end
of the first consecutive occurrence of the pattern and at the start of the second
consecutive occurrence of the pattern. For patterns P which have the minimal
overlapping property, we derive a general formula for the generating function for
the number of consecutive occurrences of P in words, permutations and k-colored
permutations in terms of the number of maximum packings of P which are patterns
of minimal length which has n consecutive occurrences of the pattern P. Our results
have as special cases several results which have appeared in the literature. Another
consequence of our results is to prove a conjecture of Elizalde that two permutations
« and [ of size j which have the minimal overlapping property are strongly c-Wilf
equivalent if o and § have the same first and last elements.

1 Introduction

For any alphabet A, we let A* denote the set of all words over A and we let € denote the
empty word. Given any word w = wy ... w, € {0,...,k—1}* welet Y w = wy+- - -+ w,,
lw| = n, z2(w) = [, zw, and red(w) be the word that results by replacing the i-th
smallest integer that appears in w by i—1. For example, red(13443551) = 01221330. Given
any word u € {0,...,k — 1}/ such that red(u) = u, we say that a word w = w; ...w, €
{0,...,k — 1}" has a u-match starting at position i if red(w;w;t; ... wirj—1) = u. If
uw € {0,...,k — 1}/, then we say that w = wy...w, € {0,...,k — 1}" has an exact u-
match starting at position 4 if w;w;4q ... w;1j—1 = u. Let u-mch(w) denote the number
of u-matches in the word w and Eu-mch(w) denote the number of exact u-matches in w.
For example, if u = 010 and w = 14121010330, then w has u-matches starting at positions
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1, 3, and 5 and has an exact u-match starting at position 5 so that u-mch(w) = 3 and
FEu-mch(w) = 1.

Let S,, denote the symmetric group. Given any sequence o = oy - - - 0, of distinct inte-
gers, we let pred(o) be the permutation that results by replacing the i-th smallest integer
that appears in the sequence o by i. For example, if 0 =2 7 5 4, then pred(c) =14 3 2.
Given a permutation 7 = 7y ...7; in the symmetric group S;, we say that a permutation
g =o01...0, €S, has a T-match at starting at position ¢ if pred(o;...0;4;-1) = 7. Let
7-mch(o) be the number of 7-matches in the permutation o. We let

Mg = PP g A" T T = pip — Z ,
[n]p,q! = mqmq T [n]qv and
[n] _ [n]p,q!

k p,q [k]qu![n - k]p7q!

denote the usual p, g-analogues of n, n!, and (Z) We shall use the standard conventions

that [0],, = 0 and [0], 4! = 1. Setting p = 1 in [n], 4, [n],4!, and [Z]M yields [n],, [n],!, and
m o respectively. For any permutation o = o1 ...0, € S,, we let inv(¢) equal the number
of 1 <i < j <nsuch that 0; > o; and coinv(c) equal the number of 1 <47 < j < n such
that o; < 0;.

A k-colored permutation of size n is a pair (o,u) € S, x {0,1,...,k—1}" and can be
thought of as an element in the wreath product Cj .S, of the cyclic group C) and the
symmetric group .S,,. Thus we will let C1.S,, denote the set of all k-colored permutations
of size n. Given a pair (7,u) € Cj 1 .S; such that red(u) = u, we say that a k-colored
permutation (o, w) € Cy1S, has (7, u)-match starting at position ¢ if pred(c; - - - 044j-1) =
7 and red(w;witq . .. wirj—1) = w. If (1,u) € Cy1S;, we say that a k-colored permutation
(o,w) € Cy1 S, has an exact (7,u)-match starting at position ¢ if pred(o;---0i1j_1) =T
and w;witq ... w1 = u. Let (7,u)-mch((o,w)) denote the number of (7,u)-matches
in (o,w) and (7, Fu)-mch((o,w)) denote the number of exact (7,u)-matches in (o, w).
For example, if 0 = 132 and u = 010 and (o, w) = (25316498, 14121010), then (o, w)
has (7, u)-matches starting at positions 1 and 6 and has an exact (7, u)-match starting at
position 6 so that (7, u)-mch((o,w)) = 2 and (7, Eu)-mch((o, w)) = 1.

There are a number of papers on exact (7, u)-pattern matching and exact (7, u)-pattern
avoidance in Cy 1S, see [7, 16, 17, 18]. Our notions of (7, u)-pattern matching was first
introduced in [13] where the authors studied (7, u)-matches for patterns of length 2.

Let u be a word in {0,1,...,k — 1}/. If red(u) = u, then we say that u has the k-
minimal overlapping property if the smallest 7 such that there exists aw € {0,1,..., k—1}
with u-mch(w) = 2 is 27 — 1. This means that in a word w € {0,1,...,k — 1}*, two u-
matches in w can share at most one letter which must occur at the end of the first u-match
and at the start of the second u-match. Similarly, we say that u has the k-exact match
minimal overlapping property if the smallest ¢ such that there exists aw € {0,1,...,k—1}°
with Fu-mch(w) = 2 is 2j — 1. For example, it is easy to see that 010 has the both the
k-minimal overlapping property and the k-exact match minimal overlapping property for
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all & > 2. However, u = 0011 does not have the k-minimal overlapping property for
k > 3 since u-mch(001122) = 2. Also u = 0011 does not have the k-exact matching
minimal overlapping property since no two exact u-matches can have a letter in common.
However, u = 01020 has the k-exact match minimal overlapping property for all & > 3
and the k-minimal overlapping property for k& = 3, but it does not have the k-minimal
overlapping property for k > 4 since u-mch(0102030) = 2.

We say that a permutation 7 € S; where j > 3 has the minimal overlapping property if
the smallest ¢ such that there is a permutation o € S; with 7-mch(o) = 2 is 25 — 1. Again
this means that in any permutation ¢ = o0y ...0,, any two 7-matches in ¢ can share at
most one letter which must be at the end of the first 7-match and the start of the second
T-match. For example 7 = 123 does not have the minimal overlapping property since
the 7-mch(1234) = 2 and the 7-match starting at position 1 and the 7-match starting
at position 2 share two letters, namely, 2 and 3. However, it is easy to see that the
permutation 7 = 132 does have the minimal overlapping property. That is, the fact that
there is an ascent starting at position 1 and descent starting at position 2 means that
there cannot be two 7-matches in a permutation ¢ € S,, which share 2 or more letters.

Suppose that we are given u € {0,1,...,k — 1} and 7 € S;. If red(u) = u, then we
say that u has the Cy 1 S, -minimal overlapping property if the smallest ¢ such that there
exists a (o,w) € Cy1S; with (7, u)-mch(w) = 2 is 2j — 1. This means that in a k-colored
permutation (o, w), two (7, u)-matches in (o, w) can share at most one pair of letters which
must occur at the end of the first (7, u)-match and at the start of the second (7, u)-match.
Similarly, we say that (7,u) has the Cy S, -ezact match minimal overlapping property if
the smallest ¢ such that there exists a (o,w) € Cj 1 S; with (7, Eu)-mch((o,w)) = 2 is
27 — 1. For example, it is easy to see that (132,010) has the both the Cj ¢ S,-minimal
overlapping property and the Cj 1 S,-exact match minimal overlapping property for all
k > 2. However, (1,u) = (2143,0011) does not have the Cj ! S,-minimal overlapping
property for k > 3 since (7,u)-mch((214365,001122)) = 2. Note (7,u) = (2143,0011)
does not have the C} 1 S,,-exact match minimal overlapping property since no two exact
(7, u)-matches can have a pair of letters in common. Also (7,u) = (12345,01020) has the
Cy 1 Sp-exact match minimal overlapping property for all £ > 3 and the Cj ¢ .S,,-minimal
overlapping property for £ = 3, but it does not have the Cj ! S,-minimal overlapping
property for k > 4 since (7, u)-mch((1234567,0102030)) = 2.

The main goal of this paper is to find generating functions for the number of matches
of minimal overlapping patterns in words, permutations, and k-colored permutations.
To this end, suppose that u € {0,1,...,k — 1}7. If red(u) = v and u has the k-minimal
overlapping property, then the shortest words w € {0,1,..., k—1}* such that u-mch(w) =
n have length j+ (n —1)(j — 1) =n(j — 1) + 1 so we let MPﬁ,n(j_l)H denote the set of
words w € {0,1,...,k —1}"U=D+1 such that u-mch(w) = n. We will refer to elements of
Mpﬁ,n(j—l)ﬂ as mazimum packings for u. We let

k k
MPyn(i—1)+1 — |Mpu,n(j—1)+1‘7

MNPy 1)1 (1) = > r=", and

k
wEM'Pu,n(jfl)Jrl

THE ELECTRONIC JOURNAL OF COMBINATORICS 18 (2011), #P25 3



mpzm(j—l)—}—l(zo; ey Zho1) = Z z(w).

wEMPu nG—1)41

If u has the k-exact match minimal overlapping property, then the shortest words w €
{0,1,..., k—1}* such that Fu-mch(w) = n have length n(j—1)+1 so we let 5./\/1733”(]-_1)“
denote the set of words w € {0,1,...,k — 1}"U=D+! such that Eu-mch(w) = n. We will
refer to elements of €M73un (j—1)+1 as ezact match mazimum packings for u. We let

6mpu n(G-1)+1 — ‘gMPunj 1 +1|7

— E >Sw
empu,n(j—l)-i—l (T) - r ) and
UJEE:M'PU n(j—1)+1
k E—
empu,n(j—l)—l—l (ZO> CIR Zk—l) - g z(w)
weEMPE

u,n(j—1)+1

For example, suppose that u = 010 and k& > 2. Then the only w € {0,1,..., k — 1}?"*!
such that Fu-mch(w) = n is 0(10)" so that empfg o, = 1, emporogn+1(r) = 7", and

empg1o,n(j_1)+1(207 coszhe1) = 2yt forallm > 1 and k > 2 However, if we are just
considering u-matches instead of exact u-matches in {0,1,..., &k — 1}?""! then the only
words w € {0,1,...,k — 1}*"* such that u-mch(w) = n are of the form siysioj ... si,s

where s € {0,1,...,k—2} and 4y,...,4, € {s+1,...,k—1}. Thus

k—2 k—1
k o n "
mMPo10,2n+1 = E (k—1—3s)"= i,
s=0 i=1
k—2 k—1
k = (n+1)s(,.s+1 2n(k—i)—n— 1
mp010,2n+1(r) - r (T [k 1- S r ]7" and
s=0 =1
k—2 k—1
k _ n+1 n
mpOlO,Zn—i-l(ZOv e Zhe1) = 207 E z)".
s=0 t=s+1

If 7 € S; has the minimal overlapping property, then again the shortest permutations o
such that 7-mch(o) = n have length n(j—1)+1. Thus we let MP,,,(j_1)+1 equal the set of
permutations o € S,,(;_1)4+1 such that 7-mch(o) = n. Again we refer to the permutations
in MP,, n(j—1)+1 as maximum packings for 7. Then we let mp, ni—1)+1 = [MPrai—1)+1]
and

inv(o)pcoinv(cr) )

MpPrn(i—1)+1 (p7 q) = Z q
CEMP L n(G—1)+1

In general, it is a difficult problem to compute mp; ,(j—1)+1 Or MPrpni—1)41(P, q), but we
can compute these in the case that 7 starts either ends or starts with 1 or ends or starts
with 7. For example, we shall prove the following theorem.

Theorem 1. Suppose that 7 =1, ...7; where 7y =1 and 7; = s, then
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mpr7(n+1)(j—1)+1(29, C_I) =

coinv(T) inv(T s—1)n(j— n+1 ]—]. —|—1—$
peoimv(r) ginu(r) (5= Dn(i=1) [( )G —1) } et 1r (9r)
p.q

J—s ,
so that
coinv(r) inv(r)\ "1 (s=1)(i-1)("3") i -1)+1—s
Mz (na1y-1+1 (P, @) = (p ¢™) " p ] o - (1)
=1 J § 2
Note that if 7 = 7. € S; has the minimal overlapping property, then the re-
verse of 7, 77 = T;... 7, and the complement of 7, 7 = (j+1—7)...(j + 1 —73),

also have the minimal overlapping property. Thus one can use Theorem 1 to compute
MPr (nt1)(—1)+1(Ps ¢) in the case where 7 either ends or starts with j or ends with 1.

Now suppose that u € {0,1,...,k — 1} and 7 € S;. If red(u) = v and (7, u) has the
Cr1S,-minimal overlapping property, then the shortest k-colored permutations (0, w) such
that (7, u)-mch((o,w)) = n have length n(j—1)+1. Thus we let MP(M n(j—1)+1 €qual the
set of k-colored permutations (o, w) € Cj 1S, (j—1)+1 such that (7,u)- mch((a w)) =n. We
refer to the k-colored permutations in MP](‘Cﬂu)m(j_l) 41 as maximum packings for (7, u).
We let

mplé':“) n(j—1)+ |M7)(Tu n(j—1 +1|
mplff,u),n(j—1)+1(P,q,T ) = Z PO @@ and
(W) EMPE ) n(i—1)41
mplfT,u),n(j_l)+1 (p, q,20y---, Zk—l) = Z pCOinV(U)qinV(o)Z(w).

(@) EMPE ) n(i-1)41

Similarly, we let EMPW ya(i—1)+1 equal the set of (o,w) € Cy ! Sp(j—1)41 such that

(1, Eu)-mch((o,w)) = n. We refer to the k-colored permutations in 5/\/173
exact match maximum packings for (7, u). We let

(ryu),n(j—1)+1 as

empl(cr,u),n( |£M7D(Tu n(j—1 +1‘
emplgr,u),n(j—l)+1(p> q, ,,,,) _ Z pcoinv(a)qinv(a),r,Zw’ and
(G W)EEMPE_ ) n(i-1y41
Pl o) (-1 41 (Ps @ 20, -+ 2h1) = > PG 2 (w).

(U,w)GEMP?T,u)’n(j71)+1

Then the main goal of this paper is to prove the following. Let v € {0,1,...,k — 1}/
and 7 € S; where j > 3.
(I) If red(u) = u and u has the k-minimal overlapping property, then

Z g Z xu—mch(w)z(w) _

n>0  we{0,1,...,.k—1}"
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1
1— ((ZO 4+t Zk—l)t + En21 tn(j—1)+1(x — 1)nmpz7n(j_l)+1(zo, R Zk—l)).

(IT) If w has the k-exact match minimal overlapping property, then

Z n Z xEu—mch(w)Z(w) _

n>0  we{0,1,.. k—1}"

1
1—((zo+- 4+ 2zp_1)t + Z”Zl =D+ (3 — 1)"€mpﬁ,n(j—1)+1(207 e Zhl1))

(ITT) If red(u) = u and (7,u) has the Cy ! S,,-minimal overlapping property, then

Z ﬁ Z x(T, u)—mch((o,u))pcoinv(a) qinv(cr)z(w) _

77/20 ’ (U,w)ECkZSn

1
n(G—1)+1 " .
L= ((z0+ -+ 2zt + 2,5 7[71&_]1)“}%(1! (x —1) mp’(“T’u)’n(j_l)Jrl(p, Gy 20y s 2k—-1))

(4)
(IV) If (7,u) € Ck 1 S; has the C 1 S, -exact match minimal overlapping property, then

Z ﬁ Z x(T, Eu)—mch((o,u))pcoinv(a) qinv(o)z(w) _

TLZO ’ (U,w)ECkZSn

1
n(i—1)+1

1 - ((ZO + -+ Zk—l)t + anl m(z - 1)nempl(€77u)7n(j_1)+1(pu q, 205, Zk—l))
(5)

The special case of (3) or (4) when k = 1 proves the following result.
(V) If 7 € S; has the minimal overlapping property, then

Zg Z xr—mch(a)pcoinv(a)qinv(a) _

n>0 ’ €S

1
n(i—1)+1 n :
1—(t+ anl Wﬁ}pq'@ — 1)"mprn-1)+1(p, 9))

(6)

We shall prove all of our generating functions by applying an appropriate ring homo-
morphism, defined on the ring A of symmetric functions over infinitely many variables
x1,To, . .., to a simple symmetric function identity. There has been a long line of research,
2], [3], [1] [14], [15], [19], [20], [21], [23], [25], [22], which shows that a large number of gen-
erating functions for permutation statistics can be obtained by applying homomorphisms
defined on A to simple symmetric function identities. For example, the n-th elementary
symmetric function, e,, and the n-th homogeneous symmetric function, h,, are defined
by the generating functions

E(t) =) ent" =1 +it) (7)

n>0 %
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and

=S =115 _1Iit. (8)

n>0
Thus
H(t) = 1/E(-t). (9)

It is well known that {eg,e;,...} is an algebraically independent set of generators for
A and hence we can define a ring homomorphism £ : A — R where R is a ring by
simply specifying &(e,,) for all n > 0. We shall prove (1)-(5) by applying appropriate ring
homomorphisms to (9).

We shall show that several theorems that have been proved in the literature are special
cases of (I)-(V). For example, let

A= g|{a € S, : 7-mch(a) = 0} (10)

n>0

and "
_ v 7-mch(o)
S )
n>0 geSy
Elizalde and Noy [8] proved a number of results about A.(¢) and P.(z,t). For example,
they showed that

1
Pissy(t,z) = , and

(z—1)2z= 1)z
1 - fo

Pi349 (t7 x) =

(z—1)2° l)z

1_f0

Later Kitaev [11] used an inclusion exclusion argument to prove the following result.

Theorem 2. Let 7 = 12---ac(a+1), where o is a permutation of {a+2,a+3,... k+1},

then
A(t) = ! : (12)

L—t+) 5 %;M | J (j:—_;)

Permutations of the form 132, 1342, and 7 = 12---ac(a + 1) have the minimal over-
lapping property so that p, g-analogues of the results of Elizalde and Noy and Kitaev’s
result are special cases of our main results.

We shall see that our results have many applications to the consecutive Wilf equiv-
alence problem. That is, given «, 3 € S,,, we say that « is c-Wilf equivalent to ( if
A, (t) = Ap(t). Given permutations «, § € S, we say that « is strongly c-Wilf equiv-
alent to g if P,(t,x) = Ps(t,x). It is easy to see that c-Wilf equivalences classes and
strong c¢-Wilf equivalence classes are closed under complement and reverse.

Elizalde [7] conjectured that if &« = ay...; and § = (;...[; are permutations in
S; which have the minimal overlapping property and o; = 3, and «; = 3;, then o and
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B are strongly c-Wilf equivalent. Note that (5) tells us that if & and 3 are elements of
S; which have the minimal overlapping property and mpq s(j—1)+1 = Mpg,s(j—1)+1 for all
s > 1, then P,(x,t) = Ps(z,t) and, hence, a and [ are strongly c-Wilf equivalent. Thus
to prove Elizalde’s conjecture, we need only show that if « = oy ... and 8 = 3;...5;
are elements of S; which have minimal overlapping property and a; = $; and o = 3;,
then mpa,sj—1)+1 = Mpg,sj—1)+1 for all s > 1. We shall prove this fact in Section 3. We
note that Elizalde’s conjecture has been proved independently by Vladimir Dotsenko and
Anton Khoroshkin [4] by a different method.

Our results will also allow us to find generating functions for the distribution for
the number of non-overlapping matches of a pattern in permutations, words, and col-
ored permutations. That is, if v € {0,1,...,k — 1}/ is such that red(u) = u and
w € {0,1,...,k — 1}", then we let u-nlap(w) denote the maximum number of non-
overlapping u-matches in w where we say that two u-matches in w overlap that they
have at least one position in common. Similarly, we let Fu-nlap(w) denote the maximum
number of non-overlapping exact u-matches in w. If 7 € S; and o € 5, let T-nlap(o)
denote the maximum number of non-overlapping 7 matches in o. If (7,u) € Cy1.5; is
such that red(u) = u and (o, w) € Cx 1S, then we let (7, u)-nlap((o, w)) denote the max-
imum number of non-overlapping (7, w)-matches in (o, w). Similarly, if (7,u) € Cy 1.S;,
then we let (7, Fu)-nlap((o,w)) denote the maximum number of non-overlapping exact
(7, u)-matches in (o, w).

Kitaev [10, 11] showed that if one can compute A, (¢), then one can automatically
compute the exponential generating function for the distribution of 7-nlap(c). That is,
Kitaev [10, 11] proved that

Theorem 3.

" T-nlap(7)o __ AT (t)
2 T = e S T A (13)

n>0  o€S,
where A, (t) =3, - Z1{o € S, : T-mch(r)o = 0}|.

Mendes and Remmel [19] proved a g-analogue of Theorem 3. That is, they proved
that

[e.e]

i | A (gt
Z Z xr—nlap(a)qznv(a) _ (q ) (14)

2T, & (1—a)+2(1—1)A(q,1)

where A:(q,t) = .50 o D €S rmeh(0)=0 ¢™(). Kitaev and Mansour [12] proved an

[n]q!

analogue of Theorem 3 for words. That is, they proved that if u € {0,1,...,k—1}*, then

n Fu-nlap(w) __ Au (t)
2 2 s A (o)

n>0  we{0,1,...k—1}n

where A,(t) = > o t"{w € {0,1,...,k—=1}": Bu-mch(w) = 0}|. One can easily modify
Kitaev and Mansour’s proof to prove the following refinement of their results. That is, if

Au(t, ZQ,...,Zk_l) = Ztn Z z(w),

n>0  we{0,1,...,k—1}™,u-mch(w)=0
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EA(t, z0,. ., 26-1) = Zt" Z z(w),

n>0  we{0,1,...,k—1}", Eu-mch(w)=0

Ny(t,x, 20, ..., 26—1) = Z t" Z g nap(@w) 5 () and

n>0  we{0,1,.. k—1}n

EN,(t,z,20,...,2k-1) = Z t" Z :)sEu'nlap(("’w))z(w),

n>0  we{0,1,...,k—1}"
then

Au(t,Zo,...,Zk_l)
Ny(t,z, 20, ..., 28—1) = d
(t2, 20, 25-1) 1—2(1+ (20 + 2 )f — DAL 20, ze))
EAu(t,Zo,...,Zk_l)

1—2z(1+ ((z0+ 2t — 1)EA(t, 20, -5 26-1))

EN,(t,x,z0,...,2k-1)

Kitaev, Niedermaier, Remmel and Reihl [13] proved an analogue of Kitaev’s theorem
for k-colored permutations. That is, let

t" inv(o w ,.(7,u)-nlap((o,w
N(T,U)(x7T7Q7t):Z— Z q ()rz ;(;(7 )-nlap((o, ))’ (16)

|
n>0 [n]q. (o,w)EC)1Sn

and

" inv(o w
A (r,q,t) = Z L Z g pnw, (17)
(

n>0 " (o,w)E€CKRISn, (7, w)-mch((o,w))=0
Then they showed that
A(T,u) (Ta q, t)

N(T,u) (LU, "4, t) - 1— ;(;(1 + ([k]rt - 1>A('r,u)(r7 q, t)) . (18)

One can easily modify the proofs in [13] to obtain the following refinements of their results:

N(T,u) (ta T,Dyq, 20y, Zk—l) =
A(T,u) (tap> q, 20y, Zk—l)
1- ,’L’(l + ((ZO + Zk—l)t - 1>A(T,u) (tupv q, %0, -, Zk—l))

and

EN(T,u) (ta T,Dyq, 20y, Zk—l) =
A(T,u)(tapa q, 205+, Zk—l)
1- I(]- + ((ZO + - Zk—l)t - ]-)EA(T,u) (tap> q; 20, - - - Zk—l))

where

" coinv(o) . inv(o
A(T,u)(tapac_IaZOa'-->Zk—1) = [n] ] Z p ( )q ( )Z(w)>
n>0 p.a: (o,w)€CKUSn, (T, u)-mch((o,w))=0
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" coinv(o) . inv(o
EA(T,U)(t7p7Q>ZOa'-->Zk—1) = Z [n] Z p ( )q ( )Z('LU),

PO (0,w)€CK1Sn, (1, Bu)-meh((o,w))=0

Z pcoinv(cr) qinv(cr) (T w)-nlap((o:w)) 2(w),

t
N(T,u)(tv'rap7q7 Z07"'7Zk—1) = Z

|
n>0 [n]p7Q‘ (o,w)EckZSn
and
" coinv(o) inv(o 7, Eu)-nlap((o,w
EN(T,U)(t’p7q7 Zo,---,Zk—l) = Z [n] I p ( )q (9) g, Bu)-nlap((e, ))z(w).

P (ow)eCiSn

The outline of this paper is as follows. In section 2, we shall give the necessary
background on symmetric functions and brick tabloids that we shall need for our results.
In section 3, we shall prove results (I)-(V) listed above. We shall also show that we can
obtain the generating functions for the number of consecutive occurrences in words and
k-colored permutations of patterns which do not allow any overlaps as special cases of
our proofs of (I)-(V). In section 4, we shall compute the number of maximum packings
for various words, permutations, and k-colored permutations and show how Elizalde’s
conjecture follows from our results. Finally, in section 5, we shall briefly discuss some
extensions of our results.

2 Symmetric Functions

In this section we give the necessary background on symmetric functions needed for our
proofs of the generating functions (I)-(IV).

Let A denote the ring of symmetric functions over infinitely many variables x, zo, . ..
with coefficients in the field of complex numbers C.

Let A = (A1, ..., A\;) be an integer partition, that is, A is a finite sequence of weakly
increasing nonnegative integers. Let ¢(\) denote the number of nonzero integers in A. If
the sum of these integers is n, we say that \ is a partition of n and write A\ - n. For any
partition A = (A1,..., A, let ex = ey, ---ey,. The well-known fundamental theorem of
symmetric functions says that {e, : A is a partition} is a basis for A or, equivalently, that
{eg, €1, ...} is an algebraically independent set of generators for A. Similarly, if we define
hy = hy, ---hy,, then {hy : A is a partition} is also a basis for A. Since {eg,e1,...} is an
algebraically independent set of generators for A, we can specify a ring homomorphism ¢
on A by simply defining 6(e,,) for all n > 0.

A brick tabloid of shape (n) and type A = (Aq,..., \;) is a filling of a row of n squares
of cells with bricks of lengths A1, ..., Ax such that bricks to not overlap. One brick tabloid
of shape (12) and type (1,1,2,3,5) is displayed below.

L] 0]

Figure 1: A brick tabloid of shape (12) and type (1, 1,2,3,5).
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Let B, denote the set of all A-brick tabloids of shape (n) and let By, = |Bxx|-
Egecioglu and Remmel proved in [5] that

hy =Y (=1)""WBy e (19)

P\

We end this section with a lemma from [22] that will be needed in later sections. Fix a
brick tabloid 7" = (b, ..., byyu)) € Bun. Let IF(T) denote the set of all fillings of the cells
of T'= (by, ..., byp) with the numbers 1,...,n so that the numbers increase within each
brick reading from left to right. We then think of each such filling as a permutation of S,
by reading the numbers from left to right. For example, Figure 2 pictures an element of
IF(3,6,3) whose corresponding permutation is 4 6 121578 10 11 2 3 9.

w

|4 6 14“1 5| 7] 8| 10 lmZ 9|

Figure 2: An element of 1F(3,6,3).

Then the following lemma which is proved in [22] gives a combinatorial interpretation

() (b
to pZH (2) [bl,..jlbz(u)}p q

Lemma 4. If T = (b1,...,byy) is a brick tabloid in B, ,, then
by n inv(o), coinv(o
pzi(g)[b , } = Y g,
Lo %l pg  serr(m)

3 Generating functions for minimal overlapping pat-
terns

The main goal of this section is to prove results (I)-(V) described in the introduction. We
shall start with results (I) and (II) since their proofs will illustrate the general method.

Theorem 5. Let u € {0,1,...,k— 1} where j > 3.

(I) If u has the k-minimal overlapping property and red(u) = u, then

Z g Z xu—mch(w)z(w) —

n>0  we{0,1,...,.k—1}"

1
L= ((z0 + -+ zp1)t + 20,0 "0 @ — 1)mmpl oy (20,5 26-1))

(20)

(II) If u has the k-exact match minimal overlapping property, then

THE ELECTRONIC JOURNAL OF COMBINATORICS 18 (2011), #P25 11



Z n Z xEu—mch(w)Z(w) _

n>0  we{0,1,...k—1}n

(21)

L= ((z0 4+ 2t + Doy "0 (= Dmemph (70, 251))

Proof. Suppose that u € {0,...,k — 1} has the minimal overlapping property and
red(u) = u. We define a ring homomorphism © on A by letting

1,
20 c+ Zg—1,

€s(j—1)+1 ( 150D (g — l)smpzs(j_l)ﬂ(zo, oy 2k—) forall s > 1, and
Oifng{1}U{s(j—1)+1:s>1}.

Note that if O(e,) # 0 and n > 1, then the sign associated with ©(e,) is just (—1)""'.
We claim that for all n > 1,

O(hy) = > a"™Wz(w). (22)

wef{0,1,....k—1}n

That is, by (19), we have that

O(hy) =) (~1)"""B,,0(e.). (23)

ukn

Now if u is not a partition whose parts come from {1} U {s(j — 1)+ 1 : s > 1}, then
O©(e,) = 0. Thus let P;, denote the set of all partitions of n whose parts come from
{1}U{s(j —1)+1:s > 1}. For any statement A, let xy(A) = 1if A is true and y(A) =0
if A is false. It follows that

£(p)
o) = X -1 Y e -
HEP)n (b1---sbe() ) EBp,m =1
()
Z (—1)”—f(u) Z H(_l)bi—l((zo I Zk—l)X(bi — 1)+
nePjn (b1,.-,bg(y1)) EBpm =1

(l’ — 1)(bi_1)/(j_1)mpﬁ,bi (Z(], RN zk—l)X(bi > 1)) =

£(p)
Z Z H((ZO+"'+Zk_1)X(b,- = 1)+

BEP;p (b1,...,b() ) EBu,n 1=1

(& = D)0 Dl ((z0, -, 21-1))x(bs > 1)) (24)

Next we want to give a combinatorial interpretation to the right hand side of (24). Suppose
that we have a brick tabloid B = (by, ..., by) of size n such that b; € {1} U{s(j —1)+1:
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s > 1} for all 4. Then if b; = 1, we shall interpret zo + - - - 4+ 251 as allowing us to fill b;
with any letter from {0,1,...,k — 1}. If b = s(j —1)+ 1 > 1, then we shall interpret
the term (x — 1)(b'_1)/(j_1)mpﬁb (205 .y 25-1) = (T — 1)smpﬁ’s(j_1)+1(zo, ..., 2k—1) as the
number of ways of filling b; with a word v; € ./\/177u s(j—1)+1 and then labeling each cell in
b; which is the start of a u-match in v; with either x or —1. Let O, denote the set of all
labeled brick tabloids that can be constructed in this way. Thus an O € O,,, will consist
of a triple T' = (B, w, L) where

1. B = (by,...,by) is a brick tabloid of shape (n) such that b; € {1} U {s(j — 1)+ 1:
s > 1} for all i,

2. w=w...w, €{0,1,...,k — 1}" is a word such that w; lies in i-th cell of B for
1=1,...,n,

3. if b; = 1, then the letter in the cell corresponding to b; can be any letter from
{0,1,...,k—1}, and

4. if b; = s(j — 1) + 1 > 1, then the cells of b; are filled with a word v; which is a
maximum packing for u of size s(j — 1) + 1 and each cell of b; which corresponds to
the start of a u-match in v; is labeled with either —1 or z.

We then define the weight of T', wt(T'), to be z(w) times the product of the = labels
in 7" and the sign of T', sign(T), to be the product of the —1 labels in 7. For exam-
ple, if £ = 5 and u = 010, then in Figure 3, we have pictured four elements of Ogig 17,
T; = (BY, w® LO) for i = 1,...,4. Then wt(TW) = 22320222323, sign(TW) = 1,

wt(T?) = = 20212223211» szgn(T(2)) = 1, wt(T®) = 222320222323, sign(T®) = 1,
wt(TW) = 222320222423 and sign(T™W) = —1. It follows that
O(hn) = > sign(T)wt(T). (25)
T€Oun
. -1 X -1 -1 -1
Ty i 0|2 OﬂEﬂﬂl 30 1| 4| 1| 2 ]]ﬂ 3 4
X -1 X -1 -1 -1
T2 |0 2/ 0|4 0”|l 3| 1] 4| 1] 2 1”]“ 3 4 #
X -1 X -1 -1 -1
T3iozo|H131314121]H34
X X -1 -1 -1
Ts 3—“0 2 0 1| 3| 1| 4| 1] 2 1| 3 4

Figure 3: Elements of Opig17.
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Next we define a sign-reversing weight-preserving involution I : O,, — O,,. If
T = (B,w, L), then to define I(T), we scan the cells of B = (by,...,by) from left to right
looking for the first time where one of the following cases hold.

Case 1. There is a brick b; of size 7 whose first cell is labeled with —1. In this case,
I(T) = (B*,w*, L*) where B* results from B by replacing the brick b; by j bricks of size
1, w* = w, and L* arises from L by removing the label —1 from the first cell of b;.

Case 2. There are j consecutive bricks of size 1 in B, b;,bi11,...,bi4j—1 such that the
letters in these cells form a u-match. In this case, I(T) = (B*,w*, L*) where B* results
from B by replacing the bricks b;, b;41,...,b;4;-1 by a single brick b of size j, w* = w,
and L* arises from L by labeling the first cell of b with a —1.

Case 3. There is a brick b; of size (s + 1)(j — 1) + 1 where s > 1 such that all the
labels on b; are z’s except for the cell that is j cells from the right which is labeled with
—1. In this case, I(T) = (B*,w*, L*) where B* results from B by replacing the brick b;
by a brick of size s(j — 1) + 1 followed by j — 1 bricks of size 1, w* = w, and L* arises
from L by removing the —1 label that was in b;.

Case 4. There are j consecutive bricks in B, b;, b;41, - . ., b+ j—1 such that b, = s(j—1)+1 >
1 and b;y1,...biy;—1 are of size 1, all the labels on b; are z’s, and the letters in these bricks
form a maximum packing for u of size (s+1)(j — 1)+ 1. In this case, I(T) = (B*,w*, L*)
where B* results from B by replacing the bricks b;, by1,...,b;4;—1 by a single brick b of
size (s+1)(j—1)+1, w* = w, and L* arises from L by labeling the last cell of b; with a —1.

Case 5. There is a brick b; of size (s +1)(j — 1) + 1 where s > 1 such that the first cell
of b; is labeled with —1. In this case, I(T) = (B*,w*, L*) where B* results from B by
replacing the brick b; by 7 — 1 bricks of size 1 followed by a brick of size s(j — 1) + 1,
w* = w, and L* arises from L by removing the —1 label that was on the first cell of b;.

Case 6. There are j consecutive bricks in B, b;,bi41,...,bi4j—1 such that b;,... 042
are bricks of size 1 and b;y;_1 = s(j — 1) +1 > 1 and the letters in these bricks form
a maximum packing for u of size (s + 1)(j — 1) + 1. In this case, I(T) = (B*, w*, L*)
where B* results from B by replacing the bricks b;, by1,...,b;4;—1 by a single brick b of
size (s+1)(j—1)+1, w* = w, and L* arises from L by adding a —1 label on the first cell of b.

Case 7. There is a brick b; of size s(j — 1) + 1 where s > 3 such that the first cell
is labeled with an x and there is a cell which has a label —1 which is not the j-th cell from
the right. Let t be the left-most cell of b; which is labeled with —1. Then in this case,
I(T) = (B*,w*, L*) where B* results from B by replacing the brick b; by j consecutive
bricks ¢y, ¢z, ..., ¢j_1,¢; where ¢; contains all the cells of b; up to and including cell ¢,
C2,...,cj—1 are bricks of size 1, and ¢; contains the remaining cells of b;, w = w*, and L*
is the labeling that results from L by removing the —1 label from cell ¢.
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Case 8. There are j consecutive bricks b;, b1, ..., b1 such that b; =c(s—1)+1>1
and there are no —1 labels in b;, bit1,...,b;4;_o are bricks of size 1, biy;—1 = d(j —
1) + 1 > 1, and the letters in these three bricks form a maximum packing for u of size
(c+d+1)(j—1)+ 1. In this case, [(T') = (B*,w*, L*) where B* results from B by
replacing the j bricks b;, biy1, ..., biy;—1 by a single brick b, w* = w, and L* results from
L by adding a label —1 on the last cell of b;.

If none of Cases 1-8 apply, then we set I(T) =T.

For example, consider images of 11, ..., Ty pictured in Figure 3. It is easy to see that
Ty is in Case 1 so that I(7T) results by replacing the second brick by three bricks of size 1
and removing the —1 label. This results in (7)) pictured in the first row of Figure 4. It
is then easy to see that I(77) is in Case 2 so that I?(T}) = Ty. Ty is in Case 3 where b; is
the second brick. Thus we obtain I(73) by replacing by with a brick of size 3 followed by
two bricks of size 1 and removing the —1 label from cell 4. I(T3) is pictured in the second
row of Figure 4. It is then easy to see that I(T3) will be in Case 4 so that I*(T3) = Tb.
T3 is in Case 5 where b; is the third brick. Thus we obtain I(73) by replacing b3 by two
bricks of size 1 followed by a brick of size 7 and removing the —1 label on cell 5. I(T3) is
pictured in the third row of Figure 4. It is then easy to see that I(73) will be in Case 6
so that I?(T3) = T3. Finally, T} is in Case 7 with ¢ = 9 so that we replace the fifth brick
by three consecutive bricks of sizes 3, 1, and 3, reading from left to right, and remove the
—1 label for cell 9. I(T}) is pictured in the forth row of Figure 4. It is then easy to see
that I(T;) will be in Case 8 so that I*(T}) = Tj.

X -1 -1 -1

S0 EE D BDNEEEE T ER
X X -1 -1 -1

I(T2) 3“0 2 O||1 3| 1| 4 1] 2 ]I 3 4

X X -1
I(T3) 3—“0 2 o||1 3/ 1| 4] 1 ]I 3 4

X -1

X -1
I(Tyq) “o 2 Ol‘ll 3 1”@“1 2 1”|:+| 3 4 %

Figure 4: The images under I of the elements in Figure 3.

N

First we claim that [ is an involution. For this we have to do a case by case analysis.
Fix some T' = (B,w, L) € O,,, such that I(T) # T. Let B = (by,...,bs). Note that in
every case, I(T') is defined by changing the brick structure on some cells s, s+1, ..., s+j—1
where w wgy1 ... Wspj—1 IS @ u-match in w.

First suppose that I(7T") was defined using Case 1 and that the brick of size j that
was used in the definition of I(7") is b; and b; covers cells t,t + 1,...,t + j — 1. Then
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in I(T), we have the possibility to recombine the bricks of size 1 that now cover cells
t,t+1,...,t+j— 1. Thus if I*(T) # T, then it must be the case that we took some
action which involved a w-match wswgy ... wsyj—1 where s < t. Now it cannot be that
s+ j — 1 <t since otherwise we could have taken the same action by changing the brick
structure on cells s,s+1,...,s4+ 7 — 1 in T which would violate the fact that we always
take an action on the left-most possible cells that we can when defining /(7). Because
u has the minimal overlapping property, the only other possibility is that t = s 4+ j — 1.
Now if s > 1, then the minimal overlapping property for u implies that ws_jw; ... wsyj_2
is not a u-match and hence the cells s —1,s,...,s+ 7 —2 cannot lie in a single brick since
the last j-cells in any brick b of size greater than 1 must correspond to a u-match in w.
Thus it must be that in 7', cells s+ 1,..., s+ 7 — 2 must be covered by bricks of size 1. If
cell s is also covered by a brick of size 1, then we could apply Case 6 to T" using the 7 — 1
bricks of size 1 covering cells s, ..., s+ j — 2 plus b; which would contradict the fact that
for T', we are in Case 1 using brick b;. If cell s is part of brick b of size > 1, then we could
apply Case 8 to T using b plus the j — 2 bricks of size 1 covering cells s+ 1,..., 547 — 2
plus b; which again would contradict the fact that for T, we are in Case 1 using brick b;.
If s =1, then cells s,...,s+ j — 2 must be covered by bricks of size 1 so that we could
apply Case 6 to T using the 7 — 1 bricks of size 1 covering cells s,...,s+ 7 — 2 plus b;
which would contradict the fact that for T, we are in Case 1 using brick b;. Thus the
left-most u-match that we can use to define the image of I for I(7T) is the u-match that
lies in the j bricks of size 1 covering cells ¢, +1,...,t+j — 1 in which case we know that
I*(T) = T. An entirely similar analysis will show that if I(T") is defined using Case 2,
then I*(T) =T.

Next suppose that 1(7") was defined by Case 3 using a brick b; of size a(j — 1) + 1
where a > 2 and b; covers cells t,t +1,...,t +a(j — 1). Then in I(T), there is a single
brick b covering cells t,t+1,...,t+(a—1)(j—1) followed by j — 1 bricks of size 1 covering
cellst+(a—1)(j—1)+1,...,t+a(j — 1) and all the labels on b are z’s. In this case, if
I*(T) # T, then it must be the case that we took some action which involved a u-match
WsWst1 - .. Wstj—1 Where s < t. But then we could have taken some action by changing
the brick structure on cells s,s+1,...,s+j — 1 in 7" which would violate the fact that
we always take an action on the left-most possible cells that we can when defining I(7T).
Thus it must be the case that the left-most action that we can take to define I on I(T) is
to combine b with the j — 1 bricks of size 1 that follow b and hence I*(T) = T. A similar
analysis will show that if 7(T') was defined using Case 4, then I*(T) = T.

Next suppose that I(T") was defined by Case 5 using brick b; = a(j — 1) + 1 where
a > 2. The analysis in this case is essentially the same as the analysis of Case 1. That is,
suppose that b; covers cells t,t+1,...,t+a(j —1). We are assuming that cell ¢ is labeled
with —1. Then in [(T), the first j — 1 cells of b; will be covered with bricks of size 1 and
the remaining cells of b; with a single brick b. Thus if I?(T) # T, then it must be the
case that we took some action which involved a w-match wswsiq ... wsyj—1 Where s < t.
Now it cannot be that s 4+ j — 1 < ¢ since otherwise we could have taken the same action
by changing the brick structure on cells s,s +1,...,s+ 7 — 1 in 7" which would violate
the fact that we always take an action on the left-most possible cells that we can when
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defining (7). Because u has the minimal overlapping property, the only other possibility
is that t = s + 7 — 1. Now if s > 1, then the minimal overlapping property for v implies

that ws_jws ... wsy;_2 is not a u-match and hence the cells s —1,s,...,s 4 j — 2 cannot
lie in a single brick since the the last j-cells in any brick b of size greater than 1 must
correspond to a u-match in w. Thus it must be that in 7', cells s+ 1,...,s 4+ 7 — 2 must

be covered by bricks of size 1. If cell s is also covered by a brick of size 1, then we could
apply Case 6 to T using the 5 — 1 bricks of size 1 covering cells s,...,s+ 7 — 2 plus b;
which would contradict the fact that for 7', we are in Case 5 using brick b;. If cell s is
part of brick b of size > 1, then we could apply Case 8 to T" using b plus the j — 2 bricks of
size 1 covering cells s+ 1,..., s+ 7 — 2 plus b; which again would contradict the fact that
for T', we are in Case 5 using brick b;. If s =1, then cells s, ..., s+ j — 2 must be covered
by bricks of size 1 so that we could apply Case 6 to T" using the 57 — 1 bricks of size 1
covering cells s, ..., s+ 7 — 2 plus b; which would contradict the fact that for T', we are in
Case 5 using brick b;. Thus the left-most u-match that we can use to define the image of
I for I(T) is the u-match that lies j — 1 bricks of size 1 covering cells ¢,t+1,...,t+j—1
plus the brick b in which case we know that I*(T) = T. An entirely similar analysis will
show that if I(7T') is defined using Case 6, then I*(T) =T.

Finally suppose that I(7") was defined using Case 7 using a brick b; of size a(j —1)+1
where a > 3. Suppose that b; covers cells t,t + 1,...,t + a(j — 1). We are assuming
that cell ¢ has label x and that the left-most cell of b; which is labeled with —1 occurs
on cell t 4+ b(j — 1) where 1 < b < a — 1. Then in I(T) there is a single brick b*
covering cells ¢,t + 1,...,t + b(j — 1) followed by j — 2 bricks of size 1 covering cells
t+b(j—1)+1,...,t+0b(j — 1)+ j— 2 followed by a brick b** covering the remaining
cells of b;. Moreover all the labels on b* are x’s. In this case, if I*(T) # T, then it must
be the case that we took some action which involved a u-match wswgy; ... wsq ;-1 where
s < t. But then we could have taken some action by changing the brick structure on cells
s,s+1,...,s4+ 7 — 1 in T which would violate the fact that we always take an action
on the left-most possible cells that we can when defining 7(7"). Thus it must be the case
that the left-most action that we can take to define is to recombine b* plus the following
j — 2 bricks of size 1 plus b** into a single brick so that I?(T) = T. An entirely similar
analysis will show that if 7(T') is defined using Case 8, then I*(T) =T.

It is easy to see that if I(T") # T, then sign(T)wt(T) = —sign(I(T))wt(I(T)). Hence
I shows that

O(hn) = > sign(T)wt(T). (26)

TEOy o, [(T)=T

Thus we must examine the fixed points of /. Suppose that T'= (B, w, L) is a fixed point
of I where B = (by,...,b;). There cannot be any —1 labels on any of the bricks in B
since otherwise we could apply one of Cases 1, 3, 5, or 7. Thus if I[(T) =T, sign(T) = 1.
It follows that wt(T') = 2°z(w) where ¢ is the number of u-matches in w that lie entirely
with in some brick b; in B. We claim that any u-match in w must lie entirely within some
brick. That is, suppose that w = w; ... w, and wsws41 ... wsy;—1 a u-match that does not
lie in a single brick. Because u has the minimal overlapping property, there are only four
possibilities, namely,
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(i) cells s,s +1,...,s5 4+ j — 1 are covered by bricks of size 1,

(ii) cell s is part of brick b; of size > 1 and cells s+ 1,..., s+ j — 1 are covered by bricks
of size 1,

(iii) cell s + j — 1 is part of brick b; of size > 1 and cells s, ..., s+ j — 2 are covered by
bricks of size 1, or

(iv) cell s is part of a brick b; of size > 1 b;41, ..., b;+j_o are bricks of size 1 covering cells
s+1,...,5s4+7—2,and cell s+ j — 1 is part of brick b;;,;_; which is of size > 1.

In case (i), we could apply Case 2 of the definition of I to cells s,s+1,...,s+j—1. In case
(ii), we could apply Case 4 of the definition of I to cells of b; plus cells s+1,...,s4+j — 1.
In case (iii), we could apply Case 6 of the definition of I to cells s,...,s+ j — 2 plus
the cells of b;. In case (iv), we can apply Case 8 of the definition of I to the cells of
contained in the bricks b;,...,b;4;—;. Thus in all the cases (i)-(iv), it would be the case
that I(T") # T which contradicts our choice of T'. Thus we have shown that if I(T") =T,
then sign(T)wt(T) = z*™M®) z(w). Finally note that if w € {0,...,k—1}", then we can
construct a fixed point of I by placing bricks which cover the maximal length maximum
packings in w, covering the remaining cells by bricks of size 1, and labeling the start of
each u-match in w by z. It thus follows that

Ohy) = Y " mh) (),

'LUE{O ----- k._l}n

But then

OHM) =Y 1" > ahW(w) = O(1/E(-t)) =
n>0  we{0,...k—1}"
1 E—
1+ an1(_t)n@(€n)
1
L= ((20+ -+ 2zt + 30,5 tPU-DH (2 — 1)“mp’;n(j_l)+1(z0, ey Zk-1))

which proves (20).
If we replace u-matchings by exact u-matching throughout the proof of (20), then we
will get a proof of (21). O

Next we prove our main results for k-colored permutations.

Theorem 6. (III) If (r,u) € Cy 1 S;, red(u) = u, and (1,u) has the Cy 1 S,-minimal
overlapping property, then

t" u)-mch((o,u coinv(o) . inv(o
Zﬁ Z g (7w meh((o)) peoinv(@) ginv(a) o (4))) — (27)

n>0 " (o,w)ECKSn

1

tn(jfl)Jfl

1 — ((Zo + -+ Zk_l)t + anl m(l’ — 1)"mp’(fﬂu)7n(j_l)+1(p, q,20y-.-, Zk—l))
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(IV) If (7,u) € Cx1S; has the Cy 1 Sy -exact match minimal overlapping property, then

" 7, Bu)-mch((o,u coinv(o) inv(o
Z_' Z (7 Eru)-meh((o, ))p ( )q ( )z(w) _ (28)

n>0  (0,w)€CKISy

1
n(j—1)+1 :
1- ((ZO + ot 2 l)t + Zn>l [ntj%)_:l]l(l‘ - ]')nemplg—r,u)7n(j_1)+1(pv q, 205, Zk—l))
Proof. We shall see that the proof of Theorem 6 is very similar to the proof of Theorem 5.
Suppose that (7,u) € Cx1S; has the Ci 1 S,-minimal overlapping property and red(u) = .
We define a ring homomorphism I' on A by letting

(1) I'(eo) =
(2) Ter) = 2+ + 5,
(3) Tlesg-1y+1) = (—1)5(]_1)@ — 1 e Py -1 41 (P @5 20, - - zp-1) for all
s > 1, and

) T(e,) =0ifng {1} U{s(j —1)+1:5>1}.

Note that if T'(e,,) # 0 and n > 1, then the sign associated with T'(e,,) is just (—1)""'.
We claim that for all n > 1,

[n]p,qlr(hn) _ Z pcoinv(a) qinV(J)SL’(T’ u)—mch(w)z(w)' (29)
(o,w)ECKLSH
That is, by (19), we have that
[n]p T (hn) = [n]p4! Z B L(en). (30)

pukEn

Now if u is not a partition whose parts come from {1} U {s(j — 1)+ 1 : s > 1}, then
I'(e,) = 0. Thus let P;, denote the set of all partitions of n whose parts come from
{1} U{s(j —1)+1:s>1}. It follows that

()
g T (k) = [alpg! Y (=) ¥ > [[T(e,) =

HEP; (b15:+,00(y1) ) EBpn =1
()
QD DEC D DI | (G - ze)x(bo= 1)
HEP; (b1, be(u) ) €Bu,m =1

—1/6-1) 1
(ZIZ' - 1)(b2 R m k’r,u),bi (pv q; 20, Zk—l)X(bz > 1)) =

()

NS DI O] M I | (TR ROS Tt

:U'EPj’n (bl ~~~~~ bé(u))eBu,n
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(@ — 1)~ mpl o (pog, 20,3 ze-)x (B > 1)) (31)

Next we want to give a combinatorial interpretation to the right hand side of (31). Suppose
that we have a brick tabloid B = (b1, ..., by) of size n such that b; € {1} U{s(j —1)+1:

)
s > 1} for all i. By Lemma 4, we can interpret p>= 4 (%) [bl nba )] as the ways of filling
""" 1) p,q

the cells of B with a permutation « such that « is increasing in each brick of B and we
weight o by p@™v(@gmv(@) Then if b; = 1, we shall interpret zy + - - - + 2,1 as allowing
us to place any letter from {0,1,...,k — 1} on top of the integer from « that is in brick
bi. fb;=s5(j—1)+1>1,thenlet 1 <a! <...< as(] 41 < 1 be the elements of o
which are in the cells of b; reading from left to rlght. We shall interpret the term

L - _ (b
(IZ}' - 1)(bz /G 1)p (2)mp(7',u),bi (p7 q, 20y -5 Rk— 1) =
b;
(517 - 1) ( )mp(m (j—1)+1(p>Qa 205+ Zk—l)

as the number of ways of filling b; with a pair (5;,v;) € MP(M s(j—1)+1 and then labeling
each cell in b; which is the start of (7, u)-match in (5;,v;) with either z or —1. In this
case, we weight ([;,v;) by p_(b?i) pooinv(B) ginv(Bi) 2 (v;). Finally, we replace the numbers by
1,...,s8(5 — 1) + 1 that occur in 3; by ay,...,as;j_1)41 respectively. Doing this for each
brick will result in a filling of the cells of B with a pair (o,w) € Cx1S,. We claim
that that coinv(a) — >, o, (bg) + coinv((3;) = coinv(c). That is, coinv(«a) accounts for
the coinversions that come from pairs of elements that lie in two different bricks plus
D bs1 ( ) which accounts for the coinversions that come from pairs that lie in the same
brick. Thus coinv(a) — 37, (2) counts only the coinversions that come from pairs of
elements in o that lie in two different bricks. Then }_, _, coinv(5;) accounts for the
coinversions that come from pairs of ¢ that lie in the same brick. A similar argument
will show that inv(a) + >, ., inv(8;) = inv(o). Thus the final weight of (o, w) will be
pcoinv(cr)qinv(o) (w)

Let Q(ru)» denote the set of all labeled brick tabloids that can be constructed in this
way. Thus a Q € Q(ru),n Will consist of a triple T' = (B, (o, w), L) where 0 = 0y...0, €
Sp, w=1wy...w, €{0,1,...,k—1}", and

1. B = (by,...,by) is a brick tabloid of shape (n) such that b; € {1} U {s(j — 1)+ 1:
s > 1} for all ¢,

2. (o,w) € Cx1S, is a k-colored permutation,

3. if b; = 1 and covers cell ¢, then (o4, w;) is allowed to be any pair from {1,...,n} x
{0,1,...,k—1}, and

4. if b = s(j — 1) +1 > 1, then cells of b; are filled with a pair (7;,v;) such that
(pred(7;),v;) is a maximum packing for (7, u) of size s(j — 1) 4+ 1 and each cell of b;
which corresponds to the start of (7, u)-match in (;,v;) is labeled with either —1
or x.
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We then define the weight of 7', wt(T), to be p™(@)¢inv(?) 2 () times the product of the
x labels in T and the sign of T, sign(T), to be the product of the —1 labels in 7". For
example, if k =5 and (1,u) = (213 010), then in Figure 5 we have pictured four elements
of Q(213 010),17 T (B(Z (O'(Z U)(Z)> L(Z)) fOI' 1= 1 4 Then

) =

wt(TW) = w232022 24 z3p65q71, sign(T™
wt(T?) = xzz{‘]‘zfzgz?’szpﬁg’q” sign(T®?) = 1,
wt(T®)) = 22 202’1222’ 23p%0¢™0, sign(T®) =1,
wt(TW) = 2223202223 23p%¢™, and sign(TW) = 1. Tt follows that
[y T(he) = > sign(T)wt(T). (32)
TEQ(T,’LL),’!L
-1 X -1 -1 -1
Tl?ozo“fjlalztlzjjszx
£109151428113611 7 314
X -1 X -1 -1 -1

IS
o
N
o
IS
(=]
w
N

T2 |l1dl10| 9] 11 5|12

I NG
N w
© =
(SN
5
DN
HI—\
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—_—

W
D

T 110 o2

6 Ml
> W
®
N W
Q-
(AN
0
DN
HI—\
(5ol
=]

=
o
N
o
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D

T. | 4ffo 0
11lj10] 91

Figure 5: Elements of Q(2137010)717.

Next we define a sign-reversing weight-preserving involution I : Q;u)n — Qru)n i
essentially the same way that we did in Theorem 5. That is, if T = (B, (o, w), L), then
to define I(7T'), we scan the cells of B = (by, ..., by) from left to right looking for the first
time we are in one of the following cases.

Case 1. There is a brick b; of size 7 whose first cell is labeled with —1. In this case,
I(T) = (B*, (o*w*), L*) where B* results from B by replacing the brick b; by j bricks of
size 1, (o0*,w*) = (o,w), and L* arises from L by removing the label —1 from the first
cell of b;.

Case 2. There are j consecutive bricks of size 1 in B, b;, b;y1,...,biy;—1 such that the
letters in these cells form a (7,u)-match. In this case, I(T) = (B*, (o*, w*), L*) where
B* results from B by replacing the bricks b;, b;41, ..., b1 ;1 by a single brick b of size j,
(o*, w*) = (0,w), and L* arises from L by labeling the first cell of b with a —1.

Case 3. There is a brick b; of size (s + 1)(j — 1) + 1 where s > 1 such that all the
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labels on b; are x’s except for the cell that is j cells from the right which is labeled with
—1. In this case, I(T) = (B*, (¢*, w*), L*) where B* results from B by replacing the brick
b; by a brick of size s(j — 1) + 1 followed by j — 1 bricks of size 1, (¢*,w*) = (o, w), and
L* arises from L by removing the —1 label that was in b;.

Case 4. There are j consecutive bricks in B, b;, bjy1, ..., biyj—1 such that

b =s(j —1)+1>1and biyq,...b4;—1 are of size 1, all the labels on b; are z’s, and
the letters in these bricks form a maximum packing for (7, u) of size (s + 1)(j — 1) + 1.
In this case, I(T) = (B*, (o, w*), L*) where B* results from B by replacing the bricks
bi,bis1, ..., biyj—1 by a single brick b of size (s +1)(j — 1) + 1, (¢, w*) = (0, w), and L*
arises from L by labeling the last cell of b; with a —1.

Case 5. There is a brick b; of size (s + 1)(j — 1) + 1 where s > 1 such that the first cell
of b; is labeled with —1. In this case, I(T) = (B*, (¢, w"), L*) where B* results from B
by replacing the brick b; by j — 1 bricks of size 1 followed by a brick of size s(j — 1) + 1,

(o*,w*) = (o,w), and L* arises from L by removing the —1 label that was on the first
cell of b;.

Case 6. There are j consecutive bricks in B, b;, b;11, ..., biyj—1 such that b, ... b ;o are
of size 1 and b;4;_1 = s(j —1) +1 > 1 and the letters in these bricks form a maximum
packing for (7, u) of size (s +1)(j — 1) + 1. In this case, I(T) = (B*, (c*,w*), L*) where
B* results from B by replacing the bricks b;,bi11,...,bi1;—1 by a single brick b of size
(s+1)(j—1)+1, (¢",w*) = (0,w), and L* arises from L by labeling the first cell of b
with a —1.

Case 7. There is a brick b; of size s(j — 1) + 1 where s > 3 such that the first cell
is labeled with an x and there is a cell which has a label —1 which is not the j-th cell from
the right. Let t be the left-most cell of b; which is labeled with —1. Then in this case,
I(T) = (B*, (c*,w*), L*) where B* results from B by replacing the brick b; by j consecu-
tive bricks ¢y, o, ..., ¢j_1,¢; where ¢; contains all the cells of b; up to and including cell ¢,
C2,...,cj_1 are bricks of size 1, and ¢; contains the remaining cells of b;, (6%, w*) = (o, w),
and L* is the labeling that results from L by removing the —1 label from cell t.

Case 8. There are j consecutive bricks b;, b1, ..., b1 such that b; =c(s—1)+1>1
and has no —1 labels, b;y1, ..., biy;_2 are bricks of size 1, b1 ;_; = d(j—1)+1 > 1, and the
letters in these three bricks form a maximum packing for (7, u) of size (c+d+1)(j—1)+1.
In this case, I(T) = (B*, (o*,w*), L*) where B* results from B by replacing the j bricks
bi,bit1, ..., bipj—1 by a single brick b, (¢*, w*) = (o, w), and L* results from L by adding
a label —1 on the last cell of b;.

If none of Cases 1-8 apply, then we set I(T) =1T.

For example, the images of T7, ..., T}, as pictured in Figure 5 are pictured in Figure 6.
As in Theorem 5, [ is a sign-reversing weight-preserving involution. Hence I shows
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(1) 3| 1| 4] 1] 2 dl 3 4
1 2| 8| 1|13 s|16||2d| 7| 314
X X -1 -1 -1
alfo] 2] off 4]l o]l 2| 3| 2| 4| 2] 2 4l 3 4
I(T2) (17|20 o 24 slkoll 4 | 2| 8] 1| 23| &|16|f25] 7| 3|2
X X -1 -1 -1
alfo] 2] off 2]l 3|l 2| 3| 2| 4| 2] 2 4l 3 4
I(Ts) {1720 o 24| 5[[ 4]l 8 | 2| 22| 2| 23 &|z6lf2d]| 7| 3|14
X X -1 -1 -1
(T f4llo] 21 ol 2] 3] 2|l 3lf 2] 4| 2| 2 4l 3 4
1q[z0] o| 24| 5| 4| 8l 2|22 1|13 s|zs||2d]| 7| 3|14

Figure 6: The images under I of the elements in Figure 5.

that

(), (Ry) = > sign(T)wt(T).
T€Q(r,u),nd(T)=T

Thus we must examine the fixed points of I. We can argue exactly as in Theorem 1 that
if I(T) =T where T = (B, (0,w), L), then sign(T) = 1 since there can be no —1 labels
and wt(T) = g™ w-meh((ow)) peoinv(@) 4inv(e) 5 (4)) - Moreover if (o, w) € Cy 1 S,, then we can
construct a fixed point of I by placing bricks which cover the maximal length maximum
packings for (7,u) in (o, w), covering the remaining cells by bricks of size 1, and labeling
the start of each (7, u)-match in w by x. It thus follows that

Pl Tlha) = 37l meoin)gine) ).
(o,w)eCKUSH
But then,
t" 7, u)-mch((o,w coinv(o) inv(o
P(H) = Y o $ e peoiny() ine(@) (1) — P(1/E(—t)) =
n>0 p,q: (o,w)eCKLSH
1 JR—
1+ Enz1<_t)nr<€n)
1

¢n(i—1)+1

1-— ((Z(] + -+ Zk—l)t + ZnZl m(l’ — 1)Nmpl(€7',u),n(j—l)+l(p’ q,z0,---, Zk—l))

which proves (27).
If we replace (7, u)-matchings by exact (7, u)-matching throughout the proof of (27),
then we will get a proof of (28). O

We note that in the special case of Theorem 6 where £ = 1, so that the underlying
alphabet is is just {0}, a pair (7,07) € C; 1S, has the 1-minimal overlapping property if
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and only if 7 has the minimal overlapping property. Thus if £ = 0 and we set 2o = 1 in
Theorem 6, we obtain the following corollary.

Corollary 7. Suppose that T € S; has the minimal overlapping property. Then

P,

TLZO a UESn

1
n(j—1)+1 n
L=+ 20 WH]M.@ — 1)"mprnii-1)+1(p, )

(33)

We end this section by observing that the proofs of Theorems 5 and 6 can be special-
ized to give another interesting pair of results. That is, we say that a word u = u; ... u; €
{0,...,k — 1} has the k-non-overlapping property (k-ezact match non-overlapping prop-
erty) if the smallest 7 such that there exists a word w € {0, ...,k — 1}* with u-mch(w) =
2 (Fu-mch(w) = 2) is 2j. Thus u has the k-non-overlapping (k-exact match non-
overlapping) property if no two u-matches (exact u-matches) can share a letter. For
example, if £ = 3 and v = 00112, then it is easy to see that u has both the k-non-
overlapping property and the k-exact match non-overlapping property. However, if k = 3
and v = 011, then v has the k-exact match non-overlapping property but does not have
the non-overlapping property since w = 01122 has two v-matches. Similarly, we say
that (7,u) € Cy 1 S; has the Cy 1 S, -non-overlapping property (Cy, 1 S,-exact match non-
overlapping property) if the smallest ¢ such that there exists a k-colored permutation
(o,w) € Cy1S; with (7,u)-mch(w) = 2 ((r, Fu)-mch(w) = 2) is 2j. Clearly, there
can be no permutations which have the non-overlapping property so that the only way
a (1,u) € C,1S; can have the Cj ¢ S,-non-overlapping property (Cj ! S,-exact match
non-overlapping property) is if u has the k-non-overlapping property (k-exact match non-
overlapping property).

We can still define the notion of a maximum packing for words u € {0,..., k — 1}*
which have the k-non-overlapping (k-exact match non-overlapping) property and for k-
colored permutations which have the Cy ¢ S,-non-overlapping (Cj ! S,-exact match non-
overlapping) property, it is just that in such cases the only maximum packings are of size
j. It is then easy to check that the proofs of Theorems 5 and 6 go through exactly as
before except that only Cases 1 and 2 of the involution apply. Thus we have the following
theorems.

Theorem 8. Let v € {0,1,...,k — 1} where j > 3.
(I) If u has the k-non-overlapping property and red(u) = u, then

Z m Z xu—mch(w)z(w> _

n>0  we{0,1,...k—1}n
1

1— ((ZO + -t Zk_l)t + (LU - 1)mpﬁ7j(zo, ey Zk_l)tj) .

(34)
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(II) If u has the k-exact match non-overlapping property, then

Z n Z xEu—mch(w)Z(,w) _

n>0  we{0,1,...k—1}n

1
1= ((20+ -+ ze1)t + (x — Dempk (20, ..., 2,-1)t7)

(35)

Theorem 9. (III) If (t,u) € Cy 1 S;, red(u) = u, and (7,u) has the Cy 1 S,-non-
overlapping property, then

Z g Z x(T, u)—mch((a,u))pcoinv(a) qinv(a)z(w) —

n>0  (ow)eCkiSn

1

5 - . (36)
L= ((20 + -+ ze-1)t + g (@ — Dmp( ) (0, ¢ %0, - - -, 2k-1))
(IV) If (r,u) € Cx1S; has the Ci 1 S, -exact match non-overlapping property, then
" 7, Eu)-mch((o,u)), coinv(o) inv(c _
SSES atn e meom o)) ) =
n>0 (o,w)ECKISH
1
tJ I (37)
1—((z0+ -+ 2z 1)t + Wq,(m — Demp{, ) i(p.¢; 20, - - 26-1))
4 Computing the number of maximum packings
In this section, we shall give several examples where we can compute the functions
mpzlj,n(j—l)-i-l(z(b T z’f—l)v empﬁ,n(j_l)ﬂ(zoa T Zk—l)v mpl(€7—7u)7n(j—1)+1(p7 q, %0, -, zk—l)u
€mplf7,u),n(j_1)+1(l97 4,205 - - -, 2k—1), and mpr,@(j—l)ﬂ(p, q)-
First suppose that v € {0,1,...,k — 1}’ has the k-exact match minimal overlapping
property. Then it is trivial to compute empﬁ’n(j_l)ﬂ(zo, oy 25—1). Thatis, ifu = uy ... uy,
then we must have u; = u; so that it is simple to see that emp’ n(j_1)+1(z0, ey Zhe1) =

Zuy (Zug  + * 2u;)"- Thus for example, if u = 01?0 where a > 1, then

k . a\n __ .n+1l_an
empOl“O,n(j—l)—i—l(ZO? ooy 2pm1) = 20(2027)" = 257 2

for all k£ > 2.

Next suppose that u = uy...u; € {0,1,...,k — 1}/ has the k-minimal overlapping
property and red(u) = w. In the case where u; = u;, it is again relatively straightforward
to compute mpﬁm(j_l)ﬂ(zo, ..., 2k—1). For example if v = 01*0 where a > 1, then all
maximum packings for u of length n(a + 1) + 1 are of the form

a4 ra Ca
1 b ibye...iby e
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where by,...,0, € {i+1,...,k—1}. Thus

k—2 k—1
k —|—1 n
mp01a0,2n+1(307 R ) Zz Z ) .
1=0 Jj=i+1

If v = 101 where a > 1, then all maximum packings for v of length n(a + 1) + 1 are of
the form

tbi by ... iby
where by,...,b, €{0,...,i—1}. Thus

k—1 i—1

k
mp10“1,2n+1(20a ey Zh—1) 2 z
=1 ]:O

.

However, it is no longer the case that we are forced to have u; = u; if u has the k-minimal
overlapping property. For example if £ > 3 and « = 001, then w = 00112 has 2 u-matches
so the 001 has the k-minimal overlapping property for £ > 3. We note that in such cases,
there cannot be maximal packings of arbitrary length. That is, suppose that u; < wu,;.
Then it is easy to see that in a maximum packing w = wy ... wy—1)+1 for u, we must
have that
W1 < Wj < Wa(j-1)41 < W3(j-1)+1 < 0 < Wa(j-1)+1

so that it is impossible to have n > k. A similar argument applies in the case where u; >
u;. It follows from Theorem 5 that if u =wu;...u; € {0,1,...,k — 1}/ has the k-minimal
overlapping property and uy # uy, then 37 0" > co1  o1yn 2 mh(®) 2 () is a rational
function. In general, it is still rather straightforward to compute mpﬁ’n( 1)1 (205« s 2Zk—1)-
For example, if © = 001, then all maximum packings for « must be of the form

a1a1G203 . . . ApQyQyyq
where 0 < ay < --- < a,y1 < k—1. Thus

0 ifn>k
k— .
mp§0172n+1(207 I Zk—l) = 3 k-1 1—[2:02 222 ifn==%k
20§a1<---<an+1§k—1 Zan+1 H?Zl Zgi lf 1 S n < k.
If 7 € S; has the minimal overlapping property, then it seems to be a difficult problem
to compute mp; n(;—1)+1(p, ¢) in general. However, there is at least one special case where

it is easy, namely, when 7 starts with 1. That is, in that case, we have the following
theorem.

Theorem 10. Suppose that T = 7i...7; has the minimal overlapping property where
71 =1 and 7; = s. Then for alln > 1.

mpr7(n+1)(j—1)+1(29, C_I) =
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coinv(7) inv(T)

seim(i—n | (m+1)(j—1)+1—s
P q p( Dn(—1) [( )(J )

. mprn(i—1)+1 (pa Q)

)

so that
L n+1 .(._1)_'_1_
MPr (n41)G—-1)+1 (P, @) = (pCOinV(T)qmv(T))(nH) p(s_l)(j—l)(ng ) H {Z J , S] . (38)
i=1 J =S P
Proof. Suppose that o = 01 ...0(11)(j—1)+1 is @ maximum packing for 7. Since 71 =1, it
must be the case that oy is less than o3, ..., 05, 0; is less than o;,1,...,0j4-1), 02j-1 I8
less than o, ..., 09j_14(j—1), etc.. It follows that oy = 1 and that o; must be less than
Tjg1s- - Ont)(j—1)+1- We claim that o; must be s. We know that o; > s because the
fact that oy ...0; is a 7-match means that there must be s — 1 elements of oy,...,0;_;
which are less than ;. However if o; > s, then 1,...,0; — 1 must be among oy,...,0;_;
which would violate the fact that o; is the s-th smallest element among o4, ..., 0;.

It follows that 1,...,s must be among o4, ...,0; which means that the positions of
1,...,s1in 0y...0; must be the same as the positions of 1,...,s in 7. But then we have
((”H)(?:?“_s) ways to choose the remaining j — s elements in o, ... 0; and once we have
chosen these j — s elements, their positions are completely determined by 7 since oy ... 0}
is a 7-match. Moreover pred(c; . ..o(m41)(j—1)+1) must be an element of MP_ ;i _1)11. It
then follows that

m+1)(j—-1)+1-s

j—s )mp'r,n(j—l)-l-l'

MPr,(n+1)(j-1)+1 = <
Next consider the problem of computing mp; (n41)(j-1)+1(P, ¢)- For any o in
MP: (n41)(j—1)+1, We can organize the count of inversions and coinversions of o by

(a) counting the inversions and coinversions among o ...o; which contributes a factor

of p to pcoinv(o) qinv(o)7

coinv(T) qinv(T)

(b) counting the inversions and coinversions between 1,...s —1 and 041 ... 0@my1j-1)41

which contributes a factor of ps=DnU=1) tg peoinv(e) ginv(e)

(c) counting the inversions and coinversions among {oy,...,0;} — {1,...,s} and
Ojt1 - - O(nt1)(j—1)+1 Which contributes a factor of [("H)(;:;)H_S}pq to
MPr (n+1)(j—1)+1(P, ¢) as we vary over all choices {oy,...,0;} —{1,...,s}, and

(d) counting the inversions and coinversions among o; . .. 04 1)(j—1)+1-

Thus

mpr7(n+1)(j—1)+1(29, q) =
coinv(r) in(r) (s=Dn(j=1) n+1)-1)+1-s

. mpr,n(j—l)—l—l(p? q)
J=S P

p
[terating this recursion then yields (38). O
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By our remarks in the introduction, if 7 € \S; has the minimal overlapping property,
then 7" and 7¢ have the minimal overlapping property. Thus we can use Theorem 10 to
find formulas for mp; (n11)j—1)+1(P, ¢) when either 7 starts or ends in j or ends in 1.

It follows from Corollary 7 and Theorem 10 that if j > 3 and 7 = 7...7; € S; has
the minimal overlapping property, 71 = 1 and 7; = s, then

P’r(t7 T, P, q) = Z Z i mch(o Comv(a)qinv(a) _

UES
1
z—1)rgn—b+1 coinv(7) pinv(r)) (1) | (s—1)(j—1 ntl n+1 [i(j—1)+1—s
(t+2n>1m(p (7)gima(r)) D pleDG=DCE) [0t [ ]p,q
(39)

For example, both 132 and 1342 have the minimal overlapping property. As stated in
the introduction, Elizalde and Noy [8] proved that

Pipn(t,q) = Z Z 132-mch(o

n>0 " 0€Sh

1
1— f(;f e(z=1)22/2
1

(w_l)nthJrl .
1 - ano 21 (n!)(2n+1)

By Theorem 10, we have

mp132,2n0+1(P; @) = H 2i — 1], (40)
1=1

Plugging equation (40) into Corollary 7, we get the following p, g-analogue of Elizalde and
Noy’s result for Pisy(t, x).

t" - o), .coinv(o) inv(c
Pu(tz,p.q) = Yy D a3 mehie)in(@) i)

n>0 [n]p7q' 0ESn

1

x1n2n+1n n
L= (t+ Yo St T, 20 — 1)
1

1 Z p"er"q"(w—l)"tQ”Jrl :
n20 [2n+1]p,q [[721[2ilp,q

Similarly, Elizalde and Noy [8] proved that

Prass(t, 7) Z Z 1342-mch(es

n>0 " oES,
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1
1— fJ e(—1)23/6]
1

(x_l)nt3n+1 *

1—- ZnZO 6" (n!)(3n+1)

By Theorem 10, we have

n

o ) n+1-—2
mpi342,2n+1 = 3 2 3 H [ }

i=1 p,q

n

(3n2+3n /2q2n [3n — 1 g[3n — 2],
1

(41)

Pl 2]p.q

Plugging equation (41) into Corollary 7, we get the following p, g-analogue of Elizalde and
Noy’s result for Pz (t, z).

Piaw(t,,p,q) = Z o Z x1342-mCh(o)pcoinv(o)qinv(o)
n>0 Mp.a: oESn

1

T n4+3n+1 n . .
1—(t+ 2n>1 %p@n?wn)pqzn [2}137(1 L= 36 = pg[3i — 2]p,q)

1

p(3n2+3n)/2q2n (x_l)nt3n+1 :

L= 2 nz0 Bty a2y, [T B

Now if 7 = 12...a0a + 1 where ¢ is a permutation of {a + 2,...,k + 1}, then 7 has
the minimal overlapping property. Note that

coinv(r) = (a _g 1) + a(k — a) + coinv(o) and
inv(t) = (k—a)+inv(o).

Thus using Corollary 7 and Theorem 10, we can derive the following generalization of
Kitaev’s Theorem 2.

Theorem 11. Let 7 = 12...aca+1 where o is a permutation of {a+2,..., k+1}. Then

Z Z 7" -mch(o) comv(cr) 1nv(cr) _

’OUES

1
z—1)i1¢k+1  g(k—a)+coinv(o)+(2HT atinv(o)) (i ak (Tt
L= (t+ Y g o (prtmer et (5) grmatinvto) ) (1 ek (15)

% ik—a
(42)
Next following a suggestion of Sergey Kitaev, we show that if a and (3 are two permu-
tations in S; which have the minimal overlapping property and have the same first and
last elements, then for any n, mpan;—1)+1 = MPgni-1)+1- That is, we shall prove the

following.
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Theorem 12. Suppose o = o1 ...5 and B = By ...053; are minimal overlapping permu-
tations in S; and oy = 31 and a; = B;, then for alln > 1,

MPan(i—1)+1 = MPBn(—1)+1- (43)

]f in addition, pcoinv(a)qinv(a) — pcoinv(ﬁ)qinv(,@)’ then

mpa,n(j—l)—i—l(p? q) = mp,@,n(j—l)—i—l(p? q) (44)

Proof. Suppose that we wanted to construct all maximum packings o = oy ... 0y, (j—1)41 of
size n(j—1)+1 for o or 8. One way to do this is to partition {1,...,n(j—1)+1} into sets
Ty, ..., T, where |T1| = j and |T;| = j—1 for i > 2 and use the elements of T; for oy ... g},
use the elements of T for g1 ...09;_1, use the elements of T3 for oy;...03,_2, etc.. Of
course, this will not work for all choices of T7,...7,. That is, if @« = 132 and we pick
Ty ={4,5,6} and Ty = {1, 2}, then there will be no way to use 7} for the elements oy0503
and use 15 for the elements o405 to produce a maximum packing for 132. That is, in such
a situation, we must let 0y = 3, 0o = 5, and o3 = 4. But then o3 will be greater than o,
and o5 so that this choice will not allow us to construct a maximum packing for 132. Our
claim is that for any choice of T1, ..., T,,, either we cannot construct a maximum packing
for either o or [ in this way or we can construct a maximum packing for both o and (3
in this way. For example, if @ = 24153, then we have pictured in Figure 7 choices for
Ty, Ty, T3, and Ty and the steps needed to construct a maximum packing for . Clearly,
given 77, there is only one way to place the elements of T3 so that oy ... 05 is a a-match.
This is pictured in the second row of Figure 7. In this process, 05 = 6 must be the third
largest element of T} since a; = 3. But then to continue, it must be the case that 6 is the
second largest element of {6} UT5 if 05 ... 09 is an a-match. Since 6 is the second largest
element in {6} UT5, the positions of the elements of Ty are then forced by the requirement
that o5 ...09 be an a-match which is pictured in row three of Figure 7. In particular, og
must be the third largest element of {6} UT5 so that o9 = 8. To continue, it must be the
case that 8 is the second largest element of {8} U T3 if 0g...0y3 is an a-match and o3
must be the third largest element of {8} UT5. In this case, 8 is the second largest element
of {8} UT; and we are forced to have 013 = 11 since 11 is the third largest element of
{8} U T;. Finally, it must be the case that 11 is the second largest element of {11} U T}
which is true in this case so that we can complete the construction of a maximum packing
for a using 17, ..., T}.

In general, suppose that o; = 1 = s and «; = (3; = t, Then to be able to use
T, to continue the construction of a maximum packing for either o or 3, we must have
that the ¢-th largest element a; of Tj is the s-th largest element of {a;} U T,. If not,
we cannot use 17, ...,T, to construct a maximum packing for either o or 3. If so, then
the ¢-th largest element ay of {a;} U T, must be the s-largest element of {as} U T5. If
not, we cannot use 17, ...,7T, to construct a maximum packing for either o or . If so,
then the t-th largest element az of {as} U T3 must be the s-largest element of {az} U Ty,
etc. Thus it is easy to see that we can use T},...,T, to construct a maximum packing
o for « if and only if we can use T3,...,T, to construct a maximum packing o* for .
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a=24153
T]_: TZ: T3= T4=
{2,5,6,7,10} | {1,8,9,15}{3,11,13,14}{4,12,16,17

[sl72faqe] [ [ [[[[T1][]]
[s[7[2[1qe]o[x]ags[ [ [ [ [ [ []]
[s[7[2[1d o[ of 118 grd 31421 [ [ [ |
(5[ 7[2[1d o[ of 118 g1q 3[141416 41713

Figure 7: Constructing maximum packings for a = 24153.

Moreover, it is easy to see that if p"omv(“)qinv(o‘) = pnv(B)ginv(B) then it will be the case
that peoinv(e) ginv(e) = yyeoinvie™) ginv(e™) " Thys (43) and (44) hold. O

We can now use Theorem 12 and Corollary 7 to prove Elizalde’s conjecture stated
in the introduction. That is, suppose that @ = ay...«a; and 8 = ;... 3; are minimal
overlapping permutations in S; and oy = 4 and a; = ;. Elizalde [7] conjectured that it
must be the case that o and 3 are strongly c¢-Wilf equivalent. By Theorem 12, we know
that in such a situation, mpq n(j—1)+1 = MPgn—1)+1 for all n > 1 and, hence, by Corollary
7 with p = ¢ = 1, we know that

Z_r: Z xa—l’IlCh(J) _
n

n>0 ’ €Sy

1
n(—1)+1 " =
—(t+ 2 ﬁ(m — 1)"mpa,n(j-1)+1)
1

n(G—1)+1 "
1- (t + 2wt o (@ — D'MPsaG-1+1)

Z = Z xﬁ-mch o

n>0  oE€Sn

Thus Elizalde’s conjecture follows. If in addition, peomV(@)ginv(e) = peoinv(B)inv(8) then by
the same reasoning, we get the even stronger conclusion that

Z ' Z xa-mCh(cr)pcoinv(a)qinv(a) _ Z

n>0 [n]p,Q‘ o€Sy, n>0 [n]p7Q’ o€Sy,

Z xﬁ—mCh(o) pcoinv(ﬁ) qinv(ﬁ)'

We note that Elizalde’s conjecture has been proved independently by Vladimir Dot-
senko and Anton Khoroshkin [4] using cluster algebras and ideas similar to Theorem
12.
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Next we consider the problem of computing mp’(“m)vn(j_l)ﬂ(p, qy 205+ -+ Zk—1)

(empl(“m)’n(j_l)ﬂ(p,q,zo, ooy 2ko1)) for (myu) € Cr 1S, which have the Cy ! S,-minimal
overlapping property (Cy ! S,-exact match minimal overlapping property). There are
several reasons why a (7,u) € Cj1.S; can have the Cj ! S,,-minimal overlapping property.
For example, it could be that u has the k-minimal overlapping property such as (7,u) =
(12...a+2,01%0). In this case it is easy to see that

n(j—1)+1
mp;(i—,u),n(j—l)—l—l (p7 q; 20, - - -, Zk—l) = p( 2 )mAZ)Zn(j_l)H(ZO, R Zk)-

It could also be that 7 has the minimal overlapping property such as (7, u) = (132, 000).
In this case, it is easy to see that

T
I

n(j—1)+1
mp](g—r,u),n(j—l)-i-l(pvcbz()? ey 2he1) = mpf—,n(j—nﬂ(p, q) i oo,

i

Il
o

If it is the case that u has the k-minimal overlapping property and 7 has the minimal
overlapping property, then it is easy to see that

mplgT,u),n(j_1)+1 (P, 4 20, 2k—1) = mpr,n(j—l)—i—l(pa Q)mpﬁ,n(j_1)+1(207 e 2E)- (45)

However, there are cases like (7,u) = (152364,001100) which has the C% ! S,-minimal
overlapping property where neither u has the k-minimal overlapping property nor 7 has
the minimal overlapping property. Now if 7 starts with 1, then we can mimic the reasoning

in Theorem 10 to find an explicit formula for mp’(“m)’n(j_l) 1P q,20, .., 2z6—1). That
is, suppose 7 = 71...7; € S; is a permutation such that 7, = 1 and 7; = s. Then
let MPj;’Zﬁl_)_l;'l"’("_l)j_("_2)} denote the set of permutations in Sy(;_1)+1 which have 7-

matches starting at positions 1,5,2j — 1,37 —2,...,(n —1)j — (n — 2) and let

{1,5,2j-1,....(n—1)j—(n—2)} — coinv (o) inv(o)
mp; Gl (p.q) = > p g,
JeMPj,ln,gfj;)iiw(n*l)j*(n*?)}

Ifu=wu..u €{0,1,....k—1} and red(u) = u, we let M phthd 2L (=i =(n=2))

un(j—1)+1
denote the set of all words w € {0,1,...,k — 1}"U=D+! which have u-matches starting at
positions 1,7,25 — 1,35 —2,...,(n—1)j — (n — 2) and let
k{1,425 1,00 (n—1)j—(n—2
mpu,i(j]—lj)-i-l IO g, ) = Z z(w).
'LUEMP:::LE;JL%;;} ,,,,, (n—1)j—(n—2)}

Similarly, if u = uy...u; € {0,1,...,k — 1}, we let EM P2l =i=m2) oy oo

u,n(j—1)+1
the set of all words w € {0,1,...,k — 1}"U=D+! which have exact u-matches starting at
positions 1,7,25 — 1,35 —2,...,(n—1)j — (n — 2) and let
k{1,5,25 1,00, (n—1)j— (n—2
empm{L(jj_f)Jrl I ) = Z z(w).
weEMP::r{szyﬁzl‘;li ,,,,, (n—1)j—(n—2)}

THE ELECTRONIC JOURNAL OF COMBINATORICS 18 (2011), #P25 32



Then using the same reasoning as in Theorem 10, we can show that

1,7,25—1,...,(n—1)j—(n—2),nj—(n—1
mp;{—,(i—kjl)(j—l)(—i-l )i—(n—=2),nj—( )}(p, q) =
coinv(7) . inv(7), (s—1)n(j— (n + 1)(] - 1) +1-s 1,7,2j—1,...,(n—1)j—(n—2
p ( )q ( )p( n(j—-1) s m inﬂ(jil)ﬂ (n=1)j—( )}(p, q) (46)
p,q

so that

{1]2.] 1. 7(” 1) ( )}(

mp; J(n+1)(5—1)+1 b,q; =0, -, Zk—l) =

j—S

= )

coinv(r) inv(r) (P+1) (s— n+1 ] _]' +1—s
(om0 i) D) o= G-1)( Hl } . (47)
2

We then have the following theorem.

Theorem 13. Suppose that (1,u) € C 1S, has the Cy1.S,,-minimal overlapping property,
red(u) =u, and T =7y ...7; where ; =1 and 7, = s. Then

mp?ﬂ',ﬂ),n(j—l)-kl (p; q,20,---, Zk—l) =
1,5,2— 1,0 (n—1)j—(n—2 k{1,5,25— 1,00, (R—1)j— (n—2
i,njuflm M () mpu,fz(jj—fm I ) =
E{1,5.2j—1,....(n—1)j—(n—2
mpu,iz(jj_f)_H ( i )}(Zo, ce Zk) X
i i (s— = i) — 1 +1-—s
(pc01nv(7-)qmv(7—)) )(G— 1 H j .
i=1 J=s P.q

Similarly if (1,u) € Cy 1S, has the Cy 1 Sy -exact match minimal overlapping property and
T="T...7; where 71 =1 and 7; = s, then

emplgr,u),n(j—l)+1(p> q, 20y, Zk—l) =
1,5,25—1,...,(n—1)j—(n—2 k,{1,7,25—1,...,(n—1)j—(n—2
P T ) empy AT g,z =
k,{1,7,27—1,....(n—1)j—(n—2
empu,;{z(j]—lj)—i-l ( = )}(ZOa s Zk)x
coinv(7) inv(rT (s— - Zj_l +1—s
(5o ) giml)) e G1)( H[ A } |
=1 ‘7 s p.q

Now suppose that « = a;...a; and 8 = (..., are two permutations in S; such
that oy = ) and a; = §; and w € {0,...,k — 1}/ is such that (o, u) and (3, u) have the
Cr1S,-minimal overlapping property (Cj ! S,-exact match minimal overlapping property).
Then we can use the same reasoning at Theorem 12 to show that for all n > 1,

{17j72j_17'"7(n_1)j_(n_2)} {17.7 2.7 17 7(” 1).7 (n 2)}
MP o n(j—1)+1 MP3 n(j—1)+1
If, in addition, pcoinv(a)qinv(a) _ pcoinv(ﬁ)qinv(ﬁ)’ then

{1,j,2j—1,...,(n—1)j—(n—2)}( {1,5,25—1,...,(n—1)j (n—2)}(

pa,n(j—l)—i—l b, q) mpg n(j—1)+1 b, q)
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Since for 7 € {a, #},

k
mp('r,u),n(j—l)+1 (p7 q, 205 - -, Zk—l) =
1,5,2j—1,....,(n—1)j—(n—2 k,{1,7,25—1,...,(n—1)j—(n—2
p'{r,n](jzl)-i-l ( L )}(p> q) mpuil(jj_l])_,_l ( i )}(Z(), R Zk)
and
empl(fﬂu),n(j—l)—}—l(pv q,20y---, Zk—l) ==

1,5,2j—1,....,(n—1)j—(n—2 k,{1,5,27—1,....(n—1)j—(n—2
mpp T (pq) empy T ),

we have the following extension of Theorem 12.

Theorem 14. Suppose o = ...« and B = B1 ... [3; are permutations in S; and oy = By
and o; = fB5. If u € {0,1,...,k — 1} is such that red(u) = u and (a,u) and (8,u) have
the Ci 1 S,,-minimal overlapping property, then

Z S glew-mehiou), Z N g mehlon ), (48)

7L>0 (U w)ECKLSn n>0 (Jw )ECKUSR

[f; n CldditiO’ﬂ, pcoinv(a)qinv(a) — pcoinv(ﬁ)qinv(ﬁ); then

t . .
E ' E x(a,u)-mCh((o,w)pcomv(cr) qlnv(cr)z(w) _
n>0 [n]p7Q' (J,M)ECkZSn
" u)= o,w), coinv(o) inv(o
Yo Y MEl(ow)yeoinv(@) ginv(@) (1) (49)

|
n>0 [n]m. (o,w)EC)1Sn

If u € {0,1,....k — 1} is such that (o,u) and (3,u) have the Cy ! S,-exact match
manimal overlapping property, then

Z_" Z IE(a,u)—mch((a,w))Z(w):Z_" Z g;E(ﬁv“)‘mCh((avw))z(w). (50)
n! nl

n>0 " (ow)ECKISn n>0 " (o,w)ECKISn

[ﬁ n addition, pcoinv(a)qinv(a) — pcoinv(ﬁ)qinv(,@)’ then

t" . (o) g
Z . Z I’E(a’u) mCh((U,w))pCOIHV(U)qan(U)Z(w) —

|
n>0 [ ]p,q- (o,w)eCKISH
" u)- oW coinv(o) . inv(o
Z[ ” D Gar ME(o:w) peoinv(@) ginv(@) (1) (51)

n :
n>0 P (o,w)eCKLSH

THE ELECTRONIC JOURNAL OF COMBINATORICS 18 (2011), #P25 34



5 Extensions

In this section, we shall briefly remark about two simple ways to extend the results of
the previous sections. First, we can replace single occurrences of words, permutations,
and k-colored permutations by sets of words, permutations, and k-colored permutations.
That is, suppose T is a set of words in {0,1,...,k — 1}’ such that red(u) = w for all
u €Y, then we say w = wy ... w, € {0,1,...,k—1}" has an T-match starting at position
i if red(w; . .. w;+j—1) € Y. Let T-mch(w) denote the number of T-matches in w. We say
that Y has the k-minimal overlapping property if the smallest ¢ such that there exists a
w € {0,1,...,k — 1} with T-mch(w) = 2 is 25 — 1. Similarly, if T is a set of words in
{0,1,...,k — 1}, then we say w = w; ... w, € {0,1,...,k — 1}" has an exact YT-match
starting at position ¢ if w;...w;4;1 € T. Let ET-mch(w) denote the number of exact
T-matches in w. We say that u has the k-exact match minimal overlapping property if the
smallest 7 such that there exists a w € {0,1,...,k — 1}* with EY-mch(w) = 2 is 2j — 1.
If T is a set of permutations in \S;, then we say that a permutation o0 = o0y...0, € S,
has an Y-match starting at position i if pred(c;...o;4;-1) € T. Let T-mch(o) denote
the number of Y-matches in . We say that T has the minimal overlapping property it
the smallest i such that there exists a ¢ € S; with T-mch(o) = 2is2j —1. If Tis a
set of colored permutations in C ¢S, such that red(u) = u for all (7,u) € T, then we
say (o,w) € Cy 1S, where 0 = 0y...0, and w = w;...w, has an T-match starting
at position ¢ if (pred(o;...oi1j-1),red(w; ... w;1j—1)) € T Let T-mch((o,w)) denote the
number of Y-matches in (o,w). We say that T has the Cy 1 S,-minimal overlapping
property if the smallest ¢ such that there exists a (o, w) € Cy 1 S; with T-mch((o,w)) = 2
is 2j — 1. If T is a set of colored permutations in Cy.S,, then we say that (o, w) € C;1.S,
where 0 = 0y...0, and w = w; ...w, has an exact T-match starting at position ¢ if
(pred(o; ...054j-1),W; ... wirj—1) € T. Let EY-mch((o,w)) denote the number of exact
T-matches in (o,w). We say that T has the Cy ! S,-exact match minimal overlapping
property if the smallest ¢ such that there exists a (o, w) € C15; with EY-mch((o,w)) = 2
is 27 — 1.

It should be clear that the obvious analogues of Theorem 5 in Section 3 for words
w € {0,1,...,k — 1} which have the k-minimal overlapping or the k-exact match mini-
mal overlapping property also holds for sets of words T C {0,1,...,k — 1}/ which have
the k-minimal overlapping or the k-exact match minimal overlapping property with the
same proofs. Similarly, the obvious analogues of Theorem 6 in Section 3 for k-colored
permutations (7,u) € Cj 1.S; which have the k-minimal overlapping or the k-exact match
minimal overlapping property also hold for sets of k-colored permutations T C Cj1.S;
which have the k-minimal overlapping or the k-exact match minimal overlapping property
with the same proofs.

We also note that the proofs of Theorems 5 and 6 did not depend on the fact that we
used a finite alphabet {0,1,...,k — 1}. That is, if N = {0, 1,...} is the set of natural
numbers, then we can extend our definitions to words or sets of words in N* and N-colored
permutations or sets of N-colored permutations in the obvious way. That is, if T C N’ has
the N-minimal overlapping property (the N-exact match minimal overlapping property),
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then we let MPY . 1y41 (EMPY,,;_1y;1) denote the set of all w € N"U~D which
are maximum packings (exact match maximum packings) for T. We let Cy .S, denote
the set of all pairs (o, w) such o € 5, and w € N" and we call the elements of Cx .S,
N-colored permutations. Then if T C Cy ¢ .S,, has the Cy ! S,-minimal overlapping prop-
erty (the Cy S,-exact match minimal overlapping property), then we let MP?HU_I) 41
(5/\/1731%”0_1) +1) denote the set of all (o, w) € CxS, which are maximum packings (exact
match maximum packings) for Y. Then we define

mpl“;]",n(j—l)-i-l(zm 2y...) = Z z(w),

1116/\/173¥7L(J.71)Jr1

6mp§,n(j-1)+1(307 21, .- ) = Z Z(w),
weEMPY i 111

N _ coinv (o) inv(o)

mpT7n(j—l)+1(p7Q7Z07zla )= Z D q z(w) and
(0'71U)EMP$7“(]»71)+1
6mp$,n(j—1)+1(pv Q520,215+ - .) = Z P (@) (@) 5 (),

(ow)EEMPY | o 111

Then if j > 3, the following hold.

(N If T C N/ has the N-minimal overlapping property and is such that for all u € T,
red(u) = u, then

Ztn Z xT—mch(w)Z(w) —

n>0 weNn
1
n(j—1)+1 N - (52)
1= (im0 2i)t + 2oy M9 (@ = 1) mpy gy 14 (20, 21, - )
(IIN If T C N/ has the k-exact match minimal overlapping property, then
Ztn Z xET—mch(w)Z(w> _
n>0 weN?
1
(53)

1- ((Zizo Zl)t + ZnZl tNU_lH_l (I - l)nempin(j_l)+1(zo> 21y )) .

(IIDNIf T C Cy 1 S; has the Cy ! S,-minimal overlapping property and is such that for
all (1,u) € YT, red(u) = u, then

Z g Z xT—mch((J,w))pcoinv(a) qinv(a)z(w) _

n>0 " (ow)eCyISn

1
nG—D11 -
1 - ((Zizo Zi)t + anl WJFEM'@ - 1) mp¥n(j_1)+1(pa q, 20,215 - - ))

(54)

THE ELECTRONIC JOURNAL OF COMBINATORICS 18 (2011), #P25 36



(IV)NIf T C Cy1 S; has the Cy 1 S,-exact match minimal overlapping property, then

Z ﬁ Z :L,ET—mch((U,u))pcoinv(J) qinv(a)z(w) _

n20 ’ (Uyw)ECNZSn

1

n(i—1)+1 n N . (55)
1= (im0 i)t + 2z mG—1+1l4! (x—1) 6mpT,n(j—1)+1(p7 q, 20,21, - - -))
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