1

A mized hypergraph on a finite set X is a triple H = (X,C,D), where C and D are
families of subsets of X, called the C-edges and D-edges, respectively. A bi-hypergraph
is a mixed hypergraph with C = D. A sub-hypergraph H' = (X',C’,D’) of a mixed
hypergraph ‘H = (X,C, D) is a spanning sub-hypergraph if X’ = X, and H’ is called a
derived sub-hypergraph of H on X', denoted by H[X'], when C' = {C € C|C C X'} and
D' ={D € D|D C X'}. Two mixed hypergraphs H; = (X1,Cy1, D1) and Hy = (Xo,Cs, Ds)
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Abstract

For any set S of positive integers, a mixed hypergraph H is a realization of S if
its feasible set is S, furthermore, H is a one-realization of S if it is a realization of S
and each entry of its chromatic spectrum is either 0 or 1. Jiang et al. showed that
the minimum number of vertices of a realization of {s,t} with 2 < s <t—21is 2t—s.
Kral proved that there exists a one-realization of S with at most |S|+2 max S—min S
vertices. In this paper, we determine the number of vertices of the smallest one-
realization of a given set. As a result, we partially solve an open problem proposed
by Jiang et al. in 2002 and by Kral in 2004.
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are isomorphic if there exists a bijection ¢ from X; to X, that preserves the incidence
between vertices and edges and maps each C-edge of C; onto a C-edge of C; and maps
each D-edge of D; onto a D-edge of Dy, and vice versa. The bijection ¢ is called an
isomorphism from Hq to Has.

A proper k-coloring of H is a mapping from X into a set of k colors so that each C-edge
has two vertices with a Common color and each D-edge has two vertices with Distinct
colors. A strict k-coloring is a proper k-coloring using all of the k colors, and a mixed
hypergraph is k-colorable if it has a strict k-coloring. The maximum (minimum) number
of colors in a strict coloring of H = (X,C, D) is the upper chromatic number X(H) (resp.
lower chromatic number x(H)) of H. The study of the colorings of mixed hypergraphs
has made a lot of progress since its inception [7]. For more information, we would like
refer readers to [3, 6, 8, 9].

A coloring of H may be viewed as a partition of the vertex set, where each color class
consists of vertices assigned to the same color. Then no class contains a D-edge, and
each C-edge meets some class in more than one vertex. Such partitions are called feasible
partitions. So a strict n-coloring ¢ = {C1, Cs, ..., C,} of a mixed hypergraph means that
Ch,Cy, ..., C, are the n color classes under c.

The set of all the values k such that ‘H has a strict k-coloring is called the feasible set of
H, denoted by F(H). For each k, let ry denote the number of partitions of the vertex set
corresponding to the strict colorings of H with k colors. The vector R(H) = (r1,72,...,7%)
is called the chromatic spectrum of H. A mixed hypergraph has a gap at k if its feasible
set contains elements larger and smaller than k& but omits k. A gap of size g means g
consecutive gaps. If some gaps occur, the feasible set and the chromatic spectrum of H
are said to be broken, and if there are no gaps then they are called continuous or gap-free.
If S is a set of positive integers, we say that a mixed hypergraph H is a realization of S if
F(H) = S. A mixed hypergraph # is a one-realization of S if it is a realization of S and
all the entries of the chromatic spectrum of H are either 0 or 1. This concept was firstly
introduced by Kral [4].

Bujtés et al. [1] gave a necessary and sufficient condition for a set S to be the feasible
set of an r-uniform mixed hypergraph. Kiindgen et al. [5] found a one-realization of
{2,4} on 6 vertices for planar hypergraphs. Jiang et al. [2] proved that a set .S of positive
integers is a feasible set of a mixed hypergraph if and only if 1 ¢ S or S is an interval. They
also discussed the bound on the number of vertices of a mixed hypergraph with a gap, in
particular, the minimum number of vertices of a realization of {s,t} with 2 < s <t—21is
2t — s. Moreover, they also mentioned that the question of finding the minimum number
of vertices in a mixed hypergraph with feasible set S of size at least 3 remains open. In
[10], we obtained an upper bound on the minimum number of vertices of 3-uniform bi-
hypergraphs with a given feasible set. Krél [4] proved that there exists a one-realization
of S with at most |S| + 2max.S — min S vertices, and proposed the following problem:
what is the number of vertices of the smallest mixed hypergraph whose spectrum is equal
to a given spectrum (ry,re, ..., 7y)7?

In this paper, we determine the number of vertices of the smallest one-realization of a
given set and obtain the following result:
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Theorem 1.1 For any integers 2 < ng < --- < ng < ny, let 6(S) denote the number of

vertices of the smallest one-realization of S = {ny,na,...,ns}. Then
| 2ny —ng, if mp>ng+1,
5(8)_{2711—718—1, if my=mng+ 1.

As a result, we partially solve the above open problem proposed by Jiang et al. and
by Kral.

2 Proof of Theorem 1.1

In this section we always assume that S = {nj,ns,...,ns} is a set of integers with
2 <ng<---<mng <ny. We first show that the number §(S) given in Theorem 1.1 is a
lower bound on the number of vertices of the smallest one-realization of S, then construct
two families of mixed hypergraphs which meet the bounds.

Jiang et al. [2] discussed the bound on the number of vertices of a mixed hypergraph
with a gap.

Proposition 2.1 ([2, Theorem 3]) If H = (X,C,D) is an s-colorable mized hypergraph
with a gap at t — 1, then | X| > 2t —s. For 2 < s <t — 2, this bound is sharp.

Lemma 2.2
2n1 — ng, if my>ng+1,

6(5)2{2n1—n5—1, if mp=ng+ 1.

Proof. Assume that H = (X,C, D) is a one-realization of S.

Case 1. ny > ny + 1. Then H has a gap at n; — 1. By Proposition 2.1, we have
6(S) > 2ny — ns.

Case 2. m; = ng + 1. Suppose |X| < 2n; — (ns + 2). For any strict nj-coloring
cp ={C1,Cy,...,Ch } of H, there exist at least ng + 2 color classes of size one. Suppose
Cy ={an},Cy = {as},...,Ch 12 = {an,42}. For any strict ng-coloring ¢, of H, there are
the following two possible cases.

Case 2.1. There exist three vertices in {ay,ag,...,a, 42} which fall into a com-
mon color class under c¢,. Suppose ai, s, a3 are in a common color class under c,.
Then {ay, as}, {a1, as},{az, a3} ¢ D, which implies that {C} U Cy,Cs,...,Cp, }, {C1 U
C3,C9,Cy,...,Ch 1, {C1,CoUC3,Cy, ..., Cy, } are strict no-colorings of H. Therefore, H
is not a one-realization of S, a contradiction.

Case 2.2. There exist two pairs of vertices in {aq, a9, ..., a, 42} each of which falls
into a common color class under ¢,. Suppose aq, s are in a common color class and
as, ay are in common color class under ¢;. Then {ay, as}, {as, s} ¢ D. Tt follows that
{C1UCy, Cs, ..., C,, } and {Cy, Cy, C3UCY, Cs, . .., C,, } are strict ny-colorings of H. Then

H is not a one-realization of S, a contradiction. Hence, §(S) > 2n; —n, — 1. U
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In the rest of this section, we shall construct two families of mixed hypergraphs which
meet the bound in Lemma 2.2.
For any positive integer n, let [n] denote the set {1,2,... ,n}.

Construction 1. For any positive integer s > 2, let

Xp oo = {64, )] i=1,2,... ng— 1},

s ng_1—1
X! = bl Ny Mpaty e oo sNs)y (Jyoooyds L,y 1)}
N1yeys U U{ J5 T, Mg ) (J J )}

t=2 j=n 1 t—1 s—t+1
Suppose

X* s :Xgl SUXél nSU{<7’L1,n2,...,n3)},
D;ku ..... ne {{(:)317172, s 75135)7 (y1,y2, s 7y5)}|xi 7é Yis 1 € [S]}7
C:u ns {{(xlv”'vxs)a (ylv B 7y8)7 (217"‘7z8>}‘ ‘{xﬁy]"sz = 27j S [S]}

Then H;, . = (X, LG , D _) is a mixed hypergraph with 2n; —n, vertices.
Let

an ..... ns — {(1'1,1'2, s 7$5)|5Ei € [nl]7l € [S]}7
XZSJ = {('xl?ana' .- axi—lvja Tit1y--- ,xs)lxk: S [nk]7k € [S] \ {Z}}7] S [nz]

Then, for any i € [s],
CS*:{XZ'*17X;<27.. X* }

n;

is a strict ng-coloring of Hj, where X7, = X N X5, 7 € [ni.
For the case of s =3,n; = 7 ng =4 n3 =2, we have

X;,472 = {(17 17 1)} U {(27 27 2)7 (27 2’ 1)7 (37 37 2)7 (3’ 37 1)}
U{(4,4,2), (4,1,1), (5,4,2), (5,1, 1), (6,4,2), (6,1,1)} U {(7,4,2)}.
Lemma 2.3 H'!

imy 18 @ one-realization of {ny,ny}.

Proof.  Under any strict coloring ¢ = {C1,Cy,...,Cp} of 1y . the vertices (1,1),
(2,2),...,(na,ng) fall into distinct color classes. For each i € [77/2] suppose (i,7) € C;.
Then, for any i € [ng — 1] and j € [n; — ny — 1], the D-edge {(ns + j, n2), (i,4)} implies
that (ny + j,n2) ¢ C; and the D-edge {(n2+7j,1), (n2, n2)} implies that (no +j,1) € C,,.
Since {(1,1), (n2, 1), (n2,n2)} is a C-edge, (ng, 1) € Cy U C,,.

Case 1. (ng,1) € Cy. The fact that {(ng, 1), (n2,n2), (ny + 1,n9)} is a C-edge follows
that (ne + 1,n9) € Cy,. From the C-edge {(ng,1), (n2 + 1,1), (ne + 1,n2)}, we observe
(ng + 1,1) € Cy. Similarly, (ng + j,1) € C4, (ny + j,ng) € Cy, for any j € [ng — ny — 1]
and (ny,ny) € C,,. Therefore, ¢ = c3*.

Case 2. (ng, 1) € Cy,. The D-edge {(n2,1), (n2a+1,ny)} implies that (ne+1,n2) ¢ C,,.
Suppose (ng + 1,n9) € Cp,41. From the C-edge {(ng, 1), (na+1,1), (ny+ 1,n2)}, we have
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(ne +1,1) € Cpyq1. Similarly, (ng + 7,n2), (ne + j, 1) € Cyyy; for any j € [ng — ng — 1]
and (ny,n9) € C,,,. Therefore, ¢ = c?*.
Hence, the desired result follows. 0

Theorem 2.4 H;, is a one-realization of S.

Proof. By Lemma 2.3, the conclusion is true for s = 2.
Let X' = {(v2,72,23,...,25)|x; € [n],7 € [s] \ {1}}. Then H' = H; . [X']is

isomorphic to Hy, ... . By induction, all the strict colorings of H' are as follows:

C; = {Xz{lqu{Qv <. ?Xgni}a (S [5] \ {1}7
where Xj; = X' N X5, j € [ng]. For any strict coloring ¢ = {Cy,...,Cy} of Hy,
the vertices (1,1,...,1), (2,2,...,2), ..., (ng, ng,...,ns) fall into distinct color classes.
Without loss of generality, suppose (i,1i,...,1) € C; for any i € [n,]. Then there are the
following two possible cases.

Case 1. c|x» = c,. The C-edge {(1,1,...,1),(ns,1,...,1),(ng,n2,n3,...,ns)} implies
that (ng,1,...,1) € CLUC,,.

Case 1.1. (ng,1,...,1) € Cy. From the D-edge {(1,...,1),(ny + 1,n9,n3,...,m4)}
and the C-edge {(ng, n2,n3,...,ns), (ne+1,n9,n3,...,ns), (n2,1,...,1)}, we observe (ny+
1,n9,n3,...,ns) € Cp,. By the C-edge {(ng, n2,n3,...,ns), (ne+1,1,...,1),(ne,1,...,1)}
and the D-edge {(ng,na,n3,...,ns), (na+1,1,...,1)}, we observe (ng+1,1,...,1) € C}.
Similarly, (ny +7,1,...,1) € C1, (na + j,n2,ng,...,ng) € Cy, for any j € [ng — ng — 1]
and (ny,ng,...,ns) € Cy,. Therefore, ¢ = c5*.

Case 1.2. (ng,1,...,1) € C,,. Note that (ny + 5,1,...,1) ¢ Cy for any j €
n1 —ng — 1] and k € [no] \ {1}. If (no +1,1,...,1) € C4, from the C-edge {(no +
1,1,...,1),(ng,no,n3, ..., ng), (ng+ 1,n9,...,n)}, we observe (ng+1,ns,...,n,) € C1U
Cy,, contrary to the fact that both {(1,1,...,1),(na+ 1,n9,...,ns)} and {(ns, 1,...,1),
(no+1,n9,...,ns)} are D-edges. Then, (ny+1,1,...,1) ¢ Cy. Suppose (no+1,1,...,1) €
Chyt1- The C-edge {(na+1,1,...,1),(nag+ 1,n9,n3,...,ns),(n2,1,...,1)} implies (ng +
1,n9,...,n5) € Chyyq. Similarly, (no + 4, 1,...,1),(n2 + j,ne,...,ns) € Cpyy, for any
J € [n1—ng—1] and (ny,ng,...,ns) € Cy,,. Therefore, ¢ = ¢§*.

Case 2. There exists a k € [s] \ {1,2} such that ¢|x» = ¢. In this case, we
have (ng,ng,ns, ..., Nk, ...,ns) € Cy,. For each j € [n; — ny — 1], the D-edge {(ns +
J.1,...,1), (na, ng,mg, ..., N, ..., ) } implies that (ny +4,1,...,1) ¢ C,,. From the C-
edge {(1,1,...,1),(n2,no,n3, ..., Mg, ..., M), (N2, 1,..., 1)} and the D-edge {(n, . .., n,
Nktt,---,Ns), (No, 1,..., 1)}, we get (ng, 1,...,1) € Cy. For j € [ny — ny — 1], the C-edge
{(na+4,1,...,1),(na,ng,n3, ..., ng), (ng,1,...,1)} implies that (ns + 7,1,...,1) € C.

For any j € [ny — ng], from the D-edge {(1,1,...,1),(ne + j,n2,...,ns)}, we have
(na+7,n2,...,ns) ¢ Cy. Moreover, the C-edge {(ng, n2,ng,...,ns), (no+4,1,...,1), (na+
Jsma2,ns3,...,ng)} implies that (ney + j,n2,ns,...,ns) € C,, for any j € [ng — ny —
1]. The fact that {(ny,...,ns), (ne,na,n3,...,ns), (n2,1,...,1)} is a C-edge follows that
(n1,n9,n3,...,ns) € Cy,. Hence, ¢ = ¢
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By the above discussion, the desired result follows. 0
Next, we shall construct another family of mixed hypergraphs.

Construction II. Let X" = X \{(n,1,...,1)} and H" = H;_

..... n. [ X"]. Then, for
any i € [s],

77777

"o 1 1 /!
¢ = { X, Xig, -, Xin }

in;

is a strict ns-coloring of H”, where X/ = X" N X}, j € [ny].

)

Theorem 2.5 Ifny =ny + 1, the H” is a one-realization of S.

*
nz,m2,ns,..., Ns

Proof. Referring to the proof of Theorem 2.4, all the strict colorings of ‘H
are

¢ ={Xl,, XL, ..., X,V iels]\ {1},

in;

where X' = {(zg, 72,23, ..., %,)|z; € [n;],j € [s] \ {1}} and X}; = X' N X}, j € [ni].

For any strict coloring ¢ = {C1, Cs, ..., Cy, } of H”, there are the following two possible
cases.

Case 1. c|x = ¢,. That is to say, (i,%,23,...,xs) € C; under the coloring ¢ for any
(i,4,23,...,25) € X”. By the proof of Theorem 2.4, (ny,n9,n3,...,n5) ¢ C; for any
J € [no — 1]. Then, there are the following two possible subcases.

Case 1.1. (ny,n2,ns,...,ns) € Cp,. It is immediate that ¢ = .

Case 1.2 (ny,ng,ns,...,ns) ¢ Cy,,. Then (ny,n9,ns,...,ng) € Cyp,. It is immediate
that ¢ = /.

Case 2. There exists a k € [s] \ {1,2} such that ¢|x» = ¢}. It is immediate
that (ng, ..., 0k, Npt1, ..., ns) € Cyp, and (ng,...,ng, 1,...,1) € C;. From the C-edge

k-1
{(n1,ma, ... )y Mgy ooy My M1y« -, M)y (M - -y gy 1, ..o, 1)} and the D-edge {(n1, na,
., ng), (1,1,...,1)}, we observe (ny,ng,...,ns) € C,, . Therefore, ¢ = ¢}.
Hence, the desired result follows. 0

Combining Lemma 2.2, Theorems 2.4 and 2.5, the proof of Theorem 1.1 is completed.
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