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The concept of Euclidean designs is well-known as a natural generalization of spherical
designs to Euclidean space. The purpose of this paper is firstly to characterize Euclidean
designs in terms of the potential energy, secondly to extend the linear programming
bounds on a sphere to configurations of points in Euclidean space, and thirdly to introduce
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Abstract

We study Euclidean designs from the viewpoint of the potential energy. For
a finite set in Euclidean space, we formulate a linear programming bound for the
potential energy by applying harmonic analysis on a sphere. We also introduce the
concept of strong Euclidean designs from the viewpoint of the linear programming
bound, and we give a Fisher type inequality for strong Euclidean designs. A finite
set on Euclidean space is called a Euclidean a-code if any distinct two points in the
set are separated at least by a. As a corollary of the linear programming bound,
we give a method to determine an upper bound on the cardinalities of Euclidean
a-codes on concentric spheres of given radii. Similarly we also give a method to
determine a lower bound on the cardinalities of Euclidean ¢-designs as an analogue
of the linear programming bound.
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the concept of strong Euclidean designs which seems to be natural from the view point
of the linear programming bound.

Let ¢t be a natural number, S ! the (d — 1)-dimensional unit sphere centered at the
origin, and P;(RY) the vector space of polynomials of degree at most [ in d variables
over R. A finite nonempty subset X on S? ! is called a spherical t-design if, for any
f(z) € P(R?), the following equality holds:

Sdl / f(x)do(x ’X’Zf

zeX

Here o is an O(R?)-invariant measure on S?! and ¢(S%°!) denotes the surface volume of
the sphere S?~!. The concept of spherical designs was defined by Delsarte-Goethals-Seidel
[8]. A spherical t-design is a configuration of points on the sphere so that the average
value of the integral of any polynomial of degree up to ¢ on the sphere is replaced by the
average value on the configuration. A finite non-empty subset X on S?*(r), the sphere
of radius r centered at the origin, is also called a spherical ¢-design if %X is a spherical
t-design on the unit sphere S9!,

Let Z>o, Z~o and R denote the set of non-negative integers, positive integers and
positive real numbers, respectively. A spherical t-design is closely related to the following
Sidelnikov inequality (refer to [14]): for a finite subset X on S¢! and any [ € Zs, it
holds that

(I —DI(d —2)!
|2 > (a-y) =< (d+1-2)

z,yeX 0 otherwise.

if l=0 (mod 2), )

Here x - y is the standard inner product, and {!! := [({ — 2) - -, multiplying down to 1 if
[ is odd and 2 if [ is even, and O!! := 1. It is well-known that X is a spherical t-design if
and only if for 0 < [ < ¢, equality holds in (1).

Consider a function f : (0,4] — R. Then the potential energy of X for f is defined
to be PE{(X) := > ex f(llx = yll?) (vefer to [15, 5]). From Sidelnikov’s inequality
and the equivalent condition, we see that, for f;(r) = (4 — r)', a spherical t-design X
minimizes the potential energy PE,(X) among all configurations of | X| points on S¢1.
It is because

PE(X)= Y filllz—yl?
r#yeX

= 3 @2+ 2a-y)
r#yeX

:Zai Z (z-y),

=0 r#yeX

where a; is a positive number.
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The concept of spherical designs was naturally generalized to Euclidean space by
Neumaier-Seidel [11]. Let X be a finite subset in R? and suppose O ¢ X (for simplicity,
we always suppose this in this paper). We set RX = {||z|| | x € X} = {r1,ro,..., 75},
S; =r; S RS :=5,U8,U---U Sp and X; = X,y = X N S;. 0; denotes an O(Rd)—
invariant measure on S;. Also let w: X — Ry and we put w(X;) := > o w(r).

Definition 1.1 (Neumaier-Seidel [11]). Under the above notation, (X, w) is a Euclidean
t-design if for any f(x) € P,(R%), the following equality holds:

>y LI = S @)

zeX

In Euclidean space, the following generalized Sidelnikov inequality holds:

Theorem 1 (Neumaier-Seidel [11]). Let X € R? (|X| < o0), w: X — R and | € Rxy.
Then the following inequality holds:

> w@wy)(e-y)' > A (Z w(fﬂ)H%’W) : (2)

The actual generalized Sidelnikov inequality given by Neumaier-Seidel [11] is a more
general one, but in this paper we write the inequality in the form of Theorem 1 for the
purpose of viewing a relation to Euclidean designs.

Let w': X — Ry and set w(z) = w'(z)||z]|* in Theorem 1. Then

3w (@) ()l g )% (- ) = A (Z w’(fv)llx||2j+l) ' (3)

z,yeX zeX

(X,w') is a Euclidean ¢-design if and only if equality holds in (3) for all j > 0, I > 0 with
2j +1 <t (cf. Lemma 2.5, the proof of Theorem 1 in Section 2).

For z € R4\ {O}, we set & := x/||x||. We define the potential energy of a finite set in
Fuclidean space which is not necessarily restricted to the sphere:

Definition 1.2. Let X Cc R\ {0} (]X| < o), w: X = R, and f:R?; x [-1,1] = R.
Then the potential energy of (X, w) for f is defined by

PE{(X,w)= Y w@w(y)f(lz],lyl. ).

z,yEX,x#Y

In particular, for the case when f(r,s,t) = (rst)!, the generalized Sidelnikov inequality
gives a lower bound on PE¢(X, w).

Let Q;(t) = QZ@ (t) be the Gegenbauer polynomial of degree ¢ corresponding to the
sphere S9! namely, {Q;(t)} are the orthogonal polynomials on the interval [—1, 1] with
respect to the weight function (1—¢2)@=3)/2_ In this paper, they are nomalized as Q;(1) =

dim Harm;(R?), where Harm;(R?) is defined in Section 2 (see (7)).
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In [15], Yudin gave a linear programming bound on the potential energy using harmonic
analysis on the sphere. Applying his method, we obtain a lower bound on the potential
energy of a finite set on concentric spheres:

Theorem 2. Let X C R\ {O} (|X| < o) and w : X — R, and let f : R%, x
[—1,1] =2 R, go : RZ; = R, and gij : Rug = R (4,5 € Zso). If h(r,s,t) = go(r,s) +
> ij=1 9i(1)9i5(8)Q;(t) satisfies the condition that

f(rys,t) = h(r,s,t), (r,s € RX, t e€[-1,1]),

then the following inequality holds:

PE;(X,w) > Y w(z)w(y)golllzl llyl) — D w@)*h(llz]l, |]l, 1). (4)

%yGX zeX

Moreover equality holds in (4) if and only if for any z, y € X (x #y), f(|z|, |y, z-3) =
h(llzll lyll. 2 - 9), and

> w@w®)g;(l=)gs(ly)Qs(& - §) =0 (Vi > 1,5 > 1), ()

z,yeX

We give a proof of Theorem 2 in Section 2.

Suppose that RX and |X(,)| are given and suppose that go(r, s) is a polynomial and
each g¢;;(r) is a monomial. Then seeking go and g¢;; which maximize the lower bound (4)
in Theorem 2, is reduced to solving a linear programming problem. Therefore we may
consider Theorem 2 as a linear programming bound in Euclidean space.

Next we set g;;(r) := a;jr**7 (a;; # 0) if 20 + j < ¢, and g¢;;(r) := 0 otherwise. Then
we will see by Lemma 2.5 that the condition (5) is equivalent for (X, w) to be a Euclidean
t-design. Therefore we see that a Euclidean t-design minimizes the potential energy for
the functions h(r, s,t) = go(r,s) + >, ;= 9i5(1)gij(s)Q;(t). The purpose of this paper is
to introduce the following concept:

Definition 1.3. (X, w) is called a strong Fuclidean t-design if the following condition
holds: '
> w@wy)(lelllyl)' @@ - 9) =0 (0 < Vi<t, 1<Vj<t). (6)

T, yeX

Strong Euclidean t-designs can be interpreted as the strongest designs among those
minimizing the potential energy in the case when we take monomials as g;;’s in Theorem
2. Also the property of being strong Euclidean ¢-designs can be expressed as being finite
sets on concentric spheres such that, for any continuous function on some space depending
on the parameter ¢, the average value of the integral on the concentric spheres is replaced
by the average value on the set (see the proof of Theorem 3 in Section 3). Therefore by
Seymour-Zaslavsky’s theorem [13], strong Euclidean ¢-designs exist for any ¢.

For Euclidean designs, the Fisher type inequality is famous in algebraic combinatorics
and numerical analysis (cf. [7, 9, 10, 2]). Therefore it is natural to ask whether a Fisher
type inequality holds for strong Euclidean designs, too. We say (X, w) is antipodal if
X = —X, w(x) = w(—=z). Then the following is the main result of this paper:
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Theorem 3. Let (X, w) be a strong Euclidean t-design on p concentric spheres. Assume
that p > e+ 1. Then the following inequality holds:

(e+1){(d+2_1) + (djf12>} ift = 2e,

X > e+ 1) (d +e— 1) if (X, w) is antipodal and

e t=2e+1.

We give a proof of Theorem 3 in Section 3.

Let (X, w) be a strong Euclidean ¢-design on p concentric spheres and assume p < t+1.
Then we will see by Lemma 3.1 that each X; is a spherical t-design. On the other
hand, it is easy to see that if X is a spherical t-design for any ¢, then X is a strong
Euclidean t-design. Hence when p < ¢t + 1, strong Euclidean ¢-designs are character-
ized by the property that each X, is a spherical t-design. So it is essential to con-
sider the case when p > ¢t + 2. Such an example certainly exists. For example, let
X ={(1,0),(-1,1),(-1,-1),(2,2),(2,-2),(=3,0)} and w = 1. Then (X, w) is a strong
Euclidean 1-design, but each X, is not a spherical 1-design.

Moreover if a tight spherical t-design exists on S¢! (for the definition of tight spherical
t-design, see [8] or Theorem 4 in Section 3 of this paper), then putting a tight spherical
t-design on each e + 1 concentric sphere, we obtain an example attaining the lower bound
in Theorem 3.

Definition 1.4. A finite set in Euclidean space is called a Fuclidean a-code if any distinct
two points in the set are separated at least by a. ds.

Finally in Section 4, as a corollary of Theorem 2, we give a method to calculate an
upper bound of the cardinality of a Euclidean a-code under the condition that the radii
of concentric spheres on which the code lies are given.

2 Linear programming bound

Let A be the Laplacian, that is, A = 8‘9—; 4o+ 2 and set
1

a_x?ia
Hom;(R?) = {f(x) € Rlxy,..., x4 | f(x) is homogeneous of degree 7},
Harm, (RY) = {f(2) € Hom,(R?) | A(f(2)) = 0}. (7)
First we give an equivalent condition for X to be a spherical ¢-design:

Lemma 2.1 (cf. [8]). Let X be a finite non-empty set on S4=1. Then the following are
equivalent:

(1) X is a spherical t-design.
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(2) For any 1 <1< t, ¢ € Harmy(RY),

> é(x) =0.

zeX

We also give an equivalent condition for (X, w) to be a Euclidean ¢-design:

Lemma 2.2 (cf. [11]). Let X be a finite non-empty set in RN\{0} and w : X — Ray.
Then the following are equivalent:

(1) (X,w) is a Euclidean t-design.

(2) For any 1 <1<t, ¢ € Harmy(R?) and 0 < j < [,

> w@) el (z) =0.

zeX

We define a non-degenerate inner product in the space P;(R?) as follows: for f, g €
P(RY),

(f9) = f(x)g(x)do(x).

Sd—1

In a similar way to the above, define an inner product in the vector spaces Hom;(R¢) and
Harm;(R?). The following addition formula of the Gegenbauer polynomials is well-known:

Lemma 2.3 (cf. [8]). Let {¢r1,...din} be an orthonormal basis of Harm;(R?). Then for
any z, y € S, we have

hy
Z bri(w)dii(y) = Qi - y).

The following is immediate from the previous lemma.

Lemma 2.4 (cf. [12]). For any non-negative integer i and any finite subset X C S

the matriz (Q;(z - y))zyeX indexed by X x X is positive semi-definite.

We state an equivalent condition for (X, w) to be a Euclidean ¢-design, in terms of the
Gegenbauer polynomials.

Lemma 2.5. (X, w) is a Euclidean t-design if and only if for 1 <1<t and0 < j < [%} ,
the following equality holds:

S wiwywly) (vl +> Qi @ - §) = o.

z,yeX
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Proof. Let {¢1,...¢n} be an orthonormal basis of Harm,;(R?). Then

Z(Zw I[E IR >) = Z S wi@)w(y) (v éi(@)dui(y)

=1 \eeX i=1 z,yeX
= Z S wiwywly) (|l ¢ (@) ()
i=1 z,yeX
= Y w@w) )y - ).
z,yeX

The last equality follows from Lemma 2.3. By Lemma 2.2, X is a Euclidean t-design
if and only if 31 (3 ,ex w(@)]|2]|% ¢ri(x )) = 0 holds for 1 < i < Iy, 1 <1 <t and
0<j< [ } Therefore the proof is completed. O]

Proof of Theorem 2. By Definition 1.2,
PE;(X)= Y w@wy) Szl Iyl 2 - 9)-
z,yeX, z#y
Since f(r,s,t) = h(r,s,t) for any r, s and ¢t and since w(x) > 0 for any x € X, we have

PE{(X) = Y w(@w(yh(lzl.llyl.&-9)

rF#yeX

= > w@wh(z], lyll,&-9) = Y w)*h(|l]l, |z, 1)

z,yeX zeX

= > w@)wy)go(lall, Iyl)

z,yeX

+ 30 S w@)w(y)g (=) (vl Qs - 9)

z,yeX 1,521

— S w@)?n(z], 2], 1)-

zeX

By Lemma 2.4, (Q;(z - y)) is positive semi-definite. Hence for any 4, j > 1, we have

S w@)wy)gy (1)) (ly1)Q; (@ - 9) = o.

z,yeX

Namely

PE;X) > ) w(@wygolllzl llyl) — Y w@)*h(llzll, []l, 1).

z,yeX zeX

Therefore the inequality (4) holds. The condition to satisfy equality in (4) is clear. [
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Now by using Theorem 2, it is easy to prove the generalized Sidelnikov inequality in
Theorem 1. First we quote the following well-known lemma:

Lemma 2.6 ([1], Lemma 3.4.3). Let t' = S0 A1,Q;_(t) be the expansion in the Gegen-
bauer polynomaials. Then
M(d—2)!
A= ill(d+20 —i—2)!
0 otherwise.

ifi=0 (mod 2),

Proof of Theorem 1. In Theorem 2, we set f(r,s,t) = (rs)'t,

{ Goj(r) = /Ap—jrt 0<j <1

and go(r, s) = goo(7)goo(s). Then by Lemma 2.6,
h(r,s,t) = go(r,s) + Z 9i5(1)9i(5)Q;(t)

2,721
l
= A(rs)'Q;t) = (rs)'t' = f(r,s,1).
J=0

Therefore the conditions in Theorem 2 hold. Hence

PE;X) = Y w@w@ (el lyl.d-9) = ) wwly)(-y)

rF#yeX z;éyEX
> Y w@w@)go(llz], lyll) = > wx)*a(lz], ], 1)
= > w@w(y)Au(lzlllyl)' = Y w@)?f(lz], ], 1)
= Ay (Zw(x)llfﬂII’) = w(@)?f(l=], =], 1).

Since A;; = A;, we have

> wxwly) -y > 4 (Z w(as)||:1:||l>

z,yeX reX

3 Fisher type inequality

In this section, we give a Fisher type inequality for strong Euclidean designs. First we
show the following lemma:
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Lemma 3.1. Let (X,w) be a strong Euclidean t-design on p concentric spheres, and
w: X — Ryg be constant on each concentric sphere. Supposet +1 > p. Then each X; is
a spherical t-design.

Proof. Let (X, w) be a strong Euclidean ¢-design. Then by Definition 1.3, for 0 < i < ¢
and 1 <7<t

S wiwwly) (vl Q; (& - §) = 0.

z,yeX

Let {¢y1,... ¢} be an orthonormal basis of Harm;(R?). Then for any 7,

ZQWMWQ=ZZ o) (w1 s () bis ()

=1 \zeX i—1 zyeX
=ZZ o) (291761 (2) 1 ()
i=1 z,yeX
= Y w@w) (=)l Qi - 9)-
z,yeX

The last equality follows from Lemma 2.3. Therefore (X, w) is a strong Euclidean ¢-
design if and only if the following equalities hold: for 1 < I < t, ¢(x) € Harmy(R?) and

> w(@)lz ¢ ZIHIJZ )¢(x) = 0. (8)

zeX zeX;

Fix ¢ € Harmy(R?) and regard {}_ .y w(z)p(x)};_, as variables. Then the matrix coef-
ficient of the linear system (8) is

-l -l -l

Ty 5 R
—l+1 —l+1 —l+1
T
p
t—1 t—1 t—1
r] 5 (s

When t+1 > p, the rank of this matrix is p. Hence for any 1 < i < p and ¢ € Harm;(R?),

we have
> w(z)g(x) =0.

rxeX;

Now because of the fact that w(x) is constant on each concentric sphere, each X; is a
spherical t-design by Lemma 2.1. ]

The following theorem is the well-known Fisher type inequality for spherical designs:
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Theorem 4 (Delsarte-Goethals-Seidel [8]). Let X C S be a spherical t-design. Then

—1 —2
d+e )+(d+61 ) it = 2.
€ € —
X1 > 2(d+e—1)

e

(9)

ift =2e+ 1.

A spherical t-design X is tight if equality holds in (9). By Lemma 3.1 and Theorem
4, we obtain the following corollary:

Corollary 3.1. Let (X,w) be a strong Euclidean t-design on p concentric spheres. Sup-
pose that w : X — Ry be constant on each concentric sphere and thatt +1 > p. Then

d+e—1\  (d+e—2\\ .
| X] >

dte—1
2p< +Z ) ift =2+ 1.

In the sequel, suppose that p is sufficiently large comparing to t. Our proof below
follows Delsarte-Seidel [7]. For a subspace P of Pol(R?), put ||z|/P = {||z||"f(x) | f €
P}. We set

Pol'(R%) := Pol(R%) + ||z||Pol(R%).

We remark that the sum of the right hand side is a direct sum. It is because, if there
exist nonzeros f, g € Pol(R?) such that f + [|z|lg = 0, then f? = |jz]|?¢>. Because
|z||> = 2% + - - - + 22 is irreducible in Pol(R?), we have a contradiction since the parities
of ||z||* = 2% 4+ - - - + 22 in the left and right hand side are different. Set

Pol/,(Ry) := Pol;(Ry) + ||z||Pol;_1 (Rq),
Hom;.(]Rd) = Homj(]Rd) + ||:cHHomj,1(Rd)_

Then

J
Pol,(R*) = @5 Hom/(R%).
1=0

Generally for T C R?, we denote by Homy(T') (resp. Harm,;(T)) the vector space of ele-
ments of Hom;(R?) (resp. Harm;(R?)) which are restricted on 7. For example we write
Pol(T) = {f|r | f € Pol(R?%)}, where f|r denotes a restricted function on T for f.

Lemma 3.2.
Hom;-(RS) = Hom,(RS) @ (||z||Hom,_1)(RS).

Proof. Take any f € Hom,;(RS) and g € Hom,;_;(RS) such that f = ||z||g, then we have
f2(z) = ||z||*¢*(x) as polynomials. Since |z||* = 2% + 23 + -+ + 2% is an irreducible
element of the polynomial ring, checking the parities of ||z]|*> = 2?2 + 23 + - - 4+ 22 in the
left and right hand side, we have f = g = 0. Therefore the sum of the right hand side is
a direct sum. O
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Lemma 3.3. Suppose that RS consists of p concentric spheres. Then we have
p
Hom/,(RS) € Y Hom/,(RS). (10)
i=1

Proof. For f € Hom}(Rd), we have the following identity on RS: for y € RS

N | RGE (11)

reRX

Expanding (11), we see that f(y) is written as a linear combination with respect to
lyll'f(y) (i =1,2,...,p), where [ly[|f(y) € Hom},(RS). O

Lemma 3.4. Suppose that RS consists of p concentric spheres. Then we have

p—1
Pol’(RS) = @D Hom),_,(RS)
=0
Proof. By (10), we have
J p—1
Pol;(RS) = ) ~Homj(RS) = Y _Hom ,(RS). (12)
=0 =0

Therefore it is enough to show that the sum of the right hand side is a direct sum. First
we show that for the restriction homomorphism ¢ : Pol}(R?) — Pol(RS),

Ker ¢ = Pol)_,(RY) [ (r — Il=[)). (13)

reRX

Clearly we have

Ker ¢ D Polj_,(RY) [] ¢ — Il=I])-

reRX
Conversely, take f + ||z|lg € Ker ¢, (f € Pol;(R?), g € Pol;_;(R?)). For r; € RX,

f(@) + llzllg(z) = f(z) +rg(z) — (= [lz])g ().

Hence f(z) + r1g(x) is zero on r1S9~1. By Hilbert’s Nullstellensatz, there exists some
h(z) € Pol;_s(R?) such that f(z)+ rig(z) = (r? — ||z]|*)h(z). Therefore we have

f@) +[zllg(z) = (r = llz]) {(r1 + llz[Dh(z) = g(z)} .

Similarly, replacing f(x) + ||x||g(z) and 1 by (r1 + ||z||)h(z) — g(z) and 79, respectively,
we see that there exists g(x) € Pol)_,(R?) such that

f(@) + llzllg(z) = (re = l[z[))(r2 = llz[])g(2).
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Recursively we see that there exists r(x) € Pol}_p(Rd) such that
@)+ llallgt@) = [ (= llzl)r().
reRX

Therefore we have Ker¢ C Pol; (R [,cpx (r — [1z]]).
By (13),
dim Pol’(RS) = dim Pol;(R?) — dim Pol;_,(R?).

Using Hom/(R?) ~ Hom/(RS), we have
dim Pol’(RS) = Z dim Hom/;_ Z dim Hom/_;(RS).

This implies that the sum of the right hand side in (12) is a direct sum. ]
Proof of Theorem 3. The following decomposition is well-known (cf. [11]):
(5]
Hom;(R?) = @ [|z]|* Harm, _o;(R?).

We set

. @@Hxnmarm (RY) = ZZHZEHJHom (RY).

=0 j=—1 =0 j=—1

Then for any f(z) =", Zj_fl lz|V fi(z) € P, with f; € Harm;(R?),

|Sk /f Zi |Sk Z/ file)dow(z

k=1 j=
=zzm@/ﬁd@ =33 s
k=1 j=— k=1 j=—1
P t—
= ZZ > w@)|f fo ZZw |zl fola
k=1 j=—ixeXy, j=—tzxzeX

Let (X, w) be a strong Euclidean ¢-design. Then by the equivalent condition (8) for (X, w)
to be a strong Euclidean ¢-design, we have

Z > w@)lzll fol Z Z Y w@)llzl filw) = Y wix) f().

j=—tzxzeX =0 j=—ixeX reX

Therefore for any f € P,

> ng) | f(@)dow(w) = > w(@)f(o). (14)

k=1 zeX
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Suppose t = 2e. Then we have P, = P,P. = (f -g | f,g9 € P.), where (f - g | f,g € P.) is
the vector space expanded by f-g¢g (f,g € P.).

We define the non-degenerate inner products [, -] and (-, -)gs on P.(X) and P.(RS),
respectively, as follows: for f, g € P.,

/9] = ZW(iv)f(fv)g(x% (15)

(f,9)rs = z)doy(z). (16)

Then (14) is equivalent to that, for any f, g € P.,

[f?g] = <fag>RS

This implies that the restriction map p, : P.(RS) — P.(X) is an injective homomorphism.
Hence | X| is bounded below by dim P, (RS )-

Set T, := (||lz]|°P.)(RS) = >, Z]_ﬂ (||z||*™"Hom;) (RS). Since dim P.(RS) =
dim 7, it is enough to calculate dim 7,. Generally we have the following:

(||z]|*Hom;_3)(RS) € Hom;(RS). (17)
Therefore
e+1
T. = (||| Hom._,)(RS) +Z ||| Hom, ) (RS).
=1 =0

By the assumption p > e+ 1, this sum is a direct sum by Lemma 3.2 and 3.4. So we have

dimTe=(€+1){(d+Z_1) * (d:if)}

Next we suppose that (X, w) is antipodal and that ¢ = 2e + 1. Then set

e 2e+1-—21 e 2e+1-2;

PR = P lzlPHarmy(R) =) > [lz/Homy(R?).

=0 j=—2 1=0 j=—2

We assume that X is a disjoint union of ¥ and —Y. Then in a similar way to the case
when ¢ = 2e, we see that (X, w) is a strong Euclidean (2e + 1)-design if and only if for
any f € Py, the following holds:

z) =Y w(y)f(y). (18)

yey

Set

P"(RY) = Z Z |||V Hom, o (R%).

k=0 j=—e+2k
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Then we have Py (RY) D P’(R?) - P’(R?). Therefore when we also define the non-
degenerate inner products in the space P/(Y’) and P/(RS) in the same way as (15) and
(16), we see by (18) that, for any f, g € P/

[f?g] = <fvg>RS

Therefore we see that the restriction map p, : P/(RS) — P/(Y) is injective. Hence,
Y| is bounded below by dim P’(RS). In partlcular | X| = 2|Y| 2dim P/(RS). Set

= (|lz||°*P?)(RS). Then from the fact that dim P/(RS) = dim7? and from (17), we
have

T. = Hom.(RS) + ||z||Hom.(RS) + - - - + ||z]|*Hom,(RS). (19)

When p > e + 1, by Lemma 3.4, the sum of the right hand side in (19) is a direct sum.
Therefore dim 7, = (e + 1) (d+e 1). O

4 Bounds for Euclidean a-codes and Euclidean de-
signs
In this section, we give a method to obtain a bound of the cardinality of Euclidean a-codes
and Euclidean designs.
Theorem 5. Let X C R? (|X| < 00) be a Euclidean a-code, gy : R2; — R, gi; : Rug —
R (4,7 > 1) and h(r,s,t) = go(r,s) + Zm}l 9i5(1)9i5(5)Q;(t). Assume that
h(r,s,t) <0, (r* +s* —2rst > a® r,s € RX).

Then we have the following inequality:

> aollllls Iyl < D Al 1zl 1). (20)

z,yeX zeX

Proof. Set

+oo if r? 4 82 — 2rst < a?,
frs,t) = )
0 otherwise.

Since h(r,s,t) < 0, (r? + s> —2rst > a® r,s € RX) by the assumption, we have
f(r,s,t) = h(r,s,t), (r,s € RX,t € [—1,1]). Therefore, setting w = 1, we have the
following inequality by Theorem 2,

PE;(X,w) = Y golllzll, llyl) = D hlllz], ll[l, 1). (21)
x,yEX rxeX

If ZWGX go(llzll, lyll) > >.ex RUlz|l, |||, 1), then the right hand side of (21) is positive,
and so PE;(X,w) = +oo. Hence, there exist x # y € X such that ||z — y||* < a®. This
contradicts to that X is a Euclidean a-code. O
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Corollary 4.1. Let X C R? be a Euclidean a-code, RX = {ry,...,r,} and X; = X N
iS4 Set fij(r,s,t) = (rs)'Q;(t), (i, = 0), and h(r,s,t) = 3, ai; fi(r,s,1), aij >
0 (Vj > 1). Assume that h(r,s,t) < 0, (r* + s> —2rst > a?, r,s € RX). Then the
following inequality holds:

p 2 p
> i (Z 7”2|Xk|) <Y hre, e, 1] Xl (22)
=1

i k=1
Proof. Set g;;(r) = \/a;r* (j = 1) and w = 1, and use Theorem 5. O

In (22), the left hand side is of degree two and the right hand side is of degree one with
respect to | X;|. So (22) gives an upper bound of | X;| if we could find a good function.

Remark 1. Let X C R? be a Euclidean a-code and 2 := {# | z € X}. If |2] < |X],
namely if there exist x # y € X such that £ = g, then X; and X, are separated at least
by a where z € X; and y € X;. Hence, the condition of a Euclidean a-code does not give
any restriction between X; and X;. Therefore, it is enough to consider the case |z]| = | X].
For z,y € X, (||lz|| =, ||yl = s), we have ||z — y||* = r? + s*> — 2rst > a®. For r,s € RX,
set r2 4 g% — g2
s E s 20 max{z.s | r,s € RX}.

Then since X is a Euclidean a-code, we have - ¢ < z (Vz,y € X). So Z is a spherical
z-code. The linear programming bound of the usual Delsarte method for spherical z-codes
is a method as seeking a polynomial h(t) =) . a,Q;(t) such that a; > 0 (Vi > 1), ag > 0
and h(t) < 0 (Vt € [—1, 2]) (vefer to [6]). In Corollary 4.1, if a;; = 0 (Vi > 1), then (22)
is the same to the linear programming bound of the Delsarte method. Since functions
h(t) or bounds appearing in the Delsarte bounds are particular cases in ones of Corollary
4.1. So there is a possibility to improve the bound obtained by using the Delsarte method
directly to Euclidean a-codes as above.

Example 1. Let X be a Euclidean 1-code in R? with radii 1 and 1.16. We want to give an
upper bound on | X | and | X5|. First we apply the usual Delsarte method to X. Under the
same notation to Remark 1, z = 1057/1682. Set a; = 1.013212587, ay = 0.6040849486,
az = 0.3325651473, a, = 0.1442439181, a5 = 0.03803128022 and

h(t) =14 a1Q1(t) + a2Qa(t) + asQ3(t) + asQa(t) + asQs(1).

h(t) satisfies the conditions a; > 0 (Vi > 1), ap > 0, and h(t) < 0 (Vt € [—1, z]). Therefore
by the Delsarte method, we obtain |X| < k(1) = 7.057164402. This bound is the best
one which is obtained by considering the projection & because the regular 7-gon on the
unit circle is a spherical z-code.

Next we apply Theorem 5. Let

a1p = 0.9880278352, a;; = 0.9837793599, agy = 0.5699046690, as; = 1.335167172,
ago = 0.2971650220, ag; = 1.382817397, asp = 0.1180592309, ay; = 1.022839342,
aso = 0.02673442743, a5, = 0.4412833120,
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and go(r,s) = 1, ga(r) = /i, gie(r) = Jaa(r — 1) for 1 <i < 5. Set
5

h(r, s, t) (r,s) +Z (9i1(r)gi(8) + gia(r)gia(s)) Qi(t).

Then we can check easily that h(r,s,t) satisfies the conditions in Theorem 5. Therefore
by Theorem 5, we have the following inequlity:

X2 < | X0 |R(1,1,1) + | Xo|(1.2,1.2,1) = 6.625132485| X, | + 7.118347881| X5,

where the second equality of the above is due to an approximate calculation. Solving the
above inequality for each given |X;|, we have that if | X;| = 1, then | X3| < 7—|X;]| and if
| X1| = 2,3,4,5, then | X3| < 6 —|X;|. This implies that Theorem 5 improves the Delsarte
method in the case when | X;| = 2, 3,4, 5.

Now we give a linear programming bound on the cardinality of a Euclidean ¢-design.
Set A(X(r), X5)) ={2 9|z € X»),y € X(),& # §}-

Theorem 6. Let (X, w) be a Euclidean t-design. Suppose that w(z) is constant on each
concentric sphere and denote by w(||z||) := w(x). Set

I:={(i,j) € 22, | 0 < i < t, there exists k € Zsq such that i =2k + j or j = 0}.

Assume that for any (i,j) € I, a;; < 0 and f(r,s,t) = >, i gaijfij(r,s,t). Moreover,
assume that f(r,s,t) > 0 (Vr,s € RX, Vt € [—1,1]). Then, we have the following
inequality:

Zaig ( w(r |X(,, ) > Z w(r)w(s)f(r,s,1)d,s1, (23)

120 r,s€R(X)

where
drs = t{(,y) € X* |2 € X(ry,y € X9, 8 =t}

Proof. We estimate the following value:

Z“m > w@)ywy) fiy (il Iyll, & - 9). (24)

z,yeX

Since (X, w) is a Euclidean ¢-design,

> o Y w@)wly)(lellyll)

120 z,yeX

+ ) ay Y w@w)(2lyl) Qs - 9).

(4,9)¢1 z,yeX
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By the assumption, a;; < 0 (V(4,j) € I) and by Lemma 2.4,
> w@wy)(l=lllyl) Qs - §) > o.
z,yeX

Hence,

(24) <) aw Y w@)wy)(lzllyl) = Z%(Z w(?“)TilX(wI)

=0 z,yeX =0 reRX

On the other hand, by f(r,s,t) > 0 (Vr,s € RX, Vt € [—1,1]), we have

(24) = Zw(x)w(y)zaijfij(llfcl\,Hyllﬁf‘z))

z,yeX

= > w@w) Sl Iyl 2 - 9)

z,yeX

Z w(r)w(s)f(r,s,1)d,s1

r,s€ER(X)

WV

[]

In (23), the left hand side is of degree two and the right hand side is of degree one
with respect to | X;|. Therefore (23) gives a lower bound of | X;| if we could find a good
function f.
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