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Abstract

Some linear algebraic and combinatorial problems are widely studied in connec-
tion with o-games. One particular issue is to characterize whether or not a given
vector lies in the submodule generated by the rows of a given matrix over a com-
mutative ring. In general, one can solve this problem easily and algorithmically
using the linear algebra over commutative ring. However, if the matrix has some
combinatorial structure, one may expect that some more can be asserted instead
of merely giving an algorithm. A recent outstanding example appeared in this line
of research is the paper by Florence and Meunier published in Journal of Algebraic
Combinatorics in 2010. In the same spirit, we consider a matrix over Z, to com-
pletely characterize the submodule generated by its rows and give a constructive
proof. The main idea for the characterization is to find certain good basic elements
in the row space and then express a given element as the linear combination of them
as well as some additional term.
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1 Introduction

We introduce a dice rolling game on a set of tori as a variant of Fiver. Fiver is a puzzle
game in which you need to flip over all the counters so that your n x n board changes
from being completely full of white pieces, and, instead, becomes entirely inhabited by
black pieces. Clicking on any counter will not only flip that piece from being white to
black (or vice versa), but its 4 neighboring pieces immediately above, below, to the left
and right of the piece that you clicked will also reverse their allegiance, becoming black if
they were white, or white if they were black. The game is named after Fiver the rabbit
from the classic book and movie, Watership Down.

Fiver is a o-game and was studied by Hunziker et al. [4] and Lee and Yang [5]. See [1-
3,6,7] for some results on o-games. Some linear algebraic and combinatorial problems are
widely studied in connection with o-games. One particular issue is to characterize whether
or not a given vector lies in the submodule generated by the rows of a given matrix over a
commutative ring. In general, one can solve this problem easily and algorithmically using
the linear algebra over commutative ring. However, if the matrix has some combinatorial
structure, one may expect that some more can be asserted instead of merely giving an
algorithm. A recent outstanding example appeared in this line of research is the paper
by Florence and Meunier [2]. In the same spirit, this paper considers a matrix over
Z,, corresponding to a rectangular array on a torus and completely characterizes the
submodule generated by its rows.

Given a positive integer n, an n-dice is a dice with n faces such that element i of Z,, is
written on the ith face. Given positive integers oy, awn, we arbitrarily locate oy n-dice
in an a; X ag rectangular array, and glue the lower and upper together and also the left
and right edges. Then we have ajas n-dice on a torus (see Figure 1).

We denote by D((a1, az),n) the set of tori on each of which ajas n-dice are located
as described above. For positive integers (51, B2, 51 < aq, B2 < ag, we call the following
action a “(f31, fa)-rolling procedure” (see Figure 1).

Figure 1: A torus belonging to D((19,8), 3)

We roll the n-dice which form a §; x 35 rectangular array on the torus so that
we increase the number on the top face of each of them by 1.

Then we may ask “Given a torus in D((ay, ay),n), is it possible to have 0 appear on the
top face of each of ajas n-dice on the torus by repeatedly applying (1, 52)-rolling proce-
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Figure 2: The torus resulting from going through a (2,4)-rolling procedure applied to the
shaded array of the torus given in Figure 1

dures?” We call this game the dice rolling game on D((ay, az),n) with respect to (B, 52)-
rolling procedures or the ((aq, as); (51, f2);n)-DR game for short. We say that a torus for
which the answer to the above question is yes is a solution of the ((ay, as); (B1, B2);n)-DR
game. Given positive integers, aq, s, n, b1, B2, b1 < a, P2 < ao, we will characterize
the tori which are solutions of the ((aq, as); (B1, B2); n)-DR game in the rest of this paper.
We define a module over Z,, as follows. We denote the set of oy X a9 matrices with
elements in Z, by M((ay,as),n). For each element A € M((aq,az),n), we denote by
[A]; ; the element in the (i, j)-entry. We define operations on M((aq, o), n) in terms of
addition and multiplication over Z,: Given two matrices A, B € M((aq, as),n),

[A+ Bl;; = [Alij + [Bliy and [cA];; = c[A];; (1.1)

forany ce€ Z,, 0 <1< a; —1,0 <7 < as — 1. Throughout this paper, we assume that
the 1st component and the 2nd component of every subscript are reduced to modulo a;
and modulo as, respectively. Then we associate a torus in D((ay, as),n) with a matrix
in M((aq,az),n) whose (7, 7)-element equals the number on the top face of the n-dice
in the (7,7) position of the torus for i, j, 0 < i < a; —1,0 < j < as — 1. In this
way, we can give an isomorphism between D((aq, asz),n) and M((aq,as),n). Thus, in
order to characterize the solutions of the ((aq,as); (B1,82);n)-DR game, it is sufficient
to characterize the matrices whose corresponding tori are its solutions. Let £ ; denote
a1 X a matrix with 1 in the (4, j)-entry and 0 elsewhere. We define a matrix J;"/ ™ by

mi1—1mo—1

Jl?f,lljzm = Z Z Eyyvikytj (1.2)

i=0 j=0

for integers m;, k; such that 1 < m; < «a; for i = 1,2. For example, let ay = 6, ap = 8§,
f1 =2, Py =2, and n = 5. Then

2x2 3X4 __
J1,2 = J5,5 =

[ el Newl Nawl Bl Bl
= OO O~

= OO O

(=] Bev] Hen] Hen] Han] Ren}

(o] Ben) Hen] Hen) Ban] Ran}

(=] Bev) o) Hen] Han] Ren}

[en] Nen) Hen) Hen) Ran) Naw)

[ =) Nenl Nenl Bl Bl

(o] Bev] Hen] Hen] Han] Ren}

[en] Nen) Hen) Hen) Ran) Naw)

(o] Beu] Hen] Hen] Ban] Ren}

(=] Bev] o] Hen] Han] Ren}

O OO =O

(] Nenl Ren) B B Rean

[en] Nen) Hen) Hen) Ran) Naw)

(o] Bev] o] Hen] Jan] Ren}
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In particular, we denote J,fl,Z’BQ by Ji r,- The torus corresponding to A in M((a1, az),n)
is a solution of the ((aq, az); (51, f2); n)-DR game if the zero matrix O can be obtained by
adding a linear combination of J* to A. That is, A is a solution of the ((a1, a2); (81, B2); n)-

DR game if and only if there exist ¢; ; € Z satisfying the system of linear equations

as—1a;—1

A+ ;=0

=0 i=0

In this aspect, we call A a solution matriz of the ((aq1, as); (B1, f2);n)-DR game. We call
matrix (¢; ;) a solving coefficient matriz of the ((aq, az); (81, B2); n)-DR game correspond-
ing to A. We characterize the matrices in M((a; X az),n) which are solutions of the
(a1, a2); (B1, B2); n)-DR game in the following section. The main idea is to find certain
good basic elements in the row space and then express a given element as the linear
combination of them as well as some additional term.

2 Solution matrices of the ((«ay, as); (51, f2); n)-DR game

In this section, we characterize the solution matrices of the ((ay, as); (81, 52);n)-DR game.
Throughout this paper, for ¢« = 1,2, let g;,r;, s; denote the integers such that

gi = ged(a, B;), QG = TG, Bi = 5igi-
For each integer j, by the division algorithm, there exist integers u;, w; satisfying
j=u; (modg) 0<u; <g —1, j=w; (modgy) 0<w; <gy—1

First note that for integers ¢ and 7,

B1—1 g1—1 B2—1 g2—1
Z Eumj = 51 Z Eaﬂ’ and Z Ei,wb = S92 Z Ei,b~ (21)
a=0 a=0 b=0 b=0
For integers i, j, k1, ko such that 1 < k; < a; and 1 < ky < ay, we define matrices
ki x1 kyx1 k1 x1
Cyt = o = I, (2.2)
1><k2 . 1><k52 1><]€2
RZJ - Juﬁj B Jl’] )

Qij = Fuw, — Eiw, — Euj+ Eij.
Note that, by definitions,

CRT 0 i< < g1, (2.5)
Ril;kz:o if0<i<g —1,
Qi =0 if0<i<gi—land0<j<gy—1
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For example, consider the ((6,8);(2,2);5)-DR game. Then ¢; = ged(6,2) = 2 and
g2 = ged(8,2) = 2. We take i = 3 and j = 7. Then ug = 1, w; = 1. Consider C’i?l, that

is, by definition,

2x1
Ciz
By the definition of J{kj,
* *
Jl,l - J1,2
* *
1,3 J1,4
* *
15 — Y16

It can be checked that

0(]0(0]0]0[0]O0]O
0/1{0]0]0]0]|0]|-1
0}(1{0]0]0]0]|0]|-1
0/0|0j0|0]O|0O] O]
0(]0(0j0]0[0]O0]O
0{0j0j0]|]0Ol0]0O]O
0j0(0]0]0]0]0]O0
0j1(0|=-1j0]0]0]0
0j1(0|-1]0]0]0]0
ojojojojofofo|o}
0j0(0j0]0]0]0]O0
0{0]j0]0|0]0]0|O
0{0j0]0|0O|0O]0O|O
0(]0(0|1|0(|-1]01]0
0(]0(0|1|0|=1]010
ojojojojojofojoy
0{0j0]0|0O|0O]0O|O
0j0(0j0|0[0]0]O0
000|000 ]O]O
0(0]0j]0|O|1T]O0]|-1
0(0({0]0|0]1]0]|-1
0/0|0]0]0]|0O|0O] O]
000|000 ]O0O]O
0{0j0]0]|0O|0]0]|O

Oiél = (Jf,l - Jf,2) + (Jf,:’) - Jf,4) + (Jf,5 - Jf,ﬁ)

or

012;1 + (Jfg - Jil) + (Ji4 - Ji3) + (Jf(s - Jf5) = 0.

In addition, it is true that

ofoJoJo[oJo[o]oO
ofojoJo[o]o][o]oO

c2x1 of1]ofofo]o]o][-1
2,7 ol1]lofofJoflo]o0]-1
olojoJoflo]olo]o
ofofofo[o]o[o0]oO
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Therefore, C73' and C3%5' are solutions matrices of the ((6,8);(2,2);5)-DR game. In

addition, the matrix ()37 can be represented by using C’f?l and 03;1, as

0J0J0J0O][0]O]O0]O
O[1]0]l0]0]0]0]|=1

. 0ojlo010j0j0O]O]O0O]|O . 2x1 _ 2x1

Qs7 = O[-1/olo0]0[0]0] 1 = Gz 27 -
00|00 0[0[0]O
0OlojoJlo|0[O0[0]O

Since C73" and C3%" are solution matrices, Q37 is a solution matrix of the ((6,8); (2,2);5)-
DR game. In fact, the following lemma holds.

Lemma 2.1. For any integers i and j, matrices Cf;-“, R,};’BQ, and Q;; are solution
matrices of the ((aq, az); (B, B2);n)-DR game.

Proof. Since each of linear congruence equations j —u; = /51 (mod ay) and j—w; = x5,
(mod a) has a solution, there exist positive integers (; and 7; satisfying that

Jj—u; =¢(f (mod ;) and j—w; =m0 (mod ay). (2.8)
To show that Cf ;Xl are joﬂ * are solution matrices, it is sufficient to show

n;—1

ﬁ Xl J— * *
OZJl - Z <Jz‘,wj+m,82 - Jz‘,wj+m52+1> ) (2.9)

m=0

¢i—1
1 * *
Rijm = Z ( wit+mpBr,j ‘]u1-+m/31+1,j) : (2-10)

m=0

From the definition given in (1.2), it immediately follows that J;; = 5151 Jf ;:bl . Then
(2.9) holds as

nj—1 nj—1 B2—1 B2—1
* * _ B1x1 B1x1
Z <‘]i,w]-+mﬁg - ‘]i,w]-—l-mﬁz—i-l) - Z ‘]i;wj—i-m,é’g-i-b - Ji,wj+m,32+b+1

m=0 m=0 L \ v=0 b=0

nj—182—-1

_ /BlX]. ,81><1

= 203 (= T i)
m=0 b=0
nj—1

_ B1x1 B1x1

= Z(Jmuj—f—m[b o Ji,wj+m,32+ﬁ2)
m=0
nj—1

_ B1x1 _ ghix1

- Z(Ji,wj+m,32 Ji,wj—l—(m-i-l)ﬁz)
m=0

o J[31><1 _ 7Bix1

- Yiw; i,wj+n; B2

_ Bix1 £1x1

_ Ji,iluj —Jl (by (2.8).)

— C[J:;Xl
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Similarly, we can show that (2.10) is true.
To prove that @;; is a solution matrix, it is sufficient to show that @), ; is a linear
combination of Cf ;Xl which are solution matrices. Actually,

¢i—1

D

m=0

VS

Cofrx1 _ohxl )

ui+mp,j ui+mpB1+1,5

'as
.
—

M

B1x1 B1x1 B1x1 B1x1
|:<Jui+mﬁ1:wj - U¢+m51,j> - (‘]u¢+m,31+1,wj B Jui+m51+17j>:|

o3
Ll

(]

B1x1 B1x1 B1x1 B1x1
[(Juz'-i-mﬁhwj o Jui""mﬁl‘f‘l:wj) + <_Jui+m61,j + Juz'+mﬁ1+1,j>}

&3
Ll

(]

|:(E’U«i+m,31,wj - EU¢+(m+1)ﬁ1,wj) + (_Euz'erﬁhj + Eui+(m+1)51,j>}

&3
Ll

Gi—1
(Eui+mﬁ1,wj - Eui"!‘(m‘f'l)ﬁlij) + Z (_Eui-‘rmﬁhj + Eui+(m+1)51,j)
m=0

|
3
I
o

~—~

Eui»wj - EUH—Qﬁi,wj) + (_Eui,j + Euri-Ciﬂi,j)
ujwi Ei:wj - Hugyg + Ei,j'

I
&5

The last equality holds by (2.8). ]
Now we define a function 7 : M((aq X az),n) = M((a1 X az),n) by

as—1a1—1

TA)=A- )" > [A];,Qi; (2.11)

j=0 =0
By the definition, for a, b, 0 <a<a; —1,0<b< ay — 1,

T(Eup) = Euyp + Fary, — Eug - (2.12)
By (1.1), the following lemma immediately holds:

Lemma 2.2. The function T on M((a1,az),n) defined by (2.11) is a module homomor-
phism.

From Lemma 2.1, we know that @;; is a solution matrix of the ((cv, a2); (61, 2);n)-DR
game. Thus, the following lemma is true.

Lemma 2.3. Matriz A € M((a1,az2),n) is a solution matriz of the ((aq, az); (B1, P2);n)-
DR game if and only if T(A) is a solution matriz of the ((a1, a2); (B1, B2);n)-DR game.
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We define a function S from M((a, az),n) to M((ay, as2),n) by

a1—1 as—1

S(A) = T(A) + Y [T(A)lso Rig” + Z (213)
=0
Then, by (1.1) and Lemma 2.2, the following lemma holds:

Lemma 2.4. The function S defined by (2.13) is a module homomorphism.

The following theorem is our main result which gives a characterization of the solution
matrices.

Theorem 2.5. A matriz A in M((aq, az2),n) is a solution matriz of the ((c1, aa); (b1, B2);
n)-DR game if and only if

as—1 a;—1
><1 1x
=5 E d 91 § ez\]i’() g2 _ Sngthl 92
=0

for some dj, e;, t € Zy, and, specifically,

S(A) = Slsgtjglxgg.

Theorem 2.5 tells us that we can determine whether or not a given matrix A is a solu-
tion matrix by computing 7 (A) and S(A). Furthermore we have an O(a;as)-algorithm
to determine if a matrix is a solution matrix. By Theorem 2.5, we need to compute T
and S given in (2.11) and check two equalities given in the theorem. The algorithm for
computing the function 7 given in (2.11) iterates ajay times as each @);; has at most
4 nonzero components. Thus the time complexity for computing 7 is O(ajas). Simi-
larly, the algorithm for computing the function S iterates «; times for each Rf 0% as it

has at most 2as components, and iterates as times for each C’gljXl as it has at most 2a
components. Therefore the complexity for computing S is O(ajaz). Now it remains to
check two equalities hold. This involves scanning the nonzero components and solving
congruence equations in the form of pgt = r (mod n) or pg = r (mod n) where at least
one of p, ¢ is s; or so. This also takes O(ajaz). Hence the time complexity to determine
if the matrix is a solution matrix is O(ayay).

In the rest of section, we devote ourselves to prove Theorem 2.5. To do so, we need
several lemmas.

. . . . x1 1x . .
Lemma 2.6. For any integers i and j, matrices soC" and s1 R; 9% are solution matrices
) 0,5 7,0

of the ((a1, a2); (51, B2);n)-DR game.
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Proof. By (2.2), (2.12), and Lemma 2.2,

B1—1 B1—1
TR =7 (i = iy) =7 (Z (Ea,wj—Eavj)>: (T(Buuwy) = T(Eay)

a=0 a=0
B1—1
= Z [(Eua,wj + Ea,wj - Eua,wj) - (Eua,j + Ea,wj - Eua,wj)}
a=0
1—1 g1—1
= (Eua,wj - Eua,j)byi_l)sl (Ea,wj - Ea,j) (ngwle J91X1) SICg,lj‘Xl'
a=0 a=0

Similarly, we can show that
T(RI™) = a5

As T(C BlXI) and T(R 1><62> are solution matrices by Lemmas 2.1 and 2.3, the lemma
follows. O

Lemma 2.7. For any two integers i, j,

T(J*) — ngXBZ—i-S Jﬁl 92 _ 5.5, ngxgg
1,7 .

Proof. By Lemma 2.2,

J+B2—1i+p1—1 J+B2—1li+p1—1
(Z Z Eab> Z Z T(Eap) (by Lemma 2.2)

J+B2—1i+p1—1

= 2 2 Bust Bom = Buc) (by (2.12))

J+52 lit+p1—1 JjH+pP2—1i4+p1—-1 JjH+pe—1i4+p1—1

- Z 2 Buyt Z 2 Bow = Z 2 B
J+52 1 g1—1 1+51 1 g2—1 g2—1g1—1
= Z (31 Z Ea,b) —+ Z (SQ Z Eab) — 5152 Z Z Eab (by (21))
a=0 a=1t

b=j b=0 a=0
J+B2—1g1—1 i+B1—1g2—1 g2—1g1—1
= Z 2 Bt D D Fav=sin ) ) Fus
a= a=1 b=0 a=0
_ ng Xﬁz Jﬁl Xg2 _ ng X g2
Therefore, the lemma holds. O]

Lemma 2.8. For any integers i, j, S(J;;) is a solution matriz of the ((a1, a2); (81, B2);n)-
DR game and

S(J:J> = 5182ng 92
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Proof. First, we will show that 311" T (Jl*j))} Rlng is a solution matrix and that

a;—1

ST, B = 52 <51Jg;§~"2 . Jng”) . (2.14)

a=0

Consider the case where ay = ;. Then ¢g; = ged(ay, f1) = ag and s; = 1. Then by
(2.6), it holds that

a;—1

X:WMH]R“”:O

a=0

and so > %7 T (Jl*j))} Rlng is a trivial solution matrix. On the other hand, since

s; =1 and g, = f3i,
(8 J91><g2 J55X92> = sy (J91><92 J91><92)

and so the equality (2.14) holds.
Now consider the case where oy > 1. Then g; < ay. Let X ={0,1,2,..., g1 — 1},
Y ={g1,...,cn—1},and Z = {i,i+1...,i+p;—1}. By Lemma 2.7, fora, 0 < a < a; —1,

T (iglao = 51 [Jg’ljxm] + s [Jfém} — 5180 [ S50 %]

a.0 a0’

a,0

ForaeY, s [J&jxﬁz] =0 and [J§y*] ,=0. Thus

a,0

* | sy ifaceYNZ
[7(i5)lao {o ify\Z (2.15)
Then
STV ol 2, STkl o) 3 sl
aeX Y ey VR Snz
= Z 59 R1><92+ Z 82R1><gz ZSZRMgQ.
MY évnz a€XNZ acZ
Therefore,
a;—1 itB1—1
S T aoRes™ = Y (T aoRs™ = saRys" = Z S92 "
aeX a=0 ac”z
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and so > 01! [T(Jl*j))} R 5" is a solution matrix by Lemma 2.6. In addition,

i+B1—1 i+B1—1 i+B1—1 [/ga—1
D sB = Y (LS - ) =5 ) <Z<Euavb—Ea7b>)

a=1 a=i a=i b=0
g2—1li+p1—1 g2—1li+p1—1 g2—1li+p1—1
S SRS ab>:52(z SNEIB E)
a=1 b=0 a=1 a=1
g2—1g1—1
= 5 (81 Z Z Ea,b . J51><g2> = 5 (8 J91><g2 Jﬁlxgz) '

b=0 a=0
Therefore, (2.14) holds. Similarly, we can show that S 52 " (T (JZ*J)] b C’g}bXl is a solution
matrix and that 7

as—1

> [T, G = s (3 Joo * = ng%) (2.16)

b=0

By the definition of S given in (2.13),

ar1—1 as—1
S(iy) = TC) + 3 [T, o Bad™ + Z Jos G~
a=0

Note that both S0 " [T (J7)], o Rag™ and 3720 LT )}O,b Cg,*" are solution matri-
ces. Furthermore, by Lemma 2.3, T(J{fj) is a solution matrix. Therefore, S(J;;) is a
solution matrix. On the other hand, from (2.14), (2.16) and Lemma 2.7, it follows that

S(J:j) = 5 ng‘XﬁQ + S2Jf(1)><92 . 8182ng10ng + 52( ngxgz Jféxgz) + 85 (82J91x92 ngjxﬁz)

X
= s152J5 .

Hence the lemma holds. O

Now we are ready to prove the main result:

Proof of Theorem 2.5. Suppose that a matrix A in M((aq, az2),n) is a solution matrix of
the ((a1, aa); (B1, f2);n)-DR game. By definition, there exists a solving coefficient matrix
(¢ij) of the ((a1, a2); (B1, B2); n)-DR game corresponding to A. That is,

as—1a;—1

P

b=0 a=0
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Then

T(A) = Z Z (—cap)T(J34) (by Lemma 2.2)

b=0 a=0
as—1 a;—1
= Z Z (—cap) (leQIXBQ + 5o — 518 ngX”) (by Lemma 2.7)
b=0 a=0
az—1 a;—1 b+B2—1 a+p1—1
= Z Z —Cap) ( Z Jg}jX1+32 Z Jng2 — 518 J91X92>
b=0 a=0 i=a
as—1b+P2—1a1—1 ar—1a+pf1—1az—1

_ g1 x1 1Xg2
=s1) >, D (e +szZ Z > (Ca
b=0 j=b a=0 b=0
as—1a1—1

91><92
— 5152 g E Cab

b=0 a=0

It is not difficult to check that

0427154-52—101171 az—1 j a1—1 as—1

s1Y > Y () =51 > Y (—ean) I = Z 4, 79!
b=0 j=b a=0

§=0 b=j—f2+1 a=0

aj—la+p1—1as—1 a;—1 A ag—1 a;—1
1 1x
w2 2 2 Calt=n ) 3 D (Canligt =5 ) s’
i=a =0 a=i—F1+1 b=0 a=0
_ ar1—1 o az—1 .
where dj =33 o o > 0ty (—cap) and e; = > i 5141 2bo (—Cap). Thus we obtain
as—1 a;—1
z : x1 z : 1x X
A) = 51 de(‘)q}] + So 61'Ji70 92 SlSQthl 92
j=0 a=0
-1 -1
where t =Y 7207 > "(—cap). On the other hand, by Lemmas 2.4 and 2.8,
as—1a1—1 as—1 a;—1
91><gz
Z Z —Ci)S Z Z —Cij)$152 0,0
7=0 =0 7=0 =0
as—1a1—1
E E —c;ij) | s152J30° " = s159t 5 .
7=0 =0

Thus the ‘only if’ part is true. To show the converse, assume that

ag—1 a1—1
A) =51 ) I 5 > e 0% — sisat Jg (2.17)
j— =0
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and S(A) = sysyptJ§y % for some dj, e;,t € Zy,. Then, by the definition of S given in
(2.13),

a;—1 as—1
SlSQth}OX‘(H == T(A) + Z [T(A)]Z,O RZ-IEQQ + Z [T(A)]OJ Cg,lj'X17

i=0 Jj=0

or 1 1
T(A) = sisotJ35 = > [T(A), o Rig™ = D [T(A)],,; Co.

i=0 Jj=0

The first term sy55t.J§, % of the right hand side of above inequality is equal to tS(J};)
for some integers ¢, j and so it is a solution matrix of the ((ay, az); (51, f2);n)-DR game
by Lemma 2.8. By (2.5), (2.6) and (2.17), the matrix [T (A4)], Rilgg? is equal to either O
or SQ@Z‘Ril’gg2, and the matrix [T (A4)], ; C’g}jXl is equal to either O or sldeg}jXI, depending
on whether or not 0 < ¢ < ¢g; — 1, 0 < 5 < go — 1. Therefore, by Lemma 2.6, both
[T(A)]; o Rio® and [T(A)],; C§y*" are solution matrices. Thus we can conclude that 7 (A)
is a solution matrix. By Lemma 2.3, A is a solution matrix of the ((ay, as); (f1, B2); n)-DR
game. O

3 Closing remarks

In this paper, we give a necessary and sufficient condition for a torus to be a solution of
the ((aq1, az); (B1, f2); n)-DR game for positive integers aq, aw, n, B, B such that f; < oy
and /82 S 9.

When oy = ) = 1, a matrix in M((a1, @), n) becomes an as-tuple, so D((1, az),n) is
the set of circles on each of which ay n-dice are located. By using the results obtained in
the previous section, we can characterize a circle which is a solution of dice rolling game
on the set D((1, az),n) with respect to (1, 53)-rolling procedures.

Suppose that a; = ;. Then g; = ged(aq, f1) = ag andso sy = 1. Then 0 <i < ay—1
if an only if 0 < < g;—1. By (2.7) and the definition of 7 given in (2.11),if0 <i < g;—1
or 0 < j < gy — 1, then T is the identity function, that is, T(A) = A. Since oy = ¢,
R;3% = O by (2.6) and so

as—1

S(A) = A+ [AJp;Cov. (3.1)

Hence a characterization of a solution matrix in M((1, az),n) immediately follows from
Theorem 2.5:

A matriz A is a solution matriz of the ((ay1, aq); (au, f2);n)-DR game if and

only if
as—1 ar1—1
A= didg + s Y eid g™ — st oy (3.2)
j=0 i=0

for some d;, e;, t € Z,, and S(A) = USQJOOj(l)XQQ for some u € Z,,.
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However, if S(A) = usyJgy™* for some u € Zy, then it holds that

as—1
A==8(A)+ ) [Ap;Cov (by (3.1))
j=0
ag—1

= —US9 JOQXQQ + Z [A]o,jC&}Xl

g2—1 az—1
_ Oé1><1 gl><1 a1 x1
= —usz § :JO,j § Ow] 0, ) (by (2.2))
Jj=0
g2—1 ags—1
. Oq><1 Oz1><1 Oz1><1
— § (—us2)Joi™ + g < oy — (Ao o )
j=0
az—1 a1—1 ag—1

- § : ap X1 § : 1x g2 2 : oz ><1 a1><g2
7=0 1=0

for some f; € Z,. Thus (3.2) is true if S(A) = usyJ5"? for some u € Z,. Hence the
characterization of a solution matrix in M((1, az),n) given above can be simplified as
follows:

Corollary 3.1. A matriz A is a solution matriz of the ((aq, as); (aq, f2);n)-DR game if
and only if
S(A) = usy Jgy %

for some u € Z,.
When a; = 81 = 1, the above proposition can be stated as:
An ordered ao-tuple v is a solution matrixz of the ((1,az); (1, 52);n)-DR game
if and only if S(v) = (uss, .9.2. ,uS2,0,...,0) for some u € Zy,.

which characterizes the solution set of the dice rolling game on a set of circles.

For the case where ay = [35, we can give a similar argument. We believe that our
characterization for the 2-dimensional case can be generalized to the t-dimensional case
for t > 1 if we can find a way to manipulate notations more effectively.
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THE ELECTRONIC JOURNAL OF COMBINATORICS 19 (2012), #P54 14



References

[1] R. Barura, S. Ramakrishnan: ¢~-game, o*-game and two-dimensional additive cel-
lunar automata, Theor. Comput. Sci. 154 (1996), 249-366.

[2] M. Florence, F. Meunier: Completely symmetric configurations for o-games on grid
graphs, J. Algebr. Comb. 31 (2010), 533-545.

[3] J. Goldwasser, X. Wu: Does the lit-only restriction make any defference for the
o-game and o"-game? Eur. J. Comb. 30 (2009), 774-787.

[4] M. Hunziker, A. Machiavelo, J. Park: Chebyshev polynomials over finite fiels and
reversibility of o-automata on square grids, Theoret. Comput. Sci. 320 (2004), 465
483.

[5] S-G. Lee, J-M. Yang: Linear algebraic approach on real o-game: J. Appl. Math. &
Computing 21 (2006), 295-305.

[6] K. Sutner: Linear cellular automata and the Garden-of-Eden. Math. Intell. 11 (1989),
49-53.

[7] K. Sutner: oc-automata and Chebychev-polynomials. Theor. Comput. Sci. 230
(2000), 24-34.

THE ELECTRONIC JOURNAL OF COMBINATORICS 19 (2012), #P54 15



