Combinatorial interpretations of particular evaluations
of complete and elementary symmetric functions

Pietro Mongelli

Dipartimento di Matematica “G. Castelnuovo”
Universita “la Sapienza” di Roma
Rome, Italy

mongelli@mat.uniromal.it

Submitted: Nov 30, 2011; Accepted: Mar 14, 2012; Published: Mar 31, 2012
Mathematics Subject Classifications: 05A19 (Primary); 05A05, 05A30, 11P81 (Secondary)

Abstract

The Jacobi-Stirling numbers and the Legendre-Stirling numbers of the first and
second kind were first introduced by Everitt et al. (2002) and (2007) in the spectral
theory. In this paper we note that Jacobi-Stirling numbers and Legendre-Stirling
numbers are specializations of elementary and complete symmetric functions. We
then study combinatorial interpretations of this specialization and obtain new com-
binatorial interpretations of the Jacobi-Stirling and Legendre-Stirling numbers.

Keywords: Jacobi-Stirling numbers, Legendre-Stirling numbers, symmetric func-
tions, combinatorial interpretations.

1 Introduction

The aim of this paper is to give combinatorial interpretations of a family of numbers which
includes the Legendre-Stirling numbers and Jacobi-Stirling numbers of both kinds. The
Jacobi-Stirling numbers were introduced in [7] as the coefficients of the integral composite
powers of the Jacobi differential operator

o)) = g (—

— )" (L)Y (1) (1)

with fixed real parameters a, 3 > —1. When the parameters are both equal to 0, we find
the definition of the Legendre-Stirling numbers, first introduced in [6] and later studied
in [1]. In [6, 7, 13] the authors show that both numbers share many properties with the
classical Stirling numbers of both kinds such as similar recurrence relations, generating
functions and total positivity properties. Recently several combinatorial interpretations
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of the Legendre-Stirling numbers (]2, 5]) and the Jacobi-Stirling numbers ([8]) have been
given, most of which are based on permutations and partitions, exactly the same combi-
natorial objects used for the classical interpretations of the Stirling numbers.

In this paper we note that the Jacobi-Stirling numbers and the Legendre-Stirling num-
bers of both kinds are specializations of elementary and complete homogeneous symmetric
functions. We study these specializations and then apply the results to Jacobi-Stirling and
Legendre-Stirling numbers. More precisely, we give general combinatorial interpretations
of these specializations with a unified approach. These combinatorial interpretations
include new combinatorial interpretations for the Jacobi-Stirling and Legendre-Stirling
numbers as well as the results in [2, Theorem 2|, [5, Theorem 2.5] and [8, Theorem 7].

The organization of the paper is as follows. In Section 2 we recall the symmetric func-
tions and some of their properties and show how we can obtain Jacobi-Stirling numbers
and Legendre-Stirling numbers by a suitable evaluation of them. In Section 3 we define
a g-analogue of these numbers and we give a combinatorial interpretations of them that
generalizes interpretations given in [2, 5, 8] when ¢ = 1 and that we can use in particular
for the Jacobi-Stirling numbers. The evaluation of the symmetric functions that we use
are parameterized by real nonnegative numbers. As done in [8] for the Jacobi-Stirling
numbers, in Section 4 we study our evaluations of the symmetric functions as polynomi-
als in these parameters. In Section 5 we turn our attention to other functions, already
introduced in [3], that generalized the complete and elementary symmetric functions. We
give a combinatorial interpretation of their evaluations and if we apply it to the case
of Jacobi-Stirling numbers we get a new result. Moreover in this section we study the
evaluations of the well known monomial symmetric functions. Finally, in Section 6 we
recall other properties of the elementary and symmetric functions such that if applied to
the Jacobi-Stirling numbers and Legendre-Stirling numbers gives us immediately some
properties studied in [1, 6, 7].

2 Definitions, notation and preliminaries

We let P:={1,2,3,...}, N:=PU{0}, Z = NU{-1,—-2, -3, ... }. The cardinality of a set
A will be denoted by |A|.

For the following definitions we use the notations of [12, Chapter 1.2]. Consider the ring
2|z, ..., x,] of polynomials in n independent variables z1, . . ., x, with integer coefficients.
For each r > 0 the r-th elementary symmetric function e, is the sum of all products of r
distinct variables z;, so that eg = 1 and for r > 1

er(T1, ..., Tp) = Z Ty iy + o+ Ty (2)

iy <ig <+ <iy

The r-th complete symmetric function h, is the sum of all monomials of total degree r in

the variables x4, ..., z, so that hg = 1 and for r > 1
hr<x1;---7$n> = Z Lj Ly ** * Ty (3)
11 i <o iy
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It is a simple exercise to check the following recursion formulas for n,7 > 1, n > j:

hn_j(flfl, Ce ,l’j) :hn—j(xlu Ce ,.Z‘j_1> + xjhn_j_l(xl, Ce ,.I‘j); (4)
e

en,j<£[)1, ce ,$n,1) = n,j(l’l, Ce ,iL‘n,Q) =+ xn,len,j,l(xl, e ,xn,z) (5)

with initial conditions

hQ(ZEl,...,ZL‘j):l; hn_j<$1,...7l‘j) =0 (1f7’l<])7 (6)
eo(1, .. xn1) = 1; en—j(1,. .., Tp_1) =0 (if n < 7). (7)

We now recall the definitions of the Jacobi-Stirling numbers and the Legendre-Stirling
numbers and some of their basic properties. A

The Jacobi-Stirling numbers of the second kind JSY )(2) are defined for all n,j € N
by Everitt et al. via the following expansion of the n-th composite power of [, g (see [7,
Theorem 4.2)):

n

(1= 1)+ D[l = Y (=17 (JSD(a+ B+ 1)(1 = )™ (1 + 1)y (1)),

J=0

where [, 5 is the Jacobi differential operator (1) and «, f > —1 are fixed real parameters.
Since these numbers depend only on the sum a+ 3, weset z=a+ [+ 1> —1.
In [7, Section 4] or in [8, Section 1] the following recursive formula are given

JS9(2) = JSITV () + 4G+ 2) IS (2) (8)
with initial conditions
ISV(z) = IS5 (2) = 0; IS¢ (z) = L. (9)

From [7, Theorem 4.1] relations (8), (9) can be easily deduced.
Moreover, in [7] the following equation is given:

n 7j—1
x”:ZJS,(jH:U—zz+Z (10)
=0 i=0

and in the same paper the authors define the (unsigned) Jacobi-Stirling numbers of the
first kind for all n,j € N as follows

ﬁ(x—z(z—i—z)) = Z(—l)chg)xj. (11)

The Jacobi-Stirling numbers of the first kind satisfy the following recursion

TP (2) = T () + (n— 1) (n =1+ 2) ) (2) (12)
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with initial conditions
Jc9 () = Jc(j)(z) =0; Jc(()o)(z) =1. (13)

It is simple to check that recursion (4) is the same as (8) if z; = j(j + z) for all j > 1
and that recursion (5) is the same as (12) if x,_; = (n —1)(n — 1+ z) for all n > 2.

The Legendre-Stirling numbers were first introduced in [6] as the coefficients of the
integral powers of the second-order Legendre differential operator [[-] (1) when aw = = 0.
Therefore these numbers coincide with the Jacobi-Stirling numbers when z = 1. As noted
in [6] and [7], both numbers have properties similar to the classical Stirling numbers of
both kinds. This is because the Stirling numbers also satisfy the same recursion formulas
(4) and (5) with z; = j for all j > 1. For these reasons we define the following objects.

Fix an integer r > 1 and fix ay, ..., a, nonnegative real numbers. Let f(z) = (z +
a)(x +az) - (x + a,). We then define for all n,j € N

HY,y = hoi(F(1). £(2),. F()): (14)

Bl =en i (f(1), f(2),..., f(n—1)). (15)

By the above remarks, and denoting with S(n, j), ¢(n, j) the (unsigned) Stirling num-
bers of the second and first kind, and with LS(n,j), Le(n, j) the (unsigned) Legendre-
Stirling numbers of the second and first kind, it is easy to check that

S(n,j) = H,; c(n,j) = Ej,; (16)
LSG = Hy,™s Lel = B, (17)
TSI (2) = H\7 s T (z) = EjT. (18)

When the polynomial f is in N[z] it is possible to define a g-analogue of the numbers
Hl, and EY,.

Given a positive integer n, we denote by [n] the polynomial 1+¢g+- - -+¢"~!; moreover,
we set [0] :== 0.

Definition 1. Let f(z) = (z +a1)---(z + a,), with » € P and ay,...,a, € N. For all
7,n > 1, we define the polynomials H ]f ,,(q) by the recursive formula

H (q) =H]_ |, (@) + [+ alli +as] - [ + @] H,_ (9); (19)
with initial conditions
H({,n(Q) :Hg]'io(Q) = 0; H({O(Q) = 1.
For all j,n > 1, we define the polynomials E]f ,,(q) by the recursive formula

El (@) =B/, (@) +[n—1+a]n—1+a]-[n—1+alB, (@) (20

with initial conditions

Ej,(q) =Ely(q) = 0; E{y(q) =1.
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In the case of the Stirling numbers we recognize well-known g-analogue (see e. g.
4, 10, 11]).

In the following, for all j,n,k € N we denote by H ]f k] and E]f k] the coefficient of
¢" in H]{n(q) and E]’.in(q), respectively.

In the next section we give a combinatorial interpretation for H ]f .[k] and E]f AE]; in
particular we obtain a combinatorial interpretation of H Jf ,, and E]f .- This combinatorial
interpretation is new even for f = x(z + z) (i. e., for the Jacobi-Stirling numbers). In
Section 4 we consider Hj-jn and E]fn as polynomials in ay,...,a, where f(z) = (z +
ai) -+ (x + a,) and we give other combinatorial interpretations.

3 Combinatorial interpretations of H jf .lk] and E]f K]

In this section we give a combinatorial interpretation of the coefficients H Jf [k] and Ejf ALK
for any fixed polynomial with only integer roots and nonnegative coefficients f = (z +
a)(x+ag) - (x+a,), ey <ay < -+ <a,, and for fixed j,n,k € N.

3.1 Combinatorial interpretation of H jf K]

Fix 7,n,k € N and consider r labeled copies of the numbers 1,...,n, i. e.
117127-'~71r7217227---72r7 ...... , N1, Ny ooy Ny (21)
We consider a pair P = (m,(S1,...,S,.)) where 7 is a set partition of a subset of

{14,...,n,} into j blocks and Si,...,S,. are subsets of {1y,...,n,.}. We say that P
is f-Stirling of order (n,j) if P is a partition of (21) into j + a, subsets such that

e the subsets in 7 are nonempty and each one contains the minimum number with all
its indices;

e one of the subsets in 7 contains 1¢,15,...,1,;
e cach m;, (1 <m <n,1<1i<r)isin one of the first j + a; subsets.

For example, an f-Stirling partition of order (3,2), with f = (z + 1)(z + 2),
is ({11,12,31},{21, 22}, {}, {32}). The partitions P1 = ({11, 12, 21}, {22, 31,32}, {}, {}),
P2 = ({21, 22}, {31, 32}, {11, 12}, {}) and P3 = ({11, 12, 32}, {21, 22}, {}, {31}) are not f—
Stirling of order (3,2) since one of the previous conditions fails.

Now, given an f-Stirling partition P = (m, (Si,...,S,,.)) of order (n, j), we label each
subset in P in the following way: each one of the subsets in 7 is labeled by the minimum
number that it contains; each S; is labeled by 1 — 4 for all © = 1,...,a,. For example, the
sets in ({11, 12,31}, {21,22}, {}, {32}) have labels (1,2,0,—1). With these labels, we can
define a total order relation between the subsets of P. Moreover we say that a subset is
greater or less than a number via its label. By using these order relations we can define
the following numbers.
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Let i; (1 <n, j <) be a labeled number in (21) and let A;; be the unique subset in
P containing 7;. We set

si, = |{A subset in P|4;, < A <i}|

and

Sp = Z Sij'
1<i<n,1<j<r
We define sp := 0 when n = 0. For example, if P = ({11, 12,31}, {21,22},{}, {32}) then
s3, = 1, s3, = 3 and all other s;; are 0, so sp = 4.
We then have the following result.

Proposition 2. For all n,j,k € N we have that H]fn[k'] is the number of f-Stirling
partitions P of order (n,j) such that sp = k.

Proof. For all n,j > 0 we consider the following generating function
pla(a) == q"
P

where the sum is over all f-Stirling partitions P of order (n,j). We prove that pji W(q) =

H Jf .(q) by induction on n. If n = 0 we then have to put no numbers in j + a, subsets
such that the first j subset are nonempty: this is possible if and only if j = 0; indeed
H[{O(q) =1 If j=0and n > 1 we can’t put 1y,..., 1, in one of the first 0 subsets, so

there aren’t any f-Stirling partitions of order (n,0). Therefore pﬁn(q) = H]J-in(q) ifn=20
or 7 =0.

Now, suppose j,n > 1 and the claim true for smaller values. We can obtain an f-
Stirling partition P either by adding a subset {n,...,nx} to an f-Stirling partition P,
of order (n — 1,7 — 1), or by adding each number n; with 1 < ¢ < r to one of the first
J + a; subset of an f-Stirling partition P, of order (n — 1, j).

The generating function for the first case is clearly p§71,n71(Q) and the generating
function for the latter case is clearly [j + a1]---[j + ar]p;’ _1(q). Now the result follows
by adding these two generating functions and using (19). O]
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For example here are all f-Stirling partitions of order (3,2) when f = (z + 1)(z + 2):

label 1 2 0 —1
P {11,12,31,32} {21, 25} {} {} sp, =2
b {11,12,31} {21, 29,32} {} {} sp, =1
Ps: {11, 15,31} {21, 25} {32} {} sp, =3
Py {11,12,3:} {21,225} {} {32} sp, =4
Ps: {11, 15,32} {21,29,3:} {} {} sp, =1
Fs: {11, 15} {21,22,31,32} {} {} sp, =0
Pr {14, 15} {21,29,31} {32} {} sp, =2
Py {11,15} {21,29,31} {} {32} S5p, =93
Py: {11, 12,35} {21,252} {31} {} Sp, =93
Py : {11, 15} {21,229, 32} {31} {} Spy =2
Py {11,15} {21, 25} {31,32} {} sp, =4
Py {14, 15} {21,252} {31} {32} Sp, =D
label 1 3 0 —1
Ps: {11, 12,21,25} {31,352} {} {} spy =0
Py {11,12,2;} {31,32} {2} {} sp, =1
Pi5 {11,12,21} {31,32} {} {25} Spys =2
Pig : {11, 15,25} {31,32} {21} {} Sp =1
P {14, 15} {31,32} {21,252} {} Sp, =2
P : {11, 15} {31,32} {21} {25} Sps =3

Indeed H%H)(HQ) (q) =2+4q+5¢*+4¢> +2¢* + ¢°. When r =1 and a; = 0, as sug-
gested by the anonymous referee, we recognize the following combinatorial interpretation
of ¢-Stirling numbers of the second kind due to Sagan [14, Theorems 4.1 and 1.1].

Corollary 3. For all j,n,k € N, S(n, j)[k| is the number of partitions P of {1,...,n} in
J nonempty blocks with sp = k.

When we evaluate all polynomials in ¢ = 1 we get
Corollary 4. For all j,n € N, Hj]-fn is the number of f-Stirling partitions of order (n,j).

In particular, when r = 2, a; = 0 and ay = 1 (i. e. for the Legendre-Stirling numbers),
we obtain the following result.

Corollary 5. For all n,j, k € N we have that LSy (k] is the number of x(x + 1)-Stirling
partitions P of order (n,j) such that sp = k.
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This interpretation is similar to one in [2, Theorem 2|. Here the authors fill j 4 1 sets
with the numbers in (21), such that there exists a set (the “zero box”) which is the only
set that may be empty and it may not contain both copies of any number; the other j
sets are indistinguishable and each is non-empty; each such set contains both copies of
its smallest element and does not contain both copies of any other elements. Consider
an x(z + 1)-Stirling partition and for all m < n if A,,, < A,,, move the element m; in
the set immediately lower than A,,,. It gives a bijective proof of the equivalence of both
interpretations.

Finally, for the Jacobi-Stirling numbers, Corollary 4 becomes:

Corollary 6. For all j,n,z € N, JSY) is the number of x(x + z)-Stirling partitions of
order (n, 7).

3.2 Combinatorial interpretation of Ejf K]

In [5], for any cycle of a permutation Egge defines the cycle maxima (resp. cycle minima)
as the maximum (resp. minimum) of the numbers in the cycle. We consider an r-tuple
of permutations m = (my,...,m,) with m; € S, 4., for alli =1,... r and we say that 7 is
f-Stirling of order (n, j) if and only if

(a) each m; has exactly j + a; cycles;
(b
(c

) 7,7, ..., have the same cycle maxima less than n + 1;
) the orbits of n,n +1,...,n+ a; in 7; are pairwise distinct for all i < r.
2), with f = (z+1)(z+2),

1)(2), 5)(4,1)(2,3)}, 02 =
)(2)(1)} are not f-Stirling

For example, an f-Stirling 2-tuple permutation of order (3,
is {(4)(3,1)(2),(5)(4,1)(3)(2)}. The 2-tuples o1 = {(4)(3,
{(4)(3,1)(2),(5)(4,2)(3)(1)} and o5 = {(4)(3,1)(2),(5,4)(3

since one of the previous conditions fails.

Given a permutation p € S,, we define a word in the alphabet {1,...,n} as follows:
we write each cycle of p with the cycle maxima in the first place and we order the cycles
by their cycle maxima in decreasing order; then we delete the brackets. We call s, this
word. For example, if p = (162)(45) € Sg then s, = 621543; if 0 = (12)(45) € Sp then
Sy = 654321. Note that we can obtain the same word from two different permutations:
for example if p; = (12)(45) € Sg, p2 = (132)(654) € Sg then s,, = s,, = 654321. Now
let s be a such word in the alphabet {1,...,n}. Let’s define

coinv? := ‘{jE{l .,n}|7 > i and i is on the left of j in 3}‘

For example, if s = 623541 then coinvf) =3; coinvff) = (0. We then set

n

coinvy 1= E coinv® .

S
i=1
We call coinversions of s the number coinv,. Equivalently, coinvy is the minimum number
of exchanges of two consecutive elements in s to obtain the word n,n —1,...,2, 1.

THE ELECTRONIC JOURNAL OF COMBINATORICS 19 (2012), #P60 8



Proposition 7. Fiz n,j,k € N. Then E]fn[k] is the number of f-Stirling r-tuples of
permutations T = (mq,...,T.) such that

Z coinv,, = k. (22)
i=1

Proof. For all n,j > 0 we consider the following generating function

p{,n(Q) = Z qZLl coinv,

where the sum is over all f-Stirling r-tuples of permutations = = (7, ..., 7,) satisfying
(22). We prove by induction on n that p?,(q) = Ejfn(q) If 5 = 0, by conditions (a) and
(c), we have only one possibility when n = 0. If n < j, condition (a) is never satisfied.
Indeed in both cases E]fn(q) = 0 except E({O(q) = 1. Therefore, let’s suppose 1 < j < n.

We can make an f-Stirling r-tuple of permutations of order (n, j) in two distinct ways:
1) start from an f-Stirling r-tuple of permutations 7 of order (n — 1,5 — 1), increase each
number of one unit and then add in each permutation m; (with abuse of notations) the
trivial cycle (1). In this case, for all ¢ < r coinvgrli) = 0.
2) start from an f-Stirling r-tuple of permutations 7 of order (n — 1,j), increase each
number of one unit and then add the element 1 in each permutation 7;. This operation
can be done in n — 1 4 a; ways for all permutation 7; (it is equivalent to put the new
number in the word s, in all positions except the first) and coinvgrli) can assume all values
between 0 and n — 2 + a;.

In the case 1) the generating function is clearly P;':an(Q) and in the case 2) the
generating function is given by [n—1+a4]---[n—14a,|E;,—1. Now the result will follow
by adding these two generating functions and using (20). [
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For example, here are all f-Stirling 2-tuples of permutations of order (3,2) when
f=(+1)(z+2).

o1 (4,1)(3)(2); (5,1)(4)(3)(2) coinv=24+3=5
oy (4,1)(3)(2); (5)(4,1)(3)(2) coinv=2+2=4
o3 : (4,1)(3)(2); (5)(4)(3,1)(2) coinv=2+1=3
oy (4,1)(3)(2); (5)(4)(3)(2,1) coinv =240 =2
o5 (4)(3,1)(2); (5,1)(4)(3)(2) coinv=1+3=4
06 : (4)(3,1)(2); (5)(4,1)(3)(2) coinv=14+2=3
o7 (4)(3,1)(2); (5)(4)(3,1)(2) coimv=1+1=2
O (4)(3,1)(2); (5)(4)(3)(2,1) coinv=14+0=1
09 : (4)(3)(2,1); (5,1)(4)(3)(2) coinv=0+3=3
o10 (4)(3)(2,1); (5)(4,1)(3)(2) coinv=0+2=2
o1 (4)(3)(2,1); (5)(4)(3,1)(2) coinv=04+1=1
o12 (4)(3)(2,1); (5)(4)(3)(2,1) coinv=0+0=0
013 (4,2)(3)(1); (5,2)(4)(3)(1) coinv=1+2=3
014 (4,2)(3)(1); (5)(4,2)(3)(1) coinv=14+1=2
o5 (4,2)(3)(1); (5)(4)(3,2)(1) comv=14+0=1
016 (4)(3,2)(1); (5,2)(4)(3)(1) coinv=0+2=2
o7 (4)(3,2)(1); (5)(4,2)(3)(1) coinv=0+1=1
o8 (4)(3,2)(1); (5)(4)(3,2)(1) coinv=04+0=0

Indeed, Eé‘?l)(x”)(q) =244+ 5¢* + 4¢3 + 2¢* + ¢°>. When r = 1 and a; = 0, with the
same arguments of the proof of Proposition 7, we have the following new combinatorial
interpretation of ¢-Stirling numbers of the first kind.

Corollary 8. For all j,n,k € N, S(n, j)[k] is the number of permutations p € S, with j
cycles with coinvg, = k.

When we evaluate all polynomials in ¢ = 1 we have

Corollary 9. For all j,n € N, Ejfn 18 the number of f-Stirling r-tuples of permutations
of order (n, 7).

For r =2, a; = 0 and ay = 1, Corollary 9 reduces to [5, Theorem 2.5].

4 Combinatorial interpretations as polynomials

In this section we consider the numbers H jf ,, and Ejf ,, as polynomials in ay, ..., a, with r
a fixed positive integer and f(z) = (z +a1) -+ - (x + a,).
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4.1 Combinatorial interpretation of H jf .

Fix 7,n € N and consider exactly r copies of numbers 0, ..., n, i. e.
01,02,...,07‘,11,12,..‘,1“ ...... , N1, Ny e ooy Ty (23)

We consider a partition P of (23) and we say that P is r-Stirling of order (n,j) if P is a
partition of (23) into j + 1 subsets such that

e all the j 4+ 1 subsets are nonemptys;
e cach subset contains the minimum number with all its indices;
e if n = 0 then no subset contains both 0;, 1; for any index i < r.

Given such a partition P, we call O-subset of P the only subset that contains 0y, ...,0,.

For example, a 2-Stirling partition of order (3,2) is ({01,09,32}, {11, 12,31},
{21,22}). The partitions P, = ({01,09,21,22}, {11, 12,31,32},{}), P» = ({01,09,11},
{12,21,25},{31,32}) and P; = ({01,04, 1,15}, {21,22}, {31,32}) are not 2-Stirling since
one of the previous condition fails.

Proposition 10. For all j,n € N and for all 5y, ..., B, € N we have that the coefficient
of ai*al .-l in Hj{n is the number of r-Stirling partitions of order (n, j) whose 0-subset
contains B; + 1 numbers with index i for all i € {1,...,r}.

Proof. For all n,j > 0 we consider the following generating function

pj,n(al, . ,CLT> — Zaf(l) L af(r)
P

where the sum is over all r-Stirling partitions of order (n,j) and P(i) + 1 is the number
of elements in the O-subset having label ¢, for ¢ = 1,...,r. We will prove by induction
that p;n(a1,...,a,) = ijn We set p;n(5i, ..., 0) the number of r-Stirling partitions P
of order (n,j) such that the 0-subset of P contains 5; + 1 numbers with index i for all
ie{l,...,r}. If n =0 then we put the numbers 0y, ...,0, in the same subset. Therefore
there exist r-Stirling partitions of order (0,7) if and only if j = 0. Indeed, we have
H({j = 0o If j = 0, since we cannot put 0q,...,0,,14,...,1, in the same subset, then
necessarily n = 0.

Now, suppose that j,n > 1 and the claim is true for smaller values. We can obtain
an r-Stirling partition P or by adding a subset {nq,...,n,} to an r-Stirling partition Py
of order (n — 1,j — 1), or by adding each number n; with 1 < ¢ < r in one of the j + 1
subsets of an r-Stirling partition P, of order (n — 1,j). The generating function for the
first case is clearly p;j_1,-1(a1,...,a,) and the generating function for the second case is
clearly (7 +a1)---(j + ar)pjn-1(a1,...,a;). Now the result follows by adding these two
generating functions and using (4) and (14). O
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For example, here are all 2-Stirling partitions of order (3, 2).

P {01, 02,31, 32} {14, 15} {21,252}
P {01,02,3:} {11,12,35} {21, 22}
P {01,09,31} {11, 15} {21,29,32}
Py {01,02,32} {11,12,31} {21,252}
b {04,02} {11, 12,31, 32} {21,225}
By - {04,02} {11,15,3:} {21,29,32}
P {01, 09,32} {11, 15} {21,29,31}
P {04,02} {11, 12,32} {21,29,31}
Py {01,029} {11, 15} {21, 29,31, 32}
Py : {01, 02, 21, 22} {11, 12} {31, 32}
Py {01,02, 21} {11, 12,22} {31,32}
Py : {01,02, 22} {11, 12,21} {31,32}
Py {01, 02} {11, 12,2, 22} {31, 32}

Indeed, H;S =5+ 3(a; + az) + 2a;as.

In the case of Jacobi-Stirling numbers we have f = x(z+ z): then, in our notation, we
have r = 2, a; = 0, and as = z. To set a; = 0 is equivalent to take only the monomials
without factor a;. By Proposition 10, we have to consider only the 2-Stirling partitions P
of order (n,j) of 01,04, ...,m1,ny with the 0-subset without numbers labeled by 1 except
0:. With this remark our interpretation in Proposition 10 reduces to

Corollary 11. For all j,n,3 € N the coefficient of 2% in JS;.(2) is the number of 2-
Stirling partitions of order (n,j) whose 0-subset contains 5+ 1 numbers with index 2 and
only one number with index 1 (necessarily 01).

This result is equivalent of the one given in [8, Theorem 2]. Here the authors consider
partitions of (23) such that each set contains both copies of its smallest element and
does not contain both copies of any other number. Consider a 2-Stirling partition whose
0-subset has no positive numbers labeled by 1. If m;,mo are in the same set, with
1 < m < n, then move m; in the O-subset. This prove that the two interpretations are
equivalent.

4.2 Combinatorial interpretation of E]f .

Fix j,n € N and consider an r-tuple of permutations 7 = (my,...,m) € S} ;. We say
that 7 is r-Stirling of order (n,j) if and only if

(a’) each m; has exactly j + 1 cycles;

(b’) my, 7, ..., m have the same cycle minima;
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(¢’) if n # 0 the orbits of 1 and 2 are disjoint for all permutations ;.

For example, a 2-Stirling 2-tuple of permutations of order (3,2) is {(1)(2,4)(3),
(@G 4} The 2tuples 0 = {(1)(2,4)(3), ()2 3)(A)} and o, = {(1,2)(3)(4),
(1,2)(3)(4)} are not 2-Stirling since one of the previous condition fails.

Given a word w = w(1)...w(l) on the finite alphabet {1,...,n + 1}, a letter w(y)
is a left-to-right minimum of w if w(k) > w(j) for every k € {1,...,j — 1}. We define
Irm(w) to be the number of left-to-right minima of w and given 7 € S, we define
Irm(o) = Irm(o(1),02(1),...,1) (the elements are only in the orbit of 1).

Proposition 12. Foralln,j € N and for all f1, ..., 5, € N the coefficient ofafla'gz ealr
in B, is the number of r-Stirling r-tuples of permutations @ = (my,...,m,) such that
Irm(m;) =6;+1 foralli=1,... 7.

Proof. For all n,j > 0 we consider the following generating function

L Irm(7y)—1 Irm(7,)—1
Pinlai, ... a,) = E a, cea ()

T

where the sum is over all r-Stirling r-tuples of permutations 7 = (my,...,7,) of order
(n, 7). We will prove by induction that p;,(a,...,a,) = E]fn If j =0, by conditions (a’)
and (c’), we have only one r-tuple of r-Stirling permutations of order (n,0) when n = 0
and no one when n > 0. If n < j, condition (a’) is never satisfied. Indeed, in both cases
E]f ., = 0 except Eyp = 1. Let’s now suppose that 1 < 57 < n. We can construct a r-Stirling
r-tuples of permutations m = (mq,...,m) of order (n,j) in two different ways (and the
reader can check that in these ways we obtain all such r-tuples). The first possibility is
to start with an r-Stirling r-tuple of permutations of order (n — 1,7 — 1) and add a trivial
cycle (n 4+ 1) in each its permutation. In this case we preserve the orbit of (1), i. e. the
numbers of left-to-right minima of all permutations does not change.

The second possibility is to start with an r-Stirling r-tuple #’ = (7},...,7.) of per-
mutations of order (n — 1,7) and add the number n 4 1 in each permutation 7. In this
case we increase the numbers of left-to-right minima if and only if we put n + 1 on the
right of 1 in the cycle notation of 1, i. e. wi(1) = n+1, 7i(n+1) = m;(1) and 7'(i) = 7(7)
otherwise. The generating function for the first case is clearly p;_1 ,—1(a1, ..., a,) and the
generating function for the second case in clearly (a; +n—1)---(a, +n —1)p;,—1. Now
the result follows by adding these two generating functions and using (5) and (15). O
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For example, here are all 2-Stirling 2-tuples of permutations of order (3,2).

oy (1,4)(2)(3); (1,4)(2)(3) Irm = (2,2)
o (1,4)(2)(3); (1)(2,4)(3) Irm = (2,1)
03 (1,4)(2)(3); (1)(2)(3,4) Irm = (2,1)
04 (1)(2,4)(3); (1,4)(2)(3) Irm = (1,2)
05 (1)(2,4)(3); (1)(2,4)(3) Irm = (1,1)
06 (1)(2,4)(3); (1)(2)(3,4) Irm = (1,1)
o7 (1)(2)(3,4); (1,4)(2)(3) lrm = (1, 2)
o3 : (1)(2)(3,4); (1)(2,4)(3) Irm = (1,1)
09 (1)(2)(3,4); (1)(2)(3,4) Irm = (1,1)
o1 (1,3)(2)(4); (1,3)(2)(4) Irm = (2,2)
o1 (1,3)(2)(4); (1)(2,3)(4) Irm = (2,1)
o12 ! (1)(2,3)(4); (1,3)(2)(4) Irm = (1,2)
013 (1)(2,3)(4); (1)(2,3)(4) Irm = (1,1)

We have 5 couples of permutations with left-to-right minima (1,1), 3 with left-to-right
minima (2, 1) and (1,2) and 2 with left-to-right minima (2, 2). Indeed, E§i3 =5+3(am +
as) + 2a;as.

In the case of Jacobi-Stirling numbers we have f = x(x+z). Therefore, in our notation,
we have r = 2, a; = 0, and ay, = 2. To set a; = 0 is equivalent to take only the monomials
without factor a;. By Proposition 12, we have to consider only the 2-Stirling 2-tuples of
permutations m = (7, my) with the orbit of 1 in m; be trivial. Therefore, Proposition 12
reduces to

Corollary 13. For all n,j,8 € N the coefficient of 2° in Jc;,(2) is the number of 2-
Stirling 2-permutations (my, ) such that (1) =1 and Irm(my) = 4+ 1.

Obviously, m; can be identified with a permutation of S,,. With this identification, our
interpretation is the same of the one given in [8, Theroem 7).

5 Developments on some generalization of symmetric
functions

In this section we analyze other functions introduced in [3, 9] which generalize the el-
ementary and complete symmetric functions. We give a combinatorial interpretation if
we evaluate them in f(1), f(2),... as done in the previous sections. In particular, this
approach is used to obtain a new interpretation of the Jacobi-Stirling numbers.

In [9, Section 7] Gessel and Viennot introduce the generalized Schur functions, defined
on a set X = {z1,...,z,} of indeterminates, with an order relation R, in the following
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way

(1, ... 1) = Z Tiy Tig * * * Tjy, (24)
Bl yeenyl

where the sum is over all indices such that i1 Ri;R---Ri;. If £ = 0 then hf} =0. If
we consider the classical order relations < or < we have the elementary or complete
symmetric functions. In [3, Section 5| the author turns his attention to the relation Ry
defined as follows: for all t € N and for all 7,j € N, we set z; Ry x; if and only if j —¢ > ¢.
Another generalization of the elementary symmetric functions is given in [3, Section 5] as
follows: for all t,n,k € P we set

a,gt) (X1, ..., 2p) = Z Tiy Tiy +* Ty (25)
15050k
where the sum is over all 1 < 4; < --- < ¢, < n such that i; = j (mod ¢) for all
j=1,..., k. For example, aéQ)(xl, ceyTg) =TT + 11Ty + BT + T3y + T3Te + Ty

In the next two subsections we give combinatorial interpretations of
hRt(f(1),..., f(n)) and a,(f)(f(l), ..., f(n)), where f is the polynomial with all real zeros
and nonnegative coefficients.

5.1 Combinatorial interpretation of Al

Givenr € N, ay,...,a, € N, let f be the polynomial f(x) = (z+a1)---(z+a,). Letn € N
and o € S, be a permutation. We decompose o in disjoint cycles and we write each cycle
with its minimum at the first place. Then we label each cycle with its minimum and order
the cycles in increasing order of their minima. Therefore, examples of decompositions are
(136)(25)(4) and (1652)(34). We say that two or more permutations have the same ordered
cycle structure if in the previous notation, the sequences of lengths of the cycles are equals
(in the following we denote by [(c) the length of a cycle ¢). For example, (136)(25)(4) and
(123)(45)(6) have the same ordered cycle structure, while (136)(25)(4) and (15)(234)(6)
no.

We say that one or more permutations have the same ordered cycle structure up to
k if the first k elements of the sequences of the lengths of the cycles are equals for all
permutations and the lengths of remaining cycles (if they exist) are equal to 1. For
example (132)(45) and (176)(24)(3)(5) have the same ordered cycle structure up to 2,
(132)(45) and (176)(24)(35) no.

Now fix a permutation o with ordered cycles ¢;,, ..., ¢;. for some integer r € N. Each
cycle is labeled by its minimum element. We define a distance between two cycles via the
following natural definition

d(ci, c;) = ‘{ck cycle of oli < k < j}

; (26)
if 1 < j, else d(c;,¢j) == d(cj,¢;). It is obvious that if two permutations have the same

ordered cycle structure, then the distances between corresponding disjoint cycles are the
same. Now we can show the following result.
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Proposition 14. Letr € P, ay,...,a, € Nand f(z) = (x+a1)--- (x+a,). Then for all
n,k € Nandt > 2, h(f(1),..., f(k)) is the number of elements in Sy 11a, X+ X Skt11a,
such that all permutations have the same ordered cycle structure up to k+ 1 — n, each
one with k +1 — n + a; cycles and length at most 2 and if c;,c; are two cycles with

l(c;) = U(cj) =2 then d(ci,cj) >t — 1.

Proof. If n = 0 then each permutation in Si144, as in the statement has k+1+a; disjoint
cycles. Therefore it is the trivial permutation, indeed hi*(f(1),..., f(k)) = 1. Moreover,
if k <n then k+1—n <0 and therefore, since the permutations have the same ordered
cycle structure up to k+1—n, all cycles are trivial; but in this case k+1—n-+a; = k+1+a;
and this is impossible. Indeed, in this case A (f(1),..., f(t)) = 0.

Let’s suppose that n > 1, k > n and the thesis true for smaller values of n. We fix an
r-tuple of permutations as in the statement and we turn our attention to the element 1 in
each permutation. By assumption, all the first cycles have the same length, in particular
they are all trivial or they have length 2. In the first case we delete the trivial cycle (1) in
each permutation and decrease all other elements by one. Therefore we have elements in
Skta; X+ + X Skiq, Whose permutations have the same ordered cycle structure up to k —n
and k —n+a; cycles. By induction, their number is hR¢(f(1),..., f(k—1)). In the second
case, the first cycle of the i-th permutation contains a number in {2,...,k+ 1+ a;}. In
all permutations we delete the first cycle (there are [[i_, (k + a;) = f(k) different ways to
have such deleted cycles) and rename all remaining numbers preserving the natural order
of them. We get permutations in Si_1,,, With £ —n+a; cycles. Moreover, by assumption
in each permutation the first ¢ — 2 cycles are trivial (check the distances) and then we can
delete them. We get therefore permutations in Sg_y)414q, With (k —1) = (n —1) + 14 q;
cycles. Their number is by induction kX (f(1),..., f(k —t)).

By definition, it is simple to check that for all n,k > 1

hst(l’l, R ,.I'k) = hst($1, R ,l’k,1) + I‘khst_l(l‘l, .. ,l‘k,t). (27)
This complete the proof. m

For example, let f(z) = z(x + 1), t = 2, k = 3, n = 2. It is simple to check that
h2(f(1), £(2), f(3)) = f(1)f(3) = 24. We want obtain elements in S; x S5 as in the
previous statement. The first permutation will be (12)(34), (13)(24) or (14)(23); the
second permutation, which has the same ordered cycle structure up to 2 of the first,
will be one of (12)(34)(5), (12)(35)(4), (13)(24)(5), (13)(25)(4), (14)(23)(5), (14)(25)(3),
(15)(23)(4), (15)(24)(3). Indeed, we have 24 possibilities.

If f(x) = 2o + 1), t =3, k=4, n=2, then h(£(1), £(2), £(3), F(4)) = F(1)f(4) =
40. In this case we want elements in S5 x Sg as in the statement. The first permu-
tation is one between (12)(3)(45), (13)(2)(45), (14)(2)(35) and (15)(2)(34); the second
permutation is one between (12)(3)(45)(6), (12)(3)(46)(5), (13)(2)(45)(6), (13)(2)(46)(5),
(14)(2)(35)(6), (14)(2)(36)(5), (15)(2)(34)(6),

(15)(2)(36)(4), (16)(2)(34)(5), (16)(2)(35)(4). We have 40 pOSSlbllltleS
In (3] we find the polynomials h¥*(xzy,... @) = Y., . @ ---a;,, that are the same

.....

as hg” but with another condition 7; > t. In this case, the interpretation is the same as
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that in Proposition 14 but the ordered cycle structure is up to kK — n — t + 2. The proof
is essentially the same.

It is possible to consider hRt(f(1),..., f(k)) as polynomial in ai,...,a,. For this
purpose we introduce the following definition. Given a permutation o we say that a
number n is a big number if in the expansion of ¢ in ordered disjoint cycles, n is greater
than each number on its right. For example in (15)(24)(3) the big numbers are 5,4, 3; in
(14)(25)(3) the big numbers are 5, 3.

Proposition 15. Let r € P,f(z) = (x +a1) - (x +a,) and By, ..., B € N. Then for all
n,k € N and t > 2, the coefficient of a ---aPr in hR(f(1),..., f(k)) is the number of
elements in Sy, such that all permutations have the same ordered cycle structure up to
k+1—mn, each one with k42 —n cycles and length at most 2; if ¢;, c; are two cycles with
l(c;) = l(c;) = 2 then d(c;,¢;) >t —1 and for all i = 1,...,r, the i-th permutation has
Bi + 1 big numbers.

We omit the proof which is similar to that of Proposition 14. The only difference is in
the case with all the first cycles having lengths 2. When the maximum number is in the
first cycle of the i-th permutation (so this number is big), we have a contribution of the
indeterminate a;.

. c 1 . t

5.2 Combinatorial interpretation of agb)

In this subsection we give a combinatorial interpretation of af(f)( f),..., f(k)), where
f is as usual. For permutations, we use the same notation introduced in the previous
subsection.

Proposition 16. Letr € P, a1,...,a, € N and f(z) = (x+a1) - (x +a,). Then for all
nkeNandt>1aV(f(1),.... f(k)) is the number of elements in Sis14a, X+ - - X Skt14a,
such that all permutations have the same ordered cycle structure up to k+1—n, each one
with k + 1 —n + a; cycles and if the j-th cycle is not trivial then k+1 —n = 7 mod t.

Proof. If n = 0 then each permutation in S;114,, as in the statement has k+1+a; disjoint
cycles, then it is the trivial permutation, indeed a§(f(1),..., f(k)) = 1. Moreover, if k < n
then k+1—n < 0 and therefore, by hypothesis of ordered cycle structure up to k+1—n,
all cycles are trivial; but in this case k +1 —n + a; = k + 1 + a; and this is impossible.
Indeed, in this case agf)(f(l), .., f(k))=0.

Now let n > 1, £ > n and the thesis true for smaller values of n. We fix an r-
tuple of permutation as in the statement and we analyze the cycles labeled by 1. If
k # n mod t then they are all trivial, and we delete them. In this way we may obtain
all (f(1),..., f(k — 1)) different r-tuples by induction. If k¥ = n mod ¢, then the cycles
labeled by 1 have arbitrary lengths (but all the same). Let we assume that these lengths
are equal to h + 1 with h > 0. Then for all ¢ < r the first cycle in the i-th permutation
can be choosen between (k + a;)(k +a; — 1) -+ (k+ a; — h + 1) different cycles (only one
choose if h = 0). By multiplying over ¢ we get f(k)--- f(k —h+1). We delete now all
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cycles labeled by 1 and so we have elements in Sg_p1q, X -+ X Sk_ptq, that by induction

are a”, (F(1),..., f(k—h—1)).

It is simple to check by definition that ald (x1,...,28) = agf)(xl, oo xp) ifkE#E 0
mod t and that if n = k mod ¢ then
al? (1, Tk) = D poo ThThe1 - -xk_hﬂaff)_h(xl, .oy Tk_p—1). Thus the proof is com-
pleted. - O

Ift=1, a%l)(xl, ooy Tg) = en(T1, ..., x). We then have

Corollary 17. Foralln,k € N, e, (f(1),..., f(k)) is the number of elements in Ski14a, X
- X Ski1+a, Such that all permutations have the same ordered cycle structure up to
k+1—mn, each one with k+1 —n+ a; cycles.

In the particular case of the Jacobi-Stirling numbers of the first kind, by (18) we have
the following new interpretation.

Corollary 18. For n,k,z € N Je(n, k) is the number of elements in S, X S,.. whose
permutations have the same ordered cycle structure up to k and the number of cycles are
respectively k and k + z.

Obviously, we can apply Corollary 18 to the Legendre-Stirling numbers of the first
kind just by setting z = 1. For example, we know that L¢(3,2) = 8. Indeed, by Corol-
lary 18 we obtain the following elements of S3x Sy: (12)(3), (12)(3)(4); (12)(3), (13)(2)(4);
(12)(3), (14)(2)(3); (13)(2), (12)(3)(4);

(13)(2), (13)(2)(4); (13)(2), (14)(2)(3); (1)(23), (1)(23)(4); (1)(23), (1)(24)(3).

It is possible to consider ag)(f(l), ..., f(k)) as polynomial in ay, ..., a,.

Proposition 19. Let r € P, By,...,0, € N and f(z) = (x + a1)--- (¢ + a,). Then for
alln,k € N and t > 1 the coefficient of ai" - - af in ag)(f(l), ..., [(k)) is the number of
elements in Sy, such that all permutations have the same ordered cycle structure up to
k+1—n, each one with k4+2—n cycles and if the j-th cycle is not trivial then k+1—n = j
mod t; moreover, the i-th permutation has exactly B; + 1 big numbers.

The proof is the same as the one in Proposition 16. In the i-th permutation each big
number give us a contribution of the indeterminate a;.

In the case of the Jacobi-Stirling numbers, we consider the polynomial f(z) = (z +
a1)(x+z) and consider only the monomial without a; (it is equivalent to set a; = 0). Then
we have exactly one big number in the first permutation of S7,, as in Proposition 19.
This number is k + 2 and it is necessarily in a trivial cycle. Therefore we can omit it and
by (18) we have the following result.

Corollary 20. For alln, j,b € N the coefficient of z° in Jc(n, j) is the number of elements
mn Sy X Spi1 such that both permutations have the same ordered cycle structure up to j,
with respectively j and j + 1 cycles and the second permutation has exactly k + 1 big
numbers.
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For example, if n = 3,j = 2, Jc(3,2) = 54 3z. The elements of S5 x S,
whose second permutation has one big number are (12)(3), (12)(3)(4); (12)(3), (13)(2)(4);

5

12)(3),

(13)(2), (12)(3)(4); (13)(2), (13)(2)(4); (1)(23),(1)(23)(4); the other 3 elements are
(1)(23), (1)(24)(3); (12)(3), (14)(2)(3); (13)(2), (14)(2)(3)-

5.3 Another interpretation of h,(f(1),..., f(k))

In the previous subsection we have a combinatorial interpretation of the Jacobi-Stirling
numbers of the first kind, but not of the second kind. In this subsection we want to
use an idea similar to the ordered cycle structure to obtain another combinatorial in-
terpretation for the Jacobi-Stirling numbers of the second kind and, more generally, of
ho(f(1),..., f(k)), with f as usual.

Let we denote with ?: be the set of ordered sequences of h elements, where the -th
element is an ordered finite sequence (maybe empty) of integers in {i,7+1,...,n}. Given

an element s € gz we say that s has dimension k if the sum of the cardinality of all the
h sequences is k. For example, in gi (3,1,4),(4,4,3,4), () is an element of dimension 7.

As done for the permutations, we say that two elements in gfn and gz have the same
ordered structure if the cardinalities of the sequences of both elements are equal. For
example (3,1,2),(4,4),(3) and (1,2,1), (3,3), (3) have the same ordered structure.

Proposition 21. Let r € P, ay,...,a, € N and f(x) = (x +a1) - (x + a,). Then for

alln,k € N h,(f(1),..., f(k)) is the number of elements in §z+a1 X e X ?ZMT with the
same ordered structure and dimension n.

Proof. If n = 0 then we have only the empty sequence, indeed ho(f(1),..., f(k)) = 1.

If £ = 0 then §SL has the trivial element only if n = 0. Indeed, h,(0) = 0 for n > 1.
Now let n > 1 and suppose that the thesis is true for smaller values of n. Fix an element

s = (8;)i<k € §z+a1 X e X g:mf For all i < k the cardinality of the first sequence in
s; is the same for all ¢ and it ranges between 0 and n: we call ¢ this number. Now each
number in the first sequence in s; is in {1, ..., k+a;}. We delete the first sequence in each

s; and we decrease all numbers by one. We obtain elements in gl,z:i oy X X 52:1 +a,
with dimension n — ¢. By induction there are h,_.(f(1),..., f(k — 1)) of such elements.
In formula, the cardinality of S kta; X o0 X S kita, 1S

Zhn_cu(l),...,f(k—l))Hk+az Zhnc 1), f(k = 1) f(k)°

zhn(f( ) os f(K)).
Thus the proof is completed. [

By (18) we have

Corollary 22. Let n,j,z € N. Then JS(n,j) is the number of elements in E; X §§+Z
with the same ordered structure and dimension n — j.
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We now give an example when z = 1. We know that LS(3,2) = 8. The elements in

;% Sy as in Corollary 22 are the following: (1)(), (1)(); (1)), (2)0); (1)0), (3)0; (2)0), (1)();
(2)0,(2)0; 2)0,3)0; 0(2),02); 0(2),0(3)-

If we consider h,(f(1),...,f(k)) as polynomial in a4, ...,a, we have the following
result.

Proposition 23. Letr € P, 51,...,6, € N and f(z) = (x +a1)--- (x + a,). Then for
all n,k € N the coefficient of a* - aPr in hy(f(1),..., f(k)) is the number of elements
s = (8i)i<r € (ng)T with the same ordered structure, dimension n and such that k + 1
appears [B; times in all sequences of s; for all i < r.

The proof is essentially the same as that of Proposition 21. In the case of the Jacobi-
Stirling numbers of the second kind, this proposition becomes

Corollary 24. Let n,j,b € N. Then the coefficient of 2° in JSY ( ) is the number of
elements in S X SJH with the same ordered structure and dimension n — j, such that
7+ 1 appears b times.

5.4 Monomial symmetric functions

In this last subsection we want to give a simple combinatorial interpretation of the mono-

mial symmetric functions, evaluated in f(1),..., f(k), where f is as usual.
Let A = (Aq,...,\) be a partition of n = |\| and let k be an integer, k > t. Then the
monomial symmetric function associated to A in xy, ...,z is

m/\(l‘h"'v Zxo’(l ’ o’(k

where the sum is over the group of permutations S, modulo the stabilizer of \. We
will give a combinatorial interpretation of my(f(1),..., f(k)). Let u = (uy,...,u),v =
(v1,...,v) € N* be two sequences of k integers. We say that u > v if u; > v; for all
1 < k. Moreover, if m € N we say that u < m if u; < m for all + < k.

Fix a positive integer k and a partition A = (A,...,N\), with & > t. Let
n = |Al. We define S, as the set of n-tuples of elements < k in increasing order
such that {m(1),m(2),...,m(k)} = {A1,..., A} as multiset, where m(i) denotes the
multiplicity of ¢ and \; = 0 for all ¢ > ¢t. For example, 1f k= 3,2 = (2,1) then
Syvr =1{(1,1,2),(1,1,3),(1,2,2),(1,3,3),(2,2,3),(2,3,3)}.

Proposition 25. Let r € P, a1,...,a, € N and f(z) = (x + a1)---(x + a,). Then
mx(f(1),..., f(k)) is the number of r + 1 sequences (s, ..., S,), not necessarily ordered,
each one with n = |\| elements, such that sy € Sy and so < s; < k+a; for all i < k.

Proof. Let so = (J1, ..., Jn) € Sxg. Then for all i <r there are (k+a; —j1 + 1)(k + a; —
Jjo+1) - (k4 a; — jn+ 1) sequences s; such that sy < s; < k + a;. Therefore there are

T n n k
H (H(k +a; —Jn+ 1)) = H flk—gn+1)= Hf(j)m(k+1—j,so)
h=1 j=1

i=1 “h=1
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sequences (8o, ..., S,) as in the statement, with sy fixed (m(7, sp) denotes the multiplicity
of 7 in s¢). Now we sum over sy and by virtue of definition of S) j we have the number of
all such sequences is

>, Hf ) = ma(f(1), - f(R)).

S0€Sx k J=1
O

When A = (1,1,...,1) we have that my(zy,...,2,) = e (21, ...,2,). Therefore we
have the following result.

Corollary 26. Let n,j,z € N. Then chlj)(z) is the number of sequences (S, s1,S2),
each one with n — j elements, such that the elements of sy are strictly increasing and
So < s1 <k and so < so <n—1+42z (the sequences s1 and sy are not necessarily ordered).

= 12. Here we list all 12
(1,2)}, {(1,2),(1,2),(1,3)},
3,2)5 {(1,2),(1,2),(3,3)},
2,2)}, {(1,2),(2,2),(2,3)},

For example, let n = 3,7 = 1,z = 1. Then Lc3)
sequences satysfying the previous statement: {(1,2),(1,2)

(12,12, 22}, {(1,2.(1.2.23)}, {(1.2).(1.2).6,
{(1,2),(2,2),(1,2)}, {(1,2),(2,2),(1,3)}, {(1,2),(2,2),(
{(1,2),(2,2),(3,2)}, {(1,2),(2,2), (3, )}

If we want to consider my(f(1),..., f(k)) as polynomial in a4, ..., a, then we have the
following interpretation.

Y

Proposition 27. Let r € P, py,...,5- € N and f(x) = (x +a1)---(z + a,). Then the
coefficient of a* - aP in my(f(1),..., f(k)) is the number of r+1 sequences (sq, .. ., S,),
not necessarily ordered, each one with n = |\| elements, such that so € Sy and sy < s; <
k+1 for all i < k, such that k + 1 appears 5; times in s;.

Corollary 28. Let n,j,b € N. Then the coefficient of 2° in chlj)(z) is the number of
sequences (Sg, S1, S2), not necessarily ordered, each one with n = |\| elements, such that
so has its elements pairwise distinct and so < s1 < k and sg < s < k+1, such that k+1
appears b times.

6 Final remarks

In this section we recall properties of symmetric functions and apply them to the special
symmetric functions Hj / and Ef It is well known (see e.g. [12, Chapter 1.2]) that the
generating functions of the elementary and complete symmetric functions are respectively

Z er(x1,. .., xp)t" = H(l + z;t)

r=0 =1
C |
Z for (s - E 1 — 2t
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. . f f .
Therefore, the generating functions of F; , and Hj, are respectively

n n—1
S Bl =T+ f(i))
j=0 i=1

oo J
f oan—3 _ 1
;Hj’”t =7

i=1

or, equivalently,

Z Bl ¢ = tH(t + f(i)) (28)

ZHf = Hl_;mt (29)

We have that the matrices H = (H]J‘jn)j,nEN and B/ = ((— )J+"E )jneN are inverses
of each other. In fact, for fixed j,n’ € N

Bt (G Gir) o

= i Z(— Y L B (31)

n=0 j'=0

When we extract the coefficient of ¢* =7, by (31), we get the entry j,n’ of the product
HfEf If n/ < j then "~ has coefficient 0 in the RHS of (30); if n’ = j the LHS of (30)
is 1= f( - and therefore the coefficient of ¢° is 1; if n/ > j the LHS of (30) is a polynomial

of degree n' —j — 1 and therefore the coefficient of t* =7 is 0. So the product H E/ is the
(infinite) identity matrix.

Now, for all j > 1, set (x); := z(x— f(1))(x— f(2))--- (z— f(j—1)) and set (x)( := 1.
By previous remark and by (28) we have

x”:ZH£n<I>j (32)

I &8
§=0

Finally, since f has all real and nonpositive zeros, f is injective if it is evaluated on
R". Thus, it is possible to use the Newton interpolation formula

3] )|
r=0 H (C(fr—xk> =0

k=0,k+r
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in (32) to obtain the following expression for the H Jf , when n > 1 (we set xy = 0)

HI, = zj: | fOr) !
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