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Abstract

In this paper, we determine the tight upper bound for the number of matchings
of connected n-vertex tricyclic graphs. We show that this bound is 13f,_44+ 16 f,,_5,
where f,, be the nth Fibonacci number. We also characterize the n-vertex simple
connected tricyclic graph for which the bound is best possible.
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1 Introduction and preliminaries

A matching of a graph G = (V| E) is a subset M C E with the property that no two
different edges of M share a common vertex. By m(G, k) we mean the number of its
k—matchings; matchings consisting of k edges. If n is the number of the vertices of G,
then m(G, k) = 0 when k > |n/2]. Conveniently, we set m(G,0) = 1. The total number
of matchings of G is denoted by z(G) and z(G) = Z,EZ/OQJ m(G, k). It was introduced by
Hosoya [10] in 1971. He called it z-index. Later, it was renamed into Hosoya indez. In
this paper we refer to this invariant as z-index. It is a prominent example of topological
indices which are of interest in combinatorial chemistry. It has applications in studies
related to physico-chemical properties such as boiling point, entropy [17], and vaporization
temperature. It has also a close relationship with the total m-electron energy [8].

Let G = (V(G), E(G)) be a simple connected graph with the vertex set V(G) and
the edge set E(G). If u and v are two adjacent vertices of the graph the edge connecting

*Corresponding author: dolati@shahed.ac.ir (A. Dolati)

THE ELECTRONIC JOURNAL OF COMBINATORICS 19 (2012), #P69 1



them is denoted by uv. Let v be a vertex of the graph, Ng(v) = {ujuv € E(G)} denotes
the neighbors of v, and dg(v) = |Ng(v)| is the degree of v in G. An end-vertex is a vertex
of degree one. An end-edge is an edge incident with an end-vertex. A path consisting
of exactly one end-vertex is called an end-path. A connected tricyclic graph is a simple
connected graph with n vertices and n + 2 edges, for some n > 4. It is easy to check that,
there is no n-vertex tricyclic graph for n < 4. Let z and y be two distinct vertices of
graph, an x-y-path is a path starting from = and ending in y. Let F' C E(G), we denote by
G — F the subgraph of G obtained from deleting the edges in F'. If F' = {e} is a singleton
set, we use G — e instead of G — {e}. If W C V(G), G — W denotes the subgraph of G
obtained from deleting the vertices in W. If W = {v} is a singleton set, we use G — v
instead of G — {v}. Let G = (V(G), E(G)) and G' = (V(G'), E(G")) be two graphs such
that V(G) N V(G') = 0. Suppose that vy, ve, -+ ,vp € V(G) and v}, v}, -+ v, € V(G)
(k> 1); by G> v = vj,vg = vh,--+ vy = v, QG we mean the obtained graph from
identifying v; with v} for all ¢ = 1,2,--- k. Suppose that P, denotes the path on n
vertices, C), is the cycle on n vertices and S, is the star consisting of one vertex adjacent
to n — 1 end-vertices. Amongst all n—vertex trees, the path P, has the greatest z-index
and the star S,, has the smallest z-index. This fact was established a long time ago [8, 9],
that is, for any tree 7" with n vertices, n = z(S,) < 2(T") < 2(P,) = fus1, where f, is the
nth Fibonacci number. Recall that the Fibonacci numbers are defined by fo =0, fi = 1,
and f, = f,_1 + fn_o for n > 2. From now on we take f; as the ith Fibonacci number.
We use the following results throughout the paper.

Lemma 1. [10] If v is a vertex and e = uv is an edge of G, then

2(G) = z2(G —e) + 2(G — {u,v}),
2G)=2G-v)+ Y 2(G—{v,z}).

z€Ng(v)

Lemma 2. [9] If G is a graph with components G1,G3,Gs, ...,Gyx k > 1 then
2(G) =TI, 2(Gy).

Recently, many researchers have offered various results about extremal problems in
computing the total number of matchings (z-index) or the total number of independent
sets (Merrifield-Simmons index) for some classes of graphs. For example trees [8, 9, 15, 21],
trees with fixed number of leaves [19, 24|, trees with fixed diameters [16], trees with fixed
maximum degrees [21], quasi-trees [12], unicyclic graphs [11, 14, 18, 20, 23], bicyclic graphs
[1, 2, 3, 4], generalized-theta-graphs [6], and tricyclic graphs [5, 7, 13] are some special
classes of graphs that have been worked on. For more information, [22] is a nice survey
paper on the topics. In this paper, we show that the tight upper bound of z-index of
n-vertex tricyclic graphs is 13f,_4 + 16f,_5. We also characterize the tricyclic n-vertex
graph(graphs) with the largest z-index. The rest of the paper is organized as follows.
In Section 2, we present some useful results about the Fibonacci numbers by which we
offer some transformations for increasing the z-index. The main results are presented in
Section 3, the sharp upper bound of z-index for all n-vertex tricyclic graphs is determined
in Section 4, and the extremal graphs are also characterized in the same section.
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2 Some properties of Fibonacci numbers

The following lemmas state some facts about the Fibonacci numbers. They will be used
later in our main results.

Lemma 3. Let n be an integer number

1. Ifn =5 then fifn-1> f3fn-s.

2. If n > 6 then f3fn_3> fifoi for 2<i<|n/2] andi# 3.

Proof. Obviously, fif._1— f3fn_3 = fn_a, therefore, f1f,_1 > f3f._3 for n > 5. It proves
the first part.

Since f3fn_3 — fofu2 = fus > 0 for n > 6, it follows that the second part holds for
all n > 6 if ¢+ = 2. It will thus be sufficient to prove the second part for all n > 8 and
4 <1< |n/2]. First, note that it is rather easy to check the following:

fictfocivn — fifoi = (=1 fu_oiss; fori>=1landn > 2i—1. (1)

We now complete the proof by showing f3f,_3 — fifn_i > 0 as follows.

Jsfns = fifui = (fafams = Jafu-a)
+(f4f7L—4 - f5fn—5) + -
+(fi—1fn—i+1 - fzfn_z>

Applying (1) we deduce that

Jafns = fifnsi = for— faot+ fau
—foiz o (1) faaiin
= (fnf7 - fn79)
+(fac11 = fa13) + o+ (=1) facoin
> 0.

Therefore, f3f,_3 > fifn_i, which is the desired conclusion. m

Lemma 4. [3] For 1 < k < n, we have

fn = fk’fn—k-i-l + fk—lfn—k:'

Let a,b, and ¢ be three real numbers. Simply, there are exactly 13 different ar-
rangements according to their values. These arrangements are as follows. a > b > c,
a>c>bb>a>c,b>c>ac>a>bc>b>aa=0>c c>a=0D,
a=c>bb>a=ca>b=cb=c>a,and a =0b = c. Let n be a specific
integer number, for every pair of integer numbers m,l > 2 with m + [ = n we define
h(m,l) = afm-1fi—1 + bfm—2fi—1 + c¢fm_1fi—2. By the following theorem, we find a pair
(m, 1) in which h takes its maximum for every arrangement of a,b and c.
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Theorem 5. Let a,b and ¢ be three real numbers. Assume that n > 7 is a specific integer
number. Define h(m,l) = afm_1fi—1 + bfm_ofi_1 + cfm_1fi_2 for every pair of integer
numbers m,l > 2 satisfying m + 1 = n.

According to the values of a,b and c

Case 1) if a > b > ¢, then h(n — 2,2) > h(n —4,4) > h(m,l); equality holds if and
only if | = 4.

Case 2) Ifa > c> b, then h(2,n —2) > h(4,n —4) = h(m,1); equality holds if and
only if m = 4.

Case3) Ifb > a > ¢, then h(n —2,2) > h(3,n — 3) = h(m,l); equality holds if and
only if m = 3.

Case 4) If b > ¢ > a, then h(3,n — 3) > h(m,1); equality holds if and only if m = 3.

Case 5) Ifc > a > b, then h(2,n —2) > h(n — 3,3) > h(m,l); equality holds if and
only if Il = 3.

Case 6) If ¢ > b > a, then h(n — 3,3) > h(m,1); equality holds if and only if | = 3.

Case 7) Ifa=b> ¢, then h(n —2,2) > h(n —4,4) = h(3,n — 3) = h(m,l); equality
holds if and only if | =4 or m = 3.

Case 8) Ifc > a =0, then h(2,n —2) = h(n — 3,3) > h(m,l); equality holds if and
only if m=2 orl = 3.

Case 9) Ifa=c>b, then h(2,n —2) > h(4,n —4) = h(n — 3,3) = h(m,l); equality
holds if and only if m =4 or | = 3.

Case 10) If b > a = ¢, then h(3,n —3) = h(n — 2,2) > h(m,1); equality holds if and
only if m=3 orl =2.

Case 11) Ifa > b=c, then h(2,n —2) = h(n — 2,2) > h(4,n —4) = h(n — 4,4) >
h(m,1); equality holds if and only if m =4 orl = 4.

Case 12) If b= c > a, then h(3,n —3) = h(n — 3,3) > h(m,l); equality holds if and
only if m=3 orl = 3.

Case 13) Ifa = b= c, then h(m,l) is constant for all m and l.

Proof. Proof of Case 1). We first prove this case for [ > 3.

h(m,l) = afm-1fir +0fm-2fi2
+bfm—afis + cfim1fi2
= (a=0)fm-1fic1 +bfmtis
+(b =) fm-afi-s+ cfmiia
= (a—=b)fm1fi1+bfns
+(b—¢) fm—2fi-s3+ cfn-a

According to Lemma 3 the above expression is maximum, if and only if { —3 =1 (i.e.
[ =4).
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Now, suppose that [ = 2.

h(n —2,2) —h(n—4,4) = af,_3+bfn_y

_2afnf5 - Qbfnfﬁ - Cfnf5
= afn6+0fn1—Cfns
> Cfn—6 + Cfn—? - cfn—5 =0,

it follows that, h(n — 2,2) > h(n — 4,4), and this completes the proof for Case 1.
Proof of Case 2). Argument similar to that in the proof of Case 1 proves this case.
Proof of Case 3). We first prove the case for [ > 3.

h(m,1)

= afm-1ficr +0fmafi2
+bfm—afi-3 + cfm-1fi-2

= afmiz+ (b—a)fmafio
+(b - C)fm—2fl—3 + Cfm+l—4

= afp3+(b—a)fmafio
+(b = ¢) fn—2fi—3 + cfn_a.

According to Lemma 3 the above expression is maximum, if and only if m — 2 = 1

(i.e. m = 3).

Now, let us suppose that [ = 2.

hin—2,2) —h(3,n—3) = afy,—3+bfn_a

therefore, h(n —2,2) > h(3,n —

—CLfn,4 - bfnfll - CfnfS
= afn—E) - Cfn—5
= (a_c)fn—5 > Oa

3), and the theorem is also proved for this case.

Proofs of Cases 4,5 and 6 follow by the same method as in the proof of Case 3. Proof of
Case 7). To prove this case we first suppose that [ > 3.

h(m,l) =

afm-1fi-1+bfm—2fi2

+bfm—2fi-3 + cfm-1fi2

bfmii—s + (b—c)fm-afis + cfimsi-a
bfn-z+ (b—c)fm-afi-z+cfua

According to Lemma 3 the above expression takes its maximum, if and only if m—2 =1
(ile. m=3)orl—3=1 (ie. | =4).
We can conclude that h(n —2,2) > h(n —4,4) = h(3,n — 3) for [ = 2, similar to that

in the proof of Case 3.
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Proof of Case 8). First, suppose that [ > 3.

h(m,l) = afm-1fi1+bfmafio
+bfm—2fi-3+ cfm-1fi-2
= bfmii3+bfmria+(c—0)fm1fio
= bfmri—2+ (¢ =) fn1fi2
= bfno+(c—b)fm-1fi2

According to Lemma 3 the above expression is maximum, if and only if m — 1 = 1
(ie. m=2)orl—2=1 (ie. I =3).
Now, suppose that [ = 2.

hin—2,2) —h(2,n—2) = af,3+bfn_4
_afn73 - Cfnf4
= (b — C)fn_4 < 0,

it follows that, h(2,n —2) = h(n — 3,3) > h(n — 2,2).

Proof of Case 9). The proof of this case is similar to the proof of Case 7.

Proof of Case 10). The proof of this case can be done similar to the proof of Case 8.
Proof of Case 11). We first suppose that [ > 3.

h(m,l) = afm-1fir +0fm-afi2
+bfm—afis + cfm1fi2
= (a—=0)fm-1fi-1 +bfmsi—z + bfmyia
(@ —=0)fm-1fi1 + bfmti—2
= (a—="0)fm-1fi-1 +bfno.

According to Lemma 3 the above expression takes its maximum, if and only ift m —1 =1
(i.e. m = 2).
Now, suppose that [ = 2.

h<27n - 2) - h(n - 272) - afn—3 + Cfn—4
_afnf?) - bfnf4 = 07
it follows that, h(2,n — 2) = h(n — 2, 2).
Proof of Case 12). At first, suppose that [ > 3.

h(m,l) = afm-1fi1+0fm-afio
+bfm—afis + cfm1fi2
= afmpi-3+ (b—a)fmofio+bfmiia
= afns3+ (b—a)fmofio+bfua
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According to the Lemma 3 the above expression is maximum, if and only if m —2 =1
(iee. m=3)orl—2=1 (ie. [ =3).
Now, suppose that [ = 2.

h(3,n—3) —h(n—2,2) = afpa+bfn_a+cfus
_afn—S - bfn—4
= _afnf5 + Cfnf5
= (c—a)fp_s>0.
Therefore h(3,n — 3) > h(n — 2,2), which completes the proof for Case 12.

Proof of Case (13). In this case we show that for all m and [, h(m,l) = af,_o. First,
suppose that [ > 3.

h(m,l) = afp-1fic1 +bfm—2fi2
+bfm—afis + cfm1fi2
+bfrmri-3 T 0fmyi-a

= bfmti—2 =bfn2.

Now, suppose that [ = 2.

h(n - 27 2) - h(m7 l) = afnf?; + bfn74 - bfan
bfn—2 - bfn—2 = 07

and then the proof is completed. O]

3 How can the number of matchings be increased?

This section is devoted to the results by which one can construct a simple connected
tricyclic graph with a larger z-index from a non-extremal one. We call them the increasing
transformations. Some useful increasing transformations for z-index are presented here.

Transformation I. [21] Let G be a non-trivial connected graph and choose u € V(G).
Suppose that H; denotes the graph obtained from identifying u with the vertex vy of a
simple path vivy---v,, 1 < k < n; and H, is obtained from H; by deleting v,_;v; and
adding vyv,,, then z(H;) < z(Hs) (see Fig 1).

Transformation II. [1] Let P = wujusy - --w,v be a path in G, where the degrees of
Uy, -+ ,uy in G are 2. Assume that K; denotes the graph obtained from identifying u
with the vertex vy of a simple path vyvy - - - v, and identifying v with the vertex vy ; of
another simple path vg Vg0 v,, 1 < k < n. Now suppose that K, is obtained from
Ky by deleting vp_1v, and adding vyv,; K3 is obtained from K; by deleting vg,1vg2 and
adding viv,,, then z(K;) < z(K3) or z(K;) < z(K3) (see Fig 2).
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Figure 1: Transformation I
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Figure 2: Transformation II

Transformation III. [1] Let P = upujus - - - usy be a path or a cycle (if ug = usy1)
in G, where t > 1 and the degrees of uq,--- ,u; in G are 2. Suppose that F; denotes
the graph obtained from identifying u, (0 < r < t) with the vertex vy of a simple path
vivg -+ v (k > 2); Fy is obtained from Fy by deleting u,u,,; and adding u,1v;, then
z(Fy) < z(Fy) (see Fig 3).

Transformation A. Let H 2 P; be a simple graph, where u and v are two non-
isolated and non-adjacent vertices of it. Suppose that G denotes the graph obtained from
identifying u with the vertex wy of a cycle wow; - - - w,_jwy (r = 4) and identifying v with
the vertex w, (1 < s < r—1) of the cycle. Gy is obtained from Gy by deleting edges wow;
and wsw,yq and adding edges wows and w,jw; (see Fig. 4).

Lemma 6. If G5 and Gy are the graphs introduced in Transformation A, then z(Gy) <

Proof. Repeated application of Lemma 1 and use of Lemma 3 enable us to prove the
assertion. O

Although, Transformation A is a new increasing transformation for z-index, there are
many increasing transformations to be presented here by the following theorem. Before
stating the theorem, let us introduce a notation. Let m > 2,n > 2 be two integer numbers.
Suppose that u,v,w and z are four distinct vertices of G. By G;%.(m,[), we denote the
graph obtained from identifying the vertices u and v with the end-vertices of a path on m
vertices, and identifying the vertices w and z with the end-vertices of a path on [ vertices.
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Figure 4: Illustration of Transformation A

Theorem 7. Let G be a simple graph and u,v,w and z be four distinct vertices of G.
Suppose that a = z(G), f = 2(G —u) + 2(G —v), v = 2(G —w) + 2(G — 2), 6 = z(G —
{u, wh)+2(G—{v,w})+2(G—{u, 2})+2(G—H{v, 2}), ¢ = 2(G—{u,v}), n = 2(G—H{w, z}),
A= z2(G — {u,v,w}) + 2(G — {u,v,2}), p = 2(G — {u,w,2}) + 2(G — {v,w, z}) and
T =2(G —{u,v,w,z}).
Suppose thatn > 6 be an integer number and m,l > 2 integer numbers satisfying m—+I1 = n.
Case 1) Suppose that a« —6+17+(+n>F—A=(>v—pu—n.

l.a) If wz is an edge of G, then z(Gy%(n — 4,4)) > 2(G%(m,1)); equality holds if
and only if | = 4.

1.b) If wz is not an edge of G, then z(Gy%(n — 2,2)) > 2(Gyh(n — 4,4)) >
2(Gyt(m,1)); equality holds if and only if | = 4.
Case 2) Suppose that « —6+717+C+n>v—pu—n>0—-A—(.

2.a) If uv is an edge of G, then 2(GY;".(4,n—4)) = 2(Gy%(m,1)); equality holds if and
only if m = 4.

2.b) If wv is not an edge of G, then z(Gy%(2,n — 2)) > 2(Gyi(4,n —4)) >
2(Gyt(m,1)); equality holds if and only if m = 4.
Case 3) Suppose that  —A—(>a—0+7+(+n>y—pu—n.

3.a) If wz is an edge of G, then 2(GyY(3,n — 3)) = 2(Gy2(m,1)); equality holds if
and only if m = 3.

3.b) If wz is not an edge of G, then z(Gy'(n — 2,2)) > 2(Gyh(3,n — 3)) =
2(Gyt(m,1)); equality holds if and only if m = 3.
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Case4) If f—A—(>y—p—n>a—0+7+(+n, then 2(GyY(3,n—3)) = 2(GyY(m,1));
equality holds if and only if m = 3.
Case 5) Suppose thaty —p—n>a—06+7+(+n>0—-A—C(.

5.a) If uv is an edge of G, then 2(GY".(n—3,3)) = 2(Gy%(m,1)); equality holds if and
only if | = 3.

5.b) Ifuv is not an edge of G, then 2(GY(2,n—2)) > 2(GyY(n—3,3)) > 2(GyY(m,1));
equality holds if and only if | = 3.

Case 6) If y—pu—n>B—A=(>a—0+7+(+n, then 2(G%(n—3,3)) = 2(Gyt(m,1));
equality holds if and only if | = 3.
Case 7) Suppose that « —6+717+C+n=0—-A—=(>v—pu—rn.

7.a) If wz is an edge of G, then 2(GyY(n —4,4)) = 2(GyY(3,n—3)) = 2(Gy2(m, 1));
equality holds if and only if | =4 or m = 3.

7.b) If wz is not an edge of G, then then 2(Gyt(n —2,2)) > 2(Gyi(n —4,4)) =
2(Gyt(3,m —3)) = 2(Gyt(m,1)); equality holds if and only if | = 4 or m = 3.

Case 8) Suppose that « — 6 +717+C+n=0—-A—=(<vy—pu—rn.

8.a) If uv is an edge of G, then 2(Gy%(n—3,3)) = z(Gy%(m,1)); equality holds if and
only if | = 3.

8.b) If uv is not an edge of G, then z(Gy'(2,n — 2)) = 2(Gy(n — 3,3)) =
2(Gyt(m,1)); equality holds if and only if m =2 or | = 3.

Case 9) Suppose that a —6+17+(+n=7y—pu—n>pF—-A—C(.

9.a) Ifuv is an edge of G, then z(Gy%(4,n —4)) = 2(Gy%(n —3,3)) = (Gt (m, 1));
equality holds if and only if m =4 or [ = 3.

9.b) Ifuv is not an edge of G, then 2(G3%(2,n—2)) > 2(GyY(4,n—4)) = 2(GY(n—
3,3)) = 2(Gy%(m,1)); equality holds if and only if m =4 or [ = 3.

Case 10) Suppose that « — 6 +7+C+n=v—p—n<pB—-A—C.

10.a) If wz is an edge of G, then z(Gy%(3,n — 3)) = 2(Gy%(m,1)); equality holds if
and only if m = 3.

10.b) If wz is not an edge of G, then z(Gy%(3,n — 3)) = 2(Gyl(n — 2,2)) >
2(Gyt(m,1)); equality holds if and only if m =3 or | = 2.

Case 11) Suppose that o —0+74+(+n>F—-A—(=7—p—

11.a) If wz and wv are edges of G, then z(Gy%(4,n — 4))
2(Gyt(m,1)); equality holds if and only if m =4 or | = 4.

11.b) If wz and uv are not edges of G, then 2(G%(2,n — 2)) = 2(GyY(n — 2,2)) >
2(Gyt(4,n —4)) = 2(Gpt(n —4,4)) = 2(Gyt(m,1)); equality holds if and only if m = 4
orl =4.

11.c) If wz is an edge of G and uv is not edge of G, then z(Gy%(2,n —2)) = 2(Gy"(n —
4,4)) = 2(Gyu(m,1)); equality holds if and only if m = 2 or | = 4.

11.d) If wv is an edge of G and wz is not edge of G, then 2(Gy%(4,n — 4)) =
2(Gyt(n —2,2)) = 2(Gyt.(m,1)); equality holds if and only if m =4 or | = 2.

Case 12) Ifa—6+7+(C+n < B—-A—=(C=7—pu—mn, then 2(G%(3,n — 3) =
2(Gyt(n —3,3) = 2(Gyyl(m,1); equality holds if and only if m = 3 or [ = 3.

Case 13) Ifa— 0+ 7+ (+n=08—-A—(C=v—p—n, then z(G;%(m,l)) is constant
for all m and [.

.
= 2(Gyi(n — 4,4)) >
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Proof. Suppose that the leaves of the paths P, and P, are identified with u, v, w and z.
Let G = G}y (m,[). At first by recursively use of the first part of Lemma 1 and deleting
the four edges of the aforementioned paths incident with the vertices u,v,w and z, we
have

AG) = afmorfior + Bfmafior + Y furfio
+0 frm—2fi—2 + Cfm—sfi1 + Nfm-1fi-3
FA fm—sfi—o + pfm—2fi—s + T fm—3fi—3

By using the Lemma 4

Z(@) = afmorfic1 + (B = A)fm—2fic

A fmti-a + (v — 1) fn-1 fiez + pfimri-a
+(0 = 7) fn—2fi2 + T fnyi-s
+C(fm-3fi—2 + fim—3fi-3)
+1(fm-2fi—3 + fim—3fi-3)

= afmafir+B=A=)fmafi
+A+ O foti—a + (v — = 1) fn-1fi2
(o +0) fngica + (6 =7 = ¢ = 1) fm—2fia
(T + C+ 1) frmris

= (@a=0+7+(+n)fm1fin
+(B=A =) fm-afici+ (v == 1) fr-1fi—2
A+ C+Hp+n) finti-a+ (T +C+n0) fnsi-s
+(0 =7 =C =) frmii-3

= (@=0+7+C+n)fu-1fim
F(B—=A =) fmafir + (v —p—n)fm1fie
FA+C+pt+n) fama+ (T +C+0) fos
+(0 =T =C=n)fns

= (a —0+7+(+ n)fm71fzf1
+(B=A=QOfm-2fici+ (v =1 —n)fm-1fia + k,

where k is a constant and equal to (A+C+p+n) fo—a+(7+C+0) foos+(—7—C—1n) fr_s.
Therefore, by Theorem 5, the assertion is immediately proved. O]

Let P, = vjvg- - vy, (m > 2) be a path and C; = wyws - - - wyw; be a cycle, by PC,,,,
we mean P, > v, = wi < C; for some k = 1,2,--- 1. Obviously, PC,,; has an unique
end-vertex. Let us now state a corollary of the above theorem. We shall directly use the
corollary as an increasing transformation for z-index.
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Gn-A,A(U)

Gz‘n-Z(u)

Figure 5: Illustration Corollary 8

Corollary 8. Let u be a vertex of a simple graph Go. Suppose that m,l and n are three
integer numbers such that m > 2,1 > 3,n > 6 and m + 1 = n. Let Gy, (u) denotes the
graph obtained from identifying u with the end-vertex of PCy, .

i) If 22(Go —u) < 2(Go), then 2(Gapn-2(u)) = 2(Gmi(u)) with equality holding if and only
Zf G= Gg,n_g(’u).

i1) If 2(Go) = 22(Go — u), then z(Gp_g4(u)) = 2(Gop-2(u)) = 2(Gp(u)) with equality
holding if and only if G = G,_sa(u) or 2z(Gop—2(u)).

i11) If 2(Go) < 22(Go — u), then 2(Gp_ga(w)) = 2(Gm(u)) with equality holding if and
only if G = Gp_s4(u). See Figure 5.

4  Constructing the extremal graphs

We are now in a position to construct the n-vertex connected tricyclic graph with the
largest z-index. For casesn = 4,n = 5, and n = 6 there are a few n-vertex tricyclic graphs.
Therefore, we can determine the extremal ones for these cases by a direct comparison of
their z-indices. The extremal graphs and their z-indices are depicted in Fig. 9. It will
thus be sufficient to determine the extremal n-vertex tricyclic graph for every n > 7. Let

us first consider some notations and definitions. We call a tricyclic graph an elementary
tricyclic graph if it has no end-vertex. A path is called a k-path if all its internal vertices
are of degree k. If G is an elementary tricyclic graph, its skeleton is a multiple graph
obtained by replacing every maximal 2-path by an edge. We denote the skeleton of G by
S(G).

Definition 9. Let G; and G5 be two elementary tricyclic graphs. We say G and G5 are
related with respect to ~ and write GG; ~ (G if their skeleton are isomorphic.

Relation ~ is easily seen to be an equivalence relation. For n > 7 the set of n-vertex
elementary tricyclic graphs consists of 15 distinct equivalence classes [7]. These 15 classes
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7 for1+fpa 17
R(2.@) A 2o 14
u v - 2f, 17
w z Y22 L
T fo1 7
2(G)=34f, 5+4f, ; Rule R(1.a) R(2.2)
2.1 2.2
— N - >
ya 2fpe2 15
, 7 6fp1+2fp1 15
& \Q "V koW %8 qy S 2 15
& " f
z 2f s 5
e w R(ll.a n P+l
Y raig s 3
u 2fpen 5
T o 2
2(G)=33f, 5 FFn.7 Rule R(9.a) R(11.2)
3.1 3.2
TA) a 8fpr1+2fp 44
5 Tfpr1+3fpa 41
Cor 1 Cor 1 )4 8fpra+2fp 44
‘4‘3 z o Tfpe1+3fpa 41
_____ R(l.a) 4 2fpra+2fps 14
) 7 3fpra+fpa 17
R(l.q 2 2fpr1+2fp1 14
T Tora+fpa 7
Z(G)=91fn-7+16fn-9 Rule R(L.a) R(1.3)

4.1 4.2
Cor 1 o fpiat3fp 37
8@ /6’ foiat3fpu 37
. Ia Tor2+3fpe1 48
RRALE s —
Is 2fp 7
_RO@ ff O n 2Mora 17
A 2f, 14
; )z 2fpi1 17
Z(G) 42f, s+16F, 7 T fo 7
Rule R(1.a) R(9.2)
5.1 5.2
OO—O T, a SfpratTps 37
' ,6’ Afpig+fy 317
Cor 1 S5fpratfpa 54
7 - g e : f;/ Afpy+f, 48
R.a) < 2fp 7
_____ %R(ﬁ’m 7 2ot 17
A 2f, 14
83) u 2fpn 17
< o 7
Rule R(1.a) R(9.2)
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6.1 6.2
p 2fprz 10
% _____ ? RA0.b) Y4 2fpe2 10
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G S 2fpes 16
< % 2
_____ D@ 4_1.% ” 2fomt 6
L 6 > A 2fp 4
)2 2fpi1 6
Z(G)=4fn—1 T fo 2
Rule R(10.b) R(13)

Figure 6: Classes 1-6, the length of the paths depicted in red are one. The selected cycle,
PC,, 1, and pair of 2-paths for applying Transformation A, Corollary 8, and increasing rules of
Theorem 12, respectively, are depicted in blue.
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; ; T 9(7fs1+3fs 2) 63
Rule R(9.b) R(9.b)
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Figure 7: Classes 7-11, the length of the paths depicted in red are one. The selected cycle,
PC,,,1, and pair of 2-paths for applying Transformation A, Corollary 8, and increasing rules of
Theorem 12, respectively, are depicted in blue.
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Figure 8: Classes 12-15, the length of the paths depicted in red are one. The selected cycle,
PC,, 1, and pair of 2-paths for applying Transformation A, Corollary 8, and increasing rules of

Theorem 12, respectively, are depicted in blue.
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and their skeletons are depicted in the second columns of the tables in Figures 6, 7, and 8;
the skeleton of each class is depicted in red. We denote these classes by Gi,Go, -+ ,Gy5. In
each of them, the length of the 2-paths can be changed without changing the class. On the
other hand, repeating Transformations 1 — 3, changes any non-elementary tricyclic graph
into an elementary tricyclic graph and increases the z-index. Thus, to find the n-vertex
connected tricyclic graph with the largest z-index, we only need to find the extremal
graph(s) in each class. In the remainder of the section, we construct the extremal graph
or extremal graphs of each of classes G, Go, - - - , G15, by using Transformation A and the
rules characterized in Theorem 7. Finally, we characterize the n-vertex connected tricyclic
graph with the largest z-index, by a direct comparison of the z-indices of the extremal
graphs.

Remark 10. Transformation A can easily be shown to be a special case of the rules
characterized in Theorem 7.

Remark 11. Changing the order of the application of rules of Theorem 7 does not change
the results.

Note that each graph in G; can be characterized by replacing some edges of the skele-
ton by 2-paths of specified length. We call the lengths of these 2-paths the “decision
parameters” to maximize z-index of the graph. We are left with the task of properly
determining these lengths for constructing the extremal graph in every class G;. For this
purpose, we do one of the following tasks in every stage:

e We select a proper cycle of graph for doing Transformation A, if there is any. Each
of these cycles selected for this task, is depicted blue in the graphs of the third
column of tables in Figures 6, 7, and 8.

e We select a proper PC,,; of graph for doing Corollary 8, if there is any. Each of
these PC,,; selected for this task, is depicted blue in the graph of the third column
of tables in Figures 6, 7, and 8.

e We consider two disjoint 2-paths P; and P, whose end vertices are four distinct
vertices u, v, w, and z. Each pair of these 2-paths selected for this task, are depicted
blue in the graph of the third column of tables in Figures 6, 7, and 8. According
to the vertices u, v, w, and z we compute the parameters «, 5,7,0,(,n, A\, u, and 7
of Theorem 7 by which we select the corresponding increasing rule implied by the
theorem. The values of these parameters by which we select the rules are depicted
in the fifth and subsequent columns. Using the transformation rule redetermines
the new lengths of these paths such that the z-index of the new graph becomes the
largest value without affecting the sum of their lengths.

Repeating the procedure above determines the extremal graph in each class. For exam-
ple, in class G;, we may select a cycle and use Transformation A. Then we may select
a PC,,; and use Corollary 8. Finally, we may select two pairs of 2-paths and for each
compute the values of parameters «, 3,7,0,(,n, A, u, and 7 of Theorem 7, then the cor-
responding increasing rules will be determined and applied (see fifth and sixth Columns
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Extremal
A Q@ 1o

H4 H5 HG H'G Hn
order 4 5 6 n=7
z-index 10 16 26 13f,.4+16f, 5

Figure 9: The extremal n-vertex tricyclic graphs

of the corresponding row of the table of Fig 6). The details of the calculations are as
follow. For the first pair of 2-paths : oo = 3f, 11+ fp—1, B = fpro +2fp, ¥ = 3fp1 + fo—1,
0 = fpr1+3fp, ¢ = 2fp1, 0 = fpp1+ fo-1, A= 2fp1, p = 2f, 7 = fp-1. Since
a—0+7+(+n>pF—A—(>~v—p—nand wz is an edge, the corresponding increasing
rule is R(1.a).

For the second pair of 2-paths: o =41, 5 =31,7v=51,0 =48, (=7, n=17, A = 14,
w=17, 7=7.Sincea —d+7+C+n>v—pu—n>F—X—( and wz is not an edge,
the corresponding increasing rule is R(2.a).

After constructing the extremal graph of each class, the sharp upper bound of z-
index of n-vertex tricyclic graphs can be determined by comparing the z-indices of these
constructed extremal graphs. Therefore, the extremal graph can also be characterized.
These results are summarized in the following theorem.

Theorem 12. Let G be an arbitrary n-vertex connected tricyclic graph.

If n =4 then 2(G) < 10 with equality holding if and only if G = Hy.

If n =5 then 2(G) < 16 with equality holding if and only if G = Hs.

If n =6 then z(G) < 26 with equality holding if and only if G = Hg or G = HJ.
Ifn>7 2(G) < 13fy_4 + 16 f,,_5 with equality holding if and only if G = H,, see Fig. 9.
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Corrigendum (17 June 2015)

The authors would like to point out the following two corrections.

Firstly, the formulas in the Abstract and in the last paragraph of Page 2 should be

replaced by

91f,_7+16f,_9 for n > 14.

Secondly, Theorem 12 should be replaced by the corrected version below.

Theorem 12. Let G be an arbitrary n-vertex connected tricyclic graph. If n
2(G) < 10 with equality holding if and only if G = H,.

If n =5 then 2(G) < 16 with equality holding if and only if G = Hs.
If n =6 then z2(G) < 26 with equality holding if and only if G = Hg or G = HJ.

If n = 7 then z(G) < 42 with equality holding if and only if G = H; or G

G=H7 orG= HY.

4 then

HY or

If 8 <n < 11 then z2(G) < 13f,_4 + 16 f,,_5 with equality holding if and only if G = H,.
If n =13 then z(G) < 784 with equality holding if and only if G = Hys.
If n = 12 orn > 14 then z(G) < 91f,_7 + 16f,_9 with equality holding if and only if

G = H,,. See Figure 10.

Extremal
graph(s) [ @
o> H 9
He H,  H @ @
H
" i H, Hy3 Hy
H's | H; H7
Order 4 5 6 7 8<n<11 13 n=12,n> 14
z-index 10 16 26 42 13fn_4 784 91f,_7
+ 16fn—5 + 16fn—9

Figure 10: Extremal graphs
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