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Abstract

We establish the preserving log-convexity property for the generalized Pascal
triangles. It is an extension of a result of H. Davenport and G. Pdlya “On the
product of two power series”, who proved that the binomial convolution of two
log-convex sequences is log-convex.

1 Introduction

A sequence of nonnegative numbers {x}, is log-convex (LX for short) if z; 241 > 7
for all ¢ > 0, which is equivalent to (see for instance [4])

Ti—1Tj+1 = Xy (j = 1 = 1) . (1)

It is well known that the convolution of sequences plays an important role in mathe-
matics, especially in combinatorics. For the situation of log-convex sequences there is a
relevant and interesting result due to Davenport and Pdélya, on the product of two power
series, it concerns the binomial convolution:
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Theorem 1 (Davenport and Pélya). If the sequences of nonnegative numbers {u,}, and
{vn}n are log-convex sequences, then so is the binomial convolution

" /n
w, = Z (k) UpUp—k, (n=0).

k=0

Our aim is to extend the result of H. Davenport and G. Pdlya to “bi*nomial convolu-
tion”.

2 The s-Pascal triangle

The s-Pascal triangle is the triangle given by the ordinary multinomials (see for instance
2, 3]): let s > 1 and n > 0 be two integers, and k = 0, 1, ..., sn, the ordinary multinomial
number (Z)S is defined as the k" coefficient in the development

(1+x—|—x2+--«+x8)”:z<z> ¥ (2)
keZ S

with (Z)s =0 for k> snork <0.
Using the classical binomial coefficient, one has

()., 2, 000 (0)

Jitiet+tis=k

~—~
w
~—

Some readily well known established properties are

(1), (") @

e the longitudinal recurrence relation

(1), 2050, ®

e the diagonal recurrence relation

(), -2 ()62, ©

e the symmetry relation

THE ELECTRONIC JOURNAL OF COMBINATORICS 19(2) (2012), #P16 2



These coefficients, as for usual binomial coefficients, are built as for the Pascal triangle,
known as “s-Pascal triangle”. One can find the first values of the s-Pascal triangle in
SLOANE [8] as A027907 for s = 2, as A008287 for s = 3 and as A035343 for s = 4.

n\k 0 1 2 3 4 5 6 7 8 9 10 11 12 13
0 1
1 11 1 1 1
2 1 2 3 5 4 3 2 1
g 1 3 6 10 15 18 19 18 15 10 6 3 1
4 1 4 10 20 35 52 68 80 8 80 68 52 35
5 1 5 15 35 70 121 185 255 320 365 379 365 320

Triangle of quintinomial coefficients: s = 4

3 Preserving log-convexity for the s-Pascal triangle

Given two sequences {x,}, and {yn}n, let us consider the following two linear transfor-

mations of sequences
Zp = Z (Z) Sxk» (TL 2 0)7 (7)

k=0
and
ns n
t, = (]{Z) TkYns—k; (TL P O): (8)
k=0 s
respectively.

Definition 1. Preserving the log-convexity property.

1. We say that the linear transformation (7) has the PLX property if it preserves the
log-convexity of sequences, i.e. the log-convezity of {x,} implies that of {z,}.

2. We say that the linear transformation (8) has the double PLX property if it preserves
the log-convexity of sequences, i.e. the log-convezity of {x,} and {y,} implies that

of {t.}.

Now, we establish the log-convexity of the s-Pascal triangle. We start by the following
proposition (see for instance [7]).

Proposition 1. If both {x,}, and {y,}, are log-convez, then so is the sequence {x,+yn tn-
We can extend this result as follows.
Proposition 2. If | sequences {xl},,{22},,...., {2l }, are log-convex, then so is the se-

quence {x} + 22 + -+l },.
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Proof. 1t suffices to proceed by induction over n. O]

Now, we give our main result.

Theorem 2. If the sequences of nonnegative numbers {x,}, and {y,}n are log-convez,
then so is the “bi*nomaial convolution”

WV

0).

ns n
tn - Z (k’) LkYns—k, (TL

k=0

Proof. Taking n = 2 and s = 2, we have

toty =

=

4
2
ToYo Z (k) TEYa—k
k=0 2

oyo(Toys + 2x1y3 + 3x2ys + 2x3Yy1 + T4Y0)
Iﬁyoy4 + 22021Y0Ys + 3T0T2YoYe + 2ToT3Yoy1 + $o$4y(2)
ToYoy4 + 2ToT1yoYs + 2T0T2YoY2 + 2ToT3Yoy1 + ToTaYy + ToT2Yole
ToYs + YT+ T35 + 201y1y2 + 2T0T2yoys + 201 T2y0Y
(by the log-convexity of {xy}r and {yx}x)
(zoy2 + T1y1 + T2y0)” =13

Suppose that this hypothesis is true for s = ¢. We show that it remains true for s = ¢+ 1.
For s = ¢, we have

2q q 2
2
tota = Toyo § <k) TpYoq—k = { E Ikyq—k} =1, (9)
k=0 q k=0

So, for s = ¢ + 1, it follows that

toty =
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2(g+1) 9
ZLoYo Z (k;) +1xky2(Q+1)—k
q
2(g+1) 2
2 m .
Z ( )( ) ToTrYoY2(q+1)—k Dy relation (6)
¢ \m k—m .

0 1 2
k), +2 k—1), =+ k-2), ToTEYoY2(q+1)—k

q+1 2(q+1) 9
xgyoy?(qﬂ) +2 Z ToTkYoY2(q+1)—k T Z <kz _ 2) LoTrYolY2(q+1)—k
k=1 k=2 q



q+1 2q

9 2
= ZoYoY2(q+1) + 2 Z ToTrYoY2(q+1)—k T 2 ToTk4+2Y0Y2q—k
k=1 k=0 q
q+1 2q 9
= m?)yoyz(qm +2 ZxokuOyQ(q—i—l)—k + <k:) T1&p1YoY2q—k  ({xr} is LX)
k=1 k=0 q
q+1 q 2
> T3YoYa(ern) + 2 Z ToLrYoY2(q+1)—k + { xkﬂqu} (by relation (9))
k=1 k=0
q+1 q 2
> x§y§+1 + QZxoxkquy(qH)_k + { T41Yq } ({xx} and {yx} are LX)
k=1 k=0

g+1 2
- B s} -
k=0

We proceed by induction over n. Notice that

t, = Z(Z)Sxkyns—k

k=0
s

> —1
= Z Z (Z ) TrpYns—k  using the longitudinal recurrence relation (5)
— j s

k=0 5=0
n— o /n—1
= Z ( k ) TYns—k + Z ( ) TrYns—k + -+ Z (k . 8) TrYns—k
k=0 k=0 s
(n—1)s (n s
n—1 n—1
- ( ) LkYns—k + Z ( k ) Ll+1Yns—k—1 + -
k=0 s s
(n—1)s

n—1
3 G (10)

Hence, by the induction hypothesis, the n sums in the right hand side of relation (10) are
log-convex. Thus, by Proposition 2, the sequence {t,}, is log-convex. O]

Taking y, = 1 for 0 < k& < ns, we have the following corollary.

Corollary 1. If the sequence of nonnegative numbers {x,}, is log-convex, then so is the

sequence {zy }n,
Zn = <Z) Tg, (n>=0).
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