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The rank of a graph G = (V, F) is |V| — k(G) where k(G) is the number of connected

Non-Recursively Constructible
Recursive Families of Graphs *

Colleen Bouey Christina Graves'
Department of Mathematics Department of Mathematics
Loyola Marymount College The University of Texas at Tyler
Los Angeles, CA 90045, USA Tyler, TX 75799, USA

cbouey@lion.lmu.edu cgravesQuttyler.edu
Aaron Ostrander Gregory Palma
Dept of Math and Computer Science Dept of Math and Computer Science
Berry College Northeastern State University
Mount Berry, GA 30149, USA Tahlequah, OK 74464, USA
aaron.ostrander@vikings.berry.edu palma@nsuok.edu

Submitted: Oct 25, 2011; Accepted: Apr 4, 2012; Published: Apr 16, 2012
Mathematics Subject Classification: 05C31

Abstract

In a publication by Noy and Ribd, it was shown that recursively constructible
families of graphs are recursive. The authors also conjecture that the converse
holds; that is, recursive families are also recursively constructible. In this paper, we
provide two specific counterexamples to this conjecture, which we then extend to
an infinite family of counterexamples.

Introduction

components of GG; the Tutte polynomial of the same graph has the expansion

where r(A) is the rank of the spanning subgraph (V, A). An in-depth discussion of the
Tutte polynomial can be found in [2] and [4]. The Tutte polynomial is related to many

T(Giay) = Y (o= 1787 (y = A
ACE
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other graph polynomials including the chromatic polynomial, reliability polynomial, and
rank polynomial [4]. We pay special attention to the rank polynomial here. The rank
polynomial of a graph G = (V, E) is defined by

R(Giz,y) = 3 o B dylal=rta),

ACE

The rank polynomial is very closely related to the Tutte polynomial and their relationship
is given by
R(G;z,y) =T(G;z+ 1,y +1).

A family of graphs {G,},>0 is said to be recursive if the Tutte polynomials (or the
analogous rank polynomials) satisfy a linear homogeneous recurrence relation; in other
words, the Tutte polynomials must satisfy

T(Gna z, y) = alT(anl; z, y) + OCQT(anZ; z, y) +ee arT<anr; xz, y)

for all n > r where «;’s are polynomials in x and y with integer coefficients independent
of n. This definition was first given in [1], and all of the recursive graphs mentioned in [1]
have a unique property; they are all formed by starting with an initial graph and applying
a sequence of elementary operations to get from G,,_; to G,,. In [7], the authors described
families of graphs formed in this manner as recursively constructible. To formally define
this idea, we first introduce the notation that Ng (W) is the set of vertices in G adjacent
to some vertex in W, and the definition is then given below.

Definition 1. A family of graphs {G,},>0 is recursively constructible if there exists a
positive integer r and a labeled graph M such that:

(a) V(Go) =Wy and V(G,,) = V(Gpo1) UW,,

() New (W) € Wo U (Ug Wa ) for n >,

(¢) E(Gy) = Ey and E(G,) = (E(Gn-1) \ S) U E,,, where S C J,_, Ep—;.
(d) The subgraph of G, induced by (Wo U (U._y Wh—i) equals M forn > r.

The word “equals” in condition (d) does not just mean that both graphs have exactly
the same vertices and exactly the same edges. We also need the condition that both graphs
are labeled exactly the same. More specifically, the subgraph of G, that is induced by
the vertex set W), is always the same labeled graph and |W,| is constant for all n.

The basic idea is that we can construct G, from G,_; by deleting some edges and
then adding some new vertices and edges so that the new vertices are only adjacent to
vertices in Wy, W,,_q, ..., Wy _,.11 or W,,_,.. Also during each subsequent construction, the
exact same elementary operations are performed. Because the same procedure is followed
each time, a transfer matrix technique proves useful for calculating the rank or Tutte
polynomial of G,,. Using this technique, the authors of [7] show that the rank polynomial
of G,, is then given by

R(Gp;x,y) = 2" @IXE A" 1

THE ELECTRONIC JOURNAL OF COMBINATORICS 19(2) (2012), #P9 2



.
a
b
—e
Y.
Y, Y, Y, Y; Y4 >
d
e
 J
Zy Z, Z, Z; Z, Zs

Figure 1: A double ladder graph.

where A is the transfer matrix whose entries are rational functions in x and y and Xg
is a vector that depends only on Gy. Because the family of graphs {G,} is recursively
constructible, edges that are added in each step of the construction are incident to vertices
in Wy U (U;_, Wy—:) in the previous step. If m = |[Wo U (IJ;_, Wi,—;)|, the transfer matrix
A is a B,, x B,, matrix where B,, is the Bell number of m, or the number of partitions
of the set Wy U (U;_; Wy—;). It is worth noting that if » = 1 and W} is not involved in
the construction, then m = |W,,_1| = |[W,|. The columns and rows of A are then labeled
by these partitions. The entries of A are explained in detail in [7] and for grid graphs in

[3]. We give a brief example below.
For instance, consider the recursively constructible double ladder graph shown in Fig-

ure 1. The operations used to construct G, from G,,_; are the addition of the five edges
labeled a, b, c,d, and e and the three vertices X,,,Y,, and Z,. These edges are incident
to the vertices X,,_1, Y,,_1 and Z,_; in the graph G,,_; and the vertices X, Y, and Z,
in the graph G,. The transfer matrix A will be a 5 x 5 matrix with rows labels corre-
sponding to the partitions of {X,,_1,Y,_1,Z,_1} and column labels corresponding to the
partitions of {X,,,Y,,, Z,}. The first column will be labeled {X,,,Y,,, Z,}; the second col-
umn {X,,, Y, },{Z,}; the third column {X,,, Z,}, {Y,}; the fourth column {Y,,, Z,},{X.,. };
and the final column {X,},{Y,,},{Z,}.

The entries of A are formed as follows. Let B be a partition of {X,_1,Y,_1,Zn_1}
and let S be a subset of the edges {a,b,c,d,e}. We consider how the addition of the
edges in S affects the rank of a subgraph of G,,_;. For this, it is only necessary to know
which of {X,, 1,Y,,_1,Z,_1} are in the same connected component. This is referred to as
the state of the subgraph, which corresponds to a partition of {X,,_1,Y,_1,Z,_1}, and
it is enough to study the effect of adding S to each state. In our example, consider the
subset S = {a, b} and the partition B = {X,,_1,Y,_1},{Z,_1}; in other words, consider
X,,_1 and Y,,_; being in the same connected component and Z,,_; being in a different
component in some subgraph of GG,,_;. By adding the two edges in S to the subgraph of
G',_1, our new subgraph of G, will have X,, and Y,, in the same connected component and
Zy in a different component. We will call this new state By. Let 6(B,.S) be the change
in the rank of B produced by adding the edges S. For this particular B and S, we have
d(B,S) = 2. Then, in the row labeled B and the column labeled Bj, we add the term

L—0(B.S)  IS|-8(B.S)

Y .
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In this particular example, we would add the term z72y". We continue this process for
every partition of the vertices X,,_1,Y,_1, Z,_1 and all subsets of the set of added edges.
Each family of recursively constructible graphs also has an initial vector that corresponds
to the contributions of the states from the initial graph. For the double ladder graph, the
initial vector corresponds to the path of length two and is given by

(33_2 b0 27t 1)t.

Besides describing transfer matrices for recursively constructible graphs, the main
theorem presented in [7] is that recursively constructible graphs are recursive. The authors
go on to conjecture that the converse is true up to Tutte equivalence. Two graphs are
Tutte equivalent if they have the same Tutte polynomial. Formally, their conjecture is
stated as follows.

Conjecture 2. If a family of graphs {G,} is recursive, then there exists a recursively
constructible family of graphs {H,} so that T(G;x,y) = T(Hy; x,y).

In the remainder of this paper we give some counterexamples to this conjecture and
strengthen the hypotheses of this conjecture in order to exclude these counterexamples.

2 The Counter-Examples

The following definition provides us with the appropriate language for discussing our first
counter-example of the conjecture.

Definition 3. Let G; = (V4, E1) and Gy = (Va, Es) be disjoint graphs with v, € V} and
vg € V4. The one-point join of G1 and Gy with respect to v and vy, denoted Gy -Go is the
graph produced by merging the vertices vy and vy into a single vertex v while preserving
edge incidences.

It is well-known that T'(Gy - Ga;x,y) = T(Gy;x,y)T(Ga; x,y); however, in [6], it is
also shown that any irreducible factors of the Tutte polynomial must arise from blocks.
A graph is considered Tutte unique if every graph having the same Tutte polynomial is
isomorphic to the graph itself. Thus, if a Tutte polynomial of a graph G can be factored
into irreducible terms so that each factor is the Tutte polynomial of a Tutte unique graph,
then the graph G is only Tutte equivalent to graphs that have the same blocks as itself.

As a first counter-example to the conjecture, we consider the following family of graphs.
Let Gy be a 3-cycle, G a 4-cycle, and G5 the complete graph on four vertices. We also
define G to be a 3-cycle. The rest of the family of graphs is constructed recursively so
that G, = G,,_3 - G for all n > 3 (see Figure 2). We note that Gy, G1, Gy and G are
all Tutte unique. The graph G,, has [(n — 2)/3] blocks isomorphic to G and one block
isomorphic to G; for some ¢ = 0,1, or 2. Thus, if G,, is connected, it is Tutte equivalent
only to other graphs made by one-point joining [(n —2)/3] copies of G and one of Gy, Gy,
or GQ.
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Figure 2: The family of graphs {G, } is not recursively constructible but is recursive.

We also notice that the Tutte polynomials of the family of graphs {G,} satisfy the
following recurrence relation

T(Grysir,y) = (2 + 2+ y)T(Guiz,y)
with Tutte polynomials for the initial graphs
T(Go)=2"+a+y, T(G)=2"+a"+z+y,

T(Gq) = L y3 + 322 + 3y2 + dzy + 22 + 2y.

Thus, the family of graphs {G,} is recursive. To see that this family is not recursively
constructible notice that |V (Gy4)| — |V (G3)| = 1 while |V(G5)| — |[V(G4)| = 0, thus there
does not exist a set of vertices W, as required in part (a) of Definition 1.

This same construction can be used to find a multitude of counter-examples. We will
call families of graphs constructed in such a manner one-point periodically recursively
constructible.

The one-point periodically recursively constructible families are not the only coun-
terexamples to the conjecture of Noy and Rib6. The next counter-example we show arises
from considering two important families of graphs. A prism graph, Y,,, is a graph on 2n
vertices that is the graph cartesian product of Ky and the cycle graph C,. The Mobius
ladder graph, M, is a graph on 2n vertices that is is the prism graph with a twist (see
Figure 3).

In [1], the authors provide a recurrence relation obeyed by the Tutte polynomials of
both the family {Y,,} and {M,}. This recurrence relation is the same for both families
and is given by

T(Yo;z,y) =T (Yoo1;2,y) + -+ asT (Yo 2, y)

and
T(M,;x,y) =y T(M,_1;2,9) + -+ + agT (M, _¢;x,y)

where «;’s are polynomials in x and y independent of n.
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Figure 3: Graphs Hy are the prism graphs Y 4. Graphs Hy are the Mobius graphs
Mj14. The family of graphs {H,,} is not recursively constructible but is recursive.

Consider the family of graphs {H,} where Hy, = Yjy 4 and Hopyr1 = Myi4 (see Figure
3). We see that the family of graphs {H,, },>1 satisfies the recurrence relation

T(Hy;z,y) =T (Hy o;x,y) + -+ + a6 T (Hp—12; 7, Y)
where the «;’s are the same as above.

This family is not recursively constructible because |V (H;)| — |[V(Hoy)| = 0 while
|V(Hy)| — |V (H1)| = 2. The key characteristic of this counter-example is that the family
of graphs {Hog11}k>0 = { My }n>4 and the family of graphs { Ha }r>0 = {Yn}ns4 have the
exact same recurrence relation on their respective Tutte polynomials. Thus the recurrence
relation on the Tutte polynomials for the entire family { H,,} is very similar; it simply uses
every other graph. This counter-example motivates the following definitions.

Definition 4. A family of graphs { H,, },>0 is periodically recursively constructible if there
exist recursively constructible families of graphs

{GO,n}n>07 {Gl,n}n>07 ey {Gm—l,n}n207

where H, 4 = G4 and there exists one labeled graph M that satisfies the conditions in
Definition 1 for all the families {G,,,}. When m is the least integer for which this holds,
we say that {H,} is m-periodically recursively constructible.

Definition 5. A family of graphs {G,} is periodically recursive if the Tutte polynomials
satisfy

T(Gu;z,y) = 0T (G 2,y) + T (Groom; 2, y) + -+ + T (G 2, Y)

for all n > rm where v and m are positive integers and «;’s are polynomials in x and y
with integer coefficients independent of n.
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Recall that every recursively constructible family of graphs is recursive. From these
definitions we see that a recursively constructible graph is 1-periodically recursively con-
structible and periodically recursive. We extend this result to all periodically recursively
constructible families of graphs.

Theorem 6. Periodically recursively constructible families of graphs are periodically re-
cursive.

Proof. Let {H,},>0 be an m-periodically recursively constructible family of graphs. Then
there exist recursively constructible families of graphs

{GO,n}n>07 {Gl,n}n>07 RIS {Gmfl,n}n>0>

where the sequence of operations to get from G ,, to G; 41 is the same for all ¢, such that
H,\gm = G4 In [7], the authors show that every recursively constructible family has a
transfer matrix A with entries that are rational in x and y. Because all the families {G; .}
have the same M from Definition 1, the rank generating function of the families {G, ,, } is
given by
:L‘T(G"’O)X;"O(I — zl"nlzA) 1

with A and |W,,| not depending on i. The expression (I —xz!"lzA)~1 is a rational function,
whereas xr(Gi’o)Xf,O has only rational entries. Hence, the rank generating function is
rational, and its denominator is given by (I —2!"=l2A)~! for all i. (There could potentially
be some cancellations due to the term IT(G“O)X%, but if so we do not perform them.)

As the denominator of a rational generating function determines the recurrence relation
satisfied by its coefficients, all the families {G; ,, },»>0 obey the same recurrence relation

T(Gk,n; x, y) = alT(Gk,n—l; x, y) + aQT(Gk,n—Q; x, y) +oeet apT<Gk7n—P; xz, y)
for all £ from 0 to m — 1. Thus we have that
T(Hk:-i-mn; Z, y) = O‘lT(Hker(nfl); Z, y) +- O‘pT(Hk+m(nfp); x, y)
- alT(Hk+mn—m; X, y) + -+ apT<Hk+mn—pm; x, y)

Since this holds for all k£ from 0 to m — 1 and n > 0 we see that {H,},>0 is periodically
recursive. O

Of course periodically recursive implies recursive, so as a corollary we have the follow-
ing.
Corollary 7. Periodically recursively constructible families of graphs are recursive.

We could find many more examples of non-recursively constructible recursive families
in this same manner. We note that the first counter-examples provided (using the one-
point joins) are in fact periodically recursively constructible as well. Given the above
considerations we provide the following conjecture, a slightly modified version of the
original conjecture of Noy and Ribo.

Conjecture 8. If a family of graphs {G,} is recursive but not periodically recursive with
period greater than 1, then there exists a recursively constructible family of graphs {H,}
such that T(Gy;x,y) = T(Hy; x,y).
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