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Abstract

Let G be a finite abelian group of exponent exp(G). By D(G) we denote the
smallest integer d € N such that every sequence over G of length at least d contains
a nonempty zero-sum subsequence. By n(G) we denote the smallest integer d € N
such that every sequence over G of length at least d contains a zero-sum subsequence
T with length |T'| € [1,exp(G)], such a sequence T' will be called a short zero-sum
sequence. Let Cy(G) denote the set consists of all integer ¢ € [D(G) + 1,n(G) — 1]
such that every zero-sum sequence of length exactly ¢ contains a short zero-sum
subsequence. In this paper, we investigate the question whether Cy(G) # 0 for all
non-cyclic finite abelian groups G. Previous results showed that Co(G) # 0 for
the groups C2 (n > 3) and Cj. We show that more groups including the groups
Cm @ Cyp, with 3 < m | n, C§a5b, C3. 90, Cia and C?, (b > 2) have this property. We
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also determine Cp(G) completely for some groups including the groups of rank two,
and some special groups with large exponent.

Keywords: Zero-sum sequence; short zero-sum sequence; short free sequence; zero-
sum short free sequence; Davenport constant

1 Introduction

Let G be an additive finite abelian group of exponent exp(G). We call a zero-sum sequence
S over G a short zero-sum sequence if 1 < |S| < exp(G). Let n(G) be the smallest
integer d such that every sequence S over G of length |S| > d contains a short zero-sum
subsequence. Let D(G) be the Davenport constant of G, i.e., the smallest integer d such
that every sequence over GG of length at least d contains a nonempty zero-sum subsequence.
Both D(G) and 7(G) are classical invariants in combinatorial number theory. For detail
on terminology and notation we refer to Section 2.

By the definition of n(G) we know that for every integer ¢t € [1,7(G) — 1], there is a
sequence S over GG of length exactly ¢ such that S contains no short zero-sum subsequence.
In this paper, we consider the following problem related to D(G) and n(G), which was
first investigated by Emde Boas in the late sixties. Given a finite abelian group, what are
integers exp(G) + 1 < t < n(G) — 1, if any, such that every zero-sum sequence S over G
of length |S| =t contains a short zero-sum subsequence. Denote by Cy(G) the set of all
those integers ¢. It will be readily seen that Cy(G) C [D(G) + 1,n(G) — 1].

In 1969, Emde Boas and D. Kruyswijk [7] proved that 14 € Cy(C3). In 1997, the
second author of this paper showed that [2¢,3¢ — 3] C CO(C'(?), where ¢ is a prime power.

Let us first make some easy observations on Cy(G). Note that for every t € [1, D(G)]
there exists a minimal zero-sum sequence over G of length t. So, Cy(G) C [D(G) +
1,n(G) — 1] follows from the easy fact that D(G) > exp(G).

If G =Cy®Cyy, then D(G) +1=2m+2 and n(G) — 1 = 2m + 1. Therefore, by the
definition we have Cy(Co @ Cy,,,) = 0. We suggest the following

Conjecture 1. Let G be a non-cyclic finite abelian group. If G # Cy @ Cy,, then Co(G) #
0.

In this paper we shall determine Cy(G) completely for some groups.

Theorem 2. Let G be a non-cyclic finite abelian group, and let v(G) be the rank of G.
Then,

1. Co(G) = [D(G) + 1,7(G) — 1] if r(G) = 2.

2. Co(G) = [D(G) 4+ 1,n(G) — 1] if G = Cppn ® H with p a prime, H a p-group and
p" > D(H).

3. Co(C5) = {n(Cy) — 2,n(Cy) — 1} = {37,38}.
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4. Co(C3) = {n(C3) — 3,n(C3) — 2}, where r > 3.
We also confirm Conjecture 1 for more groups other than those listed in Theorem 2.

Theorem 3. If G is one of the following groups then Co(G) # (.
1. G=C3,., wherea>1 orb > 2.

G = C3, 50 where a > 4.

G = C% wherea > 1.

G = C4. where 3<r<a,ora=1andr > 3.

G = C} where k = 3m5™7%11™13% ny > 1, ng+ny +ns = 3, and ny +ny >
11+34(n3+n4—|—n5)

The rest of this paper is organized as follows: In Section 2 we introduce some notations
and some preliminary results; In Section 3 we prove three lemmas connecting Cy(G) with
property C; In Section 4 we shall derive some lower bounds on min{Cy(G)}; In Section 5
we study Cy(G) with focus on the groups C%; In Section 6 and 7 we shall prove Theorem 2
and Theorem 3, respectively; and in the final Section 8 we give some concluding remarks
and some open problems.

2 Notations and some preliminary results

Our notations and terminologies are consistent with [10] and [13]. We briefly gather some
key notions and fix the notations concerning sequences over finite abelian groups. Let Z
denote the set of integers. Let N denote the set of positive integers, and Ny = N U {0}.
For real numbers a,b € R, we set [a,b] = {x € Z : a < x < b}. Throughout this paper,
all abelian groups will be written additively, and for n,r € N, we denote by C,, a cyclic
group with n elements, and denote by C] the direct sum of r copies of C,.

Let G be a finite abelian group and exp(G) its exponent. By 7(G) we denote the rank
of G. A sequence S over GG will be written in the form

SZQl'---'Q@ZHgV"(S), with v, (5) € Ny for all g € G,

geG
and we call
¢
|S| =¢ €Ny the length and o(S) = Zgi = ng(S)g € G the sumof S.
i=1 geG

Let supp(S) = {g € G : v,(S) > 0}. We call S a square free sequence if v,(S) < 1 for
every g € (G. So, a square free sequence over G is actually a subset of G. A sequence T’
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over G is called a subsequence of S if v,(T) < v,(S) for every g € G, and denote by T'|S.
For every r € [1, /], define

SS) = {o(T): T|S. 1< [T <7}

<r

and define
Y (S)={o(@): T|S, |T| >1}.

The sequence S is called
e a zero-sum sequence if o(S) = 0.

e a short zero-sum sequence over G if it is a zero-sum sequence of length |S| €
[1, exp(G)].

e a short free sequence over GG if S contains no short zero-sum subsequence.

So, a zero-sum sequence over (G which contains no short zero-sum subsequence will be
called a zero-sum short free sequence over G.

For every element g € G, weset g+ S =(g9+g1)-...- (g + g¢). Every map of abelian
groups ¢ : G — H extents to a map from the sequences over GG to the sequences over H
by ©(S) = ¢(g1) - ... ©(ge). If ¢ is a homomorphism, then ¢(.5) is a zero-sum sequence
if and only if o(S) € ker(yp).

In the rest of this section we gather some known results which will be used in the
sequel.

We shall study Cy(G) by using the following property which was first introduced and
investigated by Emde Boas and Kruyswijk [7] in 1969 for the groups C’If with p a prime,
and was investigated in 2007 for the groups C] by the second author, Geroldinger and
Schmid [12].

Property C: We say the group C! has property C if n(Cr) = ¢(n — 1) + 1 for some
positive integer ¢, and every short free sequence S over C] of length |S| = c¢(n — 1) has

the form S = [];_, g*~ ! where g1, ..., g. are pairwise distinct elements of C".

It is conjectured that every group of the form C has Property C(see [10], Section 7).
We need the following result which states that Property C is multiple.

Lemma 4. (/12], Theorem 3.2) Let G = C] . with m,n,r € N. If both C] and C] have
Property C' and
n(Cn)—1 _nC) -1 _ n(Ch,)—1
m—1  n—-1  mn-—1
for some ¢ € N then G has Property C.

= C

We also need the following old easy result.
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Lemma 5. (/20]) D(C?) > 3n — 2.

Definition 6. Let G be a finite abelian group. Define g(G) to be the smallest integer ¢
such that every square free sequence over GG of length ¢ contains a zero-sum subsequence
of length exp(G). Let f(G) be the smallest integer ¢ such that every square free sequence
over GG of length ¢ contains a short zero-sum subsequence.

We now gather some known results on Property C, n(G), ¢(G) and f(G) which will
be used in the sequel.

Lemma 7. Let r,t € N, and let n > 3 be an odd integer. Then,

1. n(C?) = 8n—17. ([6], or [5], Theorem 1.2)

2. n(C* > 19n — 18. ([5], Theorem 1.3)

3. n(C3) = 17. ([19], or [6], page 3)

4. n(C) =39 and g(C4) = 21. ([19], or [6], page 3)

5. n(C3) =33 =8x5—"7. ([11], Theorem 1.7)

6. n(Cy) = (2" =1)(2' = 1)+ 1. ([18])

7. n(C3 pa) = T(3x 2% — 1) + 1 where a > 1. ([11], Theorem 1.8)
8. C? has Property C. ([11], Theorem 1.9)

9. n(C5) =2f(C5) — 1. ([18])

~
S

C% has Property C. ([18])

Lemma 8. ([5]/, Lemma 5.4) Let r € [3,5], and let S and S’ be two square free sequences
over Cf of length |S| = |5'| = g(C%) — 1. Suppose that both S and S’ contain no zero-sum
subsequence of length 3. Then S" = ¢(S) + a, where ¢ is an automorphism of C% and
acCy.

Lemma 9. (1], Lemma 1) Let T be a square free sequence over Cs of length 8. If T
contains no short zero-sum subsequence then there exists an automorphism ¢ of C3 such
that
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Lemma 10. (/3]; [5], page 182) The following square free sequence over C§ of length 20
contains no zero-sum subsequence of length 3.

0 2 0 2 1 0 1 2 1 1
0 0 2 2 0 1 2 1 1 1
0 0 0 0 2 2 2 2 1 0
0 0 0 0 0 0 0 0 0 1
0 2 0 2 1 0 1 2 1 1
0 0 2 2 0 1 2 1 1 1
2 2 2 2 0 0 0 0 1 2
2 2 2 2 2 2 2 2 2 1

Lemma 11. (/15], Theorem 5.2) Every sequence S over C? of length |S| = 3n—2 contains
a zero-sum subsequence of length n or 2n.

Lemma 12. ([/12], Lemma 4.5) Let G be a finite abelian group, and let H be a proper
subgroup of G with exp(G) = exp(H) exp(G/H). Then n(G) < (n(H) — 1) exp(G/H) +
n(G/H).

Lemma 13. Let p be a prime and let H be a finite abelian p-group such that p™ > D(H).
Let ny,ny,m,n € N with ny | ny. Then,

1. D(Cy, ® Cpy) =ny +ny — 1. ([20])

2. D(Crprn @ H) =mp™ + D(H) — 1. ([7])

3. Let G = Cper @ -+ ® Cper with e; € N. Then, D(G) =1+ >"1_ (p% —1). (/20])
4. n(Cpn, & Cp,) =201 +ng — 2. ([14])

5. Let G =H ® C,, with exp(H) | n > 2. Then, n(G) = 2(D(H) — 1) +n. ([5])

We also need the following easy lemma

Lemma 14. ([16] Lemma 4.2.2) Let G be a finite abelian group. Then, s(G) = n(G) +
exp(G) — 1.

We shall show that the following property can also be used to study Co(G).
Property Dy: Let c,n € N. We say that C] has property Dy with respect to c if every

sequence of the form g[[;_, g’ ' contains a zero-sum subsequence of length exactly n,

where g, g; € CI for all i € [1, .

Lemma 15. (/8], page 8) Let m = 3%5° with a,b nonnegative integers. Let n > 65 be an
odd positive integer such that C’;’ has Property Do with respect to 9 for all prime divisors

p ofn. If
2 x 5'nt7

(n?2 —T)n — 64

m =

then s(C3,,) = 9mn — 8.
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3 Three lemmas connecting Cy(G) with Property C

Lemma 16. Let G = C] with n(G) = c¢(n—1)+1 for some c € N. If c < n and if G has
Property C' then n(G) — 1 € Cy(G).

Proof. Let S be a zero-sum sequence over G of length [S| = n(G) —1 = ¢(n —1). We
need to show that S contains a short zero-sum subsequence. If S = []5_, g/'" for some
g € G then (n— 1)1 +g2+-+9.)=0(S)=0=n(g1 + g2+ -+ g.). It follows
that g1 + go + --- + g. = 0. Therefore, g19- - ... - g. is a zero-sum subsequence of S of
length ¢ < n and we are done. Otherwise, S # [[;_, g ! for any g; € G. It follows from
G having Property C that S contains a short zero-sum subsequence. m

Lemma 17. Let G be a finite abelian group, and let H be a proper subgroup of G with
exp(G) = exp(H) exp(G/H). Suppose that the following conditions hold.

() 1(G) = ((H) — 1) exp(G/H) + n(G/H);

(i) G/H = C has Property C;

(i) There existt; € [1,exp(G/H)—1] and ty € {1,2} such that ty < t; and such that
(G/H) = t1,0(G/H) = ta] € Co(G/H).
Then,

M(G) — t1,n(G) — ta] C Co(G).

Proof. To prove this lemma, we assume to the contrary that there is a zero-sum short
free sequence S over G of length n(G) — t for some t € [ta,t1]. Let ¢ be the natural
homomorphism from G onto G/H.

Note that

S| =n(G) =t = (n(H) —1)exp(G/H) + (n(G/H) — t). (3.1)

This allows us to take an arbitrary decomposition of .S

n(H)—-1
S=| I s| ¢ (3.2)
with
|| € [1,exp(G/H)) (3-3)
and
o(S;) € ker(p) = H (3.4)

for every ¢ € [1,n(H) — 1].
Combining (3.1), (3.2), (3.3) and (3.4) we infer that

S| 2 n(G/H) —t =2 n(G/H) -ty (3.5)

and

a(p(S") =0. (3.6)
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Claim. ¢(S’) contains no zero-sum subsequence of length in [1,exp(G/H)].
Proof of the claim. Assume to the contrary that, there exists a subsequence S, (say) of
S’ of length |Sy,m)| € [1,exp(G/H)] such that o(S,m)) € ker(p) = H. It follows that the
n(H)
sequence U = [] o(S;) contains a zero-sum subsequence W = [],., 0(S;) over H with
=1
I C [1,n(H)] and |W| = |I| € [1,exp(H)]. Therefore, the sequence [, , S; is a zero-sum
subsequence of S over G with 1 < [[[.c;Si| < [{|exp(G/H) < exp(H)exp(G/H) =
exp(G), a contradiction. This proves the claim.
By (3.5), (3.6), the above claim and Condition (iii), we conclude that

ty =2
and
19| =n(G/H) - 1. (3.7)
This together with Condition (ii) implies that
o(S)=ap (3.8)
where ¢ = M and x1,...,z. are pairwise distinct elements of the quotient group

G/H. So, we _]U_St proved that every decomposition of S satisfying conditions (3.3) and
(3.4) has the properties (3.5)-(3.8).

Since t < t; < exp(G/H) — 1, it follows from (3.1), (3.3) and (3.7) that |S;| €
[2,exp(G/H)] for all i € [1,n(H) — 1]. Moreover, since t > t; = 2, it follows that there
exists j € [1,n(H) — 1] such that |S;| < exp(G/H) — 1. Without loss of generality we
assume that

|51] € [2,exp(G/H) — 1].

Suppose that there exists h € supp(¢(S1)) Nsupp(p(S’)). By (3.8), we have that the

sequence S; - S’ contains a subsequence S| with ¢(S]) = h". Let S” = S-S5 - S,
n(H)—1

We get a decomposition S = 5] - H S> S” satisfying (3.3) and (3.4). But |S”| =

1S1]+ 15" =151 < (n—1) + (n(G/H) —1) —n =n(G/H) — 2, a contradiction on (3.7).
Therefore,
supp((91)) N supp(p(S”)) = 0.

Take a term g | S;. Since ¢(g) ¢ supp(¢(S’)) and |S” - g| = n(G/H), it follows from
the above claim that S” - g contains a subsequence S| with

g8 (3.9)

and
|57 < exp(G/H) (3.10)

and
o(S]) € ker(yp). (3.11)
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Let " = S;-5"-5/7". By (3.8), (3.9), (3.10) and (3.11), we conclude that |supp(¢(S”))| >
¢+ 1, a contradiction with (3.8). This proves the lemma. O

From Lemma 17, we immediately obtain the following

Lemma 18. Let r € N, and let Gy = C} , Gy = C] and G = C], ..
following conditions hold.

(i) "(nGll_)l_l = 77(522_)1_1 = Zﬁzj = ¢ for some c € N;

(ii) Go has Property C;

(i) There exist t; € [1,ne — 1], ta € {1,2} such that ty < t; and such that [n(Gs) —
t1,1m(G2) — ta] C Co(Go).

Then,

Suppose that the

(G) = t1,7(G) — o] € Co(G).

4 Some lower bounds on min{Cy(G)}

In this section we shall prove the following
Proposition 19. Let G = C" with n > 3,r > 3, and let o, = —2""'(mod n) with
a, € [0,n —1]. Then,

1. Co(G) Cc 2 =1)(n—1) —a, + 1,n(G) — 1] if a,. # 0.

2. Co(G)c{2"-1)(n—-1)—n, (2" =1)(n—1) —n+1} if a,. = 0.

Note that o, # 0 if and only if n # 2%, or n = 2¥ and r — 1 < k; and o, = 0 if and
only if n = 2F and k < r — 1.

For every r € N, let
G=C,=<e1>®--d<e >

with < e; >= C,, for every i € [1,r], and let

S= 1] (Zel)nl.

0AIC[1,r] \i€l

We can regard C” as a subgroup of C"! and therefore S,,; has the following decompo-
sition
Sre1 = Sp(Sr 4 €rpr1)efid
Since the proof of Proposition 19 is somewhat long, we split the proof into lemmas
begin with the following easy one
Lemma 20. S, is a short free sequence over CI of length |S,| = (2" — 1)(n — 1) and of
sum o(S,) = —=2""e1+ - +e)=ap(er + - +ep).

Proof. Obviously. O]
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Lemma 21. Let G = C" with r > 2. Then for every m € [1,n — 1] and every i € [1,7],
the sequence S,(e™)~'(me;) contains no short zero-sum subsequence.

Proof. Without loss of generality, we assume that ¢ = r.

Assume to the contrary that S,.(e™)~!(me,) contains a short zero-sum subsequence
U. Since S, contains no short zero-sum subsequence we infer that me, | U. Therefore,
U = (me,)Up(Uy + e,)e with Uy | S,y and U | S, and k € [0,n — 1 — m]. It follows
that UyU; is zero-sum and 1 < |UpU;| < n — 1. Since every element in supp(S,_;) occurs
n — 1 times in S,_1, it follows from |UgU;| < n — 1 that UyU; | S,_1. Therefore, Uyl is a
short zero-sum subsequence of S,_;, a contradiction with Lemma 20. O

Let A be a set of zero-sum sequences over (G. Define
L(A)=A|T|:T € A}.

In this section below we shall frequently use the following easy observation.

Lemma 22. Let G be a finite abelian group, and let a,b € N with a < b. If there
erists a set A of zero-sum short free sequences over G such that [a,b] C L(A), then

Co(G) Na,b] = 0.
Proof. 1t immediately follows from the definition of Cy(G). O
Lemma 23. Let G = C] with n,r > 3. Then,

1. Co(G)N[|Sr] — (Bn —3) — apy |Sr] — ) = 0 if i # 0.
2. Co(G)N|S,] = Bn—=3),|S, ] — (n+1)] =0 if a, = 0.

Proof. Recall that |S,| = (2" — 1)(n — 1). We split the proof into three steps.
Step 1. In this step we shall prove that

CO(G) N [|S7“| - (3TL - 3) — Oy, |S7“| - (TL + 1) - ar] = @

no matter o, = 0 or not.
Let

A={S((er+-+ er)aTWe?)_l(meg) W | Sy, 0(W) =0,me [1,n—1]}.

It follows from Lemma 21 that every sequence in A is zero-sum short free.
Since L{W : W | Sa,0(W) =0}) = [n + 1,2n — 1], we conclude easily that

‘C(A> = HST’ - (3n - 3) — Gy, |Sr’ - (n + 1) - ar]'

Now the result follows from Lemma 22 and Conclusion 2 follows.

Step 2. We show that Co(G) N [|S:| — (n + o), |S:] = (r — 1)a,] = 0 for a,. # 0.

THE ELECTRONIC JOURNAL OF COMBINATORICS 19(3) (2012), #P31 10



Let
= {5, ((e1 + e2)™ ?“...-e?'eﬁ”)*l(mel):me[1,n—1]}

and

Ay = {8, ((e2 + e2) (er + ex)e e - erep ™) 7).

It is easy to see that every sequence in A; U Ay is zero-sum short free by Lemma 21 and
Lemma 20. Note that

L(A)UL(Ay) =[S —(r— Do, = n+ 2,15, — (r — 1o, ] U{|S,| — (r — 1)y, —n+ 1}
=[S —(r—Da, —n+1,|S,| — (r—1ay,].
Since r > e have |S,| — (r — 1)a,. —n+1 < |S,:| — (n + ;). Therefore, L(A; U Ay) =

3, W
L(A)U E(Ag) [Sr] — (n+ ), |S:] — (r — 1)ar] Again the result follows from Lemma
22.

Step 3. We prove Cy(G) N [|S,| — (r — Dy, |Sr| — ar]) = 0 for av,. # 0.
Let

A={S((e1+-+e ) (er ... e)?(e1 4+ + eny)erss ~...'eT)_1 :
kl € [0,0ér — 1],]{32 € [O,CMT — 1],]{Z1 +k2 = O — 1,/{?3 € [1,7”]}

Then every sequence in A is zero-sum short free by Lemma 21 and by Lemma 20, and

L(A)
= {|ST’ —lifl —Tkg— 1-— (T—kg) : ]€1—|—k2 = p — 1,]€2 < [O,ar— 1]71{73 € [1,7”]}
= {|Sr| — QY — ((7“ — 1)/{52 + (’f’ — k’g)) tky € [0,0ér — 1],/{53 € [1,T]}
= [|S;| — ra.., |S,:| — a,].
Now the result follows from Lemma 22 and the proof is completed. O

Lemma 24. Let n,r € N withn > 3 and r > 3, and let G = C]. If a,, # 0 then
Co(G) C 2" =1D(n—1) —a, +1,9(G) = 1].

Proof. Tt suffices to show that Co(G) N [n+ 1,[S,| — a,] = 0.
We proceed by induction on r. Suppose first that r = 3.
By Lemma 23 and the definition of Co(C?), we only need to prove

Co(G) N [D(Cp) 1,185 — (3n — 3) —az — 1] = 0.
By Lemma 5 we have D(C?) +1 > 3n — 1. So, it suffices to prove that

Co(G)N[3n— 1,18 — (3n—3) —as — 1] = Co(G)N[Bn —1,4n — 4 — ag — 1] = 0.
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If n =3, then [3n — 1,4n — 4 — a3 — 1] = () and the result follows.

Now assume n > 4. It follows from a3 # 0 that n > 5. Thus, a3 = n — 4 and
Bn—1,4n —4 — a3 — 1] = {3n — 1}.

Let T = (e; + e3)%(e1 + e3)" tel teh2e3. Then T is zero-sum short free over C? of
length |T'| = 3n — 1. Now the result follows from Lemma 22. This completes the proof
for r = 3.

Now assume that r > 4. By the induction hypothesis there exists a set A,_; of
zero-sum short free sequences over C"~! such that

L(Ar—1) = [n+1,|S1] — ari].
Recall that C7~! € C" = C" 1 & (e,). Let
A, —{W2 Wl—i-er) Wre A, Wae A1, 0e[0,n 1],|W1|+€EO(modn)}.
Then, every sequence in A, is zero-sum short free over C] and
L(A) ={|Wa|+ W]+ W€ A1, Wy € A,_1,£€[0,n—1],|W;| +¢=0(mod n)}
1]

Sr T
= {|Wa| + kn:Wa € A,k €2, (’1’#

D) [3n + 1, 2|S7‘—1| — 20(T_1].
It follows that
E(Ar_l) U ,C(Ar) D) [’I’L +1, 2|S7~_1| — 2&7‘_1].
Note that

2|S,—1| — 20,1 = |S;| —(n—1) — 2,4
2 [Sy| = 3(n—1).
Therefore,
‘C(Ar—l) U ‘C(Ar) ) [n + 1, |Sr| - 3(” - 1)]
Now the result follows from Lemma 23. O

Lemma 25. Let n,r,k € N with k > 2,7 > k+1 and n = 2%, and let G = C". Then,
Co(G)c{2"=1)(n—=1)—n,(2"=1)(n—1) —n+ 1}.

Proof. Since r > k + 1 we have that a, = 0.
By Lemma 7 we have

S, = (2 = D)(n—1) =n(G) - L.

So, it suffices to show that Co(G)N([n+1,7(G) —(n+2)|U[n(G)—n+1,n(G)—1]) = 0.
Since r > k + 1 we have
o(S,)=0.
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Step 1. We show Co(G)N[n+ 1,15, — (n+1)] = 0.

We proceed by induction on r. Suppose first that r = k£ 4 1.

If r = k+1 =3, we only need to prove Co(G)N[3n —1,4n — 5] = () by Lemma 23 and
Lemma 5. Let

A={(e1+ex+e3)(er +ea)" Hep +e3)" ™(ex +ez)efey el 2 im € [2,n — 1]}U

{(e1 4+ e2)?(e1 4+ e3)" el el 2es}.

Then every sequence in A is zero-sum short free and £(A) = [3n — 1, 4n — 3] and we are
done.
Ifr=k+1>3, we have a,_1 # 0 and r — 1 > 3, then by Lemma 24 there exists a
set A of zero-sum short free sequences over C"~! such that L(A) D [n+1,|S,_1| — a,_1].
Let

B=AU{Wy(W;+e)el: Wy € AWy € Al € [0,n—1],[W;|+ ¢ = 0(mod n)}.
Since
|S7"—1| —Qp_1+ |S’r—1| — Q1]+ Qg — 1= |Sr| - 377,/2,

we have L(B) D [n+1,|S,| —3n/2]. It follows from Lemma 23 that Co(C.)N[n+1,|S,.| —
(n+1)] =0.
Now assume that » > k+1. By the induction hypothesis, we conclude that there exists
a set A of zero-sum short free sequences over C" ! such that L(A) D [n+1,[S,_1|—(n+1)].
Define a set B of zero-sum short free sequences over C} as follows

B = {Wy(W; +e¢)el: Wy € AWy € AL € [0,n—1],[Wi| + £ = 0(mod n)}.
It is easy to see that
L(B) D [|Sr—1] = n,2[S,-1| —2(n+1)] = [|S;,—1| — n, |S:| — (3n+1)].
Let

C,=A{T:T|Ss,0(T)=0};
Cy = {(e1 +e3)" el teh eg +ex)ey :m e [1,n—1]};
Cs = {(e1 4 €2)*(ex + e3)" lef 'eh s}

Cy={(e1 +ex+es)(er + 62)”_1(61 +e3)" (e + 63)671”63_165”_2 :m € [2,n— 1]}

Then every sequence in U?_,C; is zero-sum short free. Clearly,

L(Cy) =[n+1,2n—1];
L(Cy) =[2n,3n — 2];
L(C3) = {3n —1};
L(Cy) = [3n,4n — 3]
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Let

Then,
L(C) D [n+1,4n — 3.

Let
D={ST71:T €C}.

Then every sequence in D is zero-sum short free, and
L(D) D (|5 — (4n = 3),[5:| = (n+1)]
D [|S:] = 3n,|S:| — (n+ 1)].
This completes the proof of Step 1.

Step 2. We prove Cy(G) N [n(G) —n+1,n(G) — 1] = 0.
Let
A={S.(em(me,) :me[l,n—1]}.

Then every sequence in A is zero-sum short free by Lemma 21, and
L(A) = [IS:| =n+2,|5]] = [(G) —n+1,9(G) — 1].
This completes the proof. n

Proof of Proposition 19. 1. It is just Lemma 24.

2. Since o, = 0, we have n = 2% for some k € [2,r — 1], now the result follows from
Lemma 25. [

5 On the groups Cj

In this section we shall study Cy(G) with focus on G = Cfj.
Proposition 26. Let r,t € N. Then,

1. Col(C3) € [(C3) — 4,m(C) - 1.

2. Co(C2) C [n(CE) - 5,7(CE) — 1),

m(Cy) — (20— 20, p(Cy) — 1], if r<t,
n(Cy) — (2 + 1),m(Cy) — 2, if r>t
4. ColC2) € {n(CE) — 2.9(C3) — 1},

Proof. Conclusions 1, 2 and 4 follow from Lemma 7 and Proposition 19. So, it remains to
prove Conclusion 3. If r < t then applying Proposition 19 with o, = 2t — 2771, it follows
from Conclusion 6 of Lemma 7 that Co(Ch;) C [(27—1)(2!=1)— (2! =21 +1,n(Ch)—1] =
(n(Cs) — (28 — 2771),n(Cs.) — 1]. If r > t then applying Proposition 19 with a, = 0 we
get, Co(CY) € (CY) — (2 + 1), m(Cy) — 21 .

3. Co(Ch) C {
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Lemma 27. Let G = C5 withr > 3, and let S be a sequence over G. Then,
1. If S is a short free sequence over G of length |S| = n(G) —1, then > (S) = C5\ {0}.
<2

2. Let T be a square free and short free sequence over G, and let S = T?. Then, for
every g € supp(S) we have, 3°(S-g~") = >-(5) \ {29}

<2 <
3. If every short free sequence of length n(G) —1 has sum zero, then n(G)—2 € Cy(G).

Proof. Conclusions 1 and 2 are obvious.

To prove Conclusion 3, we assume to the contrary that n(G) — 2 ¢ Cy(G), i.e., there
exists a zero-sum short free sequence S over G of length |S| = n(G) — 2. By Lemma
7, we have n(G) — 2 = 2(f(G) — 2) + 1. This forces that S = g} -...- 912“(6‘)—2 Cgr(G)-1
for some distinct elements g, ..., gf@)-1 With g1 - ... - g¢)—1 contains no short zero-sum
subsequence. Put T' = S-g¢@y—1. Then |T'| = n(G)—1. But T contains no short zero-sum
subsequence and o(T') = gy)-1 # 0, a contradiction. O

Lemma 28. Every short free sequence over C of length 16 has sum zero.

Proof. Let S be an arbitrary short free sequence over C% of length |S| = 16. From Lemma
7 we obtain that S = T2, where T is a square free and short free sequence over C3 of
length 8. It follows from Lemma 9 that o(7") = 0. Therefore, o(5) = 20(T) = 0. O

Lemma 29. The following two conclusions hold.
1. {14,15} = {n(C5) — 3,n(C3) — 2} C Co(C%).
2. {37,38} = {n(C5) — 2,n(C3) — 1} C Co(Cy).

Proof. 1. The conclusion 14 € Cy(C%) is due to Emde Boas and D. Kruyswijk [7]. Now
15 € Cy(C%) follows from Conclusion 3 of Lemma 7, Lemma 27 and Lemma 28.

2. Denote by U the square free sequence over C4 given in Lemma 10. It follows from
Conclusion 4 of Lemma 7 that U is a square free sequence of maximum length which
contains no zero-sum subsequence of length 3.

Choose an arbitrary square free sequence T' over C§ of length f(C3) — 1 such that T
contains no short zero-sum subsequence. By Lemma 7, we have |T'| = 19.

Claim. o(T) ¢ —supp(T) U {0}.
Proof of the claim. Put S =T -0. It follows from Conclusion 4 of Lemma 7 that S is a
square free sequence over Cj of maximum length which contains no zero-sum subsequence
of length 3. By Lemma 8, there exists an automorphism ¢ of C4§ and some g € Cj such
that S = (U —g). Since 0 | S, it follows that g | U. Thus, o(T) = o(S) = o(e(U —g)) =

2

o(o(U—=g)) =p(a(U)—20g) = p(c(U)+ g). It is easy to check that o(U) = <§) Since

() supp(U), it follows that —o(T) = —¢(a(U) + g) = ¢(—o(U) — g) ¢
w(supp(U = supp(S) = supp(7’) U {0}. This proves the claim.

o

=
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From Conclusions 4, 9, 10 of Lemma 7 and the above claim, we derive that every short
free sequence over C4 of length n(C3) — 1 = 38 has a nonzero sum. This is equivalent
to that every zero-sum sequence over C§ of length n(C4) — 1 contains a short zero-sum
subsequence. Hence, 38 = n(C3) — 1 € Co(CY).

Suppose that 37 = n(C3) — 2 ¢ Cy(G), that is, there exists a zero-sum short free
sequence V over Cf of length |V| = n(C5)—2 = 37. Since v,(V) < 2 for every g € supp(V),
we have [supp(V)| = 19. On the other hand, by Conclusion 4 and 9 of Lemma 7, we can

derive that [supp(V)| < f(C4) — 1 = M= — 19, Thus, V = W2h~!, where h | W and

2
W is a square free and short free sequence over G of length f(C3) — 1 = 19. It follows

from o(V) = 0 that o(W) = —h € —supp(W), a contradiction with the claim above. [

Proposition 30. Let G = C§ with r > 3. If there is a short free sequence S over G of
length |S| = n(G) — 1 such that o(S) # 0, then
<

L [{n(G) = 2,9(G) = 3} N Go(G))
2. {n(G) =3,n(G) =4} N Go(G)| < 1.

1.

Proof. 1. Since o(S) # 0, it follows from Lemma 27 that there exists a subsequence
W of S of length |W| € {1,2} such that o(S) = o(W). Therefore, o(S - W) = 0,
1S - W € {n(G) — 3,n(G) — 2} and S - W~ contains no short zero-sum subsequence.
Hence, n(G) — 2 ¢ Co(G) or n(G) — 3 ¢ Cyo(G).

2. By Conclusion 10 of Lemma 7, we have that S = T2, where T is a square free sequence

over G. Choose g € supp(S) such that o(S - g71) # 0. Since o(S - g71) = 0(S) — g # 2g,

it follows from Conclusion 2 of Lemma 27 that o(S-g7') € >.(S-g¢71) = C% \ {0,2g}.
<2

Similarly to Conclusion 1, we infer that n(G) — 3 ¢ Co(G) or n(G) — 4 ¢ Co(G). O
Proposition 31. Cy(C3) = {37, 38}.

Proof. By Proposition 19, we have

Co(Cy) C [30,n(Cy) — 1] = [30, 38]. (5.1)
We show next that
[30,36] N Co(C3) = 0. (5.2)
Put
5\ 2
2
T2 - 2 )
2
2 0 2
2 0 2
=10l 2] 2|’
0 2 2
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N /0\ /0\ /2

ol [2] o] |2
Ti="1ol o] |2] | 2]

0/ \o/ \2/ \2

N * /0\ /0\ /0

ol 12| 1o}l |2
T5_0022’

0o/ \o/ \2/ \2

N\ 2\ 0\ /1\ /2

ol 12| (1] [2] |1
T6_02 ol (o] o]’

0/ \2/ \2/ \2/ \2

A /0 /1\ /0\ /1\ /0\ /0
T of [2] (o] [1] (2] o] |2].
ol 1ol 12112112 |2 2|

0o/ \o/ \o/ \o/ \o/ \2/ \2

N /0\Z /1\ /0\ /1\ /0\°Z

ol [2 ol (1] 2] (o0
T8_002222'

0/ \o 0/ \o/ \o/ \2

. Let S =

Let U be the square free sequence given in Lemma 10. Then o(U) =

DO DN DN N

U?-072 We see that S is a short free sequence of length 38 = n(C3) — 1. By removing
T; from S, we obtain that the resulting sequence S; is a zero-sum short free sequence of
length n(G) —i — 1 = 38 — 4. This proves (5.2). Combining (5.1), (5.2) and Lemma 29,
we conclude that Cy(C3) = {n(G) — 2,n(G) — 1} = {37, 38}. O

6 Proof of Theorem 2

In this section we shall prove Theorem 2 and we need the following lemma.

Lemma 32. Let p be a prime and let H be a finite abelian p-group such that p™ > D(H).
Then,

1. Every sequence S over Cpn & H of length |S| = 2p" + D(H) — 2 contains a zero-sum
subsequence T of length |T'| € {p",2p"}.

2. N(Crpn ® H) <mp" +p"+ D(H) — 2.
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Proof. 1. Let S = g1 - ... gr be a sequence over G = Cpn @ H of length ¢ = |S]| =

13, aq ...~y is a sequence over Cpn @ G of length ¢ = p" +p"+ D(H)—2 = D(Cpn € G).
Therefore, ay -. ..y contains a nonempty zero-sum subsequence W (say). By the making
of a; we infer that |W| = p™ or |[W| = 2p™. Let T be the subsequence of S which
corresponds to W. Then T is a zero-sum subsequence of S of length |T'| € {p", 2p"}.

2. We first consider the case that m = 1. Let G = Cpn @ H. We want to prove that
n(G) < 2p"+ D(H) — 2.

Let S =g;-...-g¢ be asequence over G = Cyn @ H of length ¢ = |S| = 2p"+D(H) —2.
We need to show that S contains a short zero-sum subsequence. It follows from Conclusion
1 that S contains a zero-sum subsequence T of length |T'| € {p",2p"}. If |T| = p" then T
itself is a short zero-sum sequence over G and we are done. Otherwise, since p™ > D(H),
it follows from Conclusion 3 of Lemma 13 that |T| = 2p" > p" + D(H) — 1 = D(G).
Therefore, T contains a nonempty proper zero-sum subsequence 1”. Now either 7" or
TT'! is a short zero-sum subsequence of S. This proves that n(Cpyn®H) < 2p"+D(H)—2.
By Lemma 12, we have

N(Cmpr & H)

2p"+D(H)—2. Let a; = (;) € Cpn®Cpn®H with 1 € Cpn. By Conclusion 10 of Lemma

< ((Cr) = 1) exp(Cypn @ H) +1(Cypn © H)
<(m—1)p"+2p"+D(H) -2
=mp" +p" + D(H) - 2.

]

Lemma 33. Let G be a finite abelian group. Then [D(G) + 1, min{2exp(G) + 1,n(G) —
1}] C Co(G).

Proof. If [D(G)+1, min{2 exp(G)+1,n(G)—1}] = 0 then the conclusion of this lemma hold
true trivially. Now assume that [D(G)+ 1, min{2 exp(G)+1,n(G) — 1}] # 0. Let S be an
arbitrary zero-sum sequence over G of length |S| € [D(G)+1, min{2exp(G)+1,n(G)—1}].
It suffices to show that S contains a short zero-sum subsequence. Since |S| > D(G) + 1,
it follows that S contains a zero-sum subsequence T of length || € [1,]S| — 1]. Then
o(ST™1) = 0. Since |S| < 2exp(G) + 1, we infer that |T| € [1,exp(G)] or |ST Y| €
[1,exp(G)]. This proves the lemma. O

Proof of Theorem 2, 1. By the definition of Cy(G) we have, Co(G) C [D(G)+1,n(G)—1].
So, we need to show

[D(G) +1,7(G) = 1] € Co(G).

Suppose first that
G=0C, a0,

By Conclusions 1 and 4 of Lemma 13, we have D(G) = 2n —1 and n(G) = 3n — 2. Let S
be a zero-sum sequence over G of length |[S| € [2n,3n — 3]. We need to show S contains
a short zero-sum subsequence. We may assume that

VQ(S) =0.
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Let T = S - 032715l Then |T| = 3n — 2 and T contains a zero-sum subsequence T"
of length |T’| € {n,2n} by Lemma 11. If |T'| = n then T'0~°(T") is a short zero-sum
subsequence of S and we are done. So, we may assume that |T'| = 2n. Let 7" = TT'~1.
Now T” is a zero-sum subsequence of T' of length |7”| = n — 2. If 7" contains at least
one nonzero element then 770" is a short zero-sum subsequence of S and we are
done. So, we may assume that 7" = 0" 2. This forces that 7" = S. It follows from
D(G) = 2n — 1 that S contains a zero-sum subsequence Sy of length |Sy| € [1,2n — 1].
Therefore, either Sy or SS;*' is a short zero-sum subsequence of S.
Now suppose that
G=0C,00,

with n | m and
n < m.

By Conclusions 1 and 4 of Lemma 13, we have that D(G) = n+ m — 1 < 2m and
2m+1 > 2n+m—2 = n(G). It follows from Lemma 33 that [D(G)+1,n(G) —1] C Cy(G).

2. By Conclusion 2 of Lemma 13 and Conclusion 2 of Lemma 32, we have that D(Cypn @
H)=mp"+ D(H)—1and n(Cppn & H) < mp" +p" + D(H) — 2.

Suppose m > 2. Then n(Cypm @ H) < 2mp™. Similarly to the proof of Conclusion 1,
we can prove that [D(Cpypn & H) + 1,0(Cyypm @ H) — 1] C Cy(G), and we are done. So,
we may assume

m = 1.

Then n(Cyn®H) < 2p"+D(H)—2 and the proof is similar to that of 1 by using Conclusion
1 of Lemma 32.

3. It is just Proposition 31.

4. Observe that Y. g = 0. Then, any square free sequence S over C§ with vo(S) = 0
9€C3\{0}

and |S| € {2"—3,2"—2} must have a nonzero sum. It follows from Conclusion 6 of Lemma

7 that {n(C5) —3,n(Cy) —2} = {2"—3,2" —2} C Cy(C}). So, Co(Cy) = {2"—3,2" -2} =

{n(C3) — 3,n(C%) — 2} follows from Proposition 19. O

7 Proof of Theorem 3

Lemma 34. If "(fn;l)l_l = ”(S’E)l_l = ¢ for some ¢ € N and if n(Cy,,,) = c(mn—1)+1 then
1(Ch) = c(mn —1) + 1.

Proof. The lemma follows from Lemma 12. O

Lemma 35. C7; has Property C.

Proof. It follows from Lemma 4 and Conclusion 6 of Lemma 7 by induction on . [

Proposition 36. Let n = 3m, where m is an odd positive integer. Then,

1. If n(C3) = 8m — T then n(C3) — 2 € Cy(C?).
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2. If n(C:) = 19m — 18 then {n(C*) — 2,n(C*) — 1} C Cy(C?).
Proof. 1. By Conclusion 3 of Lemma 7 and Lemma 12, we have
n(CR) < (n(C5) — 1) - m +1(C})
=16m +8m — 7
=8n —T.
Combined with Conclusion 1 of Lemma 7, we have

C3) -1 c3)y—1 c3) —1
n—1 m — 1 3—1
Now we show 1(C3)—2 € Cy(C?) by applying Lemma 18 with G, = C3 and t; =t = 2.
Conditions (i)-(iii) of Lemma 18 are verified by (7.1), Conclusion 10 of Lemma 7, and
Conclusion 1 of Lemma 29 respectively. We are done.

2. The proof is similar to that of Conclusion 1. m
Proposition 37. Let o, 3 € Ny with o > 1. Then,

1 Ifa+ B >2 then {n(Ci..5) — 2,n(Ci.ys) — 1} C Co(Ci.s)-

2. {n(C5e) = 2,n(Csa) — 1} C Co(Cie).
Proof. 1. By Conclusions 1, 3 and 5 of Lemma 7 and Lemma 34, we conclude that

n(C§s5t) —1
355t — 1

for every s,t € Ny with s+t > 1. Combined with Proposition 36, we have 1(C%,.,) —2 €

3

By Lemma 4, Conclusions 8, 10 of Lemma 7 and (7.2), we have C3,., has Property
C. Since a + 3 > 2, we have 8 < 3%5°. Therefore, it follows from (7.2) and Lemma 16

that n(C2,.,) — 1 € Co(C2,.5). We are done.

3258 358

=38 (7.2)

2. By Conclusion 2 of Lemma 29, we need only to consider the case that a > 1. By
Conclusions 2 and 4 of Lemma 7 and Lemma 34, we can derive

4 _
M) =1 _
FE—
Combined with Conclusion 2 of Proposition 36, we have {n(C4.) — 2,n(C3.) — 1} C
Co(C5a), done. O

Proposition 38. Let m = 3°5° with « € N and 3 € Ny. Let n > 65 be an odd positive
integer such that C’;’ has Property Do with respect to 9 for all prime divisors p of n. If
6 x 5'nl”
+
(n? —7)n — 64

m = 3

then n(C2,) —2 € Co(C3,).
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Proof. Let m' = %. Then m' = 3150 > % and o — 1 > 0.

By Lemma 15 and Lemma 14 we have s(C?, ) = 9m'n — 8 and n(C3, ) < 8m/n — 7.
It follows from Lemma 7 that n(C?, ) = 8m/n — 7. Since n(C3) = 8 x 3 — 7 and
n(C3, ) =8m/n—71, it follows from Lemma 34 that n(C2, ) = 8mn — 7. What’s more, C3
has Property C' and n(C%) —2 € Co(C3) by Lemma 29. Therefore, n(C2,)—2 € Co(C3,)

by Lemma 18. [
Proof of Theorem 3.

1. If @ > 1 then it follows from Proposition 37 and Lemma 29. Now assume b > 2. Since
n(C3,.,) = 8(3%5" — 1) + 1, it follows from Lemma 16 that n(C3,.,) — 1 € Cy(Ci,.,).

3050 305
2. Let Gy = C} _,.-s and Gy = C3. By Lemma 35, Conclusions 6, 7 and 8 of Lemma 7,
we have that 7(Gy) = 7(3x 2973 —1)+1, n(G2) = 7x (8 —1) +1 and G5 has Property C.
Therefore, n(C3) — 1 € Cy(C3) by Lemma 16. So, n(Cs,5.) — 1 € Co(C3,5.) by Lemma
18.

3. The result follows from Proposition 37.

4. Let G = C}, with 3 < r < a. By Lemma 35 and Conclusions 6 of Lemma 7, we have
n(Ch) = (2" —1)(2* — 1) + 1 and C3. has Property C. Since 2" — 1 < 2%, it follows from
Lemma 16 that n(C%.) — 1 € Cy(C3a).

If G =C% and r > 3, then it follows from Conclusion 4 of Theorem 2.

5. Let m = 3™5™ and n = 7"11™13". It follows from ng +n4 +ns > 3 that n > 65. By
the hypothesis of ny + ny > 11 + 34(ng + n4 + ns) we infer that, m = 3"5"2 > 3m+n2 >
311334(na+natns) 5 4 x 58 % 1314(na+na+ns) >4 x 5814 > % + 3. Since it has been
proved that every prime p € {3,5,7,11,13} has Property Dy with respect to 9 in [8], it

follows from Proposition 38 that n(C%) — 2 € Cy(C5). O

8 Concluding Remarks and Open Problems

Proposition 39. Let G be a non-cyclic finite abelian group with exp(G) = n. Then
Co(G) U{n(G)} doesn’t contain n+ 1 consecutive integers.

Proof. Assume to contrary that [t,t + n] C Co(G) U {n(G)} for some ¢t € N. By the
definition of Cy(G) we have that t+n—1 < n(G). So, we can choose a short free sequence
T over G of length |T| =t +n — 1. It follows from t +n — 1 € Cy(G) U {n(G)} that
o(T) #0. Let g = o(T) and let S =T - (—g). Since |S| =t +n € Co(G)U {n(G)}, S
contains a short zero-sum subsequence U with (—g) | U. Note that t < |S- U™} < t+n—2
and o(S - U™1) = 0. It follows from [t,t + n] C Co(G) U {n(G)} that S - U~! contains a
short zero-sum subsequence, which is a contradiction with S -U~! | T O

Proposition 39 just asserts that Cy(G) can’t contain any interval of length more than
exp(G). Proposition 19 shows that Cy(C7) could not contain integers much smaller than
n(Cr) — 1. So, it seems plausible to suggest
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Conjecture 40. Let G # Cy @ Cyn,m € N be a non-cyclic finite abelian group. Then
Co(G) C [n(G) — (exp(G) +1),n(G) —1].

Conjecture 40 and Conjecture 1 suggest the following

Conjecture 41. Let G # Cy & Cyy,,m € N be a non-cyclic finite abelian group. Then
1< [Go(G)] < exp(G).
Conjecture 42. Cy(G) = [min{Cy(G)}, max{Cy(G)}].

The following notation concerning the inverse problem on s(G) was introduced in [10].
Property D: We say the group C! has property D if s(C}) = ¢(n — 1) + 1 for some
positive integer ¢, and every sequence S over C] of length |S| = ¢(n — 1) which contains

no zero-sum subsequence of length n has the form S = [[_, g/~ " where gi,...,g. are
pairwise distinct elements of C7.

Conjecture 43. (/10], Conjecture 7.2) Every group C' has Property D.
It has been proved in ([10], Section 7) that Conjecture 43, if true would imply
Conjecture 44. Every group C) has Property C.

Suppose that Conjecture 44 holds true for all groups of the form C]. For fixed n,r € N
and any a € N we have that n(CJ.) = ¢(n® r)(n — 1) + 1, where ¢(n% r) € N depends
on n® and r. By Lemma 12 we obtain that the sequence {c(n® )}, is decreasing.
Therefore, ¢(n® r) < n® for all sufficiently large a. Hence, by Lemma 16 we infer that
n(Cr.) —1 € Cy(Cr.) for all sufficiently large a € N.
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