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Abstract

In this paper we present two interesting properties of 321-avoiding Baxter per-
mutations. The first one is a variant of refined major-balance identity for the 321-
avoiding Baxter permutations, respecting the number of fixed points and descents.
The second one is a bijection between the 321-avoiding Baxter permutations with
the entry 1 preceding the entry 2 and the positive braid words on four strands.

Keywords: Baxter permutation, 321-avoiding, 123-avoiding, maj-balance, positive
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1 Introduction

1.1 Baxter permutations and Pattern avoidance.

Let &,, be the set of all permutations of {1,--- ,n}. A permutation 7 € G,, is called a
Bazter permutation if it satisfies the following conditions for all 1 <a<b<c<d < n,

e if 7, +1 = my and m, > w4 then 7. > 7y;
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o if 1;+1=m, and 7, > 7, then m, > 7,.

For example, 25314 is a Baxter permutation, but 5327146 is not. It is clear from the
definition that the reverse of a Baxter permutation is also Baxter. Let B, be the set
of Baxter permutations in &,,. Chung, Graham, Hoggatt, and Kleiman [4] first proved

analytically that
2 “/n+1\/n+1\/n+1
|%n‘_n(n+1)2z<k—1)< k )<k+1)'

k=1

A bijective proof is given by Viennot [17]. Other proofs are given by Mallows [10], Dulucq
and Guibert [6]. Recently, Felsner, Fusy, Noy, and Orden [8] established explicit bijections
between a number of objects that are enumerated by Baxter numbers.

For permutations 7 = my---m, € G, and w = wy---w; € Gy, t < n, we say that 7

contains an w-pattern if there are indices iy < --- < 4; such that m;; < m;, if and only if
w; < wy. Moreover, 7 is called w-avoiding if m contains no w-patterns. Let &, (w) denote
the set of w-avoiding permutations in &,,. It is known that |&,(w)| = C, = =5 (*), the

nth Catalan number, for every w € G;.

Let 9B, (w) be the set of w-avoiding permutations in B,. Mansour and Vajnovszki
[12] enumerated the permutations in ®8,,(123) that avoid (or contain) another pattern of
a certain length. They proved that the generating function for |%8,,(123)]| is given by

1—22+4 22

— 2 3 4 5 6
1_3Z+222_23—1+z+2z + 527 +122% + 282° +652° 4+ -+ - .

They also pointed out that |B,,(123)| = ps,+3, where {p,}n>o is the Padovan sequence,
defined by p, = pn—2 + pn—s with py = 1,p; = p» = 0. Note that |*8,,(321)] = |28,,(123)]
and B, (w) = 6, (w), for every w € {132,213, 231, 312}.

1.2 Refined sign-balance identities.

In addition to the enumeration of &,,(w) for w € &3, Simion and Schmidt [14] determined
the sign-balance of the set &,,(321)

: Cno1 if n odd
> e = % 0

if n even,
TEG(321)
where inv(r) = |{(m;, 7;) : m; > 7w, 1 <i < j < n}lis the inversion number of m. Making
use of a multivariate generating function, Adin and Roichman [1] proved a refinement

of Eq. (1) with respect to the statistic Ides(7), the last descent, of 7 € &,(321), i.e.,
ldes(7) = max{i : m; > m;1,1 <i<n—1}.

Theorem 1.1 (Adin-Roichman) The following identities hold.
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Z (_1>inv(7r)q/des(7r) _ Z q2./des(7r) (n > 0)’

TE€G2y41(321) €6, (321)
Z (_1)inv(7r)qldes(7r) _ (1 _ C]) Z q2-ldes(7r) (n > 1)‘
€62, (321) TeGR(321)

At the same time, Mansour [11] found variation of the identities for &,,(132), and shortly
afterward, Reifegerste [13] proved analogous identities combinatorially respecting the
length of the longest increasing subsequence of 7 € &,(321). Recently, the authors
obtained an analogous result for 321-avoiding alternating permutations, respecting the
first (resp. last) entry of the permutations [7].

These results reveal a phenomenon that the signed enumerator of objects of size 2n is
essentially equal to the ordinary enumerator of objects of size n. One would naturally ask
if there is any similar identity on other classes of (restricted) permutations, but computer
checks show that this phenomenon seldom appears.

In the first part of this paper we will present a variant of refined balance identities for
321-avoiding Baxter permutations, where the sign of a permutation depends on the parity
of its major index. To wit, we are considering the refined ‘maj-balance’ of 8,,(321). Note
that the notion of maj-balance was also mentioned in [16].

We consider the following statistics of 7 = my -+ -7, € &,,. Let fix(7) be the number
of fixed points of 7, i.e., fix(w) = |{i : m; = i,1 < i < n}|. The descent set of 7 is defined
as Des(m) = {i : m; > m11,1 < i < n— 1}, and the descent number (des) and major
index (maj) of 7 are defined by des(m) = [Des(7)| and maj(m) = >, peyr) i- The statistics
maj and des play an important role in combinatorics. For example, the celebrated Carlitz
identity [3]

Z . tmaj(w)qdes(n) Z .
7Tnn - — (1+t+._.+t>nqn
[Tico(1 —qt) k>0

has stimulated a lot of work.
Our first main result is the following maj-fix-des version of refined maj-balance identity
for %B,,(321).

Theorem 1.2 Forn > 0, we have

Z (_l)maj(w)pﬁx(n)qdes(n) =p- Z p2~ﬁx(7r)q2~des(7r). (2)
TEBan 11(321) TEB,(321)

We will prove this result via recurrence relation of multivariate generating functions.
For the case of even length, we show that the maj-signed fix-des-enumerator of Bs, (321)
can be expressed as a combination of the ordinary fix-des-enumerators of 98;(321) for all
i=20,1,...,n. (See Theorem 2.5.) Moreover, we will also obtain a counterpart result on
PBon11(123). (See Corollary 3.1)
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1.3 Positive braid words.

The Braid group on n strands is the group generated by {0y, - , 0,1} with the relations
0,05 = 0,04 for |Z—]| 227 <3)
o;0j0; = 0;0;0; for |i —j| = 1.

Note that if we add the relation 6 = e, then we get a presentation of the symmetric group
G, on n elements. A braid word is a finite sequence of letters o; and their inverses o, LA
positive braid word is a braid word that contains no letter o, 1. The set of positive braid
words is also known as the monoid of positive braids, with concatenation as multiplication.
For positive braid words, the length is an invariant, which is equal to the number of their
letters. We refer the readers to [9] for more information.

To our surprise, by a search in OEIS [15], the generating function for [5,,(123)| =
%8,,(321)] is very close to the one for the number of positive braid words on four strands
(i.e., with letters {o1,09,03}). It has appeared in [15, A097550] that the generating
function for the number of such words of length n is given by

1+ 22
1—3z+222— 23

Note that this rational function has exactly the same denominator as the generating
function for |%B,,(123)| = [%B,(321)].

Back to 321-avoiding Baxter permutations, our second main result is to establish a
connection between the 321-avoiding Baxter permutations with the entry 1 preceding the
entry 2 and the positive braid words on four strands.

=14+32+8224+192% +442* +1022° + 23725 + - - - .

Theorem 1.3 There is a bijection between the permutations m € B, 12(321) with the
condition 71 (1) < 7=Y(2) and the positive braid words on four strands of length n.

To prove this theorem, we will construct generating trees for both families and show
that they share the same succession rules. Readers are referred to [5, 18] for more infor-
mation on generating trees.

The rest of the paper is organized as follows. In Section 2 we will first deal with
B9,+1(321) and prove Theorem 1.2, then derive a similar identity on 2B,,(321). In Section
3 we will obtain a counterpart result on 8s,,1(123). In Section 4 we will prove Theorem
1.3.

2 Recurrence relation of multivariate generating
functions for 9B,(321)

The definition of Baxter permutation seems complicated. As Dulucq and Guibert [6] put
it in a perceivable way (see also [2]), it is equivalent to say that a Baxter permutation 7
can be written as either of the two forms
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r : "
¢ T= (W,Z,w_,W+,Z+1,7T )a
o m=(mi+ 1wy, w_,i,7"),

where all entries occurring in w, (resp. w_) are larger (resp. smaller) than 7.

In this section, we shall prove Theorem 1.2 by making use of recurrence relations of
multivariate generating functions. This approach starts from an inductive construction
for 321-avoiding Baxter permutations. In fact, it is the reverse of a construction for 123-
avoiding Baxter permutations, given by Mansour and Vajnovszki [12]. A proof is included
below for completeness.

Proposition 2.1 Let m € 9B,(321), then either
(i) m = (7', n) where " € B,,_1(321), or

(i) there exist 1 < j <i<n—1suchthatm= (7'yi+1,i4+2,...,n,75,7+1,...,1),
where ' € B;_1(321).

Proof: Given a permutation 7 = 7y ---m, € B,(321), if m, = n then the proposition
holds immediately by definition. Suppose 7, =i (1 < i < n —1), let 74 = n. Since
7 is 321-avoiding, the permutation 7 contains the subsequence (i + 1,7+ 2,--- ,n) and
Tgp1 < --+ < m,. Moreover, since 7 is Baxter, the permutation 7 is of the form © =
(7'yi4+ 1,0+ 2,...,n,Tge1, -+ ,T). We observe that (mgi1, - ,m,) = (j,7 + 1,-- 1),
where 7 = d + i + 1 — n; otherwise there are entries ¢ and k with ¢ < j < k such
that £k € «’ and ¢,k + 1 € {7441, -+ ,m,}, which is against the definition of Baxter
permutations. Hence the second case holds. O

Let us define the generating function for 321-avoiding Baxter permutations, respecting
the statistics maj, fix, and des, by

b, := b, (t,p, q) = Z tmaj(”)pﬁx(ﬂ)qdes(ﬂ)’ (4)

meBn(321)

and let B(t,p,q,2) = >_,-,bu(t,p,q)2". The initial terms of B(t, p, q, 2) are

B(t,p,q,2) = 1+ pz+ (p* +tq)2" + [p* + (t +* + (t +*)p)q]2®
+ P R 2 P)p A+ (1 ) g + Pt
+PP A+ 27283t p + (267 + 263 )PP
+(t+E ) g+ (280 O ()P

Theorem 1.2 can be rephrased as the identity

b2n+1(_1ap> q) =p- bn(1>p2> q2) (5)
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For example, for n = 2, by(t,p,q) = p*> +tq. When t = 1, we have by(1,p,q) = p* + q.
Take
bs(t,p,q) =p° + [t + 12 + 3+t + (¢t + 267 + 26° + tYp + (t + 2t + 2t + ¢*)p?
+ (t+ 2+ + tYpPlg + [t + 267 + 0 + (' + 7 + t%)pl ¢
When t = —1, we have bs(—1,p,q) = p° + pg* = p - by(1,p% ¢*). We derive a recurrence
relation for b,(t, p, ¢) from Proposition 2.1.

Lemma 2.2 The sequence {b, }n>0 satisfies the following recurrence relation
bn = (1 +1+ p)bn—l - (t +p + tp - tn_lq)bn—2 + tp : bn—?n

with by = 1, by = p, and by = p* + tq.

Proof: We construct the generating function b, for %8,,(321) by Proposition 2.1. The first
case contributes p - b,_; since m, = n is a fixed point, and the second case contributes
tn g by, for all 1 < j <4 < n— 1, since m,_;4;_1 = n contributes a descent.
Therefore, we have

n—1 ¢

bn =p- bn—l + Z Z tn_H_j_lq ’ bj—la (6)

i=1 j=1
where by = 1, by = p and by = p?+1q. Consider Eq. (6) as a function f(n) in n. Computing
f(n)—t- f(n—1) leads to

n—1

by =t byy =p-buy—tp-boo+ Y t/q by, (7)

=1

By iteration, it follows from f(n — 1) — - f(n — 2) that

n—2
bp1—t-bpo=p-byo—tp-by_3+ thq ~bj_1. (8)
j=1
Then the assertion follows from subtracting Eq. (8) from Eq. (7). O

When ¢t = 1, we can derive a closed form for the fix-des enumerator of B,,(321) from the

recurrence relation. Let ¢, := ¢,(p, q¢) = b,(1,p,q), i.e., gu(p,q) = Zne%n(szl) pfix(m) gdes(m)
It follows from Lemma 2.2 that

G =2+D)gn-1— (1 +2p—qQ)Gn—2+ D" Gn-3, (9)

with go = 1, g1 = pand go = p* +q. Let G := G(p,q,z) = B(1l,p,q,z2), ie., G =
Zn}(]g”zn’
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Corollary 2.3 The generating function G(p, q, z) for the number of 321-avoiding Bazter
permutations in S, respecting the number of fixed points and the number of descents, is
given by

1— 22+ 22

G = .
(p.4:2) 1—24+p)z+(1+2p—q)2%—p2?

Proof: Taking a summation -, g,2" on both sides of Eq. (9), we have
G-—1—-pz— P+ =02+p)2(G—-1-p2) — (1+2p—q)2*(G 1) + pz°G.
The assertion follows. O

When ¢ = —1, we consider the maj-signed fix-des enumerators of %B,,(321). Let h,, :=

hn(p> Q) = bn(_lap> Q)a i.e., hn(pa Q) = Zﬂe%n(gm)(_1)maj(7r)pfix(7r)qdes(7r). It follows from
Lemma 2.2 that

hp = p- Pp—1 + (1 - (_1)nq)hn—2 —pP- hn—37 (10)
with hg = 1, hy = p and hy = p? — q. We derive a new recurrence relation for the odd
terms of the sequence {h(p, q)}n>o-

Proposition 2.4 The sequence {han11}ns0 Satisfies the following recurrence relation
hons1 = (24 p*)hon1 — (14 2p° = ¢*)hon_3 +p* - hap s, (11)
with hy = p, hs = p* and hs = p° + pqg>.
Proof: Consider Eq. (10) as a function f(n) in n. Computing f(2n+ 1) +p- f(2n) leads
to
hont1 = (14 ¢+ p*)hon—1 — pq - hon—s — p* - hon_s. (12)
It follows from f(2n — 1) that
P hon-a = —hop 1 +p-hano+ (1+q)han_s. (13)
Substitute Eq. (13) for the term p - ho,—4 in p- f(2n — 2) and we obtain
pq - hon— = (=1+ @)hon—1+ (p* + 1 — ¢*)han—s — P - han_s. (14)
The assertion follows from substituting Eq. (14) for the term pq - ho,_o in Eq. (12). O

Now, we are able to prove Theorem 1.2.

Proof of Theorem 1.2. By Eq.(9) and Eq. (11), the sequence {han+1(p, ¢)}n=o0 shares the
same recurrence relation with the sequence {g,(p? ¢*)}ns0. Their initial conditions are
related as follows.

hi(p,q) =p=p- 90> ),
hs(p,q) =p* =p- :(p*, %),
(

hs(p,q) = p° +pg® = p - g2(p°

. q%).
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Suppose the identities hopy1(p, q¢) = p- gr(p?, ¢*) hold up to k = n— 1. Then by induction,
we have

hont1(p, q) = (24 p*)hon—1(p. @) — (1 + 20* — ¢*)hon—3(p. q) + P - hon_s5(p. q)
=2+ g1’ %) — (1+20° — )p - gn2(p>. %) +1° - gu—3(0*, ¢°)
=p-9.(0",4%)

This proved that by, 1(—1,p,q) = p - b,(1,p% ¢*) for n > 0. The proof is completed. [

For the case of even length, we obtain the following result for the maj-signed fix-des-
enumerator of B,,(321).

Theorem 2.5 Forn > 0, we have

Z (_1)maj(7r)pfix(7r) qdes(7r) _ Z p2-fix( 2-des(m) q- nz_l Z p2 fix(m 2 des(7r) .

TEDB2y, (321) TEBL(321) 1=0 7eB;(321)

Proof: By the same argument as in the proof of Proposition 2.4, we obtain the following
recurrence relation for the sequence {ho,(p, q)}n>0, which is the same as Eq. (11),

honyo = (2+ p*)han — (14 20* — ¢*)han_o + P* - hon_a, (15)

with the initial conditions hyg = 1, hy = p* — ¢ and hy = p* — (1 + p?)q + ¢*. These
polynomials are related to the initial terms of the sequence {g,(p?, ¢*)}n=0 by

ho(p,q) =1 = go(p*, ¢*),
ho(p,q) =p0* —q=g:1(*,¢*) — ¢ 9o(p
P, q

2
ha(p.q) =p" — L+ p*)g+ ¢* = g2(p°, ¢

2

. ¢%),
)= (90, &) + 1(0°, ¢°)).
Making use of the recurrence relation Eq.(9) and Eq. (15) along with the above initial

conditions, we can prove the following identity for n > 3 by induction as in the proof of
Theorem 1.2

n—1
hon(p. @) = gu(0*.@°) —q- Y _ g:(P*. 4).
i=0
This proved that for n > 0,
n—1
ban(—1,p,q) = b (1.0°,¢%) —q- Y bi(1,p%.¢°). (16)
i=0
The assertion follows. O
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3 Proof of a refined signed-balance identity for 5,,(123)

Note that there is an immediate bijection between B,(321) and B,,(123) by reversion.
Though there is no such identity as Eq. (2) for 123-avoiding Baxter Permutations, in this
section we shall obtain a maj-des version of refined sign-balance identity for B, 1(123)
based on the results obtained in the previous section.

Corollary 3.1 For alln > 0, we have

B e C D DT S an

TEBon+1(123) TEB L (123)
where we assume des(w) = —1 if w is an empty word.

Given a permutation *r = 7 ---7m, € &, let T =7, ---m € &,, be the reverse of 7.
For example, if 7 = 21345 then 7 = 54312. Since the reverse of a Baxter permutation is
also Baxter, the map 7 — 7 induces an involution between *8,,(123) and %8,(321). The
major indices and descent numbers of both 7 and 7 satisfy the following relations.

Lemma 3.2 The map m — 7 induces a bijection between B,(123) and B,,(321) that
carries a permutation ™ € B,,(123) to 7 € B,,(321) with

(i) des(m) =n — 1 — des(7),
(i) maj(m) = (5) —n - des(7) + maj(7).
Proof: Given a permutation 7 = 7y - - -7, € B,(123), let T = 7, - - - 7, where T; = m, ;11

for 1 < i < n. Note that m; > m;,4 if and only if 7,,_; < T,_;+1. Hence Des(m) = {i :
n—1i¢ Des(7),1 <i<n—1}. It follows that des(r) =n — 1 — des(7) and

maj(m) = Y j

j€Des()
=(n—1—des(@)) - n—(1+--+(n—1)— Z i)
1€Des(7)
n N o~
= (2) —n - des(7) + maj(7),
The assertion follows. 0

Consider the generating function ¢, (¢, q) for B,,(123), respecting the statistics maj and

des, defined as
caltiq) = D I,

TEB, (123)
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and let C' = C(t,q,2) = >, cnlt, q)2". For convenience, we assume des(m) = —1 if 7 is
an empty word, i.e., co(t,q) = ¢~ (cf. Lemma 3.2(i) in case n = 0). The initial terms of
C(t,q,z) are

C=1+424(1+19)2" + (20t +1°)g + 1°¢*)2° + (g + (3 + 4" + 3°)¢* + t°¢°) 2"
+ (2t 4 3% + 2t%) ¢ + (41° + 617 + 6t + 4t”)g® + ¢*0) 2" + - -
The identity Eq. (17) in Corollary 3.1 is rephrased as
cant1(=1,q) = (=1)"¢* - ca(1,¢%). (18)
For example, for n = 2, co(t,q) = 1 +tq. When ¢t = 1, we have c3(1,q) = 1 + q. Take
cs(t,q) = (2" + 3t° + 2t%)¢® + (41° + 6t + 6t° + 4t”)¢* + ¢*t"°.

When t = —1, we have c5(—1,q) = ¢* + ¢* = ¢* - c2(1, ¢*). By Lemma 3.2, the polynomial
¢n(t, q) can be obtained from the polynomial b,(t,p,q) in Eq.(4) with p = 1. Then the
identity Eq. (18) can be derived from the identity Eq. (5).

Proof of Corollary 3.1. By Lemma 3.2, we have

Cn(t, C]) _ Z 2fmaj(7r)qdes(7r)
TEB, (123)

= Z t(g)—wdes(%)-i-maj(/ﬁ) qn—l—des(%) (19)
TeB,(321)

= t(g)qn_l : bn(ta ]-7 q_lt_n)‘

Then when t = 1, we have

cn(1,q) = "1 ba(1,1,47Y). (20)
When t = —1, we have
e (=1q) = (=) by 1 (<1,1,—¢71) (by Ba. (19))
= (=1)"¢*" - ba(1,1,477) (by Eq. (5) with p = 1)
= (=1)"¢* - ca(1,6°). (by Eq. (20))
The proof is completed. O

For the case of even length, we obtain the following result for the maj-signed des-
enumerator of 9B,,(123), based on the result in Theorem 2.5.

Corollary 3.3 For alln > 0, we have

n—1
Z (_l)maj(w)qdes(w) _ (_l)nq . Z q2.des(7r) N (_1)n Z q2(n—z’) ( Z q2-des(7r))’
TEBa, (123) TEB,(123) i=0 TEB;(123)

where we assume des(w) = —1 if w is an empty word.
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Proof: By Eq. (19) with ¢t = —1 and the identities Eq. (16) and (20), we have

ean(—1,9) = (1))@ by (<1,1,47Y) (by Eq. (19))
n—1
= (1" (b(L, 1,7 —q > bi(1,1,¢7%)  (by Eq. (16) with p = 1)
i=0
n—1
= (=1)"q- ca(1,¢%) = (=1)" Y " ei(1, 7). (by Eq. (20))
i=0
The assertion follows. O

4 Positive braid words on 4 strands and 321-avoiding
Baxter permutations

Recall that the braid group Bs on four strands is generated by {1, 09,03} with the
relations in Eq. (3). We consider the set B3 of positive braid words with letters {o, 09, 03}
A word w € By is called stable if it contains none of the subwords {o307, 020109, 030203}
Let W, denote the set of stable words of length n in B3 . For example,

Wi = {01, 02,03},

W, = {010170102701037020170’202702037030270303}

Ws = {010101,010102,010103,01020170102027010203,010302,010303,020101,

090103, 090901, 090202, 020203, 020303, 020303, 030901, 030202, 030302, 030303 }.

In this section, we establish a bijection between W, and {m € 9B,,,(321) : 771(1) <
771(2)} by constructing a generating tree. A generating tree is a rooted, labeled tree
such that the labels of the successors (or children) of each node v can be determined
from the label of v itself and a set of succession rules. The notion of generating trees was

introduced in [4] for the enumeration of Baxter permutations and further applied to the
enumeration of pattern-avoiding permutations (see for instance [12] and [18]).

4.1 A generating tree for stable positive braid words.

For a word w = wy -+ -w, € W, a prefiz of w is an initial subword w; - - -w; for some i
(1 <i<n). Forn > 1, the words w are classified into the following four classes by their
prefixes.

e If the first letter of w is oy, then we label w by (2;).

o If w = 0y or w contains a prefix W’ with W’ € {7201, 0909} U{0k0907 : 2 < k < n—2},
then we label w by (3;).

o If w =0}, consisting of n letters of o3, then we label w by (32).
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e Otherwise, we label w by (25); in this case w contains a prefix w’ with w’ € {0303} U
{oloy : 1 <t < n— 1} but contains none of {o5oy0; : 2 < k < n — 2} as prefixes.
For example, these words o309 € Wh, 0309071, 030909 € Ws, and o3030209 € W, are
labeled by (25).

For n > 0, the nodes at level n of the generating tree are indexed by the stable words
w € W,. The successors u € W, 1 of w are obtained by attaching a letter o; at the
beginning of w. If u is unstable, then it will be changed into a stable word by replacing
a prefix of a certain length, following some rules of replacement.

Proposition 4.1 The generating tree for W, is given by

root  (3p)

1"1116 (30) ~ (21)(31)(32)
(21) ~ (20)(31)
(22) ~ (21)(22)
(31) ~ (20)(31)(22)
(32) ~ (21)(22)(32)

Proof: The root is the empty word. The successors of the root are the words oy, o9,
and o3, which are labeled by (2;), (31), and (35), respectively. For n > 1 and for a word
w=w - -w, €W,, we construct the successors of w as follows.

When w is labeled by (27) it has two successors: ojw and oow; they are labeled by (2;)
and (3;), respectively. For the latter word p = oyw, if wiws = 0105 then pu is unstable.
We replace the prefix 90109 of 1 by o30305 if w3 = 01, and by 090503 otherwise.

When w is labeled by (31) it has three successors. There are two cases. If wiwy €
{0201, 0905}, then the successors are oyw, osw, and o3w; they are labeled by (2;), (31),
and (23), respectively. Otherwise, w contains a prefix in {o¥oy0; : 2 < k < n — 2}, then
the successors are ojw, o3w, and oyw; they are labeled by (21), (31), and (25), respectively.

When w is labeled by (32) then w = ¢} and it has three successors: oyw, oow, and
osw; they are labeled by (21), (22), and (32), respectively.

When w is labeled by (25) it has two successors. There are two cases.

(i) wiwy = 0903. Then the successors are ojw and osw; they are labeled by (2;) and
(25), respectively. Since the latter word pu = osw is unstable, a replacement is
made as follows. Let j be the least integer such that wy = --- = w; = 3 and
wjr1 # 3 for 2 < j < m. Note that wjy; = 2 if j < n. Then we assign p =
O3Wy -« " WjWiWjq1 *+ - Wy = 0’%0’2&)]'4_1 o Why

(i) w contains a prefix in {o%oy : 1 < ¢ < n — 1} but contains none of the words in
{okoyoy : 2 < k < n— 2} as prefixes. Then the successors are ojw and oyw; they
are labeled by (2;) and (25), respectively.
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On the other hand, for n > 2 and for a word w € W,,, we shall show that w can be
uniquely obtained from a word 7 € W,,_; by the reverse transformations.

Case I. w; = 01. Then w is labeled by (21), and the parent of w is the word 7 =
Wy ** Wy

Case II. w; = o,. Consider the second letter of w. If wy = oy, then w is labeled by
(31), and the parent of w is the word 7 = wy - - - w,,. If wy = 03, then w is labeled by (25),
and the parent of w is the word 7 = wy - - -w,. Otherwise, wy = 09 and w is labeled by
(31). The parent of w is the word 7 = wy - - - w,, if wy € {01,09}, and T = g109wy - - - w,, if
W3 — 03.

Case III. w; = 03. There are three subcases.

n—1

(a) w=0%. Then w is labeled by (33), and the parent of w is the word 7 = 0%

(b) w contains a prefix in {o5oy0; : 2 < k < n —2}. Then w is labeled by (3;). The
parent of w iS T = wy - w, if k > 3, and 7 = g1090qw, - - W, if kK= 2.

(c) w contains a prefix in {ofoy : 1 < ¢t < n — 1} but contains none of words in
{okoyoy : 2 < k < n — 2} as prefixes. Then w is labeled by (2,). Factorize w as

w = oboew’. Then the parent of w is 7 = o90h W’
Note that the label of 7 can be determined by the prefixes of 7, according to the above
classification. O

The first three levels of the generating tree for W, are shown in Figure 1, where the
label of a word w is distinguished by the edge that connects w and its parent.

/ ________________________ (22) =-=-=--
T e
_____________ 3) —mmm -
01 03 o3 ( 1)
. L A
N 1 ~\‘\ HERRR
A | ~._ 1 T
N 1 ~ T .
0101 0201 0102 0202 0302 0103 0203 0303
/- /\ -\ /
1 1 1
1 [N | \
1 1 I
\ 1
oo101 |\ 010201 ;030201 020205 010202 '030202 020302 020103 030302 010303. 030303
020107 020201 010102 020202 010302 010103 010203 020303

Figure 1: A generating tree for positive braid words on four strands.

Remarks. The transfer matrix of the generating tree for W, is

01011
01 010
A=101 10 0
01110
01101
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By a result in [5], we derive the generating function for the size of W, anew by

14 22

1.7
ull =2A) " = oo 5

where u is the row vector (1,0,0,0,0) and v” is the column vector (1,1,1,1,1)%.

4.2 321-avoiding Baxter permutations with further restriction
We consider the permutations in 98,,(321) with the entry 1 preceding the entry 2. Let
R, ={me€B,(321): 77 11) <7 '(2)}.

For example, R3={123, 132,312} and R, ={1234, 1243, 1324, 1342, 1423, 3124, 3412, 4123}.
For n > 3, we classify the permutations 7 = m; - - -, € R, into the following four classes.

e If 7, = n then we label 7 by (2;).

e If m, 1 = n then we label 7 by (3;).

o If m=(3,4,...,n,1,2) then we label 7 by (32).
e Otherwise, we label 7 by (22).

The generating tree for the set R,,, n > 2, is constructed as follows.

Proposition 4.2 The generating tree for R, (n > 2) is given by

root  (3p)

1"1116 (30) ~ (21)(31)(32)
(21) ~ (201)(31)
(22) ~ (21)(22)
(31) ~ (21)(31)(22)
(32) ~ (21)(32)(22)

Proof: The root of the generating tree is the permutation 7 = (1,2), and it has three suc-
cessors (1,2,3),(1,3,2), and (3, 1,2); they are labeled by (2;), (31), and (33), respectively.
For n > 3 and for a m = 7y - - - m, € R,,, we construct the successors of 7 as follows.

If 7 is labeled by (2;) then it has two successors (m,n+1) and (w1, ..., 7T, _1,n+ 1,n);
they are labeled by (2;) and (3;), respectively.

If 7 is labeled by (3;) then it is of the form (7',7 + 1,...,n,4), i > 1, and has three
successors (m,n+ 1), (7';i+1,--- ,n,n+1,4), and (7',i +2,--- ,n,n+ 1,i,i+ 1); they
are labeled by (2;), (31), and (23), respectively.

If 7 is labeled by (33) then m = (3 4,...,n,1,2) and it has three successors (m,n+ 1),
(3,4,...,n,n+1,1,2), and (4,...,n,n + 1,1, ,3); they are labeled by (21), (32), and
(25), respectively.
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If 7 is labeled by (25) then it is of the form 7 = (7';i 4+ 1,i 4+ 2,...,n,j,j+ 1,...,1),
i > j, and has two successors (m,n+1) and (7,1 4+2,...,n,n+1,7,7+1,...,1+1); they
are labeled by (2;) and (25), respectively. See Figure 2 for the first three levels of the
generating tree.

On the other hand, one can check that for n > 3 every word in R,, can be uniquely
obtained from a word in R,_; by one of the four transformations mentioned above. [

12 (21)
/ ________________________________ (2) =-=-=-
123 32 T 312 g}; T
/\\\\ /?\\\"\\‘ / ~~~~~ T T

1234 1243 1324 134 1423 3124 4123 3412

/ ..‘ E\‘\“ / ‘\“ E\“.‘ / \“. / \\\‘ / \\“ /:
12345 12435 112534 / 13254 13425 114523 / 15234 / 31254 51234 34125; 34512

12354 12453 13245 13452 14235 31245 41235 45123

Figure 2: A generating tree for 7 € 98B,,(321) with 71(1) < 7=1(2).

Proof of Theorem 1.3. By the generating trees in Propositions 4.1 and 4.2, we establish
a bijection between W, and the set {7 € B,,2(321) : 7~ (1) < #~*(2)}. This proved
Theorem 1.3. U

5 Final notes

As for Theorem 1.2 and Corollary 3.1, our proofs make use of recurrence relations of
multivariate generating functions. So far we do not have a combinatorial proof. As shown
in [8], there are a number of combinatorial structures bijective with Baxter permutations.
We are interested in any connection leading to a combinatorial proof of these results.

Speaking of the phenomenon that the signed enumerator of objects of size 2n is essen-
tially equal to the ordinary enumerator of objects of size n, one may ask if the phenomenon
holds for other classes of permutations, say &,,, or other statistics. However, this phe-
nomenon seems rare. Note that 98, (w) = &, (w) for w € {132,213,231, 312}, and there is
no such identities for the maj-signed des-enumerators for these B, (w), or B, itself.

Another natural question is that if we restrict the Carlitz’s identity to B, 1(321) is
there still a closed form for the generating function

ZWE‘B2n+1(321) gmai(m) gdes(m)

H?:o(l —qt")

As for the proof of Theorem 1.3, for the purpose of providing recursive bijection
with R, the generating tree for W, presented in Proposition 4.1 is somewhat artificially
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constructed, with complicated pattern-combinations for nodes and word-replacements for
successors. In fact, the generating tree for a class of combinatorial objects is not unique.
As pointed out by a referee, another choice of the generating tree for W, is

w = ¢ (root) (30) ~ (21)(31)(32)
W = 0102% (1)~ (21)
w=01,0100%,0103%  (21) ~ (21)(31)

W = 0903% (22) ~ (1)(31)

W = 09, 0201%,0209%  (31) ~ (1)(31)(32)
W = o3* (32) ~ (21)(22)(32),

where the stable words w are classified by their prefixes shown in the first column. Hence
there must be an isomorphic tree for R,, by a certain classification that follows these suc-
cession rules while providing the requested generating function. We leave it to interested
readers.

One may also ask if the connection between 321-avoiding Baxter permutations and
the positive braid words on four strands can be extended further. To our knowledge, it is
so far an isolated property and we do not have any generalization.
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