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Abstract

The enumeration of independent sets in graphs with various restrictions has been
a topic of much interest of late. Let i(G) be the number of independent sets in a
graph G and let i;(G) be the number of independent sets in G of size t. Kahn
used entropy to show that if G is an r-regular bipartite graph with n vertices, then
i(G) < i(K,,)"?. Zhao used bipartite double covers to extend this bound to
general r-regular graphs. Galvin proved that if G is a graph with §(G) > § and n
large enough, then i(G) < i(Ks,—5). In this paper, we prove that if G is a bipartite
graph on n vertices with §(G) > § where n > 2§, then i(G) < (K5,—5) when
t > 3. We note that this result cannot be extended to ¢ = 2 (and is trivial for
t =0,1). Also, we use Kahn’s entropy argument and Zhao’s extension to prove that
if G is a graph with n vertices, 6(G) > d, and A(G) < A, then i(G) < i(Ksa)™?.

1 Introduction

The study of independent sets in various classes of graphs has been a topic of much recent
interest. For a graph G, we let Z(G) be the set of independent sets of G and i(G) = |Z(G)|.
Kahn [8] made a breakthrough on these problems when he proved the following result with
a beautiful entropy argument.

Theorem 1.1 (Kahn). If G is an r-regular bipartite graph on n vertices with r > 1, then

i(G) <K, )2 = (27 — 1)
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In fact, Kahn proved a stronger result for weighted independent sets. Galvin and Tetali
[5] generalized Theorem 1.1 to homomorphisms and, in the process, extended Kahn’s
weighted independent sets result. Zhao [12] extended Theorem 1.1 to all r-regular graphs
using the bipartite double cover of a graph. Given a graph G, define the bipartite double
cover of G, denoted G x K3, to be the graph with vertex set V(G) x {0, 1} with (u,4) ~
(v,7) if and only if uv € F(G) and i # j. The key lemma of Zhao [12] was the following.

Lemma 1.2 (Zhao). If G is any graph, then
i(G)? <i(G x Ky),
with equality if and only if G is bipartite.

The problem of maximizing the number of independent sets among graphs in other
classes has also been well-studied. If we consider graphs on n vertices and m edges, then
the answer follows from the Kruskal-Katona theorem [10, 9]. Define the lez graph with
n vertices and m edges, denoted L(n,m), to be the graph with vertex set [n] and edge
set consisting of an initial segment of size m of <[g]) under the lexicographic ordering.
(Recall that for distinct sets A, B C Z, we say A < B in the lex order if min(AAB) € A.)
The following is a consequence of the Kruskal-Katona theorem. (See [2] for an alternative

proof.)

Corollary 1.3. If G is a graph with n vertices and m edges, then
i(G) < i(L(n,m)).

Maximizing the number of independent sets in several other classes of graphs was
considered in [3].

The main focus of this paper will be on independent sets in graphs with n vertices and
minimum degree 6. The asymptotic version of this problem was studied by Sapozhenko
[11] in bipartite graphs with large minimum degree. Recently, Galvin [4] proved the
following asymptotic result.

Theorem 1.4 (Galvin). Fiz § > 0. There is a n(5) such that if n > n(d) and G is a
graph with n vertices and minimum degree at least 9, then

i(G) < i(Ksns),
with equality if and only if G = Ks,_s.
In the same paper, Galvin conjectured the following.

Conjecture 1 (Galvin). If G is a graph on n vertices with minimum degree at least 9,
where n and § satisfy n > 20, then

i(G) < i(Ksn—s)-
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One of the main results of this paper is a “level sets” version of this conjecture for
bipartite graphs. We let Z,(G) = {I € Z(G) : |I| =t} and #(G) = |Z;(G)|. Note that
i2(G) = (5) — e(G), and so maximizing i»(G) corresponds to minimizing e(G). Thus, if
we are interested in maximizing i5(G) where G is a graph with n vertices and minimum
degree ¢, we simply want to make G “as regular as possible” and so, it is not the case
in general that i5(G) < i2(K5,-5) for G a graph with n vertices and minimum degree 0.
Galvin [4] was able to prove that Kj,_; is the unique maximizer for i,(G) with ¢t > 3

among graphs with minimum degree one. We conjecture that this is true for all 9.

Conjecture 2. Let n, §, and t be positive integers with n > 26 and t > 3. If G is a graph
on n vertices with minimum degree at least o, then

it(G) < i(Ksn-s),
with equality if and only if G = Ks,_s.
The main result of this paper is to prove Conjecture 2 for bipartite graphs.

Theorem 1.5. Let n, §, and t be positive integers with n > 26 and t > 3. If G is a
bipartite graph on n vertices and minimum degree at least 0, then

i(G) < i (Ksn_s),
with equality if and only if G = Ks,,—s.

Even among bipartite graphs it is, in general, not the case that K;,_s maximizes the
number of independent sets of size two. If n > 20 + 2, we know that Ksi;,_5_1 has fewer
edges (and thus more independent sets of size two) than Kj, 5. In Section 2, we will
prove Theorem 1.5 along with some related results. For example, we can prove that the
bipartite case of Conjecture 1 follows from the above.

Corollary 1.6. Suppose n and § are positive integers with n > 26. If G is an n-vertex
bipartite graph with minimum degree at least 6, then i(G) < i(Ks,—s) with equality if and
only if G = Ksp—s.

In a related question, one might hope to get a bound on the number of independent
sets in a graph in terms of its minimum and mazimum degrees. The following conjecture
was made by Kahn; see [6]. We let iso(G) be the number of isolated vertices in a graph

G.

Conjecture 3 (Kahn). If G is any graph, then

Z(G) < 2iso(G) H (2d(u) + 2d(v) . 1)m '
weE(QG)

In Section 3, we modify the entropy proof of Kahn [8] to get the following.
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Theorem 1.7. If G is a bipartite graph with bipartition (A, B) such that 6(G) > 0 > 1,

then s
i@ < [ (2 +2'© 1)

vEA

From this, it is easy to derive a general bound for i(G) using Zhao’s extension.

Corollary 1.8. If G is a graph on n vertices with 6(G) > § > 1 and A(G) < A, then
i(G) < i(Ksa)? = (29 + 28 — 1)V,
Proof. The result follows from applying Theorem 1.7, then Lemma 1.2. O

While this result does give a bound for non-regular graphs, it does not seem to be sharp
except when G is regular (and so reduces to Theorem 1.1). In particular, it would nice to
get a bound that would imply Conjecture 1 in general. We conjecture the following.

Conjecture 4. If G is a graph on n vertices with minimum degree at least 6 > 1 and
mazimum degree at most A, then

i(G) <i(Ksp)loisl = (20 428 — pylstsl,

We are able to prove a slightly stronger result in the case when § = 1 and do so at the
end of Section 3. We adopt the convention that K _; is the null graph, so i(K; 1) = 1,
and Ko = K, so i(K1p) = 2. Also, for an integer w and a graph G, we write wG for
the disjoint union of w copies of G.

Theorem 1.9. Ifn and A are integers with 1 < A <n—1 and q and r are defined to be
the unique integers such thatn = q(A+1)+r and 0 < r < A+ 1, then for any graph G
on n vertices with 6(G) = 1 and A(G) < A, it is the case that

i(G) <i(qKiaUi(Ki,m) = (24 + 1) |21 +1].

2 Proof of Theorem 1.5 and related results

In this section, we begin by proving Theorem 1.5.

Proof of Theorem 1.5. Let G be any n-vertex bipartite graph of minimum degree at least
d with bipartition G = AU B. We may assume, without loss of generality, that |A| < |B].
We know that |A| > ¢, for if not, the vertices of B could not satisfy the minimum degree
requirement. Define the integer ¢ so that |A| = 6 + ¢. Thus, |B] = n — 6 — ¢ and
0 < ¢ < 252 since |A| < |B.

We know that independent sets in G can be partitioned into those contained entirely

in A, those contained entirely in B, and those containing vertices from both A and B.
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Let Ay, = {I €Z,(G) : INA, INB+#0}. So, as A and B are themselves independent
sets, we have

0= (3 () = (1 (2o

Our first goal will be to bound |A¢|. To this end, note that
A = Z {1 €L(G) - |INB| =}

_Z Z|{b] I €L(G), |INB|=j, bel}. (1)

bEB

If I € 7,(G) is such that |[I N B| = j and b € I for some b € B, then the vertices of /N A
cannot be in the neighborhood of b and so, since d(b) > ¢, there are at most |A| —§ = ¢
vertices in A from which to choose the t — j vertices of I N A. Further, the vertices of
(I N B)\ {b} must not be in any of the neighborhoods of the vertices in /N A. The union
of these neighborhoods must have size at least ¢ and so there are at most n — 20 —c — 1
vertices left to choose the j — 1 vertices of (I N B) \ {b}. Thus, from (1), we have

IAt\—Z Z|{ (b, 1) : T € T(G), |INB|=j, be T}

bEB

L2 ()0

SR

We will now use this bound on A; to show that if ¢ > 3, then the difference i;(Ks,,—s) —
i:(G) is nonnegative. Using (2), we see

oa-ae= () () () ()

e ()

()T 002 ()0
e ()

o —
+
j:
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t—

c n—o—c ) n—0—c (n—20—c
“\t—j Jj Jj n—20—c Jj ’
where the first equality follows from Vandermonde’s identity. Expanding and applying
this again to the above, we have

J

it(Ksn-s) — it(G)

t j—1

;(t_J ) ()]
)i () [ - i ()
BN =) o

where the second equality holds because ¢ > 3. We then note that

-1
0\ [n—20 —c n—20—c 0 n—20—c
> B — .
;@( j—1 )/5( j—1 >>n—26—c( j ) @

So, to show that i;(Ks,—s) — i:(G) > 0, it suffices to show that

<tf2) [5(”_25_6)_n—is_c(n_?_c)] _<tfl>5>0‘

We have that the left hand side of the above is equal to

(D EE () ool [ )

Further, since t > 3, we have 2(c —t+2) < 2(c—1) < (t —1)(c¢+ 1), and so the above
expression is nonnegative. To show that Kj,_s is the unique maximizer of #,(G), we
note that in (4), the inequality is strict and so i,(G) > 44(Ks,—s) unless ¢ = 0. This, in
turn, implies that G = K;,,—s since the only bipartite graph with |A| = J satisfying the
minimum degree condition is Ks,,_s. O

<

l

/\

Remark 1. We note that in the case ¢t = 2, the equation (3) would become

n—90—c

: . S g n—o—¢c
ia(Ksn-s) —i2(G) Z ¢ |(n—0—¢) = n—25 —c

(n—20 —c)| = —cd, (5)
which makes sense, for any graph with less edges than K;,,_s should have more indepen-
dent sets of size 2. In particular, e(K5,_5) —e(G) < (n—0)d — (n— 6 — ¢)d = ¢ for any

G with minimum degree at least 9.
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Theorem 1.5 has several implications, some of which we present here. To begin, we
prove that it implies Conjecture 1 for bipartite graphs. In fact, it gives a bound on the
independence polynomial for bipartite graphs with given minimum degree. For a graph
G, we let the independence polynomial of G, denoted P(G,x), be the generating function
for independent sets in G, i.e.,

P(G,z) =Y i(G)a',

where (@) is the independence number of G. We are able to show, as a corollary of the
proof of Theorem 1.5, that Kj,,_s; maximizes P(G,x) for all z > 1.

Porism 2.1. If G is an n-vertex bipartite graph with minimum degree at least § where
n > 26, then P(G,x) < P(Ks,—s,2) for all v > 1 with equality if and only if G = Ksp—s.

Proof. Recall that we assume that G has bipartition A U B with |A| < |B|. We again
define the integer ¢ so that |[A| =6 +¢. So, |B| =n— ¢ — c and 0 < ¢ < 252, Using the
first two terms on the right hand side of (3) and also the bound in (5), we see that

o0

P(Ksps) = P(G,x) = (i(Ksp-s) —is(G))a’

R R B R O e B

t=0
—cox
- - —2(5—c+1 ¢\
=3, 5 ) et ()

=2

B _1+n—25—c+1x S
__ t—l 2 '

If ¢ =0, then (tfl) = 0, each term in the sum is zero. If ¢ > 1, then each coefficient is

at least 6(,)) (=1 + <tz) as ¢ < 252, which is clearly non-negative when ¢,z > 1. O

Letting x = 1, Corollary 1.6 follows immediately.
The next result of this section proves the level set version of Conjecture 1 when n = 24.

Theorem 2.2. If G is any 20-vertex graph with minimum degree at least 0, then i,(G) <
Z't(K(;’n_(g) = Z't(K(;’(;) fO’I" all t 2 0.

Proof. We show this by induction on ¢. We have that i,(G) = i1(Ks,) trivially. Assume
that i,(G) < i,(Kss). Let Ji(G) ={(v,I) : ve I, I € Z,(G)}. Then we have

(t + Die1(G) = | T2 (G)] < (n = 6 = 1)in(G).

So,
_ n—ao—t, n—o—
it11(G) < t_}_—llt(G) < t—l——l i (Ks6) = i1 (Ks5),
where the second inequality is by induction and the last step follows from n = 24. O
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We get the following corollary immediately.

Corollary 2.3. If G is any 2d-vertex graph with minimum degree at least &, then for any
x>0, we have P(G,z) < P(Ks4,1).

3 A different bound

In this section, we prove a weak version of Conjecture 4 based on Kahn’s entropy proof of
Theorem 1.1. In fact, we use ideas from Galvin and Tetali’s extension of Theorem 1.1 to
general homomorphisms [5]. The proof uses entropy methods and so we begin this section
with a reminder of some basic facts about entropy. A more detailed introduction can be
found in, for example, [7]. Throughout this section, all logarithms are base two.

Definition. The entropy of a random variable X is defined by

1
P(X=z)log ——.
Z o8 52
For random variables X and Y, the conditional entropy of X given Y is defined by

HX|Y)=EHX|Y =y)) ZP HX|Y =y),

where

H(X|Y:y):ZIP’(X:x|Y:y)logP(X:x1|Y:y>.

Entropy has some natural, and useful, properties, some of which we include in the
following theorem. These results can all be found in, e.g., [7].

Theorem 3.1.
1. If X is a random variable, then
H(X) < log [range(X)|
with equality if and only if X is uniform on its range.
2. If X = (X4,Xy,...,X,) is a random sequence, then

H(X):H(X1)+H(X2’X1)++H(Xn ‘ X17X27-~~7Xn71)-

3. If X, Y, and Z are random variables, then

HX|Y,Z)<HX|Y).
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4. If X, Y, and Z are random wvariables such that Y determines Z, i.e., there is a
function f such that f(Y) =7, then

HX|Y)< HX|2Z).

Part (2) of the theorem is usually called the chain rule, and we will call part (1) the
uniform bound and part (3) the information loss bound.

We also make use of the following lemma, known as Shearer’s Lemma [1]. If X =
(X1, Xay,...,X,) is arandom sequence and A C [n], we write X 4 for the random sequence

(Xa)aEA-

Theorem 3.2 (Shearer). Let X = (X4, Xa,...,X,,) be a random sequence and A be a
collection of subsets of [n] such that each element i € [n| is in at least k elements of A.

Then 1
X) < T Z H(X).
AeA

With the preliminaries of entropy out of the way, we will now prove Theorem 1.7.

Proof of Theorem 1.7. Let G = (V, E) be a bipartite graph with bipartition (A, B) with
|A| < |B|, so that |A] < n/2. Choose an independent set I uniformly from I(G) and
define a random vector X = (X,),ey where X, =1ifv € [ and X, =0 if v € I. Since [
is chosen uniformly, we know that H(X) = logi(G). We have

H(X) = H(Xp )+H(XA!XB)

(5; ) +OH (X, | Xnw)]

where the first equality is the chain rule and the first inequality is by the information loss
bound and Shearer’s lemma with A = {N(v) : v € A}. We then note that if there is a
vertex w € N(v) such that X,, = 1, then X, must be 0. We let Q, = {X,, : w € N(v)}
and, for R C {0,1}, ¢,(R) = P(Q, = R). Also, for R C {0, 1}, let s,(R) be the number
of R-labelings of the vertices in N, in which all elements of R are used (i.e., the number
of surjections from N, to R) and ¢,(R) be the number of possible values of X, given that
Q, = R. Thus, 5,({0}) = 5,({1}) = 1 and 5,({0,1}) = 2%) — 2. We also have that
t,({0,1}) = t,({1}) = 1 and ¢,({0}) = 2.

We then see that

% > [HXww + 0HX, | Xnw))]

vEA

:_Z (Qu) + H(Xww) | Qo) + 0H (X, | X))

vEA
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[qv<R> log -+ g, (R)H(Xn() | Qu = B)

3(R)

+ QU(R)(SH(XU | XN(v)a Qv = R) (6)

1 1
< 5 Z Z [qU(R) log m + q»(R) log s,(R) + q,(R)0 logt,(R)

vEA §£RC{0,1}

:%Z Z qu(R)lOM

vEA P#£RC{0,1} ¢ (R)

<3| Y sR(Ry ™

veEA 0#RC{0,1}
= %Zlog (2° + 24) 1),
veEA

where we used the uniform bound on entropy repeatedly, the definition of conditional
entropy and, since Q, is determined by Xy, Theorem 3.1 (4) for (6), and Jensen’s
inequality for (7). O

Remark 2. We note that this argument can be generalized to homomorphisms into any
image graph just as Galvin and Tetali proved [5]. This gives an upper bound on the
number of homomorphisms to any image graph from a graph with given minimum and
maximum degree.

We conclude the paper by proving a slightly stronger version of the 6 = 1 case of
Conjecture 4, i.e., Theorem 1.9.

Proof of Theorem 1.9. Let G be a graph with minimum degree at least one and maximum
degree at most A. Form a graph G’ by removing edges from G until every edge is incident
to a vertex of degree one. Note that i(G) < i(G’) and also that G’ must be the disjoint
union of stars. That is,
k
G/ = U Kl,nﬂ
i=1

where k+ ). n; = n. Suppose that G’ has two components that are not K A’s, i.e., there
are 1 < s <t < ksuch that ng,n; < A. Assume that ny < n;. Note that i(K;,) =27 +1,
so that

(K, )i(Kyp,) = (2% +1)(2" + 1)
< ( ng_l + 1)(27]44—1 _|_ 1)
= (K, —1)i( K1, 41)-
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Repeating this process, we see that there is at most one component in an extremal graph
that is not KA. Thus, we have

i(G) <G < i(Eyn) i(K1p_1).
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