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Abstract

Let f be a binary word and let F4(f) be the set of words of length d which
do not contain f as a factor (alias words that avoid the pattern f). A word is
called even/odd if it contains an even/odd number of 1s. The parity index of f (of
dimension d) is introduced as the difference between the number of even words and
the number of odd words in Fy(f). A word f is called prime if every nontrivial
suffix of f is different from the prefix of f of the same length. It is proved that
if f is a power of a prime word, then the absolute value of the parity index of f
is at most 1. We conjecture that no other word has this property and prove the
conjecture for words 071°0%, r,s,t > 1. The conjecture has also been verified by
computer for all words f of length at most 10 and all d < 31.

Keywords: binary words; combinatorics on words; words avoiding a pattern; parity
index; generalized Fibonacci cubes.
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1 Introduction

Elements of B = {0,1} are called bits and an element of B¢ is a binary word of length
d. Since all words considered here are binary, we will simply speak about words. A word
u € B? will be written in the coordinate form as u = ujus ... ug. A word f is a factor of
a word z if f appears as a sequence of | f| consecutive bits of . A word u is called f-free
if it does not contain f as a factor. For a word f and positive integer d, let

Fu(f) ={ue B | uis f—free}.

The product notation will mean concatenation, for example, 1" is the word of length r
with all bits equal 1. A word b is a power of a word c if b = c* for some k > 1. A word is
called even if it contains an even number of 1s and odd otherwise.

Suppose that f is a word and d is a positive integer. Then the generalized Fibonacci
cube, Qq(f), is the graph obtained from the d-dimensional cube ()4 by removing all vertices
that contain f as a factor. In other words, V(Qq4(f)) = Fa(f), two vertices being adjacent
if they differ in exactly one bit. These graphs were studied for the first time in [4], but
special cases were extensively studied earlier. The most notable special case is formed by
Fibonacci cubes I'y = Qq(11), d > 1, see the survey [6]. The special case of Qg(1%) was
introduced in [3] (under the same name of generalized cubes) and further investigated
in [8, 12].

The definition of the generalized Fibonacci cubes naturally leads to different problems
on words. The most fundamental problem is to determine the order of these graphs.
This problem was studied earlier under the notion of words avoiding a pattern. Calling
f a pattern, then the number of words avoiding f is just the number of f-free words.
Baccherini, Merlini and Sprugnoli [1] were interested in the number of f-free words that
contain prescribed numbers of 0Os and 1s and established that they are closely related to
proper Riordan arrays. This work was extended in [9].

Another natural problem about generalized Fibonacci cubes is when they embed iso-
metrically into hypercubes. This question naturally leads to the concept of the so called
good and bad words. A word f is said to be d-good if for any f-free words u and v of
length d, v can be obtained from u by complementing one by one the bits of u on which
u and v differ, such that all intermediate words are f-free. Then f is good if it is d-good
for any d > 1. The main result of [7] asserts that about eight percent of all words are
good. The study of good words was continued in [5] by introducing the index 5(f) of f
as the smallest integer d such that f is not d-good. Among other results it was proved
that B(f) < |f|* holds for any bad word f.

Our principal motivation for the present paper is a result of [8] asserting that each
Q4(1") contains a hamiltonian path. This in particular implies that the bipartition of
Q4(17) is balanced. (By the way, it is not difficult to see that every generalized Fibonacci
cube is connected.) Clearly, the bipartition sets of Q4(f) are formed by even and odd
words, respectively. Hence, for a set of words X, let e(X) and o(X) be the number of even
and odd words in X, respectively. Let in addition A(X) = e(X) — o(X), in particular
write A(x) = A({x}) for a word z. That is, A(x) = 1 if z is even and A(z) = —1 if x is
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odd. Then we define the parity index of f of dimension d as

PLa(f) = A(Fa(f)) -

Using this notation, a necessary condition for Qu(f) to contain a hamiltonian path is that
PL(P)| < 1.

In the next section we introduce prime words and prove that if f is a power of a prime
word then |PL;(f)| < 1 holds for any d. In Section 3 we consider the parity index of the
words 071%0" and prove that for any d large enough, |PI1;(07150")| > 2. For the special case
of 0"10" a more precise result is obtained, in particular it is noted that {|P1;(010)|}4>3
is the so-called Padovan sequence. In Section 4 we pose a conjecture that powers of
prime words are the only words with the property |PI;(f)| < 1 for any d and verify the
conjecture for all words of length < 10 and for all d < 31. We conclude by indicating a
possible approach to the conjecture via generating functions that count the words that
do not contain the binary word as a given factor.

2 Powers of prime words

A word f of length d is prime if for any k, 1 < k < d — 1, the suffix of f of length £ is
different from the prefix of f of the same length. In particular, words 0 and 1 are prime,
and if d > 2, then the first bit and the last bit of a prime word are different. For instance,
001101 is a prime word which easily follows from the fact that the factor 00 appears only
at its beginning. On the other hand the word 01101011 is not prime as it starts and ends
with 011.

For a word f of length ¢ let Sy(f) = B\ Fa(f), that is,

Sa(f) = {b=biby...by | b contains factor f}.
Fori=1,2,...,d— ¢+ 1 let in addition
SY(f) ={b=1biby---bg | b€ S bibi1-bire1=f}.

Then S,(f) = U 8P (f).
By ()k() we denote the set of all k-subsets of the set X.

Lemma 1. Let f be a word of length £. Then

MG = 3 0 Y A(nes?(h)
k=1 [g<Nd7k/z+1)

Proof. Let x4 be the characteristic function of a set A:

1, €A,
0; otherwise.

xa(z) = {
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Since Sy(f) = U t'S (g)( f), the inclusion and exclusion principle implies that for every

z € Su(f),

d—L+1
Z (_1)]671 Z Xﬂielsy)(f)(x) =1
k=1 [g<Nd—k/z+1)

Therefore,

ASUS) = ) Al)

z€S4(f)
d—0+1
= D A@ | XD Y X sop @)
z€84(f) k=1 [g(NdfkéJrl)
d—L0+1
= VT > X A (@)
k=1 1¢(Ma-t+1) 2€8a()
d—0+1
= D =D YT AmeS ()
k=1 ]g(Nd—lirl)

Theorem 2. Let f be a power of a prime word. Then |Ply(f)| <1 for anyd > 1

Proof. Let d > 1. Suppose first that f is a prime word. When d < ¢, we have F,(f) = B¢
and if d = ¢, then F4(f) contains all but the word f. Hence we may assume in the rest
that d > ¢. Since e(BY) = o(B?), we have e(Fu(f)) + e(Sa(f)) = o(Fa(f)) + o(Sa(f)).
Hence PI;(f) = A(Fa(f)) = —A(Sa(f)). It thus suffices to prove that |A(Sy(f))] < 1.

We first note that A(Sg (f)) = 0. Indeed, the first i — 1 bits and the last d — ¢ —i+1
bits of the words from SV (f) are arbitrary, hence S\ (f) contains 2¢~¢~! even words and
the same number of odd words. Consider now X = ﬂie[SC(li)(f) where [ = {iy,49,...,0%}
and iy < iy < --- < i. Because f is a prime word, X = ) as soon as for some index j,
i;41 —i; < (. Moreover, by the same argument as the one used for A(SY(f)), A(X) =0
as soon as for some index j, 741 —i; > ¢. Hence A(X) can be nonzero only when k¢ = d
and i; = (j — 1)+ 1 for each 1 < j < k. Therefore, applying Lemma 1,

0; ¢1d,
A(S4(f)) =<« —1; {|d, k odd, f contains odd number of 1s,
1; otherwise.

The proof is complete for a prime word f.

Assume now that f = (f’)", where f’ is a prime word and r > 2. Let |f’| = ¢'. The
proof continues similarly as in the case when f was prime. The only difference is that
now X = () as soon as for some index j, the difference i;,1 —7; is not a multiple of ¢ and
so A(X) can be nonzero only when d is a multiple of ¢’ O
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3 Non-prime words

In this section we study the parity index of words consisting of three blocks, that is,
of words 0"1%0%, r,s,t > 1. Clearly, none of these words is prime. In our main result
(Theorem 4) we prove that for no such word f, |[PI;(f)| < 1 holds for all d. Before that
we separately give a more precise result for the special case of 0"10". The obtained results
in particular imply that Q4(071°0") does not contain a hamiltonian path as soon as d is
large enough.

Theorem 3. Letr > 1. Then

0; d<2r2r+2<d<3r+1,

IPL(0 10)|:{ 1 d=2r+1.3r+2<d<4r+3.

Moreover, for any d > 4r + 4, |P1;(07107)| > 2.

Proof. Suppose first that d < 2. Then F4(0710") = B? and hence PI;(0"10") = 0. Since
Fory1(07107) = B4\ {07107} we have Ply,;1(07107) = 1.
Let d > 2r 4+ 2. Recall that —P1,4(0"10") = A(Sa(f)) = X pes,(p) A(b). By Lemma 1,

L= Y (0 Y AnesP ().

Suppose that for a set X = ﬂieISy)(f) there exists an index 7 such that if w € X then
also w4+ e; € X. Then A(X) = 0. It follows that A(X) # 0 if and only if there exist
E>0and r <r; <2rforall 1 <j <FE, such that

X ={0710"10"21--- 010"} .

Moreover, in that case A(X) = A(0710710721---0"10") = (—1)*+1,

Hence let k > 0 and r <7r; < 2r, 1 < j <k, and set b = 071010™1---0"10". Let
v = by, yoby, 13- - - by be the word obtained from b by omitting the first 7 4+ 1 bits, so that
v € B4 71 Since b has one more bit of 1 than v does, A(v) = —A(b).

Note that v starts with 0"1. Then

ve 89, (f) ifandonlyif  beSP(H)) (mjejsf,ﬂ““)( f)) .

jed

Now we can compute as follows:

PI(07107) = —A(Sy(f) =— > A(b)

beSy(f)
= —| Y AB)+ > A ++ > AD)
beS,(f) besd(f) besdéf)
=" r1=r+1 r1=2r
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= - ( Z _Adfrfl@}) + Z _Adfr72(v) +e

’UGSd,,«fl(f) Uesd7r72(f)
+ Z _Ad—Zr—l(U)>
v€Sq—_2r—1(f)
= Z Ad—r—l(v) + Z Ad—r—2(v) +oe
vESg—r—1(f) vESq_r—2(f)
+ Z Ad72r71<v)
vESg—_2r—1(f)

= > D> Al

r<r1<2rveSyp —1(f)

= Z Ad—rl -1 U v

r<r<2r VESdry—1(f)

= Z Ad_rl_l(sd—m—l(f))

r<ry <2r

= — ) Ply,(07107). (1)

r<ri<2r

It follows that [P1;(07107)[ = | >, . <o, Pla—r,—1(07107)].
As the values PI;_,,1(0710") have the same sign for all < r; < 2r, from Equation (1)
we get

PL(07107)[ = ) [PTyp, 1(07107)] . (2)

r<ry<2r

Set aq = |PI4(07107)| for all d. We already know that aq = 0 for all d < 2r and that
agrp1 = 1. Let d > 2r + 2. If d < 3r + 1 and there is a word b € Sy(f), then there is an
index ¢ such that if w € X then also w + ¢; € X and hence A(X) = 0.

Assume d > 3r +2. When 3r +2 < d < 4r + 2, PI;(07107) = A(0710%7%~210") = 1 or
—1 and hence ag = 1. When d =4r+3, ag = agpso+ -+ agyo=1. Let d=4r+3+u
for some uw > 1. Then by Equation (2), 443414 = 224w + -+ + @3p4244. If © < 7, then
2r+24+u < 3r+2 < 3r+2+u < 4r+2 and therefore ay > 2. Assume v > r+1. Let v/ =
u—r. Then d = 5r+3+u' for ' > 1. By Equation (2), as,1340 = @3ra20w ++ +Qari20-
Ifuw <r,then3r+2<3r+2+u <4r+3 <4r+ 2+« and therefore agz > 2. Assume
w > r+ 1. Then let v’ =o' —r. Then d = 6r + 3 4+ «” for v” > 1. By Equation (2),
A6r1 341w = Qaryorur + -+ Asppogqr. As3r+2 < dr+24u” <b5r+2+u", ag > 2. Thus
when d > 4r + 4, aq > 2. ]

The special case of Theorem 3 when r = 1 deserves a special attention. In that case,

[P14(010)| = [PL;_5(010)] + [PIy_5(010)|
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with initial conditions |PI3(010)| = 1, |P14(010)] = 0, |PI5(010)| = 1 which is the Padovan
sequence, see sequence A000931 from [11].

Theorem 4. Let r,s,t > 1. Let z be the integer such that (z — 1)t +2 <r+s < 2zt + 1.
Then

—0; d<r+s+t,
yr+s+t)<d<(y+1)(r+s)+t for 1<y <z,
[PL;(071°07)|{ > 1; d=r+s+Ht,
(y+D(r+s)+t<d<(y+1)(r+s+t) for 1 <y <z,
d=(z+1)(r+s+t)+1.

Moreover, for any d > (z+ 1)(r + s +t) + 2, |[PI;(071%0")| > 2.

Proof. Since P1;(071°0%) = PI1,4(0"1°0"), it suffices to prove the result for words 0”150 with
r > t. By the same argument as in the proof of Theorem 3, A(X) # 0 if and only if there
exist k > 0 and r < 7; <7+t forall 1 <j <k such that

X ={0"1°0"1°0"1°- - - 0" 1°0"}
where A(X) = (—1)#+Ds. Also

PLy(0"1°0")| = ) [Play,—4(071°0")]. (3)

r<ri<r+t

Set ag = |PI;(071°0")| for all d. We already know that ag = 0 for all d < r + s+t and
that a, sy = 1. Let d > r+s+1t+1. In the first part of the proof, we prove the theorem
ford < (z+1)r+ (2 +1)s+ (z + 1)t by induction on y for 1 < y < z. Then we prove the
theorem for d > (2 +1)r+(z2+1)s+(2+1)t+ 1. The idea of the proof is as follows. From
the first part of the proof, we notice that for each y > 1, a4 =0 forr+s— (y — 1)t — 1
consecutive numbers of d and then ay > 1 for the next yt + 1 consecutive numbers of d.
As y increases, r + s — (y — 1)t — 1 decreases to zero and yt + 1 increases. While, by
Equation (3), ag = ag—p_s—t + ++ + ag_r_s, which is a sum of ¢ + 1 consecutive numbers,
where t + 1 is a constant for given 0"1°0*. Therefore for large enough d, ag > 2.

By a similar argument as in the proof of Theorem 3, ay = 0ifd < 2r+2s+tand ay = 1
if 2r+2s+t < d < 2r+2s+2t. Thus the statement is true for y = 1. Let y > 2. Suppose
the statement is true for all 1 < yg < y. Let d = yr + ys + yt + u for some u > 1. Then
by Equation (3), ayriystyttu = Qy—1)r+y-1)s+y-1ttu T+ Qy—1)rt@y—Dstyt+u-  When
d<y+l)r+y+s+tie,u<r+s—(y—0t, y—r+y—Ds+(y—1)t <
(y—1)r+(y—1)s+(y—1t+u < (y—1)r+(y—1)s+yt+u < yr+ys+t and hence by the
induction assumption, ag = 0. When d = (y+ 1)r+ (y+1)s+t,ie, u=r+s— (y—1)t,
(y—Dr+ (y—1)s+yt+u = yr + ys + t and hence by the induction assumption,
Ad = Qyryysee = 1. Assume d > (y+Dr+(y+1)s+t+ 1 ie,u>r+s—(y—1)t+ 1
Let =u—r—s+(y—1)t Thend= (y+1)r+ (y+1)s +t+ « where ' > 1. By
Equation (3), as = ayriysiw + -+ + yraysierw. Hd < (y+Dr+ (y+1)s+ (y + 1)t
ie., u' < yt, then yr +ys +u' < yr + ys + yt. Considering that yr +ys +¢ < yr + ys +
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l+ u/’ aq = Ayr+ys+t + Qyr+ys+t+1 O Qq Z Qyr+ys+u’ + Qyr+ys+u/+1 depending on whether
yr +ys +u' < yr +ys +t or not. Therefore by the induction assumption, ag > 1. Thus
the theorem is proved for all d < (z 4+ 1)r+ (z + 1)s + (z + 1)t.

Assume d 2 (z+ D)r+ (z+1)s+(z+Dt+1 2 (z+2)r+(2+2)s+t. Let d =
(z+2)r+(2+2)s+t+u" where " > 0. Then by Equation (3), aq = a(z42)r4(z42)st4w =
At Dyrt (15t + -+ Qi) (4 Dsttpwr- Note that (z +1)r + (2 + 1)s+t +u” >
(z+1)r+(z+1)s+t. Assume d = (z+2)r+(2+2)s+t, i.e., v’ =0. Then (z+1)r+(2+
Ds+t+u" =+)r+(z+1)s+t. Ifr+s>zt, then (z+1)r+(z4+1)s > zr+zs+ 2zt
and hence ag = a(q1)ri(1)s4t = 1. Ifr4+ 5 < 2t then (2 + 1)1+ (2 + 1)s < 2r + 25 + 2t
and hence aq = Ozrizstzt T A(241)r4(241) s+t = 2.

Let d > (z+2)r+ (z+2)s+ ¢, ie, v’ > 0. Then (z +1)r+ (z+1)s+t+u" >
(z+1)r+(z+1)s+t. First assume d < (24+2)r+(2+2)s+(2+2)t, i.e., u” < (2+1)t. Then
(z+1Dr+(z+1)s+u" < (z+1)r+ (24 1)s+ (2 + 1)t. Therefore ag = aps1)yri(a41)s4+t +
A(z41)r+(2+1)s+t+1 O Gq P A(z41)r+(z+1)s+u” + A(z41)r+(z+1)s+u/"+1 depending on whether
(z+1)r+(z+1)s+u” <(24+1)r+(2+1)s+t¢ or not. Thus a; > 2 in any case. Second
assume d = (2+2)r+(2+2)s+ (2 +2)t, i.e., v’ = (z+1)t. Then (z+1)r+(z+1)s+u” =
(z+1)r+ (2 +1)s + (2 + 1)t and hence ag = a11)r(z+1)s4u” + Cati)r+ e+ Dstu/+1 = 2
considering that (z+1)r+(z+1)s+ (z+ 1)t < (z+1)r+(z+1)s+u"+1 < (2 +2)r +
(z+2)s+ (2 +2)t. Finally assume d > (2 +2)r + (2 + 2)s + (2 + 2)t, i.e.,, u” > (2 + 1)t.
Suppose there is v’ > (z + 1)t such that ag < 1. Let uj be the smallest such an integer
and dg = (z+2)r+ (z+2)s+t+u6’. Then a4, = (41 r+ (24 1)s+ull T T A 1)t (z41) s+t 4u] -
Since (z+1)r+(z+1)s+ug > (z+1)r+(2+1)s+(z+1)t and (z+1)r+(z+1)s+t+uy < do,
agq, > 2, which is a contradiction. Thus the statement is true for all d. ]

4 Computer evidence and conjecture

Using computer we obtained the parity index for all words f of length at most 10 and all
d < 31. Since Qq(f) is isomorphic to Q4(f), where f is the binary complement of f, we
have restricted the computation to words f that contain not more 1s than 0s. From the
same reason reversed words need not to be considered. In Table 1 all words f of length
at most 8 and with |PI;(f)] <1 for d < 31 are collected.

It can be checked that every word from the table is a power of a prime word. Moreover,
the same was verified also for the obtained words of length 9 and 10 (not given in the
table). Based on this experiment and Theorems 2 and 4 we pose:

Conjecture 5. Let f be a word such that |PI4(f)| < 1 holds for any d. Then f is a
power of a prime word.

A possible approach to the conjecture would be to prove that if f is not a power of
a prime word, then the sequence {|PI;(f)|}4 satisfies a certain recurrence relation from
which we can deduce the behavior of the sequence. For instance, one can establish the
recurrent formula

|PI4(01110)| = [PI;_4(01110)| + |PI,_5(01110)],
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length ‘ f

3 | 001

| 0001, 0011, 0101
00001, 00011, 00101

000001, 000011, 000101, 000111
001001, 001011, 001101, 010101

7 0000001, 0000011, 0000101, 0000111
0001001, 0001011, 0001101, 0010011
0010101, 0011101

8 00000001, 00000011, 00000101, 00000111
00001001, 00001011, 00001101, 00001111
00010001, 00010011, 00010101, 00010111
00011001, 00011011, 00011101, 00100011
00100101, 00101011, 00101101, 00110011
00110101, 00111101, 01010101

4
b}
6

Table 1: List of words f with |f| < 8 and |PI4(f)| <1 for d < 31

with initial conditions |PI5(01110)| = 1, |PI5(01110)| = |PT;(01110)| = [PIs(01110)| = 0
and |PIg(01110)| = 1. Similarly, either by applying Equation (3) or by a tedious case
analysis yields, one can get:

IP1,(000001000)| = [PI,_¢(000001000)| + [PI,_7(000001000)]
+|PI,_5(000001000)| + [PI,_(000001000)],

with initial conditions [PIo(000001000)] = 1, [PL;o(000001000)| = |PI,;(000001000)| =
|P1;5(000001000)| = |PI;3(000001000)| = |PI;4(000001000)| = 0, |PI;5(000001000)| =
IP1,6(000001000)| = |PI;7(000001000)| = 1.

In Fig. 1 the values of |PI;(01110)| and |PI;(000001000)| for 5 < d < 55 are plotted.
Note that the sequence |P1;(f)| does not need to be monotone, but it seems that starting
from some large enough dimension the sequence is strictly increasing.

5 Concluding remarks

Another approach to get further insight into the parity index of a binary word (in par-
ticular into Conjecture 5) would be to investigate the relationship with the generating
function counting the words that do not contain the binary word as a given factor. To
explicitly state these functions we need the following concepts from [2], see also [10,
page 374] and [1, 9]. Let f = fofi...fs_1 be a word of length d, then its autocorre-
lation 1 = coeq ... cq_q is the binary word with ¢; defined to be 1 if f; = fii; for all
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Figure 1: Values of |PI,(f)| for f = 01110 and f = 000001000

0 < j<d—1-1, and defined to be ¢; = 0 otherwise. (In other words, ¢; = 1 if f and its
shift by ¢ bits agree in their intersection. In the terminology from [7] we could also say
that ¢; = 1 when f has a O-error overlap of length d—i.) For instance, the autocorrelation
of 1100111 is 1000011 and the one of 101010 is 101010. The autocorrelation polynomial
CY)(z,y) is the polynomial with coefficients given by the autocorrelation of f. More pre-

cisely, the coefficient of 27y is 1 if cﬂz = 1 and the suffix of f (of length ¢ + j) contains

§ ones and i zeros. For instance, C'10MU(z o) = 1 + 2%y? + 2%y?. Then the generating
function counting the binary words that do not contain f as a factor is (see [1, 9]):

CUl(z,y)

17 _
Py = (1 -2 —y)Cll(z,y) + zhyb’

where d; and dy are the numbers of ones and zeros in f, respectively, and the symbols x
and y count the number of ones and zeros in the words.

It could be interesting to notice the relation between the forbidden words studied here
and the shape of the corresponding autocorrelation polynomials as well as to approach
IPI;(f)| in terms of FUI(x,5). To these two ideas we also add that it could also be
interesting to relate the r-error overlap studies from [7] with the respective autocorrelation
polynomials.
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