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Abstract

We discuss representations of non-finite polyhedra as quotients of regular poly-
topes. We provide some structural results about the minimal regular covers of
non-finite polyhedra and about the stabilizer subgroups of their flags under the flag
action of the automorphism group of the covering polytope. As motivating examples
we discuss the minimal regular covers of the Archimedean tilings, and we construct
explicit minimal regular covers for three of them.

Keywords: Abstract polytope, uniform tiling, Archimedean tiling, quotient poly-
tope, regular cover, string C-group.

1 Introduction

Symmetric maps on surfaces and the automorphism groups of symmetric maps have been
studied since the early 20th century, though mostly in the case where the surfaces con-
sidered are compact (see [Bra27|, [CM80]). Tilings of the Euclidean or hyperbolic plane
are examples of maps on non-compact surfaces and require somewhat different methods
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of investigation. In the late 20th century, maps whose vertex-figures are polygons were
seen to be abstract polyhedra (rank 3 polytopes) [MS02, Section 6B]. While much work
has been done on the study of regular abstract polytopes (the primary reference work on
the subject being [MS02]), the study of less constrained polytopes is still largely in its
infancy. A particularly important tool for the study of non-regular abstract polytopes is
the seminal work of Michael Hartley [Har99a], in which he demonstrates that any abstract
polytope may be realized as the quotient of some regular abstract polytope. The current
work is part of an attempt to better understand the structure of these quotients both geo-
metrically, as covering maps, and algebraically via the group actions induced by Hartley’s
theory of regular covers. In [HW10], Hartley and Williams described explicit represen-
tations for the sporadic Archimedean solids, as well as developing general techniques for
generating such covers. Further, they identified the smallest possible, or minimal, regular
covers that may be obtained in each case via the type of quotient operation described in
[Har99a] were identified.

More generally, in the context of the study of maps, much is known about the reg-
ular covers of maps and the closely related monodromy groups of maps (e.g., [Orb07,
Wil76, Wil94, Wil02]). In the context of abstract polyhedra, that is, 3-polytopes, it is
straightforward to extend these ideas to demonstrate that the minimal regular cover of
a polyhedron is itself a polyhedron (i.e., its monodromy group satisfies the intersection
condition; details will be provided in the forthcoming [MPW]). Thus in the case of poly-
hedra, minimal regular covers both exist and are unique. However, for abstract polytopes
of rank 4 or higher, minimal covers are not, in general, unique, nor do the monodromy
groups of these polytopes necessarily satisfy the intersection condition. In particular,
there is an abstract 4-polytope (the Tomotope) that is known to admit infinitely many
distinct minimal regular covers [MPW12].

Contrary to the case when the maps are finite, there has been little attention given
to regular covers of infinite maps. Natural candidates to consider are the Archimedean
tilings, that is, vertex-transitive tessellations of the plane where all tiles are convex regular
polygons. Tilings with symmetry properties have been the subject of intense interest and
investigation, especially since the publication of Griinbaum and Shephard’s Tilings and
Patterns [GS87].

In [PW11], we provided representations of the Archimedean tilings as quotients of
regular hyperbolic tilings using a general representation theory developed by Hartley in
[Har99a] (more basic information about such representations is available in [Har99b]
and [HW10]). The goal of the current work is to identify minimal regular covers for
the Archimedean tilings, in the sense that any other regular cover of a tiling is also a
cover of the minimal one. More precisely, the Archimidean tilings are quotients of regular
polyhedra obtained using the type of quotient described in [Har99a], such that any other
cover of that type also covers the minimal cover. This paper provides a partial solution
to this problem, determining minimal covers for the Archimedean tilings (3.6.3.6), (4.8.8),
and (3.12.12). These three tilings share the property that the number of flag-orbits is at
most 3 and that the generators of some relevant groups, like the stabilizer of all flags in
some flag-orbit for (3.6.3.6) and (4.8.8), act on each flag either like the identity or like a
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half-turn. Finding the minimal regular covers of the remaining five tessellations demands
other techniques in addition to the ones used for the three described in this paper, and
we shall determine them in Part 2.

In Section 2 we discuss the definition and structure of abstract polytopes, the corre-
spondence of regular abstract polytopes with string C-groups, and provide formal descrip-
tions of regular covers in the context of abstract polyhedra. In Section 3 we discuss some
of our prior work on representing Archimedean tilings as quotients of hyperbolic tilings,
as well as presenting explicit details on the procedure used to generate those quotients.
We also correct some deficiencies we discovered in the theoretical framework provided in
[PW11]. In Section 4 we discuss the ways in which the covering maps of Archimedean
tilings are different from the covering maps of finite polyhedra, and we provide a detailed
discussion of the sizes of the fibers in these covers. Section 5 includes a general procedure
for identifying a regular minimal cover of a uniform tiling, as well as explicit descriptions
for the minimal regular covers for the Archimedean tilings (3.6.3.6), (4.8.8) and (3.12.12).
Section 6 contains a discussion of concluding remarks, a discussion of the evidence for the
existence of nontrivial minimal covers for the remaining Archimedean tilings, and open
questions.

2 Basic Concepts, Including a Discussion of String
C-Groups

Following [MS02, §2A], we define an abstract d-polytope P to be a partially ordered set
whose elements are called faces, with partial order denoted by <, that satisfies the fol-
lowing four properties. It contains a minimum face F; and a maximum face Fj;. All
maximal totally ordered subsets of P, called the flags of P, include F_; and Fj and con-
tain precisely d + 2; the set of all flags of P is denoted F(P). Consequently, < induces a
strictly increasing rank function such that the ranks of F_; and Fj; are —1 and d respec-
tively. Finally, P is strongly connected and satisfies the “diamond condition” (see [MS02,
Section 2A] for details).

In the present paper we are interested only in abstract polyhedra, that is, abstract
polytopes of rank 3; however Lemma 7 of §4 applies to abstract polytopes of general
rank. Throughout the remainder of this paper we will use “polyhedra” to mean either
the geometric objects or abstract polyhedra, as appropriate. The wvertices and edges of
an abstract polyhedron are its faces of rank 0 and 1 respectively. In this context there
is little possibility of confusion if we refer to the rank 2 faces simply as faces. We define
a section F'/G of a polytope to be the collection of all faces H such that G < H < F,
that is F'//G := {H € P| G < H < F}. The vertex-figure at a vertex v is the section
{F € P|v < F}. In the case of polyhedra, the diamond condition requires that every
edge contains precisely two vertices and is contained in precisely two faces, and the section
determined by a face f and a vertex v contains either exactly two edges or is the empty
set. As a consequence of the diamond condition, given i € {0, 1,2} and a flag ¥, there
exists a unique flag ¥* that coincides with ¥ in all faces except in the face of rank i.
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The flag W is called the i-adjacent flag of ¥. The requirement of strong connectivity
for polyhedra implies that each face and each vertex-figure is isomorphic to a polygon,
that is, a cycle in the graph theoretic sense. The degree of a vertex v is the number of
edges containing v, and the co-degree of a face f is the number of edges contained in f.
Whenever every vertex of a polyhedron P has the same degree p, and every face of P has
the same co-degree ¢ we say that P is equivelar and has Schilafli type {p, q}.

An automorphism of a polyhedron P is an order preserving bijection of its elements.
We say that a polyhedron is regularif its automorphism group I'(P) is transitive on the set
of flags of P, which we will denote by F(P). The Platonic solids and the familiar regular
tessellations by triangle (3°%), squares (4*) and hexagons (63) are examples of abstract
regular polyhedra.

A string C-group G of rank 3 is a group with distinguished involutory generators
o, P1, P2, where (pop2)? = €, the identity in G, and (pg, p1) N {p1, p2) = (p1) (this is called
the intersection condition). The automorphism group of an abstract regular polyhedron
P is always a string C-group of rank 3. Given an arbitrarily chosen base flag ® of P, p; is
the (unique) automorphism mapping @ to the i-adjacent flag ®'. Furthermore, any string
C-group of rank 3 is the automorphism group of an abstract regular polyhedron [MS02],
so, up to isomorphism, there is a one-to-one correspondence between the string C-goups
of rank 3 and the abstract regular polyhedra. Thus, in the study of regular abstract
polyhedra we may either work with the polyhedron as a poset or with its automorphism
group. In this paper the automorphism group of a regular polyhedron P will be denoted
by I'(P), or simply by I' whenever there is no possibility of confusion.

For any polyhedron P we define permutations rg, 1,72 on F(P) by

Ur; = U

for every flag W of P and i = 0,1,2 (note that these are not automorphisms of P).
The group Mon(P) := (ro,r1,r2) will be referred to as the monodromy group of P (see
[HOWO09], but note that this definition differs from the definition in [Zvo98], where the
author only considers words with even length in the generators r;).

The flag action of a string C-group I' = (py, p1, p2) on P is the contravariant group
homomorphism I' — Mon(P) defined by p; — r;, provided such a homomorphism exists.
In this context, if a = o/p; for some o,/ € T' then ¥* = (¥ )r; = (¥*')". Note that,
by definition of automorphism, the action of each r; (and thus the flag action) commutes
with the automorphisms of any given polyhedron. That is,

(Ur))a = (Pa)r; (1)
for i =0,1,2 and a € I'(P), and more generally,
(Yw)a = (Ya)w

for every w € Mon(P), « € I'(P).
Whenever we have a flag action from I'(P) to Mon(Q), where Q is an Archimedean
tiling, and an element v € I'(P) preserving flag orbits, for any flag of Q there exists a
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unique isometry I, of R? mapping a given flag ® to ®~. Furthermore, if 7,4 € I'(P), and
L,, I are the corresponding isometries with respect to a given flag ®, then ®v = ®I;51,.
In other words, there is a contravariant group homomorphism from I'(P) to Mon(Q).
Note that this group homomorphism depends on the choice of ®; however, the group
homomorphisms corresponding to two flags in the same orbit under I'(Q) are isomorphic
(in the sense that if U = ®¢ for some ¢ € I'(Q), and I, J, are the isometries corresponding
to v € T'(P) with respect to ® and W respectively, then I, = ¢~1.J,¢). In the upcoming
sections we will use such a group homomorphism, where the place of I' is occupied by an
arbitrary subgroup of I' generated by wy, ..., w,. That is,

Proposition 1. Let Q be an Archimedean tiling, P a reqular cover of Q, ® any flag of
Q, A= {01,...,0,) <T(P), and fori=1,...,s let h; denote the unique isometry of R*
mapping a given flag ® to ®d;. Then there is a contravariant group homomorphism from
A to (hy,..., hs). Moreover, this homomorphism is an isomorphism if and only if every
element in A acts nontrivially on .

We say that the regular polytope P is a cover of Q, denoted by P\, Q, if Q admits
a flag action from I'(P). (This implies the notion of covering described in [MS02, p. 43].)
For example, the (universal) polyhedron with automorphism group isomorphic to the
Cozeter group [00,00] := {po, p1, p2 | (pop2)? = id) covers all other polyhedra. Whenever
the least common multiple of the co-degrees of the faces of a polyhedron P is p, and the
least common multiple of the vertex degrees of P is ¢, P is covered by the tessellation
{p, q} whose automorphism group is isomorphic to the string Coxeter group

[, 4] := (po, p1, P2 | (POP2)2 = (pop1)? = (p1p2)? = id).

(Recall that {p, ¢} can be viewed as a regular tessellation of the sphere, Euclidean plane
or hyperbolic plane, depending on whether }D + % is bigger than, equal to, or less than %,
respectively.)

Whenever P\, Q, Q is totally determined by P and the stabilizer N of a chosen base
flag ® of Q under the flag action of I'(P). Indeed, Q@ = P /N, the polytope whose faces
are orbits under the action of N on P. For further details, see [Har99a].

The monodromy groups of polyhedra are particularly nice, as seen in the following
theorem, whose proof will appear in [MPW].

Theorem 2. Let Q be an abstract polyhedron, and Mon(Q) its monodromy group. Then
Mon(Q) is a string C-group.

Since Theorem 2 says that Mon(Q) is a string C-group for any polyhedron Q, then by
the identification between string C-groups and regular abstract polytopes, any polyhedron
is automatically equipped with a regular cover determined by its monodromy group.
Moreover, it is straightforward to demonstrate that Mon(Q) = I'/Core(I', N), if I is the
automorphism group of a regular cover of Q, N is the stabilizer in I" of a flag in Q under
the flag action of I' and the core, Core(I', N), is the largest normal subgroup of I" in N
(see[MPW] for details). Note that

Core(I', N) = ﬂ g 'Ng.

gel
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Theorem 2.3 of [HW10] states the following. Let T" be the automorphism group of a
regular polytope P acting on a polytope Q via the flag action, and let R be any other
regular cover of Q. If I'/Core(I', N) is a string C-group, then R also covers the polytope
determined by I'/Core(I', N). In other words, applying Theorem 2 we see that Mon(Q)
is a minimal regular cover for Q.

As a consequence of the previous discussion, the monodromy group of a regular poly-
tope P is isomorphic to I'(P)/Core(I", N), where N is the stabilizer of any flag in P. Note
that in this case Core(I', N) is trivial, since the stabilizer of all flags is the same as the
stabilizer of any individual flag (due to regularity) and every conjugate of the stabilizer
N of a flag of P is the stabilizer of another flag of P. Hence I'(P) = Mon(P) (for further
details of this fact see [MPW]).

This leads to a useful reinterpretation of the condition for a regular polytope P to be
a cover of Q. The fact that Q admits a flag action by I'(P) is equivalent to observing
that there is an epimorphism from Mon(P) to Mon(Q). Thus, we find it more natural to
understand the cover P Y\, Q as an epimorphism of monodromy groups, instead of as a
contravariant homomorphism from an automorphism group to a monodromy group. This
perspective is motivated by the natural way in which i-adjacent flags of P are mapped
into 7-adjacent flags of Q. Henceforth we shall proceed according to this notion and use
the generators rg, 71,72 of Mon(P) instead of those of I'(P) to denote the action on the
flags of O.

For a given abstract polyhedron P, we define its flag graph GF(P) as the edge-labeled
graph whose vertex set consists of all flags of P, where two vertices (flags) are joined by
an edge labeled 7 if and only if they are i-adjacent for some ¢ =0, 1, 2.

3 Prior Results on Covers of Archimedean Tilings

In [PW11], we provided explicit presentations for regular covers of the Archimedean
tilings. In the current work, we seek to improve on those presentations by providing
minimal covers. Before doing that however, some discussion of the results in [PW11] is in
order. To construct an explicit representation of an abstract polytope Q using Hartley’s
theoretical framework it is necessary to find an adequate description for the stabilizer of
a base flag under the flag action of the automorphism group of a regular cover of Q. As
a first step, we recall the following theorem from [PW11, Theorem 4]:

Theorem 3. Let the polyhedron Q be a map on the sphere or the Euclidean plane, ® the
base flag of Q, and I' a string C-group with generators py, p1, p2 and a flag action on Q.
Then Stabr(®) is generated by the set of elements of the form

W, = w,  (pipa)™w, and Wy =w;"(popr) wy,

where v is any vertex of Q of degree q,, f is any face of Q with py edges, and w, and wy
are words which map ® to a flag containing v or f, respectively.

In light of the contravariant isomorphism between the automorphism group of the
covering polytope and the monodromy group of Q, in the language of this paper we
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would instead describe this relationship in terms of the subgroups of Mon(Q) generated by
Wy (rory)™w, * and wy(ryr )P ﬁ)J?l, where Wy, W, are the elements in Mon(Q) corresponding
to the flag actions of w; and w,. Notice that the generating set for the stabilizer of a base
flag for a tiling given by Theorem 3 is stated in the form of sufficiency, not necessity. In
particular, the theorem says that the set containing each of the generators is determined
by infinitely many words w; and w, sending ® to a flag on f or v, for each of the infinite
number of choices for f and v will be sufficient. However, there is likely to be an enormous
amount of redundancy in such a description. In [PW11, Lemma 5] we tried to reduce
that reduncancy via the application of the following lemma:

Lemma 4. Let Q be a polyhedron, ® a flag of @, and I' a string C-group with generators
po, p1, p2 and flag action on Q. If w(p;pir1)?w™ € Stabp(®) then w'(pipiv1)iw'™ €
Stabp(®) for any w' such that dw’ and Pw coincide in their face if i = 0, and in their
vertex if 1 = 1.

On the basis of this lemma, we proposed that a generating set for the stabilizer of a
specified base flag in each of the Archimedean tilings is a collection of elements of the form
By 37, where 3 and v are words acting on the base flag as linearly independent
translations, and oy is a conjugate of (pgp1)? by a short word which will take the base
flag into a flag containing a ¢g-gonal face. Informally, each of these words corresponds to a
walk in the flag graph involving first a number of steps to the left or the right (determined
by the exponent i on the 3), followed by a number of steps up or down (determined by
the exponent j on the ), plus a little loop at the end determined by «y, where the entire
element 3'y7ay,y 73~ corresponds to a walk in the flag graph shaped like a lollipop with
a potentially very long, and somewhat bent, stem. In this formulation, each face of the
tiling determines a single generator (see [PW11, Section 4]). Note that analogous words
corresponding to edges or vertices of the Archimedean tilings are trivial in the covering
group, so it is not necessary to included them in the generating set for the stabilizer
subgroup.

In [PW11] we tried to argue using Lemma 4 that only one word wy for each face and
one word w, for each vertex of Q in Theorem 3 is required to generate the stabilizer
subgroup for the base flag (instead of infinitely many for each face and vertex). However,
the presented argument instead demonstrated that when the last flags traversed by w
and w’ agree in the face or vertex, then the elements w(p;p;y1)%w ™! and w'(p;pi1)9(w')~?
are conjugates in I'. This is insufficient to show a single generator suffices for each face
or vertex of the tiling. Although we conjecture that one generator per vertex or face of
Q is sufficient to generate the stabilizer of a base flag in Q whenever the flag graph of
Q is planar, in the remainder of this section we provide an alternative demonstration
that the generating sets for the stabilizers of a base flag given below are sufficient for the
Archimedean tilings.

Theorem 5. The sets {3y oy 737" | i,j € Z,0 < k < n} as given in Table 1 (following
the descriptions given in [PW11]) are sufficient to generate the stabilizer subgroup of the
specified base flags in the corresponding Archimedean tilings.
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For each tiling listed in Table 1 the lo@ion of the base flag is indicated in the tiling
symbol by an arrow. For example, (3.3.4.3.4) indicates the base flag’s position in the
vertex figure, namely that it contains a square and shares an edge with a triangle. For
more details on base flag selection see [PW11]. This is essentially a restatement of the
results included in Section 4 of [PW11]. Note that in the notation of this paper, rq =
a,r1 = b,ry = ¢, and we are using the a,b,c notation here to be consistent with the
remainder of the statements in [PW11] about these coverings. Likewise, for words w, y in
[ or Mon(Q), w¥ = y~'wy. The generator definitions given in Table 1 differ from those
given in [PW11] as follows:

e In the tiling (3.3.4.3.4) we replaced az = ((ab)3)**¢ with ((ab)3)v<.

e In the tiling (3.3.3.3.6) we replaced a; = a§’*® with af*®* and a; = af* with
agbac‘

These changes are necessary only so that the portions of the walk determined by the word
w with which we are conjugating «a; does not circuit a face of the tiling and so may be
included in the spanning tree without forming closed loops. For example, the original
walk ag for (3.3.4.3.4) included the string cbcbe which induces a walk that forms a closed
loop with the walk induced by 57! since the last five terms of 3 are bebeb (recall (be)®
is trivial in the cover). These changes have no impact algebraically since in (3.3.4.3.4)
bcbeb = cbcbe and in (3.3.3.3.6) ac = ca (as it does in all other intermediate covering
groups).

To establish the validity of the smaller generating sets we will make use of a more
fundamental theorem from [PW11, Theorem 1|, which we restate here as Theorem 6.

Theorem 6. Let T' be a spanning tree in GF(Q) rooted at ®, a specified (base) flag of Q.
For each edge e = (¥, Y) of GF(Q), define the unique walk (. as the unique path from ®
to W in T, across e and followed by the unique path from Y to ®. Let wg, be the word in T’
inducing the walk G.. Then S = {wg, : e € GF(Q)\ T} is a generating set for Stabr(P).

To prove Theorem 5, it is sufficient, by Theorem 6, to construct for each Archimedean
tiling a spanning tree in the flag graph with the property that each of the wg, can be ex-
pressed as a product of words corresponding to lollilipops from the statement of Theorem
5. Such a spanning tree must have the following properties:

e The spanning tree is rooted at the base flag.

e The edges of the spanning tree contain all of the edges traversed by the walks from
the base flag induced by 'v/w, where oy, = w(ror1)%w™! to each (vertex and) face
of the polyhedron.

e The omitted edges of the spanning tree may be identified with cells of the flag graph
so that each omitted edge is associated to a walk in the tree to a cell of the flag
graph, a walk around that cell and a return walk along that same path in the tree.
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Table 1: Generating sets for the stabilizer subgroup of a regular cover for each of the
Archimedean tilings. Definitions modified from those give in [PW11] are indicated with

*.
Tiling Covering group o 16} y
(3.6.—>3.6) 6, 4] ag := ((ab)?)° ababacbe abcbabeb
an = ((ab)?)”
(48—8>) 8, 3] oo = ((ab)*)¢ ababcbab cbababab
(3.3.4.—5’).4) (12, 5] ag := (ab)* abcbabebeb cabcbacbebabeb
o 1= ((ab))
g 1= afe
kg 1= (ab)3)bcbcb
= (b))
s = ((ab)?))cbac
(3.3.<3_.71.4) [12,5] g := (ab)* abeb cbab(ch)?ab
ar = ((ab)°)",
ay = ((ab)3>cbc
3.4.6.4 12,4 ap = (ab)? cbabcbebabebab | caba(be)*babeab
( ) [12, 4] 0 := (ab)°, (be)
aq = ((ab)4)cba
az = ((ab)")*
az := ((ab)*)®
ay = ((ab)6>cbc
Qs = ((ab)S)cbabc
(3.3.3.??6)) 6, 5] ag := (ab)? ab(cb)?(abcb)?ch | ca(ba)?(be)?ab
*oy = a(c)bcabc
Qg 1= ad®
e agbcb
ay = af
as 1= ag®
ag agbcba
kay = agPae
(3.12.12) (12, 3] g := ((ab)?)® (bcba)?(ba)? (ba)?(bcba)*
aq = ((ab)?))cbabab
(4.6.12) (12, 3] ag = ((ab)*)®aeb | (ab)?(cbab)?ab (ab)®cbabcb
aq = ((ab)6>cbab
az := ((ab)")*
as = ((ab)°)
ay = ((ab)4>cba
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In practice, this final constraint must be done in a coherent fashion so that the cells
may be ordered in such a way that some corresponding product of trivial elements in
the universal cover I' and elements of our generating set yields the desired enclosing walk
determined by the omitted edge.

Figures 4 and 6 provide templates for the requisite spanning trees for all of the tilings.
To explain how to interpret Figures 4 and 6, as well as to explain how we know these
trees achieve the desired objectives, we will explore the case of the tiling (3.3.3.4.4) in
some detail.

3.1 An Example Spanning Tree

We now consider the case of the tiling (3.3.3.4.4). For this tiling we choose a base flag
® containing an edge shared by a triangle and a square, and also containing a square of
the tiling (as indicated in Figure 1 by a large pale blue dot). Recall from Table 1, ag =
(7‘07”1)4, ap = 7’2(7”07“1)37”2, Qg = 7”27“17’2(7”07"1)37”27"17’2, B = rorireri,y = 7’27”17”07"1(7’27“1)27’07”1§
then Stabrpy(®) = (677 a;y"377) where i = 0,1,2 and j, k € Z.

{o O
O ”O“

OO .f

00 O/

Figure 1: The main branches of our spanning tree in the flag graph rooted at the base
flag (indicated by a cyan dot). Edges in the main branches of the tree are indicated by
thick colored lines, edges not in the main branches of the tree are indicated with colored
hairlines. Colors indicate adjacency relationships between flags. Edges of GF(Q) will be
colored blue if they connect to 0-adjacent flags, red if they connect to 1-adjacent flags,
and green if they connect to 2-adjacent flags.
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Figure 2: The walk ., which is equivalent to a;. The base flag is indicated by a cyan
dot, thick edges correspond to edges of the spanning tree, while the walk (. is indicated
by a sequence of purple arrows in the direction of the walk adjacent to the corresponding

edges of GF(3.3.3.4.4).

By way of example, consider the walk [, indicated in Figure 2. To establish equiv-
alence with oy = 7’2(7“07’1)37“2 we multiply it by three carefully chosen trivial elements in
Mon((3.3.3.4.4)), namely B3(ror1)°871, (ror2)?, ((r2r9)?)™27 7012 corresponding to walks in
GF((3.3.3.4.4)) of circuits of cells corresponding to two edges and a vertex of (3.3.3.4.4),
respectively, as follows:

B(rar1)® 671 - (rora)? - ((ror1)®)"® - ((rarg)?)"2m1rerir
= (7”07“17"27“17“27"17‘27‘17“27’17”27“17"27”17“17"27‘17‘0)(7"07“27‘07"2)'

(T2T07’17’0T17‘07’1T2) (7’27”17"07"17’27’27'07’27’07"27’17’07"1TQ).

Trimming all words rorg, 171 and rore, which are equivalent to the identity, we get the
word rorirerireT1rer1ToTe 1o 72, Which is precisely the one corresponding to the walk (.
in the figure. Thus we have written a generator (in this case wg,) determined by an edge
in the complement of the spanning tree as a product of elements of the form 347 a;y =731
(with trivial elements), i.e., wg, = $°9°%a;77°370.

To describe the means by which such a spanning tree is constructed, we present now
the steps in constructing the spanning tree for (3.3.3.4.4). The main branches of our
spanning tree are the walks induced by w;; := (47 and by w;;rarir2 (see Figure 3).
Note that these walks naturally form a tree since 3 and ~ correspond to independent
translations of the base flag, and the additional steps induced by roriry don’t introduce
any loops in the graph.

In Figure 4 we have indicated two copies of collections of cells of the flag graph that
constitute regions whose borders are determined by walks of the form S35~ 'y~! and
By~ 1371y, in which one edge has been omitted from the path (adjacent to a red triangle
in the figure). We next construct a spanning tree made of thick orange lines in the dual
graph of each region. Edges crossed by the orange lines will be omitted edges of the
spanning tree, and so we add to the main branches of our spanning tree those edges that
weren’t crossed by orange lines to complete our spanning trees in those regions (with the
exception of those traversed by (3 as indicated by a dotted line in Figure 4). We also
draw triangles connecting nodes of the dual tree to omitted edges of the spanning tree
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Figure 3: A view of a larger region of the tiling (3.3.3.4.4) with the flag graph and main
branches of the spanning tree superimposed.

oriented towards the open end of each region (one triangle per omitted edge). We also
draw black edges connecting nodes of the dual graph corresponding to faces of the tiling
to the nodes of the flag graph determined by the end of the corresponding walk induced
by 3y/w. These triangles and black edges turn out to be helpful in ordering products
equivalent to the wg,, as we will see below.

If we copy the introduced edges (and dual complementing forest) into the other regions
enclosed by the walks starting on the base flag 347371y~ with j > 0 or 843103
where 7 < —1, we obtain a spanning tree for the flag graph since the presence of the dual
trees prevent these edges from forming closed loops, and every node is on a branch of
the spanning tree since each node in the region enclosed by 3v8~1y~! is on a branch of
the tree. The only thing exceptional in the construction process is that for those regions
enclosed by 377 371v3 where j < —1 the orientation of the triangles for some of the nodes
is flipped across the omitted edges from those where j > —1, as seen in the aqua colored
region in Figure 4 (notice that some of these differ in orientation from those given in the
yellow region).

To see that the 34/ ayy =73~ are adequate to generate the stabilizer subgroup of the
base flag, it suffices to show that any of the wg, from Theorem 6 for this spanning tree
may be obtained as a product of these generators. Since the regular universal cover is
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? ° ? °

Figure 4: The dashed orange line indicates an edge of the tree in the dual flag graph
that is omitted because of the presence of a walk induced by 3¢. Gray triangles indicate
correspondences between omitted edges of the flag graph and centers of the dual flag
graph used to associate vertex, edge and face walks with those edges.

' = [12,5], all of the walks along the tree to a cell of the flag graph corresponding to
an edge or vertex (and so not corresponding to a face of the tiling), around that cell,
and back are trivial (the corresponding words are equivalent to the identity in [12, 5]).
Therefore, any of their conjugates may be inserted as needed anywhere in a product of
the given generators 3°y/ oy 737",

Let e be any omitted edge of the walk; then, as in Figure 5a, there is a unique walk (or
lasso) (. from the base flag, through the tree to one endpoint of e, across e and finally back
along the tree from the other endpoint. The region enclosed by this walk is necessarily
simply connected and contains a finite number of face cells. The product of the Wy,
corresponding to these enclosed face cells, suitably ordered, is equivalent to wg,. To help
us understand this equivalence, consider the walk induced by f., as indicated in Figure
H5a. We construct an ordering on the words corresponding to the face, vertex, and edge
lollipops for the enclosed cells of the flag graph by starting on the right hand side of the
edge e; and to the right of the orange dual tree. Proceeding in a clockwise fashion around
the dual tree (as seen in Figure 5b), we add terms to the product corresponding to nodes
of the dual flag graph in the order we cross the corresponding edge of the flag graph (the
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correspondence being indicated by the triangles connecting omitted edges to the centers
of vertices, edges and faces of the tiling), being sure not to add those corresponding to a
cell center connected by a black edge to the spanning tree of the flag graph until we cross
that black edge (thus ensuring we introduce elements to the product about which we have
little flexibility while we are adding cells on the appropriate branch of the spanning tree).
Such an ordering is given in Figure 5b for the walk induced by f.,, and guarantees the

reducibility of the product to wg,.

L)
NE1
)
)
)

4 ) =T
R 3 2%
S NE
T " o \§
S 3 7r0q Wesor, f
‘\‘ . ‘V““,ymm' ;
s R 444444l 5 “‘4‘ 5 3
A L o N7
S oo < o SR : P8 6 °
- s 24 -
S "'m«'z «««m,“‘ﬁ‘ u«“:
a R o
¢ b o
[ ]
a) The walk induced by 3, b) A walk around the dual tree
1

induces a product ordering.

Figure 5: In each of these figures, the cyan dot indicates a base flag. In (a) we see the
walk induced by [, , indicated by a sequence of purple arrows in the direction of the walk,
adjacent to the corresponding edges of the flag graph. In (b) traversals of grey triangles
are used to induce an order on the products of vertex, edge and face walks determined by
the centers of the cells of the dual graph. Cell centers are labeled in the order they need

to be added to the product.

Since such an ordering is possible for either orientation of the triangles, and for any
choice of omitted edge in the regions enclosed by 33 1y~ and 3y~ '3~!v, we can con-
struct such a product for any omitted edge of the flag graph.

We conclude this section by providing specific examples of spanning trees sufficient for
proving the remaining of Theorem 5, given in Figure 6. Note that the trees shown here
reflect the changes to the generating sets mentioned in the statement of Theorem 5.

14

THE ELECTRONIC JOURNAL OF COMBINATORICS 19(3) (2012), #P6



T\ —/C
'AV '!é!\'l‘v\

N4 CAVAYAVAOAN
SORERTNGY

OYAY

OAVAVAv S WA

BN VA4V NG

* MSetivatavey

V) S0 9,

=A0AVA0aVA% v}

. c A VAVAVEEQVaAVA
(a) (4.8.8) (b) (3.3.3.3.6)

(c) (3.6.3.6) (d) (4.6.12)

Figure 6: Sample regions for the spanning trees of the remaining Archimedean tilings
necessary to establish the proof of Theorem 5. The vertex corresponding to the specified
base flag in the flag graph is indicated with a large cyan dot. Figure continues on the
next page.
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Figure 6: The remaining three sample regions required for the proof of Theorem 5.

4 Covers as Identification Mappings

A natural question to ask in the context of these covers is how the numbers of flags in the
covering polytope relate to the numbers of flags in the covered polytope. As an example,
consider the minimal cover of the truncated tetrahedron Ps¢¢ by the regular polytope
{6,3}22) (see Figure 7). The polytope {6,3}(,2) has 12 hexagonal faces, of which four
hexagons get wrapped twice around the triangles they get mapped to, and the remaining
eight hexagons are mapped to the four hexagons of the truncated tetrahedron in pairs
(for more details, see [HW10]). Thus, each flag of the truncated tetrahedron is covered
by two flags of the polytope {6,3}(22). We define a cover P\, Q to be a k-fold cover if
the preimage of every flag in Q has k flags in P. In this notation, {6,3} 2.2\ P36 is a
2-fold cover.

There is a useful relationship between the number of cosets of the core in the stabilizer
of a flag ® and the number of flags in the preimage of ®, summarized by the following
lemma. Let |G : K| denote the index in G of the subgroup K.
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{6.3}a2 (3.6.6)

Figure 7: The regular polytope {6, 3}(2,2) and its relationship to the truncated tetrahedron
(3.6.6). The regular polytope {6, 3} is formed by quotienting the regular tessellation
{6,3} by the translations that identify the vertices labeled A and B. The polyhedron
(3.6.6) is represented here by its Schlegel diagram with the outside face colored white.
The polytope {3,6}(2,2) is a minimal cover of (3.6.6) (see [HW10]). Face identifications
formed by the quotient are indicated by tiles of matching colors. For example, the two red
hexagons in {6,3}22) cover the red hexagon in (3.6.6), and the two white hexagons are
mapped to the outside face of the Schlegel diagram. Triangles in (3.6.6) are double covered
by a single hexagon of {6, 3}29). For example, the single green hexagon in {6, 3} (2,2) wraps
twice around the green triangle, identifying vertices C' and A.

Lemma 7. Let P \, R \, Q with P and R reqular, I" the automorphism group of
P, Q = P/N (i.e., N the stabilizer of a flag in Q under the flag action of '), and
R =P/Core(I'y N). Then R\, Q is a k-fold cover if k = |N : Core(I', N)|.

Proof. Note that Core(I', N) is the stabilizer of every flag of R in I" (and therefore also in
N) since it is the kernel of the first quotient map. By the Orbit-Stabilizer Theorem, there
is a bijection between the orbit of an element and the set of left cosets of the stabilizer of
that element. In this context, therefore, the elements of the flag orbits under the action
of N on R are in one to one correspondence with the left cosets of Core(I', N) in N. In
other words, the flag orbits in R are all of size |N : Core(I', N)|. This also shows that the
sizes of the orbits are all the same, so there is only one stabilizer subgroup in this case,
namely Core(I', N). Therefore R \, Q is a k-fold cover. O

It seems not unreasonable to suppose that in the context of covers of the uniform
tilings we ought to be able to identify such a value of k, or at least determine that a finite
value for k exists. As we shall see, this is not the case.
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Table 2: Elements w and v such that the base flag ® of the tiling is stabilized by w and
acts as a translation on ® via the flag action. Arrows are used to indicate the location
of the base flag.

Vertex Type w v
(3.6.3.6) [(ror1)raryra)® ry
(48—_8)) [r1ra(riro)?]* "
(3.3.4.54) | [(ror1ra)2(ror1)2(rar)?)t | 14
(3.3.3.4.4) [ra(r1ro)r]* r
(??1.6.4) [(riro)?rirarirorire]® | rire
(3.3.3.%) [ror1rarorira(r1m0)?]? 1
(3.?12’) [r1ra(r1ro)°]* 1
(4<6_—_12) [r179(r170)%]° [}

Proposition 8. Let Q be a uniform tessellation of the plane, I the string C-group of any
reqular cover of @, N the stabilizer in I' of a flag in Q, and C the core of N in I'. Then
C s a subgroup of infinite index in N.

Proof. In Table 2 we list each of the uniform tilings of the plane. The symbols have been
modified with an overset arrow to indicate the symmetry type of a base flag ® of the
tiling. For example, if the arrow is over the substring a.b in a symbol, with the tail over
a and arrowhead over b, then the base flag contains a face with a sides and shares its
edge with a face that has b sides, and conversely if the arrow is oriented in the opposite
direction. Note that for (3.3.3.3.6) the given symbol is ambiguous (there are two possible
choices for ®). Our presentation assumes that ®rorirererire is stabilized by (7“07"1)3.

Let ® be a base flag of Q of the type specified in Table 2, w the word associated to
the tiling, and ¥ the flag obtained from ® by the flag action of the given element v € I'.
Then &% = & and ¥* = Ut for some translation ¢ in the symmetry group of Q. Clearly,
d*" = & and U*" = Ut* for any k € Z. In particular, it follows that w* € N for all k.

We know that the coset w*C coincides with the coset w™C' (as cosets in N) if and
only if w*=™ € C; that is, Y**~™ = T for every flag Y of Q. In particular, U*" " = .
However, this occurs if and only if k& = m. Therefore {w*C |k € Z} is an infinite family
of left cosets of C' in N implying that C' has index co in N. O]

5 Minimal Covers for Some of the Uniform Tilings
of E?

In what follows, we present the minimal regular covers of the tessellations (3.6.3.6), (4.8.8)
and (3.12.12). The remaining, more complicated cases will appear in a subsequent work.
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The tiling (3.6.3.6) has two orbits of flags; type A containing hexagonal faces and type
B containing triangular faces. The tilings (4.8.8) and (3.12.12) each have three orbits of
flags. For the tiling (4.8.8) type A consists of those flags containing a square, those of
type B contain an octagon and share an edge with another octagon while those of type C
are the remaining flags on the octagons. For the tiling (3.12.12) type A consists of those
flags containing a 12-gon and sharing an edge with another 12-gon, type B the remaining
flags containing a 12-gon, and type C being those flags containing a triangle.

5.1 (General procedure

Let 7 be a uniform tiling, T' := [p,q| its universal covering group, N, the stabilizer
of a specified flag ® of type A (say), C the core in [p,q| of Ny and therefore I'/C is
the automorphism group of the minimal regular cover of 7. As we mentioned earlier,
there is a contravariant isomorphism between I' and Mon([p, ¢]); we shall abuse notation
and interpret I' as equal to Mon([p, q]) with generators r;. To describe the minimal
regular covers of 7 we provide defining relations in terms of the generators of [p, ¢| for its
automorphism group I'/C. The outline in each of the cases is as follows.

5.1.1 Step 1: Reduce to a finite generating set for N,

The group N4 is generated by the infinite set {3/ a7 73"} as in Theorem 5 (see also
[PW11]). Each element 3"/ a;y 773" acts on flags of type B (and C, when applicable) in
a particular geometric way. Some compositions of these actions act like the identity on
all flags: for example, if two generators ¢;, ¢g» act like linearly independent translations
on flags of type B (and C), then g1g29; *g, * must act like the identity on all flags. This
is equivalent to saying that g;g.g; ‘g5 ' € C. We construct a finite number of elements 1;,
l=1,...,mq found this way.

Additionally, in the tilings considered in this paper, the commutator of some powers
of 4 and of v also belong to C. We denote these elements by 7, | =m; +1,...,ms.

The first step to finding C is to consider the normal closure Cly := Clr({n1, ..., My })
of 1,...,Mm, in I'. Clearly Cl; is a subgroup of C C N4 and it is normal in I" (and hence
in N4). Furthermore, Cl; = C if and only if for every element in N,/Cl; there exists a
flag it acts on in a nontrivial way. Unfortunately, this is typically not the case, but we
are able to show at least that N,/Cl; is generated by a finite list wy, ..., w, of elements
By oy~ 37" - Cly. This makes it easier to analyze the group and its action on the flags
of the tiling.

5.1.2 Step 2 : Intersect with Np

Let Np be the stabilizer of flags of type B. In Step 2 we a generating set for Ny N Np.
To do this, we first determine the action of each of the generators w; of Na/Cl; on a
given flag ¥ of type B. When 7 is either (3.6.3.6) or (4.8.8), the generators w; preserve
all flag orbits. Consequently, N4 N N is a normal subgroup of N4. (Note that this is
not true for tilings where the elements of N4 do not preserve the flag orbits.) Moreover,
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N4/(N4aNNp) is the largest quotient of N4 with the property that no non-trivial element
acts trivially on flags of type B of 7.

For the tilings (3.6.3.6) and (4.8.8), the generators wy, ..., ws of N4/Cl; act on a given
flag ¥ of type B like half-turns hq, ..., hs. It suffices to consider the action on only one
flag since the monodromy group commutes with the automorphism group. Now we use
the contravariant group homomorphism from N, /Cl; to the isometry group (hy, ..., h)
described in Proposition 1 (recall that h; is the unique isometry mapping ¥ to Ww;), whose
kernel is (N4 N Np)/Cly. Consequently, Na/(Na N Ng) = (hy,...,hs). By inspecting
the actions of the elements h; on W we can find a set of defining relations R := {R; =
id,..., Ry = id} for (hq,...,hs). We shall abuse notation and consider R; as a word on
the generators of N4/Cly corresponding to R;’s inverse image. Note that R; is then an
element in (NgN Ng)/Cly. Furthermore, (N4 N Ng)/Cl; is the normal closure in N4 /Cly
of {Ry,..., R:}. In fact, any element in the normal closure in N, /Cl; of {Ry, ..., R;} must
stabilize flags of both type A and type B, and so is an element of (N4 N Ng)/Cl;. On the
other hand, any element of (N4 N Ng)/Cl; stabilizes flags of type B, and must also be an
element in N4 /Cly, so it must be in the normal closure in N4/Cly of {Ry,..., R;}, since
the R; generate all actions of the elements of N4/Cl; that fix flags of type B.

When the tiling 7 being considered is (3.12.12), each of the generators wy, ..., ws
in our presentation of N4/Cly interchanges flag orbits B and C. Hence, every element
in C/Cl; must belong to the even subgroup (N4/Cly)" consisting of all elements corre-
sponding to words with even length on the generators wy, ..., w,. All products of any two
generators w; (not necessarily distinct) form a finite generating set of (N4/Cly)". Each of
these generators acts like a half-turn or a translation on flags of type B. Therefore, to find
(N4aNNg)/Cl; we can proceed as for the tilings (3.6.3.6) and (4.8.8) with the generators
w; replaced by the generators of (N4/Cly)*.

We frequently make use of the following lemma from [CBGS08] to determine some of
the R;’s.

Lemma 9. Let G be a group generated by three involutions g, h, k such that the product
ghk s also an involution. If the elements gh and hk have infinite order then G is iso-
morphic to the group 2222 (in the notation of [CBGS08]) of symmetries of the Euclidean
plane generated by three half-turns with respect to three non-co-linear points. Furthermore,
G ={g,h,k|g*> =h*>=k*= (ghk)*> =id) is a group presentation for G.

5.1.3 Step 3: Intersect with N

For the tiling (3.6.3.6) which has only two orbits of flags, C = NoNNp. For the remaining
two tilings, C = N4 N Ng N N¢, where N is the stabilizer of flags of type C. Our first
objective is to reduce to a finite set of generators as we did in Step 1. Note that the group
(NaN Ng)/Cly = Cly,jcr,({ R, - .., Ri}) is generated by the set of all conjugates in Ny
of Ry, ..., Ry, which in principle is an infinite set. However, these elements correspond to
only finitely many distinct actions on flags of type C. Using the actions of the generators of
N4/Cly and of Ry, ..., Ry, and the isometries determined by their actions on a given flag,
we find elements stabilizing all flags, that is, elements in C. Moreover, the set of generators
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of (Na N Ng)/Cly is reduced considerably after taking a quotient by the normal closure
of these elements. We carefully choose a finite number of these elements in C, called
Mimg+1y - - - » ms, and we consider the normal closure Cly := Clr({n1, ..., Nms}). We prove
in §5.2.2, 5.3.2 and 5.4.2 that for some choice of elements n;, (N4 N Ng)/Cl, is finitely
generated.

To find C = NyN NN N¢ we consider the action on flags of type C of the generators of
(NANNpg)/Cly and apply an analogous procedure to that used to determine (NoNNg)/Cly
in Step 2. Instead of R; we denote the defining relations of Na/(Na N Ng N N¢) by T;.

The final result is that C is the normal closure in I" of the elements 7y, . . . , 7,13 together
with (representatives of) the elements 7; whose normal closure in (N4NNg)/Cly is C/Cls.
To see this we note first that each of the 7; and T; were chosen so as to stabilize all three
classes of flags, so all of the elements in the subgroup generated by elements of Cly and
Clr({T;}) must stabilize all three classes of flags. Thus once one demonstrates that any
element of (NANNgNN¢)/(CloUCIH{T;}) is trivial, we know that C = (Cl,UCI-{T;}). In
other words, the elements 7; and T; induce a set of defining relations for the automorphism
group of the regular cover of 7.

5.2 The tiling (3.6.3.6)
Throughout, let

['=1[6,4] := (ro,r1, 72| T(Q) = T% = rg = (TOTQ)Q = (7“07"1)6 = (r1r2)4 = id),

let 7 be the uniform tiling (3.6.3.6), designate flags containing a hexagon as being of type
A, N4 the stabilizer of a flag ® of type A under the flag action of [6,4], Np the stabilizer
of a flag of type B containing a triangle under the same action, C = N4 N N the core of
N4 in [6,4], and [6,4]/C the automorphism group of the minimal cover of 7.

Let ag = ro(rer1)3ra, ay = mira(rory)3rary, B = rorirerirerarirs, v = (rorirery)? and
0 = rirofrory = rorirererirareri. By Theorem 5 we know that

Ny = By axy 7577 (2)

fori,j € N, k € {0,1}.
Before doing step (1) we show that N, is also generated by all elements of the form
670,67 37" with 1,7 € Z and k € {0,1}. To see this, note that

v = (rorirart)? = rorira(rorire)rirerirery = rorirarorire(rer: )’ ror = day.
It follows that ' ' ' '
Y ary™ = (0aq ) o (day) 7,
which equals
6010716201672 07 UG 0 6 I an 6T by - S
fori,j € N, k € {0,1}. It follows that

(V™) = (¢ ad7),
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and therefore

Ny = (36 a6 57. (3)

5.2.1 Reducing to a finite generating set for N,

Note that 5% and 42 act like the identity on flags containing a triangle of 7. Since ayq
and oy are involutions, the elements 17, 1= 02ad 2, 72 = 0210 20, 13 := BB 2ay,
Ny = 2o 20 and 05 := 671 37263? are all elements of C.

Let Cly := Clr({m,...,m5}). The generating set of N4 given in (3) induces the
generating set

(305767 Cly | ke {0,1})
of Na/Cly. Because ay, is an involution, we have that 3676737 - Cl; equals
B a7 B ()0 CLy
— B a2 (b 2ag)§ 237 Ol
— ﬁi5j_204k5_j+26_i . Cll
Let j = 0if j is even and j = 1 if j is odd. Then
Biglaps B Ol = Bidans ™ B O,. (4)

Now,

BapB"-Cly = BapfB" B mysB - CLy
= B P FuB P Cl
— 5i_204k/8_i+2 X Cll

Thus if we let 7 = 0 if i is even and ¢ = 1 if 4 is odd, then

B Cl = Fas~ - Cl. (5)
Finally,

B0 B Cly = Bdoud BT Bdapnsoud BT Cly

= (00,0137 100 (67 2007 )end BT - Oy
= P

= B B0 s )0 O
= P B B (o oy B0 F - Cly
= a6,

o R RO L

= B0, 825 BT (08720 325 - Ol

= 37200463 Ol
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Consequently, A A
B'oad B Cly = B'éard 137" - Cly, (6)
where i = 0 if 7 is even and ¢ = 1 if i is odd.
From (4), (5) and (6) we conclude that every generator B8 ard 737" of Ny is equiv-
alent modulo Cl; to ﬁzéjaké Jﬁ i for some i,j € {0,1}. Therefore N4/Cl, is generated
by the eight elements 367,63~ with 4, J, k € {0,1}.

5.2.2 Intersect with Np

We note that the generators
Qp - Cll, - Cl1, 50105_1 . Cll (7)

of N4/Cl; act on flags of type B like three half-turns with respect to three non-colinear
points. The action of the remaining 5 generators can be described as a product of the
actions of the previous three in the following way:

Bagf~ - Cly = ay - Cly,

Bai 7' Cly = ag - Cly,

Sond - Cly = oo dagd ™t - Cly,
Béagd AL Cly = apdagd Loy - CLy,
Béa B Cly = aqdagd Loy - CL.

Since all generators of N4/Cl; are involutions it follows that the five elements

G o= Bagf e,
(o = PBonf g,
Cg = (50(1(5716%00[1(5050571,

(1 = Béagd B adagd e,

(5 = 550415_1ﬁ_10z1(50405_1041
belong to C. We define ng = (1; note that (5 is the conjugate of ng by r1, since a; = riagr;
and r18r; = (3 (here we use the fact that (rory)® = (ryre)* = id). For convenience we let
n7 be the conjugation of (5 by dar; 0~ to obtain the simpler generator 17 1= agodavgar 6L,

Finally, let ng := (4 and ng := (.
Let Cly := Clr({m,...,m9}). Then by construction Cl, C C.

5.2.3 Show that Cl, = C.

Note that the three generators in (7) are involutions, the product of all three of them (in
any order) is another involution, and the product of any two of them acts as a translation
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on any flag containing a triangle. In particular, the product of any two of them has infinite

order. Now we make use of Lemma 9 to conclude that a sufficient set of defining relations
for Nao/Cly is

I (ag-ClL)? = Cly,
I (ay - Cl)? = Cly,
I (dagd ™t - Cly)? = Cly, and
IV [(ag - Cly) (v - Cly)(dapgd ™t - C1 )| = Cly.

These relations correspond to T4, T5, T3 and T} in the notation of Section 5.1.3.We observe
that the relations (I), (II) and (III) are trivial in I'/C1; since o and «; are involutions in
I'. To see that the last one is equivalent to ng, rewrite

ﬁéaoé_lﬁ_l = a05a05_1a1

and note that the left hand side is an involution. Hence the right hand side is also an
involution and it is a conjugate of the desired relation. We recall that there is a natural
morphism ¢ : Na/Cly — N4/C mapping w - Cly to w - C, and that an element w - Cly is
in the kernel of ¢ if and only if w € C, that is, w fixes all flags in 7.

It is easy to see that the elements apo; and agdagd ! act like translations with respect
to linearly independent vectors on any given flag containing a triangle. For a given group
G with generators g; we denote by G the even subgroup of GG, consisting of the elements
that can be expressed as a product of an even number of these generators. Moreover,
oy - Cly and agdagd™' - Cly generate the even subgroup (N4/Cly)™ of Na/Cly. Since
no non-trivial element in (N4/Cly)" acts trivially on a flag containing a triangle, we
conclude that (N4/Cls)™ Nker(¢) is trivial. On the other hand, any word w such that
w-Cly ¢ (Na/Cly)* maps any flag ¥ containing a triangle into a flag obtained from ¥ by
a rotation by an angle of m. Therefore, none of these words can belong to ker(¢). Hence
ker(¢) is trivial, so C = Cls.

It can be proved that the set of relations obtained by setting 7; equal to the identity
id can be reduced to relations [(r17¢)*riro|* = id and [(r170)%*72]® = id. This implies
that the minimal regular cover of (3.6.3.6) can be obtained from the regular tessellation
of the hyperbolic plane with hexagons meeting six around each vertex, by making the

identifications indicated in Figure 8. Details are available on the second author’s website
([Will1]).

5.3 The tiling (4.8.8)

Throughout what follows let
[':=[8,3] = (ro,r1, 12| 7"3 = rf = r% = (r0r2)2 = (7“07“1)8 = (r1r2)3 = id),

7T be the uniform tiling (4.8.8), designate flags to be of type A if they contain a square,
let N, the stabilizer of a flag ® of type A under the action of [8,3], Np the stabilizer of
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30063

[(r1ro)ryra)*

[(r170)*r2]°

Figure 8: Identifications of the hyperbolic tessellation yielding the minimal regular cover
of 3.6.3.6

a flag in an octagon sharing an edge with another octagon, and N¢ the stabilizer of a
flag in an octagon sharing an edge with a square under the same action. Since there are
only three transitivity classes of flags, C = N4 N Np N N¢ is the core of N4 in [8, 3], and
I' = [8,3]/C is the automorphism group of the minimal cover of 7.

Let B := (ror1)*rarirory, v = ro(rire)®ry, ag = ((ror1))™?™ = ((ror) ™)™, a =
(ror1)* = (ror1)™4, 0 = rorirerirerorire and € = rororirerirerery. By Theorem 5 we
know that Ng = (8'vayy™“B~" | i,j € Z). For the purposes of this argument, we
found the analysis easier to do looking at Ny = (§'¢’ad7e 7). As Hartley showed in
[Har99a], different choices of the base flag ® in the construction of I'/Ng correspond to
conjugate stabilizers, and in our case Ny = ror;Ngrire. It suffices therefore to show
that {6'¢/ae 767"} = rori{"V gy 287" | i,7 € Z}rire. To show this claim, it suffices to
observe that

Pol QT Ty = O, TaT1YT1Ts = € ., and ror18rire = 0.
As an example calculation, note that

roTr1YTriTe = 1ol TaT1ToT ToT1TeT1T1T2 = T1T2T1T1TeT1T o717 072

= T1Traror1Tor1Tore = T1ToT2T 1 ToT1T9T2 = 6_1.

5.3.1 Reducing to a finite generating set for N,

We begin with a description of some elements 7; € C. Let 1,41 = e 7§ 1€/d* for j €
{0,1,2,3}, and let 75 = ad*ad?, ng = e *ac’a. Note that §* and e* act like the identity
on flags of type B and C, and ¢ and e act like translations on flags of type A. Since
a? is equal to the identity in I', and o preserves flag-orbits, each of the n; € C. Let
Ey ={m, - ,n6}, and define Cly := CI(E}).

Consider N4/Cl;. The generating set for N4 induces the generating set {d’¢/ae 75"
Cly} for No/Cl;.
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The group N4/Cl; is generated by the 16 elements of the form §'¢’ae 76~ for i,j €
{0,1,2,3}. To see this, consider a generator d'¢ae?§~" - Cly of No/Cly. Since
Slelng te 107 € Oly,

Selae 67 - Cly = d'édae 5" §'eédng te 757" - Clp(E)
= ddetaete 57 Oy

= 0 a5 CL.

Thus {§c¢?ae™57" - Cly | i € Z,0 < j < 4} form a generating set for N4/Cly. To reduce
this infinite generating set to the claimed 16 elements, we use 7;;; for j = 0,1,2,3 as
follows:

Sidae 57 Cly = 6 dae 670 5ieja77j+1ae_j5_i -Cly
= d'eénjpae 57 Cly
=0l eTIgTAI eI O
= 515t 57 Ol
= 55t ae 0T SldnseI6 T Cly
=05t a - adtadt €757 O
=0t aste 6. Ol
=0 tdadte I (5iej77j-_+llefjéfi -Cly
= 5i_46j04(547];_’}16_j5_i -Cly
=§adt - 57 eI Ol
=0 e 64 Ol

=0 ae 5. O

As such, by induction, a finite generating set for N4 /Cl; is {6'¢?ae 767" - Cl; | 0 < 4,7 <

4},

5.3.2 Intersect with Np

Let w;; := 6"éae 757", 0 < 4,5 < 4. We now investigate the action of the {w;;} on the
remaining flags of (4.8.8). In particular, we wish to reduce the number of generators to
the minimal set necessary, and to determine what (if any) further identifications are made
by taking the quotient by C.

We observe that the action of each of the w;; on flag types B and C is a rotation by
7 radians about the center of an octagon.

In Table 3 we indicate which labeled center relative to the indicated flag in Figure 9
corresponds to the action of each of the generating w;; on the indicated flag. For example,
the (1,2) entry in Table 4B corresponds to the rotation around the center marked “5” in
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(B) Half-turn centers for a flag whose edge is contained in two octagons
(indicated by the shaded triangle).

oA e A L

(C) Half-turn centers for a flag on an octagon whose edge is contained in a
square(indicated by the shaded triangle).

Figure 9: Rotation centers for the flags containing octagons in (4.8.8) as determined by
the generators of N,/Cl;.

Table 3: In Table (B) we see the action table for flags of type B whose edges are contained
in two octagons. In Table (C) we see the action table for flags of type C whose maximal
proper face is an octagon, and whose edge is also contained in a square.

€ €
01 2 3 01 2 3
01 2 3 4 0|1 2 4 6
114 3 5 6 s 112153
0 213 4 1 2 213 5 8 7
312 1 7 8 3/!5 3 21
(B) Type B (C) Type C
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Figure 9B, and it corresponds to the action of the word wis = de2ae 2571 on the indicated
flag of type B.

Since a? = id, each of the w;; is an involution. Because many of the w;; share the
same actions on flags of type B, we may define some relations in N4 to help us reduce the
number of relations needed to describe the intersection of N4 with Ng. For example, we
observe that the actions of wpz and wyo on flags of type B are the same (since the (0, 3)
and (1,0) entry in Table 4B both equal 4). The list of equivalent actions from generators
on flags of type B in terms of wig, ws3g, wq; obtained in this form is

W3p = Wp1 = Wa3

W11 = Wz = Wo2

W1p = W21 = Wo3

Wpp = W31 = W2 = W3pW11W10
W12 = W11W30W11

W13 = W1oW3oW11

W32 = W3pW11W30W11W10

W33 = W3pW11W30-

Since the rotation centers of the actions of wig, wy; and w3y on flags of class B and
C don’t all lie on a line, the action of (wpwiiwsg)? on all flags is trivial. On the other
hand, the product of any two of wyg, w1 and w3y acts like a translation on flags of type
B. Then, by Lemma 9, (wig, w11, wsp) = Gagga, Where Gaggg is the group 2222 given in
[CBGS08]. It follows that

(NN Ng)/Cly =
CZNA/Ch(Rl 1= WooW1pW11 W30, [Tp 1= Woows1, R3 := wpowaa,
Ry := wspwor, Rs := wagwasz, Re := wi1wao, 7 := wiiwos,
Rg := wipway, Ry := wigwos, R1p := wipwiwzowi,
Ry1 = waawipwiiwspwy1wsg, 2 1= wizwiwspwno,

o o 2
Rz = wszwszowi1wsg, R4 := (w10w11w30) )7

since under this set of relations every generator w;; of N4/Cl; is equivalent to an expres-
sion in terms of wig, wy; and wsg.

We now have an expression for (N4 N Npg)/Cly as a normal closure of a finite list of
elements in N4. This description is somewhat unwieldy for determining the actions of
(NaANNpg)/Cly on flags of type C, since it has, in principle, an infinite generating set. We
can improve this situation dramatically by observing that there is a contravariant group
isomorphism from (N4 N Ng)/Cl; to the group generated by the isometries whose actions
coincide with those of Ry, ..., Ri4 on a fixed flag of type C. Since each of the w;; acts like
a half-turn on flags of type C, and each of the Rj acts like a translation on flags of type
C then

winkwij = R,;l (8)
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In other words, w;; Riw;; Ry, is in C for each choice of 0 < 7,5 <3, 1 <k < 14. Let

and Cl} = Clp(E}). Consider (Ny N Ng)/Cl;. While the set of conjugates in N4 of
{Ry, ..., R14} still form a generating set, we need only consider the elements obtained as
products of the R;, since any product of conjugates of the R; may be reduced using the
relations in C1] to a product of the R; and their inverses. Thus (Na N Np)/Cl} = (R; :
1<i<14) <T/Cl.

5.3.3 Intersect with Ng

We now consider the actions of each of the generators R; - Cl] for (NN Ng)/Cl; on flags
of type C. First note that (wjowiiwsp)? is in C, and observe that each of the remaining
generators R; - Cl] acts like a translation on any given flag of type C. Moreover, many
of them have equivalent actions on flags of type C. For example, both Ry = wgows; and
Rg = wijwy translate a flag of type C by four adjacent octagons in the same direction,
and so Ry(Rg)™! must be in C. Thus we observe that in terms of their actions on flags of
type C

Re=Ry= R, = Rs = (Ry)"
Rs = Ry = Rz = (Rlo)_l = (R12)_1
Ry =R, = (Rg)*1

Note that the three sets of generators listed above correspond to translations in three
different directions, so we may determine by inspection that

(R4)_1(R3)_1R6 = W1 W3pW22WooW11W20

is a product of the three types of generators that has a trivial action. Consequently, we
let

Ey = By U{Rs(Ry) ™", Re(R1) ™", Rs(R5) ", Re Ry, R3(R11) ", Rs(Ra3) ",
RsRyg, RsRia, Ra(Rr) ™", Ry(Rs) ™", (Ra) ' (R3) ™" R}
We now consider Cly := Clp(E;). We observe that the inclusion of the elements in Fjy

allows us to significantly reduce the number of generators for (N4NNg)/Cl,. For example,
note that

Ry - Cly = wpows; - Cly = woowsy - waiwoowaowi - Cly = wiwsyg - Cls.

Similar computations allow us to conclude that (N4 N Ng)/Cly = (wiyweg - Cla, woowas -
Cly). FEach of these acts non-trivially as a translation on flags of type C in linearly

independent directions, and so we observe that T} := wijwapwooWaWoow11Wawey € C.
Let C, = Clp(E2 U {T1}). Since C = Ny N Np N N¢, and since wqjwsg + Cly, woowas + Cl,

THE ELECTRONIC JOURNAL OF COMBINATORICS 19(3) (2012), #P6 29



generate (N4 N Np)/Cl,, and we have accounted for all possible actions of an element of
(NANNg)/Cl, on a flag of type C, any element of N4 \ Cl, must have non-trivial action
on a flag of either type B or of type C. Therefore, C = Clr(E2U{T1}). The set of defining
relations we have found for this cover has 242 relations (listed in Table 4), this makes any
description of the local geometry of the minimal cover complicated to obtain and so is
material for another paper.

Table 4: The 242 elements needed to form the kernel of the cover of (4.8.8) from [8, 3],
with the necessary labels for compactness of presentation.

Labels a = (ror1), 0 i= roriroriraroriTe 5 € = TorT1Tor1TaTo
w;ij =0 ae i

Ry := woowipwiiwsg, Ro := woowsi, Rz 1= woowaz,

Ry := wsgwor, R := w3owasz, Rg := wiywag, Ry 1= wi1wog,
Rg := wipwa1, Ry := wigwo3, Ryp := wiawiwaowiy,

Ry := wspwipwiwagwiiwsg, Rig := wizwiwsewio,

Ry3 := wazwspwiiwsg, Ry = (w10w11w30)2-

Relations | e 107 %ed*, e 267 2€25%, e 307430, e 2544,

adtadt, e taeta,

winkwink for 0 < l,j < 3, 1 < k < 14,

Rs(Rs)™t, Re(R1)™', Re(Rs)"', RegRy, R3(Ri1)™ ",
Rs(Ri3)™', | R3Rio, R3Ri2, Ru(R7)™', Ru(Rs)™', (Rs)'(Rs) 'Rs

W11 W20WooW22W20W11W22W0Q-

5.4 The tiling (3.12.12)

The first two steps for the determination of the core of the stabilizer of a flag in the
tessellation (3.12.12) are similar to those of (3.6.3.6) and of (4.8.8). As we shall see, the
third step is more involved than in the previous two cases. Throughout let

[12, 3] := (ro, 71, 72| 7“(2) = r% = Tg = (r0r2)2 = (7‘07“1)12 = (7“17‘2)3 =id).

Let 7 be the uniform tiling (3.12.12), N, the stabilizer of a type A flag ® containing an
edge shared by two 12-gons under the action of [12, 3], Np the stabilizer of a type B flag
in an 12-gon sharing an edge with a triangle, and N¢ the stabilizer of a type C flag in a
triangle under the same action. Then C = Ny N Np N N is the core of Ny in [12, 3], and
I' = [12, 3]/C is the automorphism group of the minimal cover of 7.

Let o := mra(rory)3rary, aq = (riro)?rire(rory)3rori(rori)?, B := (rireriro)?(riro)?
and 7 := (r179)?(rirari7r9)?. By Theorem 5 we know that the set

(B~ 37" i,j € Z,k € {0,1}}

is a generating set for N4.
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5.4.1 Reducing to a finite generating set for N,

First note that 3° and ~? fix flags of types B and C. Therefore the elements 7, :=
FPaoB2apt, my = BParB2art, s = yPagy g and 7} := ~*a1y2a; ! belong to C.
Moreover, since a; = (r179)%qg(r1m9) "2 and v = (ry7r9)26(rimo) 72, it follows that 7} is the
conjugate of 1, by (rir9)? and so we need not include it in a generating set for C as a
normal closure.

It can be verified easily that 7, = $2y57 2y~
CZF({7717 2,13, 774})

Following an argument analogous to those presented in §5.2.1 we conclude that N4 /Cly
is generated by the eight elements

{Bv 787" Cl}

1'is also an element of C. Let Cl; :=

with i, 7,k € {0,1}.

We note that 8 and v preserve all flag orbits, whereas oy and «; interchange flags
of type B with flags of type C. This implies that any element in N4/Cl; that fixes
all flags must be expressed as a word with an even number of generators of the form
Byl ay™ 67" Cly.

Before determining the even subgroup of N4 it is convenient to reduce the number of
generators. To do this we determine a normal subgroup Clga) of I' containing C'l;, under
which some of the generators of Cl; can be expressed it terms of the others. To find
elements in Clﬁa) we use the action of the eight generators of C'l; on flags of types B and
C looking for products acting trivially on all flags.

Let 15 := fyagy ' flarfyary 87 afBan S, ne = Byany ' BT adanyaey ag,
7 = yary " (yaoy  aeBaeB7) T s = Baa B anan Ban Clﬁ“) = Clr({m, -, m8})-

It can be verified that 75, 1, 77 and ng belong to C. Then N,/ Cl&a) is generated by
the elements

By apy B Clga) (9)
with 4,7,k € {0,1}. However, Byaoy~ 131 - C1!" can be expressed in terms of the
remaining generators (using relation 75) and similarly Bya;y 1871 - CIY, yayy=t - Ol
and Boy Bt - Clga) can be expressed in terms of the remaining four elements «y - Clga),
ar-ClY | BagB1- O™ and yagy=t - CI\ (using relations g, 17 and ns). Hence N4/CI1\”
is generated by the four elements ag - CI\", oy - C1™, BagB~1 - C1L and vyt - €11,

By definition, [N4/ Clga)ﬁ is generated by the products of pairs of generators of
NA/CI . In addition, if  and y are generators of N4/CI\, then ya can be expressed as
y?- (zy)~' - 22, so, to generate [N, /C1]T, we only need one of the two products zy and
yx for each pair of distinct generators x and y of [N,/ Cl%a)]. Define X to be the following
list of 10 generators of [N, /CI{]*:

X = {ozg . Cl%a), Qg - C’lﬁa), apBagBt- Cl§“), vyt Cl%a), (10)
ai - Clia), a1 BagBt - Clga), a1yagy t- Clg“), BagBt - Clg“),
BagB  yagy ™t - CIY qady ™ - CILVY.
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Reduce the number of generators of the even subgroup

Similar to the analysis for (4.8.8), we shall represent [N /CI ]+ NNy /CI\” as the normal
closure in [Ny/ Cl§“)]+ of some set of elements. The set of elements is generated (in
principle) by an infinite set, which we intersect with N¢/ Clga). To do this we shall need
analogs to the equations in (8). To reduce the number of these equations it is convenient
to reduce the number of generators of [N /Ol?"ﬁ itself. We do this by constructing
a larger normal subgroup Clgb) of I' so that in the quotient some of the generators of
[Na/ Cz§“)]+ may be expressed as products of the others.

To do this, first note that the element ;BB - C’lga) acts like a translation on any
given flag ® of type B whereas the remaining nine elements in 10 act on ® like half-turns.
On the other hand, the elements aga; - Clg“), oy BagBt - Clg“) and oyyoy ! - Clga) act
like translations on any given flag W of type C (the last two actually act like the same
translation), whereas the remaining seven elements in (10) act on ¥ like half-turns.

We now use the contravariant group homomorphism from [N,/ Olﬁ“)ﬁ to the corre-
sponding isometry group described in Proposition 1. The kernel of this homomorphism is
[Na/ Cl§“)]+ NNg/ Cl%a). There exists another group homomorphism from [N,/ C’l%’l)]Jr to
the permutation group determined by the actions of its elements on flags of type C, and the
intersection of the kernels of these two morphisms is C/ C’lga). These two homomorphisms
can be used to determine that the following elements belong to C:

o 1= fagf afaef of (BaoB  yaey ™) T TanfaeS T (BaoS  yaey ) T

o 110 1= BaoB  yapy tagBagS agyaey T ad,

o N1 = aryagy Harfafh) ragyany  apfan S,
o nip =gy taton fapf,
e 113 := (a1 BB ) LalapBapB apar = Bag B aanBanS gy .

Define C1\" := Clr({m,-..,ms}). Note that [NA/C’lgb)]Jr is generated by the left cosets
of Clgb) determined by (a representative of each of) the elements in (10). However, the
elements ﬂagﬁ’l-Clgb), BaoB vy 1-CLY | ayyagy=t-Cc1, 'ya%v’l-(]lgb) and o BagS~ L
C’lgb) can be expressed in terms of the remaining five generators a3 - C’l§b), ooy C’lib),
aoBagBt - CLY agyangy~t - CIY and o2 - O (by applying relations ng, m10, i1, 112 and
ms respectively). Therefore [N,/ C’lgb)]Jr is generated by the elements

o a-Cl,

e apay - O,
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5.4.2 Determination of NyN Ng

We now consider the elements o2, a? and apBap8~!. Note that each of them acts like a
half-turn on each flag with types B or C. Furthermore, the centers of these half-turns do
not lie in a line. Therefore the elements 714 := (pBagB7")? and 15 := (aZaiapBagB)?
belong to C. Let CI\? := Clr({ny, ..., ms}).

On the other hand7 apag and agyagy™! act respectively like the identity and o? on
flags of type B. Hence, by Lemma 9, [N4/CL?1* NNy /C1\ is generated by all conjugates
in [NA/C'ZEC)]Jr of Ry := ny - Cl@, Ry = my5 - Cl@, Rs = oo - C’lgc) and Ry =
agyagyta? - 1Y, Therefore [N /CL91 N N /CI is generated by all conjugates in
[NA/CLITF of agay - CL? and agyagyta? - C1

5.4.3 Intersect with Ng.

In order to determine the elements in [N4/CI\?1* N Ny /Cl\? acting trivially on flags type
C, we must first find a normal subgroup Cls such that [N4/Cly]t N Ng/Cly is finitely
generated.

Above we showed that [N /CI9]+ is generated by o2-CI\? | apBaes~-C11?, o2-C1?,
apar - C1? and agyagyt - CII. On any flag of type C, the first three act like half-turns
and the last two act like translations. In addition, apa; and agyagy ta? also act like
translations on any ﬁa% of type C. We use the contravariant group homomorphism from
(Na/ C’l(C *NNg/ C’l to the corresponding isometry group described in Proposition 1,
to verify that the elements

® The -— (& )(040041)(043)(&0041):
ag) (aoyaoy~taf)(ag) (aoyaey " of),

aoBaoB) (apan) (apBan ™) (apar),

® M7 =
® Mg =

o 79 == (BB ) (agyaey o) (apBanf)  Haoyayy ed),

® 7)1 = (& )(OéOWOéW 104%)(04%)(04070407 104%)

1

o 1y := (o) (o yaey ' ad)(apon) H(agyany taf)

® 7)oz 1= (Qp YY" )(060041)(040’70407_1)_1(040041);

= (
(
(
= (
o 120 := (af) (o) (af) (o),
= (
= (
(
= (@

o 12 = (v ) (aoyany ! od) (anyooy ™) T Hawyany T ad)

belong to C. Let Cly := Clp({n1,...,124}). Then [N4/Cly]T N Ng/Cly is the group whose
elements are products of conjugates in [N4/Cly]™ of apay - Cly and agyagy - Cly. Note
that relations 7y, . .., n24 imply that all such conjugates belong to the set

{apay - Cly, (agoy) ™ - Cly, agyagy ta? - Cly, (agyagy )™t - Cly.}
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In other words, [N4/Cly]"™ N Ng/Cly is generated (as a group) by agay - Cly and
apyaey tad - Cly. For example, relation 7, implies that

A agyagy ta)a? - Cly = (agyaegy tad) ™ - Cl.

Hence, [N4/Cly] TN Np/Cly is generated by apa; - Cly and agyagy a3 - Cly. On the other
hand, [Na/Cly]* N Ng/Cly = (N N Ng)/Cly because of the fourth isomorphism theorem
and Nf NN = NN Np since the elements in N4\ Nmap flags of type B onto flags of
type C and hence (N4 \ Ni)NNg = (). Therefore (N4NNpg)/Cly = [N4a/Cly]™ N Ng/Cly.
It only remains to determine the elements in (N4 N Np)/Cly which fix flags of type C.

Note that agay - Cly and oy BapS a2apBapS™t - Cly act on any flag type C like
translations with respect to linearly independent vectors. Then a set of defining relations
for

(o - Cly, agyagy g - Cly)

is determined just by their commutativity. It follows that

s = agan (agyaey™ o) (agan) " (agyaey ta) ™

belongs to C. (The element 795 corresponds to the element T3 described in the outline.)
Note, however that 7795 = 122. Then the set of elements in N4y N Ng/Cl, fixing all flags of
type C is the normal closure in (Na/ N Ng)/Cly of ny5 - Cly, that is, it is trivial.

Since the core of N4 in T is N4NNpNN¢, and since the elements agary-Cly, apycgy ™ a2
Cly generate (N4 N Ng)/Cls, we were able to account for all of the actions on flags of
type C, and so any element in N4 \ Cly must have a nontrivial action on a flag of type B
or on a flag of type C. Hence C = Clj.

The set of relations {n; =id|i=1,...,24} is not minimal (collected in Table 5). For
example, 116 = id can be rewritten as (ag'a;)? = id, which is the conjugate by a;' of
relation 79y = id. However, determining a minimal set of elements 7; required to generate
C is beyond the scope of this paper. As in the case of (4.8.8), with this many relations it
is difficult to provide a coherent picture of the local or global geometry of the cover.

6 Epilogue

6.1 Minimal Covers for the Remaining Archimedean Tilings

In the current work we have been able to provide descriptions of minimal regular covers
of the Archimedean tilings (3.6.3.6), (4.8.8) and (3.12.12). Each of the remaining tilings is
covered by a regular hyperbolic tiling of Schléfli type {p, ¢}, where p is the least common
multiple of the number of sides of a polygon in the tiling, and ¢ is the degree of any vertex
in the tiling (since these tilings are uniform). In fact, these hyperbolic tilings are universal
covers for any polyhedron where the least common multiples of the number of sides of
a polygon and of the degrees of the vertices in the polyhedron are p and g respectively.
A natural question to ask in the context of the current work is whether or not there are
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Table 5: The list of elements set equal to id to form the minimal regular cover of (3.12.12)
from [12, 3] with requisite labels for compactness of presentation.

Labels | ag := riro(rory)®rory, oy := (r1r)?rira(rory)3rary (rory)?,
B = (rirariro)®(rire)?, v := (riro)*(rireriro)?.

Relations | 320087 %0g ", B2a1~2at, Y2aey 20,7,

BByt Bryagy ' B aw Byany T B e fon B,
Bryoany~! B adagyaey oo, youy T (v B S

Bau S agon fap S,

Bagf apBaoB o (Banf yagy ™) T Ban 7 (Baw S yagy ) T
Boo S yagy T anfoan S agyay T od,
0417040’}’_1(04150405_1)_1040’7040’}’_104050405_1,704%7_104%04150405_17
(o1 BaeB~ 1) TatagfBan S apan,

(04050405 1?2, (agaiaefaeB™)?, (af)(aoar)(af)(anay),

(a )(040%“07 a?)(ao)(aomw 10@)

(aoBaof™) (o ) (wfaeB~) " apan),

(aofaof™) (aoyany ™ af) (aofaef™) " agyaey ' ad),
(a)(aoan)(af)(apar), (aF)(ayaey ™ af)(af)(aoyaey " ad),
(aoan)(aoyany™'ad) (apan)H (aoyany ' ad)
(aoyaoy ") (o) (aoyapy ™) Hagn),
(aoyaoy ™) (aoyaoy ™ ad) (aoyany ™) Haoyaoy ' ad).

smaller regular covers than these universal covers for the remaining Archimedean tilings.
As mentioned in Section 2, given a polyhedron P, universal regular cover {p, ¢} and a base
flag ® of P, by Theorems 5.2 and 5.3 of [Har99a] P = {p, ¢} /N where N is the stabilizer in
[p, q] of . Moreover, as seen in Theorem 2, in the case of polyhedra, the minimal regular
cover of P is determined by [p, ¢]/Core([p, q], N). To show that [p, ¢] is not the minimal
cover for the tilings (3.3.3.3.6), (3.3.3.4.4), (3.3.4.3.4), (3.4.6.4) and (4.6.12) it suffices to
show that Core([p, ¢|, N) is non-trivial in each case. We do this by observing that each of
the elements given in Table 6 are nontrivial in [p, g], and fix each flag of the corresponding
tiling, and so are in Core([p, q], N), so Core([p,q|, N) is nontrivial in all five cases. We
intend to address the structure of minimal covers of the remaining Archimedean tilings
in a subsequent paper.

6.2 Open Questions and Concluding Remarks

The current work suggests a number of questions that do not, as yet, appear to have been
fully addressed in the literature.

While it is known that the monodromy groups of polyhedra are string C-groups
IMPW], there exists a polytope 7 (the “Tomotope”) of higher rank where Mon(7) is
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Table 6: Nontrivial elements of Core([p,¢q|, N) for each of the remaining Archimedean
tilings.

Tiling Universal Cover | Nontrivial core element
(3.3.3.3.6) {6,5} [ryra(r170)?]*
(33344) {12, 5} (7“07‘17“27“1)8[7“17”2 (T1T0)5]8
(33434) {12, 5} [7"17’2(7’17“0)5}4
(3464) {12, 4} (7’17’07”17“2)12
(4.6.12) {12,3} [(r170)°r17a(r1770) 31172

not a string C-group [MPW12]. Is it is possible to determine a broadly interesting class
of polytopes whose monodromy groups are all string C-groups? In particular, are the
monodromy groups of all chiral polytopes string C-groups?

A related question is the range of possible group structures of monodromy groups,
especially in the case of polyhedra. The monodromy group of a polytope is isomorphic
to a subgroup of S, where n is the number of flags, what then is the smallest index
of this subgroup in 5, for polytopes of rank d with n flags? In general, what groups
can be the monodromy groups of abstract polytopes? Note that this includes all of the
string C-groups since the monodromy group of a regular polytope is isomorphic to its
automorphism group.

There remains much to be understood about the structure of quotients of regular
abstract polytopes, and about the structure of less symmetric polytopes more generally.
The concepts and results discussed in this paper provide some of the necessary framework
for approaching these questions in the context of non-finite polyhedra.
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