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Abstract

Let R be a finite commutative ring. The unitary Cayley graph of R, denoted G,
is the graph with vertex set R and edge set {{a,b}:a,b € R,a—b € R*}, where
R* is the set of units of R. An r-regular graph is Ramanujan if the absolute value
of every eigenvalue of it other than 47 is at most 24/ — 1. In this paper we give
a necessary and sufficient condition for Gr to be Ramanujan, and a necessary and
sufficient condition for the complement of Gi to be Ramanujan. We also determine
the energy of the line graph of Gg, and compute the spectral moments of G and
its line graph.

Keywords: Unitary Cayley graph, Local ring, Finite commutative ring, Ramanu-
jan graph, Energy of a graph, Spectral moment

1 Introduction

The adjacency matriz of a graph is the matrix with rows and columns indexed by its
vertices such that the (i,j)-entry is equal to 1 if vertices i and j are adjacent and 0
otherwise. The eigenvalues of a graph are eigenvalues of its adjacency matrix, and the
spectrum of a graph is the collection of its eigenvalues together with multiplicities. If
A1, A9, ..., A are distinet eigenvalues of a graph G and mq, mo, ..., m; the corresponding
multiplicities, then we denote the spectrum of G by

SpeC(G):( Moo )

my ... Mg

Let R be a finite ring with unit element 1 # 0, and let R* denote its set of units.
The unitary Cayley graph [8,9] of R, Gr = Cay(R, R*), is defined as the Cayley graph
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on the additive group of R with respect to R*; that is, Gr has vertex set R such that
x,y € R are adjacent if and only if x —y € R*. It is evident that Gy is a |R*|-regular
undirected graph. Unitary Cayley graphs were introduced in [8,9], and their properties
were investigated in [1,19,20], and [6,18,21,28] in the special case when R = Z/nZ. For
example, in [21] the chromatic number, clique number, independence number, diameter,
vertex-connectivity and perfectness of G,z are determined. In [1], the diameter, girth,
eigenvalues, vertex-connectivity, edge-connectivity, chromatic number, chromatic index
and automorphism group of G are determined for an arbitrary finite commutative ring
R, and all planar graphs and perfect graphs within this class are classified. The chromatic
number, clique number and independence number of G g are also given in [20] along with
other results. In [6], all unitary Cayley graphs G,z that are Ramanujan are classified.

A finite r-regular graph G is called Ramanujan [16,24] if \(G) < 2y/r — 1, where
A(G) is the maximum in absolute value of an eigenvalue of GG other than +r. This notion
arises from the well known Alon-Boppana bound (see [5, Theorem 0.8.8]), which asserts
that liminf; .., AM(G;) > 2v/r — 1 for any family of finite, connected, r-regular graphs
{G;}i=1 with |[V(G;)] — o0 as i — oo. Over many years a great amount of work has
been done on Ramanujan graphs with an emphasis on constructions of infinite families of
Ramanujan r-regular graphs for a fixed integer r. The reader is referred to [5] and two
survey papers [16,24] on Ramanujan graphs and related expander graphs.

The k-th spectral moment of a graph G with n vertices and with eigenvalues Ay, Ao, . ..

Ay, 1s defined as
sk(G) =D N,
i=1

where k > 0 is an integer. The energy of G is defined as

Y

E(G) =Y N,

Spectral moments are related to many combinatorial properties of graphs. For example,
they play an important role in the proof by Lubotzky, Phillips and Sarnak [23] of the
Alon-Boppana bound. And the 4th spectral moment was used in [26] to give an upper
bound on the energy of a bipartite graph.

The energy of a graph was introduced in [12] in the context of mathematical chemistry.
Since then it has been studied extensively; see [3,14,15,18,19,22,27-30,32] for examples.
The energy of the unitary Cayley graph G7z/,z was obtained in [18,28], and that of its
complement in [18]. This was generalized by D. Kiani et al. [19] to G for an arbitrary
finite commutative ring R.

The main results of the present paper are as follows. First, we give a necessary and
sufficient condition (Theorems 11 and 12) for the unitary Cayley graph of any finite
commutative ring to be Ramanujan, and a necessary and sufficient condition (Theorems
15 and 16) for the complement of such a graph to be Ramanujan. Second, we determine
completely the energy of the line graph of G for an arbitrary finite commutative ring

THE ELECTRONIC JOURNAL OF COMBINATORICS 19(4) (2012), #P13 2



R (Theorem 18). Thirdly, we compute the spectral moments of Gg and its line graph
(Theorem 25) for an arbitrary R.

In the special case when the ring considered is Z/nZ, Theorems 11 and 12 recover
(see Corollary 14) the classification [6] of Ramanujan unitary Cayley graphs Gznz. We
would like to point out that, although we obtain interesting infinite families of Ramanujan
graphs in this way, they are not of fixed degrees. This is expected because it is known
(see e.g. [25]) that for any given 7 it is impossible to construct an infinite family of 7-
regular Cayley graphs on abelian groups which are all Ramanujan. As pointed out in [6],
despite the fact that the theory of Ramanujan graphs is focused on infinite families of
Ramanujan graphs with a fixed degree, constructions of infinite families of Ramanujan
graphs of non-fixed degrees are also of some interest.

The rest of this paper is organised as follows. In the next section we collect some
known results that will be used in subsequent sections. In Sections 3 and 4, we give
characterisations of Ramanujan unitary Cayley graphs and Ramanujan complements of
unitary Cayley graphs, respectively. In Section 5 we determine the energy of the line
graph of the unitary Cayley graph of any finite commutative ring. We finish the paper
with a brief discussion on the spectral moments of unitary Cayley graphs and their line
graphs.

2 Preliminaries

A local Ting [2] is a commutative ring with a unique maximal ideal. It is readily seen [2,7]
that, if R is a local ring with M as its unique maximal ideal, then R* = R\ M. It is well
known [2,7] that every finite commutative ring can be expressed as a direct product of
finite local rings, and this decomposition is unique up to permutations of such local rings.
Throughout the paper we assume the following:

Assumption 1. R = R; X Ry X -+ X Ry 1s a finite commutative ring, where R; is a local
ring with mazximal ideal M; of order m;, 1 <1 < s. We assume

|Ry|/my < [Ra|/ma < -+ < Ryl /m.

It is known [1] that Gr = ®5_, G, is the tensor product of Gg,, ..., Gg,. (The tensor
product G ® H of two graphs G and H is the graph with vertex set V(G) x V(H), in
which (u,v) is adjacent to (x,y) if and only if u is adjacent to = in G and v is adjacent
to y in H.) The degree of G is equal to

s

1R = [(1R:| = mi) = Hmz (|R;|/m;) — 1) = ]R\H( ‘R‘/ml) (2.1)

i=1

Define
|R¥|

[Ljec (175 1/m;)

Ao = (1)
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for every subset C' of {1,2,...,s}. In particular, \g = |[R*|, and if s = 1 then A1y = —m,
where m is the order of the unique maximal ideal of R.
Proofs of our results rely on knowledge of the spectra of G, stated as follows.

Lemma 2. [19] The eigenvalues of Gg are

(a) Ac, repeated [[;cc |Rf[/my times, where C' runs over all subsets of {1,2,...,s};
and

R*
(b) 0 with multiplicity |R| — T],_, <1 + u)
mg
In particular, if R is a finite local ring and m is the order of its unique mazimal ideal,
then

Spec(Gr) = ( |R|1_m o (773— 1) )

m m

|IR*| —m 0
:< 1B (%H)(m—n)'

Remark 3. It may happen that Ac = ¢ for distinet subsets C, C" of {1,2,...,s}. In fact,
this occurs if and only if |R;| = 2m,; for every j € (C'\ C")U(C"\ C). Thus, in (a) above
the multiplicity of the eigenvalue Ac may be greater than [[;. [R2;|/m;. For example,
the multiplicity of the largest eigenvalue |R*| of G is equal to ) (Hjec ]Rﬂ/mj),
where the sum is running over all C' such that |C| is even and |R;| = 2m; for every j € C.

The following result was used in the proof [19] of Lemma 2. It will be needed in our
computing of the spectral moments of Gg.

Lemma 4. [4, Theorem 2.5.4] Let G and H be graphs with eigenvalues A1, Aa, ..., A\, and
M1y 2, - - -, [, TeSpectively. Then the eigenvalues of GRH are \ipj, 1 <i<n,1 < j<m.

The complement G of a graph G is the graph with the same vertex set as G such that
two vertices are adjacent in G if and only if they are not adjacent in G.

Lemma 5. [11,33] Let G be an r-regular graph with n vertices. Then G and G have the
same eigenvectors, and their largest eigenvalues are r and n—r —1 respectively. Moreover,
if the eigenvalues of G are r, Ay, ..., A\, then the eigenvalues of G are n —r — 1, —1 —

Aoy ooy —1— Ay
Lemmas 2 and 5 together imply the following result.
Corollary 6. The eigenvalues of Gr are
(a) Rl - 1— |R"];

(b) —Ac — 1, repeated [[;cc | R} |/m; times, where C runs over all nonempty subsets of
{1,2,...,s}; and

i

X
(c) —1 with multiplicity |R| — [1;_, <l + [, I)
m
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In particular, if R is a finite local ring and m is the order of its unique maximal ideal,
then

Spec<aR) = ( m@ ! |R| N ) .

= =(m—1)

The line graph L(G) of a graph G is the graph with vertices the lines of G such that two
vertices are adjacent if and only if the corresponding lines have a common end-vertex. It
is well known [31] (see also [4, Theorem 2.4.1]) that, if an r-regular graph G of order n has
eigenvalues Aj, A, ..., A,, then the eigenvalues of L(G) are \; +r —2, fori=1,2,...,n,
and —2 repeated n(r — 2)/2 times. This together with Lemma 2 implies the following
result.

Corollary 7. The eigenvalues of L(GR) are

(&) Ac + |R*| — 2, repeated [[;cc |Rf|/m; times, where C' runs over all subsets of
{1,2,...,s};

i

(b) |R*| — 2 with multiplicity |R| — [1;_, (1 + |fn{’2 |), and

(c) —2, repeated |R| (|R*| — 2) /2 times.

In particular, if R is a finite local ring and m s the order of its unique maximal ideal,
then

2[R*| =2 [R*|—=m—2 |R¥| -2 2
SpeC(ﬁ(GR))=< 1 1BX| ('RX‘H) (m—1) |R!(|RX|—2)/2>'

m m

Remark 8. The multiplicity of the eigenvalue —2 of L(Gr) can be greater than |R|(|R*|—

2)/2, and this happens if and only if there exists at least one subset C' of {1,2,...,s}
with [C| odd such that [[;c [R]|/m; = 1.

Lemma 9. [1, Proposition 2.1] Let R be a finite local ring and m the order of its unique
mazximal ideal. Then there ezists a prime p such that |R|, m and |R|/m are all powers of

p.
Let
n = p?lng .. .p(;s
be the canonical factorization of an integer n into prime powers, where p; < ps <
- < ps are primes and each «; > 1. The Euler’s totient function is defined by
S

p(n) =n 1L (1= (1/ps)).
Lemma 10. [18] Let n be as above. If s >3 or s =2 and p; > 2, then

2571 p(n) > n.
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3 Ramanujan unitary Cayley graphs

In this section we characterise Ramanujan unitary Cayley graphs, as stated in the follow-
ing two theorems.

Theorem 11. Let R be a finite local ring with maximal ideal M of order m. Then Gg is
Ramanujan if and only if one of the following holds:

(a) |R| =2m;
) 181> (5 + 1)2 and m £ 2;

Proof. Recall that G is regular of degree |R*|, and that R* = R\ M as R is local.
Note that |R| > 2m. If |R| = 2m, then by Lemma 2,

R*| —|R*| 0
Spec(GR):(|1‘ ‘1 | |R|—2)

and so G is Ramanujan.

Assume |R| > 2m. Then Lemma 2 implies that G is Ramanujan if and only if
m < 2/|RX| —1, or equivalently, |R| > ((m/2)+1)°>. Note that we always have
((m/2) +1)* > 2m, with equality precisely when m = 2. In the case when m = 2,
it is well known [10] that either R = Z, or R = Z[X]/(X?). In either case we have
|R| = 4, which contradicts |R| > 4. O

Theorem 12. Let R be as in Assumption 1 with s > 2. Then Gg is Ramanujan if and
only if R satisfies one of the following conditions:

(a) R;/M; =TFy fori=1,...,s;

(b) Ry =Fy fori=1,...,5s—3, and R; 2 F3 fori=s—2,5s—1,s;
(c) Ry =Ty fori=1,...,s—3, Ri=F; fori=s—2,s—1, and Ry, =2 Fy;
(d) Ry =Ty fori=1,...,s—3, and R; = F, fori=s—2,s—1,s;

) R
) R

() Ry =Ty fori=1,...,5s—2, Ry XT3, and R, = Zgy or Z3[X]/(X3);
(f) R1 = Zy or Zo|X]/(X?), R; 2Fy fori=2,...,s—2, and Ry_1 2 F,, Ry =2 F,, for

some prime powers qi,qs = 3 such that
@ <@<qat+Via—2)a; (3.1)

(g) Ri =Fy fori=1,...,s =2, and Rs_y = F,, R, = F,, for some prime powers
q1,q2 = 3 such that

G < g <2 (q1 + V(- 2)Q1> —1; (3.2)
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(h) R;/M; =Fy fori=1,...,s—1, Ry/M, =T, for some prime power q > 3, and
Hmi<2(q—1+\/(q—2)q). (3.3)
i=1

Proof. Note that |R;|/m; > 2, 1 <i < s, and the degree of Gy is given in (2.1).

Case 1: |Ry|/my = |Rg|/ma = - -+ = |Rs|/ms = 2. In this case all non-zero eigenvalues of
G r have absolute value |A¢| = |R*| = |R|/2®, which implies that G is Ramanujan, as
claimed in (a).

Case 2: There exists at least one j € {1,2,...,s} such that |R;|/m; > 2. Let t + 1 be
the largest 7 such that this occurs, so that 0 <t < s and

2= [Rl/my = - = [Ri|/my <[Repa|/myn < - < Rl /m, (3-4)

where by convention if ¢ = 0 then all |R;|/m; > 2. Since Gg is |R*|-regular, it is
Ramanujan if and only if |A¢| < 24/|R*| — 1 for all eigenvalues A\¢ # +|R*| of G. Note
that [Ac| < |R*[ is maximized if and only if [[;c. (|R;|/m; — 1) is minimized. If C' C
{1,...,t}, then |A\¢| = |R*|. HCN{t+1,...,s} # (), then Ac| = |>\Cﬁ{t+1 ..... S}| < |>\{t+1}|-
Thus G is Ramanujan if and only if [Ay413] < 24/|R*| — 1, that is,

RX
|7 <2/ =1 (3.5)

(|Resal/muea) =1
Since 24/|R*| — 1 < 24/|R*|, this condition is not satisfied unless
[RX| < 4((|Resal/musa) = 1)°. (3.6)

In particular, if s > 14, then [R%] > [T, (1Ril/ms) = 1) > 4((Resal/mes) = 17 by
(2.1) and (3.4), and hence G is not Ramanujan. It remains to consider the case where
s—3<t<s.

Case 2.1: s =t+ 3. In view of (2.1), in this case (3.6) is mounted to

[ mi ((Besal fmise) = 1) ((1Resal/mirs) = 1) < 4 ((|Resal/moa) = 1) -

=1

Note that if H:j m; = 2 or |Ryys|/myss3 = 5, then this condition is not satisfied and
hence G is not Ramanujan. Now we assume Hfii’ m; = 1 and |Ryy3|/myys < 4. Then
one of the following occurs: (i) |Ryv1| = |Ris2| = |Rizs| = 3; (i) |Rys1| = |Rive| = 3 and
|Rivs| = 45 (ili) [Resa| = |Resa| = [Reqs] = 4 (iv) [Rea| = 3 and [Ryjo| = |Ryys| = 4.
In cases (i)-(iii), (3.5) is satisfied and so G is Ramanujan as claimed in (b), (¢) and (d);
whilst in (iv), (3.5) is not satisfied and so G is not Ramanujan.

Case 2.2: s =t+ 2. In this case (3.6) is mounted to

42

[T ((Real/mese) = 1) < 4((1Resal fr1041) = 1) -

i=1
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Thus, if HHf m; = 4, then G is not Ramanujan. Assume HZ 1m; < 3 in the sequel.
Case 2.2.1: T[22 m; = 3. Then (3.5) is mounted to

3((| Reval/mis2) — 1) < 2¢/3((|Regal/mes1) — D((|Reval/mese) — 1) — 1,

which is equivalent to

1
3 (3.7)
Note that by Lemma 9 and (3.4), we have m; = 1, 1 <@ < ¢, and (M1, mus2) = (1,3)

r (3,1). It is well known [10] that Zg and Z;3[X] / (X 3) are the only local rings whose
unique maximal ideal has exactly three elements. Thus, one of the following holds: (i)
Ry 2 Fy, and Ryyo = Zg or Zs[X]/(X?); (i) Ryy1 = Zg or Zs[X]/(X?), and Ryg 2 F,
where ¢ > 3 is a prime power. In case (i), by (3.4), we have ¢ = 3, and as stated in (e),
Gg is Ramanujan since (3.7) is satisfied. In case (ii), (3.7) is satisfied only when ¢ = 3,
and in this case G is Ramanujan as stated in (e).

Case 2.2.2: T[22 m; = 2. Then (3.5) is mounted to

2
[Busal fres < 5 (1 Besal /i) + VT |Rt+1|/mt+1>—2><|Rt+1|/mt+1>)+

(IRisal/mige) = 1 < V2((|Rea | /migr) = V([ Rigal /ruga) = 1) = 1,
which is equivalent to
|Rigal/miys < (|Renal/met) + V(([Repal /mig) = 2) (| Rl /miaga)- (3.8)

Similar to Case 2.2.1, we have, say, m; = 2 and m; = 1, 2 < i < s (note that in this case
t > 1). Since Z4 and Z,[X]/(X?) are the only local rings whose unique maximal ideal
has order two [10], we have Ry & Z, or Zy[X]/(X?), R; @ Fo, 2 < i < t, Ryy1 & F,, and
Riiy = F,,, where ¢i,q2 > 3 are prime powers. By (3.8), if ¢1 < g2 < ¢1 + V(@1 — 2)au,
then G'g is Ramanujan as claimed in (f).

Case 2.2.3: Ht+2 = 1. Then all R; are finite fields. Thus, R; = F,, 1 < i < ¢,
Ry = F, and Rt+2 = F,,, where ¢ > ¢; > 3 are prime powers. By (3.5), Gp is

Ramanujan if and only if ¢ — 1 < 2\/(Q1 —1)(g2 — 1) — 1, which is equivalent to gs <
2 (q1 + V(@ - 2)(11) — 1, yielding (g).

Case 2.3: s = t+ 1. Then R;/M; = Fy, 1 < i < t, Ry /My = F,, and |R¥|
[T mi(g — 1), where ¢ > 3 is a prime power. Thus (3.5) is mounted to [} m;

(q —1++/(qg— 2)q), and in this case G is Ramanujan as stated in (h).

EI//\ I

Remark 13. (a) It is known [1] that, if R is a local ring with maximal ideal M, then G is a
complete multipartite graph whose partite sets are the cosets of M in R (in particular, Gg
is a complete graph when |M| = 1). Thus, since Ggr = ®;_,Gpg,, in each case of Theorem
12, G is a tensor product whose factor graphs are complete or complete multipartite.
(b) It is well known [24] that for an r-regular graph G the multiplicity of r as an
eigenvalue is equal to the number of connected components of G. Thus G in Theorem
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11 is always connected. In Theorem 12, G'; is connected if and only if there is at most one
factor R; such that R;/M; = 5. In particular, Theorem 12 gives four infinite families of
connected Ramanujan graphs: (i) Cy ® K, ® K,,, with ¢, g2 > 3 prime powers satisfying
(3.1); (ii)-(iil) K> ® K,, ® K, and K, ® K,,, with ¢1,¢q2 > 3 prime powers satisfying
(3.2); (iv) Kmymy ® Kiy...my, Where Ky, ., has ¢ parts for a prime power ¢, and

mimy < 2(¢ — 14 +/(¢ = 2)q).

Let n = p"p5? - - - p2* be the canonical factorisation of an integer n, where p; < py <
- < ps are primes. It is well known (see e.g. [7]) that

,,,,,

Z/nZ = (L[p7* L) x (Z]py* L) X -+ x (L[p3°Z),

where each R, = Z/p;"Z is a local ring with unique maximal ideal M; = (p;)/(p;") of
order m; = |M;| = p®~'. In the special case where R = Z/nZ, Theorems 11 and 12
together imply the following known result.

Corollary 14. [6, Theorem 1.2] Let n = p{'p3*---p2* be as above. Then Gygnyz is
Ramanujan if and only if one of the following holds:

a) n =2 with aqg > 1;

n = pi* with p1 odd and oy = 1,2;

(c

(
(b
(d

)

)

) = 4paps with py < p3 < 2p2 — 3;

) n=pipy with 3 < p; < ps < 4dpy — 5, orn = 2paps with 3 < py < p3 < 4ps — 5;
)

e) n = 2p2, 4p2 with py odd, or n = 2%'py with py > 2173 + 1.
2 2

Proof. If n =2, then R, = Z/2*'Z, |R,|/m: = 2, and Gz/,z is Ramanujan by (a) of
Theorem 11.

If n = p{* with p; odd, then Ry = Z/p*'Z and m; = p™ 1. In this case, by (b) of
Theorem 11 G is Ramanujan if and only if p* > ((p™~1/2) + 1)?, which holds if and
only if ay =1 or 2.

Now we assume s > 2. It can be easily verified that none of (a)-(e) in Theorem 12
can occur. In (f) of Theorem 12, we have s = 3, Hle m; = 2, and hence p; = 2 and
n = 4pops. The second inequality in (3.1) is equivalent to ps < 2ps — 3, yielding (c).

In (g) of Theorem 12, we have s =2 or 3, and [[_, m; = 1, implying a; = -+ = g =
1. If s =2, then n = pypy with p; > 3, and (3.2) is equivalent to py < 4p; — 5, leading to
the first possibility in (d). Similarly, if s = 3, then n = 2pyps with ps > 3, leading to the
second possibility in (d).

In (h) of Theorem 12, we have s = 2 and n = 2*'p5? with py > 3. The inequality (3.3)
is mounted to 241 327! < 2 <p2 — 14 v/pa(ps — 2)) which holds only if 201~ pg2~t <

)

4py—4. This latter inequality holds only when ap = 1 and py > 27341, (o, ao) = (1,2
or (a1, a9) = (2,2), and in each of these cases (3.3) is satisfied, leading to (e). O
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4 Ramanujan complements of unitary Cayley graphs

Corollary 6 implies the following result.
Theorem 15. Let R be a finite local ring. Then Gg is Ramanugjan.
In the general case where s > 2, we obtain the following:

Theorem 16. Let R be as in Assumption 1 with s > 2. Then Gg is Ramanujan if and
only if R satisfies one of the following conditions:

(a) |Ril/mi=2,1<i<s, and
[[m: <27 =3 +2/2:(2° = 3); (4.1)
=1

(b) 2= |Ry|/m1 ="+ = |Re|/mi < |Rys1|/mus1 for somet with 2 <t < s, and
[R*| < 2V|R| = 3;
(c) 2= |Ry|/m1 < |Rs|/mg and
|R*| < 2+/|R| —2—1;

(d) 3 < |Ry|/my and

R —
=1 S~ COR1/m) 3) + /(1R /m) — 3)° + (4R - 9).  (4.2)

Proof. Note that |R;|/m; > 2, 1 <i < s, and by (2.1) the degree of Gy is equal to

Rl —1—|R*| = Rl = 1= [T(R| —m:) = R| (1_H(1_m)> o

i=1 =1

Denote by p the maximum absolute value of the eigenvalues of G other than | R|—1—|R*|.
Case 1: |Ry|/my = |Ra|/mg = -+ = |Rs|/ms = 2. Since s > 2, we have |[R*|+ 1 =
I[;_;mi+1 < |R| —1—|R*|. Thus, by Corollary 6, u = | — Aoy — 1| = |[R*|+1 =
[T;_, mi+1. Hence G is Ramanujan if and only if [T5_, m;+1 < 2,/(25 — 1) [[_, mi — 2,
which is equivalent to (4.1), leading to (a).

Case 2: 2 = |Ry|/mq = -+ = |Ry|/my < |Rys1|/mus1 for some ¢ with 2 < ¢ < s. In this
case one can verify that |[R*|+1 < |R| —1—|R*| and so p = | — Appoy — 1| = |[R*| +1
by Corollary 6. Thus G is Ramanujan if and only if |[R*| + 1 < 24/|R| — 2 — |R*[, that
is, |R*| < 24/|R] — 3, leading to (b).
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Case 3: 2 = |Ry|/m1 < |Rg|/ma. In this case, we have |R*| — 1 < |R| — 1 — |R¥|

and y = | — Ay — 1| = |[R¥| — 1. Thus, G is Ramanujan if and only if |[R*| — 1 <
2¢/|R| — 2 — |R¥|, leading to (c).

Case 4: 3 < |Ry|/my. Tn this case po = | = Ay — 1| = g — 1 (< [R| = 1= [R¥|).
Hence G is Ramanujan if and only if W 1 < 2¢/|R| — 2 — |R*], which leads to
(d). O

Applying Theorems 15 and 16 to Z/nZ, we obtain the following corollary.

Corollary 17. Let n > 2 be an integer. Then GZ/nZ 1s Ramanujan if and only if n is of
one of the following forms:

(a) n=p* with p a prime and o > 1;
(b) n=2-3-52-3,2-32,2.5,22-3,22-3,3-5,3-Tor5-7.

Proof. We use the notation before Corollary 14. Then |R*| = [[_, pi '(p; — 1) = p(n)
and |R;|/m; = p; for each i.
Case 1: n = p®. Then Gy, /nz = K,, is Ramanujan by Theorem 15.

Case 2: n = 2*pg?-.-p% where s > 1. Then case (¢) of Theorem 16 applies, and
GZ/nZ is Ramanujan if and only if p(n) < 2v/n — 2 — 1. This condition is satisfied only if
©(n)?/n < 4. In particular, if s > 4, then by Lemma 10, ¢(n)?/n > ¢(n)/2°"! > 4 and
so Gz /nz is not Ramanujan. Assume s < 3 in the sequel.

Case 2.1: s = 3. Since (p; — 1)? > pi(p;i — 2), if a1 > 3, @y > 2 or az > 2, then
o(n)?n = 201255232 (py — 1)2(pg — 1)* > 22422~ 8571 (py — 2)(py — 2) > 4, and
so G, /nz 18 not Ramanujan. It remains to consider the case where n = 2pyps or 4pyps.

If n = 2pops, then @(n)*/n = (ps — 1)*(p3 — 1)*/2pops > (po — 2)(ps — 2)/2 = 4 if
(p2.p3) # (3,5) or (3,7). Thus, unless (p2,p3) = (3,5) or (3,7), Gz/nz is not Ramanujan.
It is easy to see that if (p2,p3) = (3,5), then ¢(n) < 2v/n—2 — 1 and so Gzjnz is
Ramanujan, whilst if (p2,ps) = (3,7), then p(n) > 2¢/n—2 — 1 and so Gyz/uz is not
Ramanujan.

If n = 4dpaps, then ¢(n)?/n = (p2 — 1)*(ps — 1)%/paps > (p2 — 2)(ps — 2) > 4 unless

(2, p3) = (3,5). Moreover, if (p2,p3) = (3,5), then p(n) > 2v/n — 2 — 1. Hence Gznz is
not Ramanujan when n = 4psps.
Case 2.2: s = 2. In this case p(n)?/n = 2217 2p32 % (py — 1)2 > 2217 2p52 71 (p, — 2). From
this one can see that p(n)?/n >4ifa; >4, as > 3orpy > 7, or1fn-2 52, 2%2.52 22.32,
23.32,23.50r 2252, Thus, unless n =2-3,2-3%,2-5,22-3,22.50or 2%-3, Gz/nz is not
Ramanujan. It can be verified that in all these exceptional cases, except when n = 225,
@Z/nz is Ramanujan.

Case 3: n = pi'py®---pg* with p; > 3. Then case (d) of Theorem 16 applies, and by
(4.2), Gz/nz is Ramanujan if and only if

p(n) _
pP1 — 1

—(2p1 —3) + /(201 — 3)2 + (4n — 9). (4.3)
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Note that this condition is not satisfied unless ¢ (n)?/n < 4(p; —1). In particular, if s > 4,
then by Lemma 10, ¢(n)?/n > ¢(n)/2571 > 4(p; — 1)? and so Gz/,z is not Ramanujan.
Assume s < 3 in the sequel.

Case 3.1: s = 3. Inthis case, if a1 >3, ap =2, a3 = 201 p; = 7, or if n = 3%paps, Spaps or
5%pops, then ¢(n)?/n = ]1;’:1 Py R (pi—1)2 > [, p2 ' (pi—2) = 4(p1—1)? and so Gz/nz

is not Ramanujan. Thus G7/,z is not Ramanujan unless n = 3pops. Moreover, if n = 3pyps
but (p2,p3) # (5,7), then p(n)?/n = 22(p2 — 1)*(ps — 1)*/3paps > (p2 — 2)(ps — 2) > 16
and so Gyz/nz is not Ramanujan; if n = 3-5-7, then (4.3) is violated and again G,z is
not Ramanujan.
Case 3.2: s = 2. In this case, by Lemma 10 we have p(n)?/n > p(n)/2 = pi* ' p3>~ (p1 —
1)(p2 — 1)/2. Thus, if oy > 3, ay = 3 or a3 = ay = 2, then ¢(n)?/n > 4(p; — 1) and so
EZ/nZ is not Ramanujan. In other words, G, /nz 18 Ramanujan only when n = pips, pip3
or pips.

If n = p1ps, then (4.3) is mounted to (ps —4)? < 4p;. Therefore, if n =3-5,3-7or 57,
then Gz/,z is Ramanujan, and for (p1, p2) # (3,5), (3,7), (5,7), Gz/nz is not Ramanujan.

If n = pip3, then p(n)*/n = (pr — 1)*(pa — 1)*/p1 = 4(pr — 1)%. So Gz is not
Ramanujan.

If n = pips, then o(n)*/n = (p1 —1)*(p2 — 1)*/p2 > (p2 — 2)(p1 — 1)*. Thus, if pp > 7,
then ¢(n)?/n = 4(p1 — 1)* and so Gz,,z is not Ramanujan. If p, = 5, then by (4.3) and
again @Z/HZ is not Ramanujan. O

5 Energy of the line graph of a unitary Cayley graph

The iterated line graphs of a graph G are defined by £1(G) = L(G) and LTHG) =
L(LY(G)) for i > 1. Tt was proved in [27] that, if G is an r-regular graph of order n with
r > 3, then E(L™(Q)) = 2nr(r — 2) H;;B (27r — 271 4 2) for every i > 1. However,
there is no known closed formula for E(L(G)) even when G is regular, though E(L(G))
has been computed for some special graphs such as caterpillars and certain combinations

of generalized Bethe trees [29,30].
Theorem 18. Let R be as in Assumption 1. Then

( H(IRX| = 1)%, if2=|Ril/mu = - = |Rs|/ms,
or R=Fy, x--- XIFQXFg,’
1
E(L(GRr)) =1 27" +2[R[(IR*| =2), if2=|Ri|/my1 =" =|R|/my < |Rijal/mus1
with 1 <t <s and RZFy x -+ x Fy xFg;
1
2|R|(|R*| —2), if 3<|Ry|/my <+ < |Rs|/ms and R 2 Fs.
(5.1)

\

In the special case where R = Z/nZ, Theorem 18 yields the following result.
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Corollary 19. Let n = p{*p3?---p% be as in Corollary 14. Then

( 4, ifn=23;
8, ifn=06;
B(L(Gaynz) = L1, =2 (5.2

d+2n (T o M= 1) —2),  if2=p1 andn #6;
L 20 ((TIL ' (p— 1) —2),  if3<p andn #3.

A graph G with n vertices is called hyperenergetic [13] if E(G) > 2(n — 1). By
Theorem 18 we know exactly when L£(GR) is hyperenergetic, as stated in the following
corollary. (The fact that £(Gg) is hyperenergetic when |R*| > 4 can be also obtained
from the following known result [17]: If G has more than 2n — 1 edges, then £(G) is
hyperenergetic.)

Corollary 20. Let R be as in Assumption 1. Then L(GR) is hyperenergetic if and only
if one of the following holds:

(a) [R*] > 4;
(b) s=1and |R| =2m > §;
(©) 522, 2= [Riljmy = - = |R|/my, and |[R¥| > 2.

Proof of Theorem 18. The proof consists of Lemmas 21-24 as follows. ]

Lemma 21. Let R be a finite local ring with mazimal ideal M of order m. Then

E(L(G )) = 4(|RX‘ - 1)27 Zf R/M =T, or R=F;;
B 2|R| (|R*| —2),  otherwise.

Proof. Let us begin with a few observations. Denote ¢ = |R|/m. Then |R*| = |R|—m =
(¢ — 1)m > 1. Moreover, |R*| = 1 if and only if R = F,, and |R*| = 2 if and only if
R = T3, Zy or Zy[X]/(X?). Similarly, |R*| —m = (¢ —2)m > 0; |[R*| —m = 0 if and
only if R/M = TFy; |[R*| —m = 1 if and only if R = F3; and |R*| —m = 2 if and only if
R =T,

If R=TF;, then L(Gr) = Cs and so E(L(Gr)) =12|+2-|—-1| =4

If R/IM = Fy, then |R|/m = 2 and |R*| = m. If R = F,, then £(GR) is an isolated
vertex, which has energy 0. If R 22 Fy, then |R*| = m > 2, and by Corollary 7,

2IR*| -2 |R*|—2 —2
Spec(L(GR)) = ( 1 2(|R*| —1) (|R*|— 1)2 )

and so E(L(GR)) = 4(|R*| — 1)% In view of the computation above, this formula also
applies when R = F3 or [F.

If R % Fy and R/M % Fy, then 2|RX| —2 > 0, |R*| —m — 2 > 0 and |[R¥| — 2 > 0.
The proof is straightforward by using Corollary 7 again. |
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Lemma 22. Let R be as in Assumption 1 with |Ry|/mq >3 and s > 2. Then
B(L(Gr) = 2IR| (IR"] ~2)..

Proof. By the definition of A\¢ and Assumption 1, for every C' C N, the corresponding
eigenvalue in (a) of Corollary 7 is

AR =23 — LR 2 - <m1<<|R1|/m1> =) [ (IRl ) — 1)) 220,

BT/
Hence
Zl)\ +’RX’—2‘H|RJX| _ Z((_1>IC||RX’+(’RX|_2)'H|R;<|>
¢ ms; M
CCN jec Y CCN jec Y
RX
R ) (R —2) - Y T
CCN CCN jeC my;
- R
— x| 144 1
= (=TI (1)

Since |R*| — 2 = [[_,(|Ri| = m;) — 2 = [I;_, m; ((|R:|/m;) — 1) — 2 > 0, by Corollary 7,

B(L(Gr)) = (|RX|—2)H(1+”§14)

i=1 v

H(R-2). (rm —H(H%)) IR -2)

= 2R (R*| - 2).

a

Lemma 23. Let R be as in Assumption 1 with |R;|/m; =2, 1<1i<s, and s > 2. Then
E(L(GR)) =27 (|R¥[ = 1)*.

Proof. Since |[R*|=[[;_;m; > 1, |R*| =1if and only if R; = F, for 1 <i < s.

If R; =2 F, for 1 <i < s, then the spectrum of £(Gg) is 0 with multlph(nty 2571 In
this case, the energy of L(GR) is 0.

If not every R; is Fy, then |R*| > 2 and by Corollary 7,

_ ([ 2lR*|-2 |R*|-2 —2
Spec(L(GRr)) = < gs—1 IR| — 25 2571 4 |R|(|R*| — 2)/2

Since |R| = 2°|R*|, we have E(L(GRr)) = (2|R*|—2)2°" '+ (|R*|—2) (|R| — 2°)+2(2°~' +
[RI(|RX| = 2)/2) = 27} (|R¥| = 1)%. O
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Lemma 24. Let R be as in Assumption 1 with 2 = |Ry|/m1 = -+ = |Ry|/m: <
|Ryy1|/mys1 for some t such that 1 <t < s. Then
28+1(|RX‘ —1)2, ZfR:IFQ Xoee XFQ XFg;
—_——
E(L(GR)) = s—1
271 4 2|R| (|[R*| —2),  otherwise.

Proof. First, |[R*| > 2. Denote by \%_ (# —2) the second smallest eigenvalue in (a) of
Corollary 7. Then

RX
e #—2
[BS ]/ men
= (|Rps1|/mus1 — 2) (Hml> <H (|Ri|/m; — 1)) —2> 1.
i=t+2
Thus A%, = —1if and only if s = ¢ + 1, |Ry1|/mus1 = 3 and [[_, m; = 1. That is,
N, = —1lifand only if R =Fy x --- x Fy xIF5. In all other cases, we have A%, > 0.
%,_/

If R=Fy x --- x Fy xIF3, then by Corollary 7,
N—————

2 1 -1 =2
Spec(£’(GR)> = < gt=1 ot ot ot-—1 ) :
Since |R*| = 2, we obtain
E(L(Gg))=2-2"14 1.2 4120422071 = 2"F2(|R¥| — 1)2
If R#TFy x--- xFy xFs, then A% . > 0 and so —2 is the unique negative eigenvalue.
—_—

sec

t
Since by Corollary 7 the multiplicity of —2 is 271, we have

R R
coeN jec M CCN jec M
R*
= 2R YD (<) 4 (R —2) - Y (H‘ H)
CCcN cen \jec M
= 2t+1+(|RX|—2>ﬁ 1_{_%
i=1 mi )
Therefore,
BLG) = 274 (85— 2) T (1+ 5]
! i=1 m;
| —2) - R| — - 1 % R x| _9
(R =2)- (1R =TT (1+ =) | +IRI(IR] - 2)
i=1 i
= 2t+1+2|R| (|RX|—2), -
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6 Spectral moments of unitary Cayley graphs and
their line graphs

Theorem 25. Let R be as in Assumption 1. Then, for any integer k > 1,
se(@r) = R T (R = (=ma)F ) (6.1)
i=1

s(L(GR) = (Z (%) <1er—2>’”sj<GR>)—<—2>k1|R\<|RX|—2>. (62

j=0
To prove this we need the following lemma.
Lemma 26. Let G be an r-reqular graph of order n. Then
kg .
S (£(C) = (Z (5)e- 2>’f—ﬂsj<G>> T
j=0

Proof. Since G is r-regular, the eigenvalues (see [4, Theorem 2.4.1]) of L(G) are \; +
r—2, fori=1,2...,n, and —2 repeated n(r — 2)/2 times, where A1, Ao, ..., A, are the
eigenvalues of G. The result then follows from a straightforward computation. ]

As a consequence of Lemma 4, we have s,(G ® H) = s,(G) - sx(H). In general, by
induction, we see that the k-th spectral moment of the tensor product of a finite number
of graphs is equal to the product of the k-th moments of the factor graphs.

Proof of Theorem 25. By Lemma 2,

X RlX - -
su(Cr) = [RXF+ Ly g — ).

7

Since Ggr = Q);_; Gr, as mentioned in §2, from the discussion above we obtain
si(@r) = [[su(Gr)=TIRKI(RF = (=mi)* )
s=1 i=1
= [RTT(R " = (=ma)*).,
i=1

which is exactly (6.1).
Since Gy is |R*|-regular with order |R|, (6.2) follows from Lemma 26 and (6.1). O

Denote by n3(G) the number of triangles in a graph G. Since s3(G) = 6n3(G) [4],
Theorem 25 implies the following formulae.
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Corollary 27. Let R be as in Assumption 1. Then

1 S
n3(Gr) = 6|RXHR’ H (IR —m;)
i1

ns(L(Cr) = SIR¥IIR (H (1| =ms) + (R = 1) (17| - 2)) -

=1

Denote by n4(G) the number of quadrangles (4-cycles) in G. It is well known [4]
that, if G is a graph with n vertices, m edges and degree sequence (dy,ds, ...,d,), then

s4(G) =2m+4 Z?Zl (%) +8n4(G). This and Theorem 25 together imply the following

formulae.

Corollary 28. Let R be as in Assumption 1. Then

1 S
na(Gr) = SIR7|IR] (1 =2/ R+ [T (RSP = IR [my +m?))
i=1

ny(L(Gr)) = é\RXHR\ (!RX (IR = 3)* =5 +4(R*| = 2) [ (1B —mi)

i=1

+ T (RS =[RS [ms + m?)) :
=1
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