New proofs of determinant evaluations
related to plane partitions

Hjalmar Rosengren*

Department of Mathematical Sciences
Chalmers University of Technology and University of Gothenburg
SE-412 96 Gothenburg

Sweden hjalmar@chalmers.se

Submitted: May 16, 2012; Accepted: Oct 13, 2012; Published: Oct 25, 2012
Mathematics Subject Classifications: 05A17, 15A15, 33C45, 33D45

Abstract

We give a new proof of a determinant evaluation due to Andrews, which has
been used to enumerate cyclically symmetric and descending plane partitions. We
also prove some related results, including a g-analogue of Andrews’s determinant.
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1 Introduction

In 1979, George Andrews [1] managed to evaluate the determinant

det ((sm (“m”)). 1)
0<m,n<N—-1 n

This allowed him to enumerate so called cyclically symmetric plane partitions (using the
case x = 0) and descending plane partitions (r = 2). Andrews’s proof, which takes up
most of his 33 pages paper, amounts to partially working out the LU-factorization of
the underlying matrix. This requires both clever guess-work and creative use of hyper-
geometric series identities. Later, Andrews and Stanton [3] found a shorter proof, using
what Krattenthaler [13] has called “a magnificient factorization theorem” due to Mills,
Robbins and Rumsey [18]. This proof can be simplified further, see [5, 12, 20]. It is
our purpose to present a new and simple method for evaluating (1), using orthogonal
polynomials. Roughly speaking, we compute (1) by viewing each matrix element as the
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scalar product of two Meixner—Pollaczek polynomials, with respect to the orthogonality
measure for certain Wilson polynomials, see §3.
Our method can be used to prove further results. Ciucu, Eisenkdlbl, Krattenthaler

and Zare [4] found that
det (5mn + t(x e n)) (2)
o<m,n<N—-1 n

can be evaluated in closed form when t® = 1. Up to conjugation, this gives four cases,
t = £1 and t = +e?7/3 the case t = 1 being (1). Our proof of (1) can be modified to
include the remaining three cases, see §4.

We will also obtain some new variations of (1). Note that evaluating (2) is equivalent
to evaluating

—m,—n
| 1,
ogm(j@egtjvq (m.(b)mémn +t(0)m(b)y o F1 ( p o 1)) : (3)
Indeed, by the Chu-Vandermonde summation, the oF} equals (b)m4n/(0)m(b),. Dividing
the nth column by n!(b), then gives (2), with x = b — 1. Using continuous dual Hahn
polynomials rather than Wilson polynomials, we will evaluate

det <m!(b)m6mn + £ 202 () (B, o B (‘mg)‘”; %)) (4)

o<m,n<N—-1

whenever ¢! = 1 (giving three non-equivalent cases, t = +1 and ¢ = i) and

man) /2 —m,—n 1
whenever t3 = —1 (giving two non-equivalent cases, t = —1, t = ¢/3), see §5. These
results are related to weighted enumeration of alternating sign matrixes. Indeed, as we
explain further below, the case b = 1, t = €?"/3 of (3) relates to the famous problem of
enumerating alternating sign matrices of fixed size. Similarly, it follows from the work of
Colomo and Pronko [6] that the case b =1, ¢t =1 of (4) is related to the 2-enumeration of
alternating sign matrices and the case b = 1, t = ¢"/3 of (5) to the 3-enumeration.

Another problem, already discussed in [1], is to obtain a g-analogue of Andrews’s
determinant. In the combinatorially most interesting cases, x = 0 and x = 2, such ¢-
analogues were proved by Mills, Robbins and Rumsey [17], thereby settling conjectures
of Macdonald [16] and Andrews [1]. However, until now nobody has found a g-analogue
for the case of general x. We propose such an identity in Theorem 14 where, roughly
speaking, the summable oF} in (3) is replaced by a non-summable 4¢3. However, our
Theorem 14 does not contain the g-analogues found by Mills, Robbins and Rumsey. It
would be interesting to prove those results using the method of the present work. Further
identities that one should look at can be found in [11, 14]. As an example, Guoce Xin
conjectured an evaluation of

det <5m_ (“m“l)),
0<m,n<N -1 n+1
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which was published as [14, Conj. 35] and recently proved in [11].

We would like to acknowledge that our main idea is contained in the work of Colomo
and Pronko [6, 7] on the six-vertex model. In [6], these authors found a new determinant
formula for the partition function of the homogeneous six-vertex model with domain
wall boundary conditions. At the “ice point”, the Colomo—Pronko formula expresses the
number of states of the model (on an N x N lattice) as

det (—62”/357% + €l/3 (m * n)) , (6)

o<mn<N—-1 n

which is essentially the case z = 0, t = ¢%™/3 of (2). On the other hand, by the alternating
sign matrix theorem [15, 22], the number of states is

114171+ (3N — 2)!

NN+ DN +2)1--- (2N = 1)1 (7)
If we want to prove directly that (6) equals (7) we can proceed as follows. Let
00 eiﬂ'x
=+P —
(ahs = +PV [ J@(e) o do
and - inh(rz)
sinh(mz

= J— 2 _—
() = )+ L) =2 [ falgla) S

Consider the determinant
D = det (<pm7pn>) s

0<m,n<N—-1

where p,, is a monic polynomial of degree n. By linearity in rows and columns, D does
not depend on the choice of p,. Choosing p,, as orthogonal with respect to the pairing
(-, )+, D essentially reduces to (6) [6]. On the other hand, choosing p,, as orthogonal with
respect to (-, -), D becomes diagonal and can thus be evaluated [7]. (Choosing p,(z) = 2"
gives a Hankel determinant, which is a limit case of the Izergin—Korepin formula [9] used
by Kuperberg [15] in his proof of (7).) Essentially, our results are obtained by variations
of this idea.

2 Preliminaries on orthogonal polynomials

For the benefit of the reader, we collect some facts on Wilson, continuous dual Hahn,
Meixner—Pollaczek and Askey—Wilson polynomials, see [10]. We refer to [2] or [8] for the
standard notation for hypergeometric and basic hypergeometric series used throughout
the paper.

The Wilson polynomials are defined by

W (372; ai, Gz, as, a4) = (a1 + ag)n(a1 + ag)n(ar + aq),

w oF) —n,a1+a2—|—a3—|—a4+n—1,a1+ix,a1—im;1 (@8
ai + as, a1 + az, ay + ay
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This is a polynomial of degree n in z? with leading coefficient
(—1)”(@1 -+ (05} —+ as -+ ay +n— 1)n

If the parameters ay are all positive, Wilson polynomials satisfy the orthogonality relation

[(a; + as + as + ay) /°° ‘F(al +iz)T(as + iz)T(as + iz)T(ag + iz) |
21 [[1jenea Dlag +ar) Jo ['(2iz)
X W (xZ; a1,a2,a3,a4) W (552;@1,@2,@3,064) dx = hy, Opn, (9)

where

a; +az+az+ay—1 ”!H1<j<k<4(aj + a)n
ai+as+az+as—1+2n(ay+ay+az+ay—1),

hn = hnw(&17a27a37a4) =

Later, we will choose a; = 0. Then, the pole of the factor I'(a; +ix) at = 0 is cancelled
by the pole of I'(2iz). Thus, (9) remains valid for a; = 0 as long as the other parameters
are positive.

The continuous dual Hahn polynomials are defined by

—n,a; +1iz,a; —iv, 1
ay +az,a; +as

Sh (332; ai, s, a3) = (a1 + az)n(a1 + az)n 35 (

This is a polynomial of degree n in x? with leading coefficient (—1)". If all a;, are positive,
then

1 /°° ‘I’(al +iz)[(as + iz)(as + iz) |?
21 [[1cjenes Dlas +ar) Jo ['(2ix)
X S, (I2; al,a27a3) Sh ($2;a1,a2,a3) dx = hy Opp,  (10)

where
hy, = thH<a1; as, az) = nl(ar + az)n(a1 + az)n(as + as)n,.

Similarly as for (9), (10) holds also for a; = 0 as long as the other parameters are positive.
The Meixner—Pollaczek polynomials are defined by

P,E’\)(x; o) = (2714')71 P o (—n,;\/\—i— ix; 1— 6_2i¢) . (11)
This is a polynomial in = of degree n with leading coefficient
(2sin¢)”
nl
For A\ >0and 0 < ¢ <,
% /_ Z e D\ + iz) | PO (2 6) POV (2 ¢) d = Ty, (12)
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where

(2A)n
n!

hn = hMP()) =

n
We will need the expansion formula

(20)n = (=1

n! 0 (2>\>k

P (l’; i cb) = (="

5 (2sin )"+ PV (g;; T_ ¢) . (13)

2
which can be proved by inserting (11), changing the order of summation and using the
binomial theorem.

Finally, the Askey—Wilson polynomials are defined by

(aras, aras, a1a4; q)n
ay

—-n n—1 0 —i0
X 46 q ,a1a2a3a4q° “,a1€7,a1€ . 4.q
443 y 4y .
@102, a1G03,A104

pn(cost; ar, as, az, aslq) =

This is a polynomial in cos @ of degree n with leading coefficient

2"(aya2a3a4q" "5 q) -

We write the orthogonality using €' rather than cos @ as integration variable. Assuming

lql, a1, |az], |as|, |as| < 1, (14)
we have
(¢ @)oo H1<j<k<4(ajak;q)oo7{ (2%, 272 @)oo
2(a1a2a3a4; Q)oo (0612, a1zt a2z, a027t agz, azzt agz, agz q)oo

e 24zt dz
X Pm ( 9 ;a17a2,a3,a4|q> Dn < 2 ;al’a2’a3’a4|q) 2miz = Pinran, <15)

where the integral is over the positively oriented unit circle and

1 — ayagazasq™ (& On I1i<jencal@ar; @)n

hn = b2V (a1, ag, az, as; q) =l (ayaga3a4q71; q)
yq)n

1 — ayaza3a4q

We will need the fact that (15) remains valid when a; = 1, as long as the other conditions
in (14) hold. The reason is that the double zero of the factor (a12z,a127;¢)s at z =1 is
cancelled by the double zero of (22, 27%; q)uc-

3 Proof of Andrews’s determinant
We first explain the main idea behind our proof in general terms. Suppose we are given

three symmetric bilinear forms (-, )z, k = —1,0, 1, which are defined on polynomials and
related by

<fag>0: <fag>1+<fvg>—1- (16)
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In the generic situation, there exist monic polynomials p%k) of degree n, with (pffi), p,(f))k =
hgﬂ)dmn. We assume that this is the case for K =0 and k = 1.
Consider the determinant

D= det  ({pm;Pn)o), (17)

o<m,n<N—-1

with p, a monic polynomial of degree n. By linearity in rows and columns, D is in-

dependent of the choice of p,. In particular, choosing p, = pq(lo) we find that D =
h(()o)hgo) e hg\o,)_l. Choosing p,, = pg) then gives the key identity
N—1

det (W) 6 + (), p0) 1) = T 2. (18)

o<m,n<N—-1
n=0

In the cases that we will consider, the bilinear forms will be defined by
(= [ f@g@u@)ds,  k=-10.1

where wg = wy; + w_1. In particular, we will show that if we take

3(6+2)/2 e b . 2
wey(x) = T 0) r (5 + 31x> , (19a)
3(0+2)/2 b 2
wo(z) = 27T (D) cosh(mz) [T’ (5 + Bix) : (19Db)

where b > 0, then (18) becomes Andrews’s determinant evaluation (1), with x = b — 1.

Let us first compute the polynomials pﬁl‘”.

n(22), P (z) = 21, (22), where ¢, and r, are monic orthogonal polynomials on the
positive half-line with weight wy and z?wy, respectively.

Recall that the gamma function satisfies the duplication formula

. . . 0
Since wy is even, we can write pgn) (x) =

(2m)Y20(2z) = 2%~ Y20 (2)T (x + %) :

the triplication formula

2rT(3z) = 3% 1/°T (2)T <x + _) r (x + _>

and the reflection formula, which we write as
1 1 T
N-+iz|)l'|=—-ix) =———.
(2 i 1:5) (2 195) cosh(mz)
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Combining these identities, one readily writes

32 | D(ia)D(ix + b/6)T iz + b/6 + 1/3)0(iz + b/6 + 2/3) |
wol®) = 5551 ) T (2ix)
D(ay +as + a3+ as) |T(ay +iz)D(ay + i) (as + iz)T(ay + i) |

A [ licienea Tlay + ar) ['(2ix)

with (a1, a2, a3,a4) = (0,b/6,0/6 4+ 1/3,b/6 +2/3). Comparing this with (9), we find that

o (1" (e b b 1b 2
= 70 N\ n 707 PR 5 n o 20
P () = gy W (P0G 5 506 T3 (20a)
and that
1 bb 1b 2\ nlb/2)n(b/2)3n(b+ 1)sn
o (b/24+n)2 " 676 T35 3 367(b/2) 90 (/2 4 1)ay, (20D)

Since x?|['(iz)|? = |T(iz + 1)|?, we can also write

*wo(r) = C

A7 H1<j<k<4 I'(b; + by) ['(2ix) ’
with (bl, bg, b37 b4) = (1, b/6, b/6 + 1/3, b/6 + 2/3) and
_ bobsby b(b+4)
byt by+by 22.33°
It follows that
o (-1)" s bbb 2
- n ; 17 Iy BENA o 2
and
b(b+4) bb 1b 2
h(o) — Wi 1.2 242 242
Al 92.33(p/2 4+ +1)2 " 66736 3
B b(b+4)n!(b/24 1),(b/2 + 3)3,(b+ 1)3n (20d)
4 36743(b/2 4 1)2,(b/2 4 2)2n,
As for the polynomials pgﬂ), it follows from (12) that
|
ED () = 1 plb/2) T,
2 (SL’) - 33n/2 Pn (3':(;7 2 + 6>
and that (n))? ' (b)
n! n! (D),
B = (e = o W (0/2) = 5 g (21)
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To compute <p£%),p£bl)>,1, we use (13) to expand

n . —N)k —-n —
P = (1) (b 3 gy
k=0
It follows that
min(m,n)

01 —1)™"(0),,,(b),, —m)i(—n —1)™ (D)t
(i) pr) 1 = ( 2). 33(77S+)n)/(2) Z ( k??b()k k - ( 2.)33(mELn))/2Jr ’ (22)

where the final step is the Chu—Vandermonde summation.
By (21) and (22), the general determinant identity (18) is now reduced to

m! () (D) s [(N-1)/2] 0 (N-2)/2] o
. m _1\ym+n m-+n _
ogm,negN—1 ( 2. 33m Omm -+ ( 1) 2. 33(m+n)/2) 1_[0 h2n 1_[0 h2n+17
with 1Y as in (20). Multiplying the nth row and nth column with (—1)"2'/23%%/2 for
each n, we arrive at the following result.

Theorem 1 (Andrews). The following determinant evaluation holds:

ot (0 O+ () =2 (1) %)

0<mn<N—1 4

[(N-1)/2 [(N—-2)/2

T DR (5/2)(5/2)n (b + 1)sn 1l PRl (b/2 + 1), (6/2 + 3)n (b + )30
(0/2)2n(b/2 + 1)2, (0/2+ 1)on(b/2+2)2n

n=0
Dividing the nth column by n!(b),, and writing

(D)man (b+m+n—1)7

n!(b), n

we see that Theorem 1 is indeed equivalent to the evaluation of (1).

4 The CEKZ variations

We will now modify our proof to cover the three variations of Andrews’s determinant
discovered by Ciucu, Eisenkolbl, Krattenthaler and Zare [4].
For the first variation, we take

3(0+2)/2 i b ‘ b ‘

w:tl(l') = MT([)) e F (5 + 31,:5' + 1) F (5 — 3133) s (233)
3(b+2)/2 b b

wo(x) = =0 cosh(mx)T’ (5 + 3iz + 1) r (5 - 3ix> . (23b)
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In other words, wy, are obtained by multiplying the weights in (19) with

T(b/2+3ix+1) . ib
T2+ 3ia) (9” N E) '

Recall that, in general, if p,, are monic orthogonal polynomials with

/ P ()P () () = b,

then @
pn+1(x) - %pn(l‘)

T —a

ﬁn(aj) =

are monic orthogonal polynomials with

/ B(2)n(2) (& — @) da(z) = o,

where
B, — _Pn+1(a) h
pn(a)

n-

In the case at hand, it follows that

©) ¢
B _ _311%;1(1[?/6) B ’
wo as in (23b) p1(1 )(1b/6) wo as in (19b)

where the quantities on the right-hand side are given in (20). Applying the explicit
formula (8) with a; and as interchanged, both 4F3:s reduce to a single term, and we find
that

(0) (ﬁ) _ (=1)"(6/6)n(b/3 +1/3)n(b/3 +2/3)n

2n )
6 wo as in (19b) (b/2 ™ n)n

" <ib> (1) (/64 1)u(b/3+ 1/3)0(5/3+2/3)0

wo as in (19b)
After simplification, this gives

_ bnl(0/2+1)n(b/2 + 1)3n(b+1)sn

hiy, , (24a)
? wo as in (23b) 2 36n(b/2 + 1)%71
(0) b(b+1)(b+4)nl(b/241),(b/2 + 3)3,(b+ 3)3,
han11 = r— 5 . (24b)
wo as in (23b) 2 3om (b/2 + 2)2n

The remaining quantities that we need can be obtained from the following Lemma.
We formulate it so as to cover also some cases needed in §5.
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Lemma 2. For b and t positive and —7m/2 < ¢ < 7/2, define the pairing

2 b+1 00 b b
P, Q)p = % /_oo p(z)q(x) et (5 + tiz + 1) r (5 — tix) dx.

Then, the rescaled Meixner—Pollaczek polynomials

n! i
@)= M ples (4 LT
Pa(®) (2t cos )™ " tToigt ¢

are monic and satisfy the orthogonality relation

e’nl(b+ 1),
msPn/o = 5, N9, Ymn 25
<p p >¢ <2tCOS¢)2n ( )
as well as
- tan ¢ mn —-m, —n 1
— —ip [ ) .
<pm,pn>_¢ (& ( n ) (b+ 1)m(b+ 1)n 2F1 ( b—|— 1 3 —4Sin2¢) . (26)
Proof. Consider integrals of the form
t(2cos ¢)T! /°° 26t b . b
_— T =+t 1) =—t d 27
27T+ 1) _oop(:c)e 5 + tix + S (27)

with p a polynomial. If we replace x +— x +1/2t and then shift the contour of integration
back to the real line, the value of the integral does not change. This is true since the
contour does not cross any poles of the integrand and since, by [2, Cor. 1.4.4], for large
values of | Rez| one may estimate

b b
‘F (5 +1+ tix) r (5 - tix) ‘ < C|Rexz|Pe ™ Rew]

uniformly in any vertical strip. Thus, making also a further change of variables x — x/t,
we find that (27) equals

(2cos @)Pttel® [ [(x4i/2 26e
2711“(1)—1—1)/ ( / )6

2

dzx.

b+1
F(%%—ix—i—l)

—00

The orthogonality (25) then follows from (12). Moreover, (13) gives

@ _ e ) NS M (tang)" )

where we indicate the ¢-dependence of the polynomials p,. Combining this with (25),
with ¢ replaced by —¢, gives (26). O
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In the case at hand, it follows from Lemma 2 that the monic orthogonal polynomials
with respect to w, are given by

! i 27
W — T plb+1)/2) _ 1
2 ('T) - 33n/2 Pn (3LE 27 3 )

and that
in/6 ]
1y _ € <b>n+1n-
h) = 5 g (28)
—im/6(p,
(B, pP)-1 = (—1ymin E O (29)

2. 3(Bm+3n+1)/2°

Plugging (24), (28) and (29) into (18), replacing b by b — 1 and simplifying, we recover
the following result.

Theorem 3 (Ciucu, Eisenkolbl, Krattenthaler and Zare). One has

. By N b(b+3)\[*]
_ 2in/3 _ ir/6 7
o<m(,]}me<tN—1 (m! O)mrnn = € (O)mtn) = <€ \/§> ( 3 )
O (), () 5 O (), (55250 (0 2)an
s b+1)2 H b+3)2 '
n= 2 J)2n n= 2 /2n
6 (%) 0 )

The second variation is obtained by choosing w; as in (23a) but replacing w_; by its
negative. Then,

3(b+2)/2 - r b ‘ r b '
wo(z) = 2T(0) sinh(7z) (5 + iz + 1) (5 - 311') : (30)

Since (z + ib/6)wy(x) is odd, the monic orthogonal polynomials with respect to wy can
be constructed as pg‘if () = su(x?), pé?l)ﬂ(:z:) = (z +ib/6) t,(z?), where s, are orthogonal
on the positive half-line with respect to (wo(x) + wo(—2))/2 = zwo(x)/(x —1b/6) and ¢,
are orthogonal with respect to z(z + 1b/6)wg(x).

To identify these polynomials, we write

x ib D(ay + as + asz + ay)

e wo(1) = 1/2

r—1ib/6 23247 [, e D@y + ax)
. |Flar +in)T(a + )0 (a3 + 1)L (as + ix) 2

I'(2iz)
ib ib(b+1)(b+2) I'(by + by + b3 + by)
r|x+ wo(x) =

( ) 0() 2-372 Ay cpea (b + br)

['(2ix)

2
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where

(ay,a9,a3,a4) = 19§+19+2
1, W2, 43, 04) — 27676 376 3 ’
1b 1b 20
bi,bo, b3, by) ==, =+, =+, - +1).
(1727374) (276+376+376+)
It follows that
© (ED" gy (e k0 102
p2n() (b/2+n+1/2 n x72a676 3’6_’_3 )
© D T - N S
Panta (2) = (b/2+n+3/2 <x 6) "($’2’6+3’6+3’6+
and that
ib 1bb 1b 2
RO _ ! pw(Z 22,22, %
M 2.312(b/24n+1/2)2 " 2°6'6 363
ibn! (b+1)n (lﬂgr_?))gn (b+ 1)3n (31a)
"2k (5, (59),,
1 ibb+1)(b+2) w /1 b 10b 20
h(o) — —+1
(b2 40 +3/2)2 2372 " \26736 736"

_ib(b+ 1)(b+ 2) nl(b/2 + 3/2)a(b/2 + 5/2)sn(b+ 3 )
C 2. 36n4T/2 (b/2+3/2)2n(b/2 4+ 5/2)2, '
Since (28) is still valid and (29) holds up to a change of sign, we conclude that

/6,1 (b) —i7r/6
e Pm! (0)ma1 L \mtn+1 € b)mtnt1 0
ogm(}zegtjvq ( 2 .30Bm+1)/2 O+ (—1) 2. 3( 3m+3n+1 /2) H h

with A as in (31). Replacing b with b — 1 and simplifying, we arrive at the following
result.

Theorem 4 (Ciucu, Eisenkolbl, Krattenthaler and Zare). One has
| 2im/3
oepdot (! (D)mOmn + €73 (b)

)
[(N-1)/2] ) (g) (
"\2

. N b+2 ()3 (N-2)/2] (iz (b 4) (b+2)s
— e”"N/S b(b_|_ 1))[15] n 2 /3n n 2 Jn 2 /)3n n'
( I =, e, 1

For the final variation, we choose w; as in (19a), but replace w_; by its negative
Then,

b

3(b+2)/2

27T (D) sinh(7x)

wo(x) =

(32)
THE ELECTRONIC JOURNAL OF COMBINATORICS 19(4) (2012), #P15
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Since (1, 1)y = 0, there does not exist a system of orthogonal polynomials with respect to
wp. Thus, (18) is not applicable. However, we can compute the determinant (17) using
orthogonal polynomials with respect to the weight zwg(z).

More generally, consider the determinant (17), when the scalar product is given by
integration against an odd weight function wy. Suppose there exist monic orthogonal
polynomials ¢, with

/_00 G (%) (2%) mwo(2) dv = 2 /0°° G (1)@ (2%) 2wo(2) dz = €16 pmm.-

oo

Then, the monic polynomials pa, (2) = ¢,(2?), pans1(x) = 2q,(x?) satisfy

e, {m,n} = {2k, 2k + 1},
(s Prbo = {O, else.

Choosing p,, in this way, D reduces to the block-diagonal determinant

0 Co 0 0O ... 0
co 0 0 O
0 0 0 ¢
0 0 ¢ O
0 0

Thus, as a substitute for (18) we have

2
(—1)N/? (cocr -+~ cnv=2y2)”, N even,

(1) 1) 1) =
0<mf];be<tN—1 (hm Omn + (P’ P} -1 ) {O, N odd. (33)
In the case at hand, we observe that
1 T
zwo () = ——————wo(x) ;
wo as in (32) iz — 1b/6 wo as in (30)

which gives

b (), (5),, 6+ s,
as in (31a) (b+3)

9 36n+3/2 (L)Q
Since (21) holds and (22) holds up to a change of sign, (33) can be simplified to the
following form.

1
Cn = 3 hg:z)

Theorem 5 (Ciucu, Eisenkolbl, Krattenthaler and Zare). When N is even,

(N-2)/2 bil\  (b43 2
det (! (D)mOmn — D)min) = (—=1)2 0V H ( nt (B (b3 )3n(b+1)3n> |

0<m,n<N—-1 (bJZFI)2n (ng)Qn

whereas if N is odd the determinant vanishes.
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5 Further variations

It is natural to look for further interesting specializations of (18). We have not found any
more cases that are as nice as Andrews’s determinant in the sense that the quantities h;o),
hY and <p£$),pg)>,1 all factor completely. However, from the viewpoint of orthogonal
polynomials, there are five particularly natural cases based on continuous Hahn poly-
nomials rather than Wilson polynomials. As we mentioned in the introduction, some of
the resulting determinant evaluations are related to weighted enumeration of alternating
sign matrices. Since the computations are completely parallel to those in §3-4, we will be
rather brief.
In the first of these five cases, we choose the weight functions as

9b/2 — b o 2 A
wil(x) = 27_‘_1_‘(()) (5 + 1I’> s (3 )
20/2 b ?
wo(x) = T cosh(mzx) |T’ (5 + 213:) )
with b > 0.
With (a1, a9,a3) = (0,b/4,b/4 + 1/2) and (by, ba, b3) = (1,b/4,b/4 + 1/2),
wo(z) = 1 ‘F(al +iz)D(ay + iz)T(ag + iz) |
O 4xT(ay + a)T(ar + a3)T(ag + as) ['(2iz) ’
o) b(b + 2) 1 T(by + iz)T (by + iz)T (bs + iz) |
x wp(z) = :
Exactly as in the proof of Theorem 1, it follows that
0y peon (0804 1) _ (2, 8,
n " 442 4n ’
b1\ (bt4
0) _b(b+2)  cpn bb 1Y\ n! (T)n (T)zn
h2n+1 (m) - 16 hn 17 47 4 + 2 - b(b + 2) 4TL+2 Y
11 _nl b/2 T T
PN = g PP (205 £ ).
1) n!(b)n
h”El) - 23n+1 ) (35)
(=D)™ ™ (B)m (b)n —m,—n_1
<P£}L)apg)>—1 = omAntl 2 F b 3 2/ (36)

After simplification, (18) then reduces to the following new identity.
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Theorem 6. The following determinant evaluation holds:

ot (O + 270,008 (773

o<m,n<N—-1 ’ 2
e (b6 +2) (/2 “Nﬁ)mn' b1\ (b “Nﬁ)/z}n, b+1\ [b+4
N 8 n=0 . 2 n 2 2n  p=0 ‘ 2 n 2 2n.

Next, we take

2b/2 +rx b ; b 1
wil(m):ime r §+21:17+1 r 5—21x ,

2b/2'h Fb2' 1Fb2'
wo(x)—F(b)sm (mx) (5—1— iz + ) (5— 1x>.

Similarly as in the proof of Theorem 4, we write

T () = ib 1 T'(a; + iz)D(ay + iz)T(as + iz) |?
w—ib/4 T 247 [ open Dy + ai) T (2ix) ’
ib ib(b+1)(b+2) 1
r|lx+ — | wylx) =
( 4 ) 0( ) 16 dm H1<j<k:<3 F(bj + bk)
o |F by + )L (by + i2)D(bs + i) 2
I'(2ix) ’

where (ay,as2,a3) = (1/2,b/4,b/4 + 1/2) and (by, by, b3) = (1/2,0/4 4+ 1/2,b/4 + 1), and
conclude that

ib 1b0 b+1 b+2
RO _ l_hCDH 100
2n 2 n 27474 + 22n+1 2n7 (37)
ib(b+1)(b+2) 15 10
hO,, == hePH (22 1
n+l 16 2’ 4+2 4+

:ib(b4r2212+(i>+2)n (b+3>n( )

Moreover, it follows from Lemma 2 that
L) e (b) 1
n 23n+3/2 ’

a0+ 1) (b4 1) —m,—n_1
(1) (1) _ (_1\m+n+1l _—in/4 m n ) .
<pm » D, >* ( 1) € 2m+n+3/2 2F1 b + 1’ 2

(38)

In the resulting instance of (18), we replace b by b— 1 and simplify to obtain the following
result.
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Theorem 7. The following determinant evaluation holds:

_ _ 1 iw Nt
det <m'(b)m5mn + l2(m+n)/2(b)m(b)n 2F1 ( mz; TL‘ _)) _ eTN2w

o<m,n<N—-1 ’ 2

L (P DN [(Nl‘_l[)/2] (bY (b1 “Nﬁ)/z] b2\ [b+3
n!| = —_— n! .
4 2 2 ), 2 2 ),
Next, we choose w; as in (34) but replace w_; by its negative. Then,
9b/2

= T r (g + Qix)

Exactly as in the proof of Theorem 5, we find that (33) holds with

b (b + 1) (b + 2)
= n! —_— ,
as in (37) 22n+2 2 n 2 2n

hY asin (35) and <p,(711), pg)>_1 as in (36) apart from a change of sign. After simplification,
we obtain the following determinant evaluation.

2

wo(z)

sinh(7z)

1 o
On = 5 Man

Theorem 8. When N is even,

det (m!(b)mémn — 2mA2 () (b), o Fy (_ml; " %))

o<m,n<N-1

(N=2)/2 2
2N-— 1 2
— (—1F2 Y ] <n! (b+ ) <b+ ) ) ,
n=0 2 n 2 2n

whereas if N is odd, the determinant vanishes.

We now turn to determinant evaluations of the form (5). Let

3 b b
wil(l') = ﬂ:m eiQﬂwF (5 + Sll' + 1) F (5 — 313’)) s

b b
= 2%1?:(6) sinh(27x)l (5 + 3iz + 1) r (5 — 3ia:) :

wo ()
We then have
x ( i31/2p 1
- wo(x) =
x —ib/6 0 2 47?H1<j<k<3F(aj+ak)

. ( ib) wo(z) = ib(b+1)(b+2) 1

+ —
% 2372 47 [y, pes Db + br)
2

I'(ay + iz)T(as + iz)T(as + iz) |?
T (2iz)

" ’F(bl +iz)(by + ix)['(bs + ix)
['(2ix)
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where (ay, az,a3) = (b/6,b/6+1/3,b/6+2/3), (by,ba,b3) = (b/6+1/3,0/64+2/3,b/6+1).
As in the proof of Theorem 4, it follows that

i31/2h bb 1b 2 ib
RO _ ! RCPH [ Z 24 = 24 2 ) = — — nl(b+ 1), 39
=g G5t ysT3) T g O D (39)
ib(b+1)(b+2) b 1b 20
Q) _ 1 peon (2 2 2 2 Py
e 2-33/2 w636 36"
ib(b+1)(b+2)
= 2 - 337’L+3/2 n'(b + 3)3n
and, using Lemma 2,
po _ €l
" 2.3
Cins3b(D 4+ 1) (b+ 1) —m,—n_1
1) (1) _ (_1\m+n+1 _—in/3 m n ) .
(P n ) -1 = (=1) € 2 . 3(m+n)/2 2F b+1 '3

After replacing b by b — 1, (18) can be simplified to the following form.

Theorem 9. The following determinant evaluation holds:

- —m, —n_1
det (m!(b)mémn+e”/33(m+”)/2(b)m(b)n2F1( . ”_>>

0<mn<N—1 b '3
(N-1)/2] (N—-2)/2]
iy Noven) (b(b 4+ 1))[1\7/2}
=e6 3 1 n!(b)3, n!(b+ 2)3,.
(" IT wow IT e+

Finally, we choose

2

3
war(®) =F gy e

Y

r (g + 3ix>
2
wo(x) = ——— sinh(27x)

A —

As in the proof of Theorem 5, we find that (33) holds with

1 b

(0)
e—— 4O = sar7g M+ D)y,

31 as in (39) 2. 31/
1
h%l) = 9. 32n n'(b)na
) (]

m pmy AL g

<pm » Pp, >—1 - 2. 3(m+n)/2 2F1 b "3

which gives the following identity after simplification.
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Theorem 10. When N 1is even,

det <ml(b)m5mn — 3(m+n)/2(b)m(b)n Ly <—mb, -, 1))

o<m,n<N—-1 ’ 3
W
= (~)V2VY T (!0 + 1))’
n=0

whereas if N is odd the determinant vanishes.

It may be instructive to summarize the results obtained so far. We have considered
weight functions

war (z) = Z(QCZ(;%QZ))Z) (£1)ermer (g + liz + g) r (g . lix> ,

which are normalized so that wy = w; + w_; has total mass 1 when 6 = ¢ = 0, and the
parameters are as in the following table:

k
Theorem 1 1
Theorem 3 1
Theorem 4 1
Theorem 5 1

1
1
1
2
2

Theorem 6
Theorem 7
Theorem 8
Theorem 9
Theorem 10

LW WIND DN NDW W W W —
— = R O = O O S
O RO R OO = OO0

The case (k,l,6,¢) = (1,2,0,1), which may appear to be missing, merely gives the
complex conjugate of Theorem 7.

6 A g-analogue of Andrews’s determinant

To find a g-analogue of Andrews’s determinant, it is natural to replace the Wilson poly-
nomials in (20) by Askey—Wilson polynomials. More precisely, a natural starting point
would be to combine the polynomials

pa(731,b,00,0¢%¢%),  palz; ¢, b, b, bg*|¢®)

to a single orthogonal system. This is indeed possible, within the framework of orthogonal
Laurent polynomials on the unit circle.
Throughout this section, we write

w = 627”/3.
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Lemma 11. For |q|,|b| < 1, let

(4% ¢*)oo (b, b 4 q)oo j{f (2% 2% %) dz
(b3q q°) 1 +2 (2,271 ¢%) oo (b2, 0271 @) o 22

with integration over the positively oriented unit circle. Then, the Laurent polynomaials

(f;9)0=

1 z+ 271
P& (2) = N pn( 5 Lbba, bqZ\q3>,

—1
(0) z—1 ztz 5 21 3
p2n+1< ) (b3q3n+3;q3)n Pn ( 2 4 7b7 bq7 bq |q >

satisfy the orthogonality relations

<p$72)7p > = h(O)(Smna

where
3 1,3.,3 2 .
h;?-b) _ (q 7b 1 q )n(bub Q7Q)3n’ (403)
(b37 b3q3; q3)2n
1—b 1_b2 3b33.3 bSb2.
po _ (1=b-bg) (4°6°¢%¢")albg’, b4: q)3n (40b)

2T (1 — wbg) (1 — w?bq) (03¢3, b3¢5; ¢3) 2

Proof. In the integral defining <p£2), p%0)>0, write

F 10 g =5 P U+ 1) g

2z 2z

When m and n are both even, the integrand is invariant under z - 271

factor

, including the
1 n 1

142z 14271

The integral then reduces to (15), and we obtain the desired orthogonality with

h(O) o hﬁw(la b7 bQ7 bq2|bq3)
o (V)

=1.

which agrees with (40a). When m and n have different parity, we get an integral containing

z—1+z*1—1_0
142z 1421 7

so the orthogonality is obvious. Finally, when m and n are both odd, we encounter the

factor
(-1, -1
142 14271

—(1—2)(1—2z71).
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We now observe that (1 — z)(1 — 27') times the orthogonality measure (normalized as in
(15)) for p,(x;1,b,bq,bq*|¢*) is the corresponding measure for

a5, 0,09, b¢%|¢%),
apart from the multiplier

1 — bobzby (1 —wbq)(1 — w?bq)’

ba=b, b3=bq, ba=bq?

and conclude that

pO (=) —bg) hyY(g* b ba, bg’|bg’)
T (L -wbg)(L—w?bg)  (BPgt3gR)2
which agrees with (40b). O

Note that p,io) is a linear combination of the first £ + 1 terms in the sequence

Moreover, the coefficient of the (k + 1)st term is 1. If we let these two properties define a
monic Laurent polynomial of degree k, then the discussion leading to (18) remains valid
if “polynomial” is replaced throughout by “Laurent polynomial”.

To apply this modified version of (18) we must split the orthogonality measure for p7(10)
in two parts. This will be achieved by the following version of Watson’s quintuple product
identity [21]. The fact that this fundamental result is applicable is a strong indication
that we are doing something natural.

Lemma 12. The following identity holds:
1 (%2 _1-w (69)x

L+2 (2,275 3 (%))
Proof. The left-hand side of (41) can be expressed as

1
- (=2 -q/3 *)oo(2%, 6% /2% ) o

((q2w,w?/2;q)oe — W (q2w®,w/2;q)ss) . (41)

By the quintuple product identity, as given in [8, Ex. 5.6], the Laurent expansion of this

function is
o0

LS (o)1 g, (12)

(6% ¢%)o0
On the other hand, by the triple product identity [8, Eq. (1.6.1)], the right-hand side of
(41) has Laurent expansion

[e.9]

l-w n (") n/ m n
3 ) > (1) g"3)2m (o — W), (43)
It is easily verified that (42) and (43) agree. O
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Let us introduce the notation

q,b 7)o j{f qaz 1/az;q)e dz
(qab, b/a q)oo (bz,b/2;q)se 2miz

Ma,b(f) =

Then, using Lemma 12, the bilinear form introduced in Lemma 11 splits as in (16), with

(1—w)(1 —bw?)

(fr9)1 = 301 D) top(f9),
(1= w?)(1 — bw)
(f9) 3(1+0) Moﬂ,b(fg)-

To proceed, we need the following result.
Proposition 13. Let

Pt == 1o (05)00.2)

and let

C _ Colaba) _ 1, n even,
T a(b/aiq)u/(ab;q)n, n odd.

Then, Pﬁ“’bQQ)/Cn is a monic Laurent polynomial of degree n. For |b|, |q| < 1 we have the
orthogonality relation

Loy ( Pg,b;q) Péa,b;‘])) = MO, (44)
where )
h. — (-1)”&2[%] (Q7 b ) b/a’7 q)n .
(ab; q)n(abq; q)am /21 (b/a; @)ayn+1) /2]
Moreover,

(0% @) (V% @)n(a¢/ @) [ 3]0/ D) g [

N—
—
w\s
.
—
w\:

(a,b;q) plabia)) — a[%]Jr[%] 2 P
pes (P E) 0 @ D)) 01 Do
¢ "™ q " abb/a
X 4¢3 (bQ’q[g][g]a/c, qlf[m;l [7121]6/&;(],(]> ’ (45)

Before proving Proposition 13, we point out that (44) is equivalent to a result of Pastro
[19). Namely, if we let p,(z) = 272 P9 (2) then p, is a monic polynomial of degree n.
Moreover, (44) means that

tap(2 Fpa(2)) = 0, kE=0,1,...,n— 1.

It follows that

az,1/az;:q)ee dz
%pm(z)pn(l/z) (q(bz, 2?2 (;)qo)o omiz 0 m 7 n
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or, if the parameters are such that p, have real coefficients,

(qaz,1/az;q)0e dz L
%pm(z)pn(z) (bz,b/2;q) 27riz_07 7

It is easily seen that this orthogonal system on the unit circle is equivalent to the one
introduced by Pastro.

Proof of Proposition 13. It is straight-forward to check that pleba) /C,, is a monic Lau-
rent polynomial of degree n. To prove (45), we use [8, Eq. (II1.6-7)] to write

a,b; _n) fay™ (0% q)n “".b/a, bz
P7§ ,b,q)(z) =2z [2] (E) ((ab q)) 3¢2 (q b2/0 aq7q>

] (6% q)n s " ab,b/z
pn (ab, Q)n 3¥2 b2 0 14,4

These expressions also clarify the relation to Meixner— Pollaczek polynomials (11). Ex-
bq)

pressing ple uslng the first of these identities and P using the second one gives

Leb (p(mb;q)p(a,b;q)) — a” (¢, 0% @)oo (b* @)in(V*; @)
e bt (gbe, b/ c; q) oo (ab; @) m(ab; )y
" Z mob/a;q) (¢, ab; Q)lqurl%Z["H]_[m] (gez,1/cz;q)0  dz

par q,b"’, Or (¢, %) S bz btz g) 2z

By Ramanujan’s summation [8, Eq. (I1.29)],

(¢.0% qcz,1/cz:q)0 (B%5@)km ) i (¢" Fe/b;q)s (¢"b2)"

(gbe, b/c,bg"2,b¢ /2, q)0e (b @)rlgbe; @)~ (¢"+1be;q)a

in the annulus |¢"™'b] < |z| < |b7!|, which is consistent with our conditions on the
parameters. Since only the term with x = [m/2] — [(n 4 1)/2] contributes to the integral,
we conclude that

, . o (0% @) (b @) (a¢/b: ) ) [212]
(a.bia) plabia)) _ e[
peo (B0 B) b[mTH]+[nTH]+" (ab; @)m(ab; ¢)n(gbe; @) () [ns1]
ot +1 (™ b/a; q)x (g, ab; q); k4l
Z < Dt (g, ¢ BT s g (g, g ET TF e ),
Applying [8, Eq. (I1.7)] in the form
(0% @)k _min(k’l) (" a7 D 10 krnye
(0% a)e(0%a) ; (4,0% @) ™)
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replacing (k,1) by (k + x,l + x) and changing the order of summation gives after simpli-
fication

B am (6% @) (V% @)n(ac/b; @)y
ol e (abs @) (ab; @)n(abes @)

|3

J-[#]
J-[]
<q—m, q", CLb, b/au Q)x x(r+1)b2:c

>< m n m n q
= (g2, e 13 e ),

(¢" ™, ¢"b/a; @)k 5 (¢*™™, q%ab; q); }
FUbeq - S (g, ¢ B bes ),

|3

Computing the inner sums using [8, Eq. (I1.6)] and simplifying, we arrive at (45).
To deduce (44), we observe that the right-hand side of (45) has the form

min(m,n)

S (@A) (),

=0

where the missing factors are regular at ¢ = a. When ¢ — a, the summand vanishes for

comn((5]+ B[] 14 ) -2

Thus, the range of summation can be reduced to

1
{%} < z < min(m,n),
which is empty for m # n and consists of the point z = m = n otherwise. After
simplification, this gives (44). O

We can now conclude that

2
det <(1 — (,d)(l — bw )MwJ) (Pélw’b;q)Pé%b;q)) 5mn

N—-1
(1 —w?)(1—bw) (w,b; ;
oy (Pt pba) ) — TT c2h©
3(1+0b) bz (O FEE) Eo o

where hY is as in (40) and the remaining quantities are given in Lemma 11 and Propo-
sition 13. To simplify, we pull out the factor (1 —w)(1 — bw?)/3(1 + b) and multiply the
nth row and column with w?™/2(bw; q),, for each n. We also write

1—bw
_ m even
R — L U R T )
" (qbw;Q)Q[m/z](bw2§Q)2[(m+1)/2] _ 1 —bw m odd
1 — bw2q™’ '

After simplification, we find the following g-analogue of Andrews’s determinant.
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Theorem 14. Let w = e*/3 and let X,, be as in (46). Then, the following determinant
evaluation holds:

o<m,n<N—-1

¢ " q", bw, bw? _
X495 | g2, (3] [8luz, g (212, 0

_ ( 3(1+90) >N (_(1 —b)(1—bg?)(1 — W)%ﬂ) /2
(1 —w)(1 — bw?) (1 — qbw)(1 — qbw?)

det (Xm(Q7 627 Q)m 5mn - Wz

N—-1)/2
" : H)/ Lo (bw; )2, (6% % ) (b, B2 q)sm

(63, 03¢ ¢3)an
w?(qbw?; 9)3, (3, V3¢ ¢*)n (b, V2 q; @) 30
(633,345, ¢3)2n '

n=0
[(N-2)/2]
X

n=0

2 and letting ¢ — 1, the 4¢3 reduces to a summable oF} and we

b/2 and letting

Replacing b by ¢*
recover Andrews’s determinant evaluation. Incidentally, replacing b by —q
q — 1 gives Theorem 10.
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