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Abstract

A planar point set X in the Euclidean plane is called a k-distance set if there are
exactly k distances between two distinct points in X. An interesting problem is to
find the largest possible cardinality of k-distance sets. This problem was introduced
by Erdés and Fishburn (1996). Maximum planar sets that determine k distances for
k less than 5 has been identified. The 6-distance conjecture of Erdos and Fishburn
states that 13 is the maximum number of points in the plane that determine exactly
6 different distances. In this paper, we prove the conjecture.
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1 Introduction

A planar point set X in Euclidean plane is called a k-distance set if there are exactly
k different distances between two distinct points in X. For two point sets, we say that
they are isomorphic if there exists a similar transformation from one to the other. One
of the many interesting problems on k-distance sets is to determine the largest possible
cardinality of k-distance sets and to classify these k-distance sets. We denote this number
by g(k). A k-distance set X is said to be maximum if X has g(k) points. Let R,, denote
the vertices of a regular n-gon, R’ be R, plus its center, R, — i denote a set of n — i
vertices of R,. When 7 > 2, R, — ¢ has dissimilar versions depending on which i points
of R, are absent. Clearly g(k) > 2k + 1 since Rgyq is a k-distance set. The triangular
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lattice L = {a(1,0)+b(3, ?) :a,b €Z}. Erdés-Fishburn [1] presented the following two
conjectures:

Conjecture 1. [1] g(6) = 13, and this is realized only by R;3, or R},, or the 13-point
subset of Figure 1.

Conjecture 2. [1] For every k > 3, some g(k)-point set of the triangular lattice L, has
exactly k interpoint distances. Moreover, if k > 7, every g(k)-point subset of the plane
that determines k different distances is similar to a subset of L.

In [1] the author determined g(k) for £ < 5 and classified maximum k-distance sets
for k < 4, recall that g(1) = 3 which is realized by Rj, ¢(2) = 5 and every 5-point
two-distance set is isomorphic to Rs, ¢(3) = 7 and every 7-point three-distance set is
isomorphic to Ry or Rf, g(4) = 9, and there exists 9-point subset of La with 4-distance.
Shinohara [5] proved that 12-point 5-distance set which realized for g(5) = 12 is unique
up to similar transformation, that is a subset of L,. Shinohara [6] classified 3-distance
sets with at least five points. In this note we prove that any 14-point set determines at
least 7 distances, that is to say, the conjecture g(6) = 13 is correct.

XX

Figure 1: 13-point 6-distance set configuration in L.

2 Preliminaries and Related Lemmas

As in [7] we recall some notations. Let d(x,y) denote the distance between two planar
points z and y. Let D = D(X) be the diameter of a finite set X, and let Xp = {x €
X :d(z,y) = D for some y € X} and m = m(X) = |Xp|. The diameter graph DG(X)
of X is the graph with X as its vertices and where two vertices z,y € X are adjacent if
d(x,y) = D. We denote a path and a cycle with n vertices by P, and C,, respectively. For
v € Xp, let d(v) denote the number of D-lengths segments connected with v in DG(Xp).
Clearly DG(Xp) has no isolated vertex, and every two D-length segments in DG(Xp)
must cross if they do not share an end point.

We say a point set P is convex when it forms the vertex set of a point set. When
indexing a set of ¢ points, we identify indices modulo ¢. As in [5] we denote the set of
all n-point k-distance sets and the set of all n-point convex k-distance sets by E, (k) and
M, (k), respectively. Let Xp = {1,2,3,...,m}, here m points are consecutive in counter-
clockwise order, we say segment [i,7+ 1] be an edge of X for every i € Xp. A subset H
of V(G) is an independent set of V(&) if no two vertices in H are adjacent, and H is said
to be maximal if no other independent sets contain H, the independence number a(G) of
a graph G is the maximum cardinality among the independent sets of G. In the following
some proofs are omitted because of the restriction of the length of the paper.
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Lemma 3. [1] Let D be the diameter of an n-point planar set X withn > 3 andm = |Xp|.
Then (a) if m > 3, the points in Xp are the vertices of a conver m-gon;
(b) D can be eliminated as an interpoint distance by removing at most 3| points from

X, where [§] is the smallest integer at least m /2.

Lemma 4. [3] [{] Suppose S is the vertex set of a convex n-gon, n > 3, that determines
exactly t different distances. Then t > |n/2]. Moreover:

(i) if n is odd and t = (n —1)/2, S is Ry;

(ii) if n is even, t =n/2, andn =8, S is R, or R,.1 — 1;

(i3) if (n,t) = (7,4), S is Ry — 1 or Ry — 2;

(ZU) Zf (n,t) = (9,5), S is Rl(] —1 or R11 - 2,’

Lemma 5. [5] Let G = DG(X) for X. Then

(a) G contains no Coy for any k > 2;

(b) if G contains Copy1, then any two vertices in V(G) \ V(Cak11) are not adjacent and
every vertex not in the cycle is adjacent to at most one vertex of the cycle, where V(QG)
denote the vertex set of the simple graph G. In particular, G contains at most one cycle.

Lemma 6. [7] If d(v) = k > 2 for v € Xp in the diameter graph DG(Xp) of Xp, then
the k vertices having D-length with v are consecutive.

Lemma 7. [7] For a planar point set X with m = |Xp|, let Xp = {1,2,3,...,m},
m points are consecutive with counter-clockwise order. If for a subset S C Xp, S =
{k,k+1,k+2,...,k+1—1}, the segment [k, k+1—1] is the maz-length segment of S and
dlk,k+1) <d(k,k+1—1) foranyi=1,2,3,...,1—2, then d(k,k+ 1) < d(k,k+2) <
dlk,k+3) <...<d(k,k+1—-1) < D.

Lemma 8. [2/ Let X be the vertex set of convex n-gon with s intervertex distances d; >
dy > -+ > ds. If a side of the convex n-gon has the dy-length, then s > n — 2.

Lemma 9. [5] Let G = DG(X) be the diameter graph of X with |X| =n. If G # C,,
then we have a(G) = [n/2].

3 Classification of 10 point 5-distance

Lemma 10. Let X be a 10-point 5-distance set. Then X contains a subset Y €
{Rg_7 R77 R87 Rg - 17 RIO - 27 Rll - 3} UE7(4>

Proof. Let X be a 10-point 5-distance set, and m = |Xp|. If m > 9, then by Lemma
3 and Lemma 4, the subset Xp C X is a convex m-gon, and X contains a subset Y €
U,€<5 My (k) = {Rg, Rip — 1, R11 — 2}. When m = 8, the proof is as showed in Lemma 7
and Lemma 8 in [7], X contains a subset Y € (J,, E7(k) U{Rs, Ry — 1, Rio — 2, R11 — 3}
Recall that g(3) = 7 and Er(3) = {(R{, Br}, Upes Er(k) = {Rg, Re} UF(4). When
m =7, and if DG(Xp) = C7, we have showed Xp = R7 as in [9]; and if DG(Xp) # Cr,
by Lemma 9, a(DG(Xp)) > 4, X contains a subset YV € (J,., F7(k) by removing three
points from Xp with the diameter D been eliminated. If m < 6, then 10 — [%] > 7, and
by Lemma 3, X contains a subset Y € (J,., £+(k) too. O
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Theorem 11. Every 10-point 5-distance set in the plane is isomorphic to Ry , Rig, Ri1—1,
double Rs with the same center as shown in Figure 2q, or one of the sixzteen 10-point
configurations in La as shown in Figure 2a-2p.

R %, G @ . B
G, A G, S, A
G G, S, 40, T,

Figure 2: 10-point 5-distance sets.

Proof. By Lemma 10, X contains a subset Y & {Rg,R7,R8,Rg — 1,Ry — 2,Ryy —
3} U E7(4). When X contains a subset Y € {Ry, Rg}, clearly they can not be extended
to a 10-point 5-distance set. When X contains a subset Y € {Rg — 1, R19 — 2, Ry; — 3},
it is easy to see that X can be the 10-point 5-distance sets Ry, Ryo, Ry1 — 1. When X
contains Ry, clearly X C La and X can be one of the eight 10-point 5-distance sets as
shown in Figure 2a-2h. Now assume X contains a subset Y € E7(4) given in [8]. Using
elementary plane geometry we can easily obtain nine more 10-point 5-distance sets as
shown in Figure 2i-2q. O

4 No 14-point 6-distance set with m =11

Lemma 12. Let X be a 1j-point 6-distance set and m = |Xp| = 11. Then for every
point v € DG(Xp), d(v) < 2.

Proof. Let X be a 14-point 6-distance set, and 6 distances are D = dy > dy > d3 > dy >
ds > dg. By lemma 3, we know X is a convex set. Let Xp = {1,2,3,...,11}, 11 points
are consecutive with counter-clockwise order. If d(i,i + 1) = D or d(i,i +2) = D or
d(i,i+ 3) = D, then by lemma 8, X, determines at least 7 distances, a contradiction to
6-distance. So in the following we may assume for any i € Xp, d(i) < 4, and d(i,j) # D,
where j =i+ 1,i4+ 2,7+ 3. If for d(i) = 3 or 4 we obtain a contradiction to 6-distance,
then the result is correct.

At first assume there exists i such that d(i) = 4. Without loss of generality we
may assume d(1) = 4. Then clearly d(1,5) = d(1,6) = d(1,7) = d(1,8) = D. It is
easy to see d(2,7) # D since d(1,8) = D, and by Lemma 7, dg = d(6,7) < d(5,7) <
d(4,7) < d(3,7) < d(2,7) < d(1,7) = D, and so d(4,5) = d(5,6) = d(6,7) = dg and
d(4,6) = d(5,7) = ds, A456 = A567 which contradicts the fact £456 # £567. Secondly
assume d(i) < 3 for every i € Xp. Similar as before we may assume d(1) = 3 and
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d(1,6) =d(1,7) = d(l, ) D. y Lemma 7 d6 (6 7)< d(5 7) <d(4,7) < d(3,7) <
d(3,5) = d(4,6) = (5, 7) = ,d( ) ( ) ( 1) = da, d(2 6) = d(3, 7)—d3
It follows that points 2, 3, 4, 5, 6, 7 lie on a circle. If d(3,8) # D, then by Lemma
6 and Lemma 7, dg = d(7,8) < d(6,8) < d(5,8) < d(4,8) < d(3 8) < d(2,8) = D,
and points 2, 3, 4, 5, 6, 7, 8 lie on a circle, that is to say, d(1,5) = D since d(1,6) =

d(1,7) = d(1,8) = D, a contradiction. So d(3,8) = D, and then d(2, ) D. Clearly
d(1,2) < ds, d(7,8) < ds. If d(7,8) = d5, then by Lemma 7, d(6,8) = d(4,7) = d4 and
d(7,8) = d(4,6) = ds, and points 4, 6, 7, 8 lie on a circle, that is to say, d(1,4) = D since
d(1,6) = d(1,7) = d(1,8) = D, a contradiction. So d(?, 8) = dg, similarly d(1,2) = dg.

If d(l 3) = ds, then points 1, 2, 3, 4 lie on a circle, that is to say, d(4,8) = D since

d(1,8) = d(2,8) = d(3,8) = D, a contradiction. So d(1,3) = dy, similarly d(6,8) = dy.

Finally by Lemma 7, dy = d(1,3) < d(1,4) < d(1,5) < d(1,6) = D, points 1, 2, 7, 8 lie

on a circle, points 1, 3, 4, 7 lie on a circle, and so points 1, 2, 3, 4, 5, 6, 7, 8 lie on the

circle, a contradiction. O

Theorem 13. Let X be a 14-point 6-distance set and m = |Xp| = 11. Then X contains
a subset Ry or Rz — 2.

Proof. Clearly d(v) < 2 for every point v € DG(Xp) by Lemma 12. Recall that DG(Xp)
has no isolated vertex. If DG(Xp) # Cy; but contains a cycle Coriq1, by Lemma 5 we
know the remaining points in V' (G) \ V' (Cag1) must connect with the points on the cycle,
thus there exists a point v € DG(Xp), d(v) > 3, a contradiction. Then we conclude
DG(XD) can be Clla P11> PgUPQ, PgUPg, P7UP4, P7U2P2, PGUP5, PGUP3UP2,
P5UP4UP2, P5U2P3, P5U3P2, 2P4UP3, P4UP3U2P2, 3P3UP2 or P3U4P2

By lemma 4, we know X is a convex set. Let Xp = {1,2,3,...,11}, 11 points are
consecutive and always in counter-clockwise order. Since g(4) = 9, Xp has at least 5
distinct distances. If Xp is a 5-distance set, then by lemma 3 (i), Xp = Ry;. So in the
following we need to consider the case that Xp is a 6-distance set, and 6 distances are
D =dy > dy > d3 > dy > ds > dg. We depart three parts to prove.

O s KR

Figure 3: Dissimilar versions of Ry3 — 2.

Part I: Suppose DG(Xp) = P;;. By Lemma 6 we may denote d(1,7) = d(2,7) =
d(2,8) = d(3,8) = d(3,9) = d(4,9) = d(4,10) = d(5,10) = d(5,11) = d(6,11) = D. By
Lemma 7, d(i,i+1) = dg fori = 1,2,3,4,5, and dg < d(i,i+1) < d5 fori =6,7,8,9,10, 11.
Clearly points 1, 2, 3, 4, 5, 6, lie on a circle, points 4, 6, 10, 11 lie on a circle, points
3, 5,9, 10 lie on a circle, points 2, 4, 8, 9 lie on a circle, points 1, 3, 7, 8 lie on a
circle. If d(7,8) = ds, then d5 = d(7,8) < d(6,8) < d(5,8) < d(4,8) < d(3,8) = D,
points 2, 5, 6, 8 lie on a circle, and so points 1, 2, 7, 8 lie on a circle, which implies
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dg = d(1,2) = d(7,8) = ds, a contradiction. So d(7,8) = dg, by the similar reason
d(8,9) = d(9,10) = d(10,11) = dg. Now we conclude all points of Xp lie on a circle, and
d(1,11) = d(6,7) = ds, Xp = R13 — 2 as shown in Figure 3a.

, 7

Suppose DG(Xp) = Py|J P». By Lemma 6 we may denote d(1,7) = d(2,8) = d(3,8) =
d(3,9) = d(4,9) = d(4,10) = d(5,10) = d(5,11) = d(6,11) = D. By Lemma 7, d(i,i +
1) =dg fori=1,2,3,4,5,6, and dg < d(i,i + 1) < d5 for i =7,8,9,10, 11. Clearly points
1, 2, 3,4, 5, 6, 7 lie on a circle, points 2, 4, 8, 9 lie on a circle, points 3, 5, 9, 10 lie on
a circle, points 4, 6, 10, 11 lie on a circle. If d(8,9) = d5, then d5 = d(8,9) < d(7,9) <
d(6,9) < d(5,9) < d(4,9) = D, points 3, 6, 7, 9 lie on a circle, and so points 2, 3, 8, 9
lie on a circle, which implies dg = d(2,3) = d(8,9) = d5, a contradiction. So d(8,9) = dg,
by the similar reason d(9,10) = d(10,11) = dg. Now all points of X lie on a circle, and
d(1,11) = d(7,8) = ds, Xp = Ry3 — 2 as shown in Figure 3b.

By the similar way, when DG(Xp) = Ps|J P, P;\JPs, or Ps|J Ps, we can always
prove that all points of Xp lie on a circle, and Xp = Ry3 — 2 as shown in Figure 3c-3e.

Part II: Suppose DG(Xp) = P;|J2P,. By Lemma 6 we may denote d(1,6) = d(2,7) =
d(3,8) = d(3,9) = d(4,9) = d(4, 10) = d(5,10) = d(5,11) = D. By Lemma 7, d(i,i +1) =
dg fori =1,6,7,8,9,10,11, and dg < d(i,i+1) < d5 for i = 2,3,4,5. Clearly points 1, 2, 6,
7, 8,9, 10, 11 lie on a circle, points 3, 4, 8, 10 lie on a circle, points 4, 5, 9, 11 lie on a circle.
If d(3,4) = ds, then ds = d(3,4) < d(2,4) < d(1,4) < d(4,11) < d(4,10) = D, points 1,
4, 7, 11 lie on a circle, and so conclude points 3, 4, 9, 10 lie on a circle, which implies
ds = d(3,4) = d(9,10) = dg, a contradiction. So d(3,4) = dg, similarly d(4,5) = ds. Now
we conclude all points of Xp lie on a circle, A126 = A893 or A1x6 = A893 where * = 11,
but implies D > d(2,6) = d(3,9) = D or D > d(6,11) = d(3,9) = D, a contradiction.

WhenDG(XD) :PGUP3UP2,P5UP4UP2, P5U2P3, P5U3P2, 2P4UP3, 3P3UP2,
or P3| J4P,, Py|J Ps|J2P,, we can always conclude all points of X lie on a circle, and
then find a contradiction, that is to say, these types are not realizable for 6-distance.

Part 1I: Suppose DG(Xp) = C1;. By Lemma 7, we can see that d(x,z + 1) < d5 for
any x € Xp. If all edges of Xp have the same length, then clearly all points of X lie on a
circle, and hence Xp = Ry;, which is not 6-distance. So there exist two consecutive edges
which have different lengths. Without loss of generality, we may assume d(1,2) = d5 and
d(2,3) = dg. By Lemma 7, ds = d(1,2) < d(2,11) < d(2,10) < d(2,9) < d(2,8) = D,
ds; =d(1,2) <d(1,3) < d(1,4) < d(1,5) < d(1,6) = D.

Assume d(3,4) = d5. Then dy = d(2,4) by Lemma 7, and points 1, 2, 3, 4 lie on a
circle. If d(1,11) = ds, then points 1, 3, 4, 11 lie on a circle, and hence points 1, 2, 3, 11
lie on a circle, which implies dg = d(2,3) = d(1,11) = d5, a contradiction. If d(1,11) = dg,
then points 1, 2, 3, 11 lie on a circle, and hence points 1, 3, 4, 11 lie on a circle, which
implies d5 = d(3,4) = d(1,11) = ds, a contradiction. So d(3,4) = d.

Assume d(4,5) = ds. Then dy = d(4,6) = d(3,5), d3 = d(3,6) by Lemma 7, and
points 1, 2, 4, 5 lie on a circle, points 1, 3, 4, 6 lie on a circle. If d(5,6) = ds, then
points 1, 2, 5, 6 lie on a circle, and so points 2, 3, 5, 6 lie on a circle, which implies
de = d(2,3) = d(5,6) = ds, a contradiction. If d(5,6) = dg, then points 3, 4, 5, 6 lie on a
circle, and so points 1, 2, 5, 6 lie on a circle, which implies dg = d(5,6) = d(1,2) = d5, a
contradiction. So d(4,5) = dg.
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By the similar way we can also prove d(5,6) = d(6,7) = d(7,8) = d(8,9) = d(9,10) =
d(10,11) = dg. Then points 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 lie on a circle, and d5 <
d(6,8) < ds. When d(6,8) = ds, points 1, 2, 6, 8 lie on a circle; when d(6,8) = dy,
points 1, 3, 6, 8 lie on a circle. So conclude all points of Xp lie on the circle, which
implies dg = d(6,7) = d(1,2) = ds, a contradiction. That is to say, DG(Xp) = C4; is not
realizable for 6-distance. O

Theorem 14. No 14-point 6-distance set with m = |Xp| = 11 exists.

Proof. If X is a 14-point 6-distance set with m = |Xp| = 11, then by Theorem 13,
X contains a subset Y € {Ryj, Ri3 — 2}. Adding points to Ry; or Rz — 2 such that
the total number of points being 14 always force a seventh distance, which contradicts
6-distance. O

5 No 14-point 6-distance set with m = 10

Lemma 15. Let X be a 14-point 6-distance set and m = |Xp| = 10. Then X contains a
subset Y € Eyo(b), or for every point v € Xp, d(v) < 2.

Proof. Let X be a 14-point 6-distance set, and 6 distances are D = dy > dy > d3 > dy >
ds > dg. Let Xp = {1,2,3,...,10}, 10 points are consecutive with counter-clockwise
order. By lemma 3, we know Xp is a convex set. If d(i,i 4+ 1) = D or d(i,i +2) = D,
then by lemma 8, X determines at least 7 distances, a contradiction to 6-distance. If
d(i,i 4+ 3) = D, then we know X contains a subset Y € Fjo(5) by removing four points
1,1+ 1,7+ 2,7+ 3 from Xp with the diameter D been eliminated, since two D-length
segments in X p must cross if they do not share an end point. So in the following we may
assume for any ¢ € Xp, d(i) < 3, and d(i,j) # D, where j = i+ 1,i + 2,7 + 3. If for
any d(i) = 3 we obtain a contradiction to 6-distance or prove that X contains a subset
Y € FE19(5), then the result is correct. Now without loss of generality we may assume
d(1) =3, and d(1,5) = d(1,6) = d(1,7) = D.

If d(2,7) # D, then we know X contains a subset Y € FEjo(5) by removing four
points 1, 8,9, 10 from X with the diameter D been eliminated. So d(2,7) = D, similarly
d(5,10) = D. We can prove the result is correct by the similar way as in the proof of
Lemma 12. O

Theorem 16. Let X be a 14-point 6-distance set and m = |Xp| = 10. Then X contains
a subsetY € {ng — 2, Ri3 — 3} U E10(5)

Proof. By Lemma 15, we know X contains Ejo(5), or for every point v € Xp, d(v) < 2.
As in Theorem 13 we know DG(XD) can be Pl(), PgUPQ, P7UP3, PGUP4, P6U2P2,
2P5, P5UP3UP2, 2P4UP2, P4U2P3, P4U3P2, 2P3U2P2 or 5P2 If XD is a b-distance
set, by lemma 4, Xp = Ry, R11 — 1 € E(5). So we assume X is a 6-distance set,
and 6 distances are D = dy > dy > d3 > dy > d5 > dg. When DG(Xp) = 5P, we can
prove Xp = Rjp — 2 (the 2 points absented has D-length) by the similar way as in the
proof of Lemma 8 in [7]. When DG(Xp) = P, Ps, Ps\UPs, Ps\UPs|J P2 or P25,
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we have Xp = Ry3 — 3 as shown in Figure 4a, 4b, 4g, 4h, respectively. However we omit
proofs because if a(DG(Xp)) = 6, then we have a(DG(X)) = 6 + 4 = 10, this implies
X contains Y € Eyg(5). When DG(Xp) = Py|J3P,, or 2P| J2P,, we can always find
a contradiction, that is to say, these two types are not realizable for 6-distance, but we
omit proofs of them because of the restriction of the length of the paper and the similar
ways. In the following we depart five parts to prove the remain cases.

ol
A

Figure 4: Dissimilar versions of Ry3 — 3.

Part I: Suppose 2P, |J P», by Lemma 6 there exist two types:

Type one: we may denote d(1,5) = d(1,6) = d(5,10) = d(4,9) = d(3,8) = d(4,8) =
d(2,7) = D. Type two: denote d(1,5) = d(1,6) = d(5,10) = d(4,9) = d(3,8) = d(3,7)
d(2,7) = D. We can prove type two is not realizable for 6-distance, and the proof is
omitted because of the restriction of the length of the paper. In the following we give the
proof for type one by five steps. Clearly dg < d(i,7+ 1) < d5 for every i € Xp.

Step I: Try to prove d(9, 10) = dg.

Suppose d(9,10) = ds. By Lemma 7, d(1,9) = d(8,10) = d4, d(1,8) = d(2,9) =
d(7,10) = d3 and d(2,8) = d(3,9) = d(6,10) = d(1,7) = ds.

Assume d(5,6) = ds. By Lemma 7, d(4,6) = d(5,7) = dy, d(5,8) = d(4,7) = d(3,6) =
ds and d(2,6) = d(5,9) = d(3,7) = dy. Then we find points 5, 6, 9, 10 lie on a circle,
points 1, 5, 7, 9 lie on a circle, points 5, 7, 8, 10 lie on a circle, points 1, 4, 6, 9 lie on a
circle, points 1, 3, 6, 8 lie on a circle, points 2, 3, 6, 9 lie on a circle, points 2, 5, 8, 9 lie
on a circle. If d(2,3) = ds, then d(2,5) = d3 and d(2,4) = d(1,3) = d4, points 2, 3, 5, 6
lie on a circle, combining this with the former results we conclude all points of Xp lie on
a circle, then find all edges of X have ds—length, that is to say, no dg—length appears.
So d(2,3) = dg. If d(3,4) = ds, then d(1,4) = d3 and d(2,4) = dy4, points 1, 2, 4, 9 lie on a
circle, combining this with the former results we conclude all points of X lie on a circle,
then find ds = d(5,6) = d(2,3) = dg. So d(3,4) = ds. If d(8,9) = d5, then d(6,9) = ds,
points 5, 6, 8, 9 lie on a circle, combining this with the former results we conclude all
points of Xp lie on a circle, then find ds = d(8,9) = d(2,3) = ds. So d(8,9) = dg. Now
we can see points 2, 3, 4, 8, 9 lie on a circle, and then all points of Xp lie on a circle,
which implies d(1,10) = dg, but dg = d(1,10) = d(5,6) = d5, a contradiction. Hence we
deduce d(5,6) = dg, and similarly d(3,4) = dg.

Assume d(4,5) = ds. By Lemma 7, d(4,6) = d(3,5) = d4, d(2,5) = d(4,7) = d(3,6) =
ds and d(2,6) = d(3,7) = dy. Then we find points 1, 4, 6, 9 lie on a circle, points 3, 5, 8,
10 lie on a circle, points 4, 5, 9, 10 lie on a circle, points 3, 4, 5, 6 lie on a circle, points 2,
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5, 7, 10 lie on a circle, points 2, 3, 6, 9 lie on a circle. If d(2,3) = ds, then points 2, 3, 4,
5 lie on a circle, combining this with the former results we conclude all points of Xp lie
on a circle, then find d5 = d(2,3) = d(5,6) = dg. If d(2,3) = dg, then points 2, 3, 5, 6 lie
on a circle, combining this with the former results we conclude all points of Xp lie on a
circle, then find d(8,9) = d(1,10) = d(7,8) = dg, and implies d5 < d(2,4) = d(7,8) = ds,
a contradiction. So d(4,5) = dg.

Assume d(6,7) = d5. By Lemma 7, d(6,8) = d(5,7) = dy4, d(5,8) = d(4,7) = d(6,9) =
ds and d(6,10) = d(5,9) = d(3,7) = dy. Then we find points 2, 5, 8, 9 lie on a circle,
points 6, 7, 9, 10 lie on a circle, points 2, 4, 7, 9 lie on a circle, points 2, 3, 7, 8 lie on
a circle, points 1, 5, 7, 9 lie on a circle, points 1, 6, 8, 9 lie on a circle. If d(8,9) = ds,
then d(7,9) = dy, points 6, 7, 8, 9 lie on a circle, combining this with the former results
we conclude all points of Xp lie on a circle, then find ds = d(8,9) = d(3,4) = ds. If
d(8,9) = dg, then points 5, 6, 8, 9 lie on a circle, combining this with the former results
we conclude all points of Xp lie on a circle, then find ds = d(9,10) = d(5,6) = dg. Hence
we deduce d(6,7) = dg, and similarly d(2,3) = dg.

We find £234 > /345 since d(5,8) < ds and d(2,8) = dy, and so d(2,4) = dy,
d(3,5) = ds, similarly d(5,7) = dy4, d(4,6) = d5. We find points 2, 4, 5, 7 lie on a circle,
points 2, 5, 7, 10 lie on a circle, points 2, 4, 8, 10 lie on a circle, points 2, 5, 8, 9 lie on a
circle, points 1, 2, 4, 9 lie on a circle, points 2, 3, 7, 8 lie on a circle, points 2, 3, 6, 7 lie
on a circle, which imply all points of X lie on a circle, and ds = d(9, 10) = d(5,6) = dg,
a contradiction.

Until now we conclude d(9, 10) = dg.

Step I: Try to prove d(8,9) = dg and d(1, 10) = dg.

Suppose d(8,9) = ds. By Lemma 7, d(7,9) = d(8,10) = dy, d(1,8) = d(6,9) =
d(7,10) = d3 and d(2,8) = d(5,9) = d(6,10) = d(1,7) = ds.

Assume d(3,4) = ds. By Lemma 7, d(2,4) = d(3,5) = d4, d(2,5) = d(1,4) = d(3,6) =
dsz and d(2,6) = d(4,10) = d(3,7) = dy. Then we find d(2,3) = dg since A234 = A % 98
where * = 10, points 2, 4, 7, 9 lie on a circle, points 2, 4, 8, 10 lie on a circle, points
2, 5, 7, 10 lie on a circle, points 1, 4, 6, 9 lie on a circle, points 1, 4, 7, 10 lie on a
circle, points 3, 6, 7, 10 lie on a circle. If d(6,7) = ds, then points 3, 4, 6, 7 lie on
a circle, combining this with the former results we conclude all points of Xp lie on a
circle, and find d5 = d(6,7) = d(2,3) = dg. If d(6,7) = dg, then points 2, 3, 6, 7 lie
on a circle, points 6, 7, 9, 10 lie on a circle, combining these with the former results we
conclude all points of Xp lie on a circle, then find all the remain edges have dg—length,
and dy = d(4,8) < d(4,9) = dy, a contradiction. Hence we deduce d(3,4) = d.

Assume d(5,6) = ds. By Lemma 7, d(4,6) = d(5,7) = dy, d(5,8) = d(4,7) = d(3,6) =
dsz and d(5,9) = d(2,6) = d(3,7) = dy. Then we find points 5, 6, 8, 9 lie on a circle,
points 1, 3, 6, 8 lie on a circle, points 3, 6, 7, 10 lie on a circle, points 5, 7, 8, 10 lie on
a circle, points 2, 3, 7, 8 lie on a circle, points 4, 6, 7, 9 lie on a circle. If d(6,7) = ds,
then points 6, 7, 8, 9 lie on a circle, combining this with the former results we conclude
all points of X lie on a circle, then find ds = d(5,6) = d(9,10) = dg. So d(6,7) = dg. If
d(2,3) = dg, then points 2, 3, 6, 7 lie on a circle, combining this with the former results
we conclude all points of X lie on a circle, then find ds = d(5,6) = d(9,10) = dg, a
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contradiction. If d(2,3) = ds, then points 2, 3, 8, 9 lie on a circle, points 2, 5, 7, 10 lie
on a circle, combining these with the former results we conclude all points of X lie on a
circle, then find ds = d(5,6) = d(9,10) = dg. So d(5,6) = ds.

Assume d(2,3) = d;. By Lemma 7, d(2,4) = d(1,3) = dy4, d(2,5) = d(3,10) =
d(1,4) = ds and d(4,10) = d(3,9) = d(2,6) = do. Then we find points 3, 4, 9, 10 lie
on a circle, points 5, 6, 9, 10 lie on a circle, points 2, 4, 7, 9 lie on a circle, points 2,
4, 8, 10 lie on a circle, points 2, 5, 6, 9 lie on a circle, points 3, 6, 9, 10 lie on a circle,
points 1, 3, 7, 9 lie on a circle, and so conclude all points of X lie on a circle, then find
d; = d(8,9) = d(3,4) = dg, a contradiction. So d(2,3) = dg.

Assume d(1,10) = d5. By Lemma 7, d(2,10) = d(1,9) = d4, d(2,9) = d(1,8) =
d(3,10) = d3 and d(4,10) = d(3,9) = dy. Then we find points 2, 3, 4, 5, 6, 7, 9, 10 lie on
a circle. If d(1,4) = ds, then points 1, 4, 6, 9 lie on a circle, and so points 1, 5, 6, 10 lie on
a circle, which implies ds = d(1,10) = d(5,6) = dg, a contradiction. If d(1,4) = d4, then
d(2,4) = ds, points 1, 2, 4, 10 lie on a circle, and so points 1, 5, 6, 10 lie on a circle, which
implies d5 = d(1,10) = d(5,6) = ds, a contradiction. Hence we deduce d(1,10) = dg.

Assume d(4,5) = ds. By Lemma 7, d(4,6) = d(3,5) = d4, d(2,5) = d(3,6) = d(4,7) =
d3 and d(2,6) = d(3,7) = dy. Then we find points 1, 5, 6, 9, 10 lie on a circle, points 4,
6, 7, 9 lie on a circle, points 2, 3, 7, 8 lie on a circle, points 2, 3, 4, 5, 6 lie on a circle. If
d(6,7) = dg, then points 1, 5, 6, 7, 9, 10 lie on a circle, combining this with the former
results we conclude all points of Xp lie on a circle, then find dg = d(3,4) = d(8,9) = ds.
If d(6,7) = ds, then d(5,7) = d(6,8) = d4, points 4, 5, 6, 7 lie on a circle, points 6, 7, 8,
9 lie on a circle, combining these with the former results we conclude all points of Xp lie
on a circle, then find d5 = d(8,9) = d(3,4) = dg, a contradiction. So d(4,5) = dg.

We find /234 > /345 since d(5,8) < ds and d(2,8) = dy, and so d(2,4) = dy, d(3,5) =
ds, similarly d(1,9) = d4. Now we find d(1,4) = d(2,5) = d3, d(4,10) = d(2,6) = do,
points 1, 4, 5, 6, 9, 10 lie on a circle, points 3, 4, 9, 10 lie on a circle, points 1, 4, 7, 10 lie
on a circle, points 2, 4, 7, 9 lie on a circle, points 2, 4, 8, 10 lie on a circle, which imply
all points of X lie on a circle, and ds = d(8,9) = d(3,4) = dg, a contradiction.

Until now we conclude d(8,9) = dg. And similarly d(1,10) = dg.

Step II: Try to prove d(5,6) = dg and d(3,4) = d.

Suppose d(5,6) = ds. By Lemma 7, d(5,7) = d(4,6) = dy, d(5,8) = d(3,6) = d(4,7) =
ds and d(2,6) = d(5,9) = d(3,7) = ds.

Assume d(2,3) = ds. By Lemma 7, d(2,4) = d(1,3) = d4, d(2,5) = d(1,4) =
d(3,10) = d3 and d(4,10) = d(3,9) = dy. Then we find points 2, 3, 5, 6 lie on a circle,
points 2, 4, 5, 7 lie on a circle, points 3, 4, 7, 10 lie on a circle, points 4, 5, 9, 10 lie on
a circle, points 3, 5, 8, 10 lie on a circle, points 1, 4, 5, 8 lie on a circle. If d(3,4) = ds,
then d(3,5) = dy and points 3, 4, 5, 6 lie on a circle, combining this with the former
results we conclude all points of X lie on a circle, but find ds = d(5,6) = d(1, 10) = dg,
a contradiction. If d(3,4) = dg, then points 1, 3, 4, 8, 9, 10 lie on a circle, combining
this with the former results we conclude all points of Xp lie on a circle, but find ds =
d(5,6) = d(1,10) = dg, a contradiction. So d(2,3) = dg.

Assume d(1,2) = ds. By Lemma 7, d(2,10) = d(1,3) = d4, d(2,9) = d(3,10) = d3
and d(3,9) = d(2,8) = d(4,10) = dy. Then we find points 1, 2, 3, 8, 9, 10 lie on a circle,
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points 3, 5, 8, 10 lie on a circle, points 4, 5, 9, 10 lie on a circle, points 2, 3, 6, 9 lie on a
circle, points 2, 4, 7, 9 lie on a circle, and so we conclude all points of Xp lie on a circle,
then find d5 = d(5,6) = d(1, 10) = dg, a contradiction. So d(1,2) = dg.

We find Z1 %9 > 123, where x = 10, and so ds < d(1,3) < d(1,9) < dy4, similarly
d(2,10) = d5. Now we find d(1,8) = d(2,9) = d3, d(3,9) = d(1,7) = d(2,8) = da, points
1, 2, 8, 9 lie on a circle, points 1, 2, 3, 10 lie on a circle, points 2, 3, 8, 9 lie on a circle,
which imply points 1, 2, 9, 10 lie on a circle, but now ds = d(2,10) = d(1,9) = dy4, a
contradiction.

Until now we conclude d(5,6) = dg. And similarly d(3,4) = ds.

Step IV: Try to prove d(6,7) = dg and d(2,3) = dp.

Suppose d(6,7) = ds. By Lemma 7, d(5,7) = d(6,8) = dy, d(5,8) = d(6,9) = d(4,7) =
d3 and d(6,10) = d(5,9) = d(3,7) = ds. Here points 1, 5, 6, 8, 9, 10 lie on a circle, points
3,4, 8,9 lie on a circle.

If d(2,3) = d5, by Lemma 7, d(2,4) = d(1,3) = ds, d(2,5) = d(1,4) = d(3,10) = ds
and d(2,6) = d(4,10) = d(3,9) = dy. Then we find points 3, 6, 9, 10 lie on a circle,
points 2, 3, 6, 7 lie on a circle, points 2, 5, 6, 9 lie on a circle, combining these with
the former results we conclude all points of Xp lie on a circle, and find d(1,2) = dg,
but dy = d(2,6) = d(1,5) = d;, a contradiction. So d(2,3) = dg. Since points 1, 8,
9, 10 lie on a circle, we know d(1,9) = d(8,10), and so Z1 * 9 = £89%, where x = 10,
which imply d(4,10) = d(5,9) = dy, points 4, 5, 9, 10 lie on a circle. Now we find
d(3,9) = ds, d(3,10) = d3, points 3, 4, 7, 10 lie on a circle. For point 2, we have points
2, 4, 7, 8 lie on a circle, or points 2, 3, 8, 9 lie on a circle, since d3 < d(2,8) < ds.
Combining this with the former results we conclude all points of X lie on a circle, but
find d3 = d(4,7) # d(3,10) = ds since there must be d(4,5) = ds, a contradiction.

Hence we deduce d(6,7) = dg. And similarly d(2,3) = dg.

Step V: Prove Xp = Ry3 — 3 as shown in Figure 4i.

We have proved d(1,10) = d(9,10) = d(8,9) = d(5,6) = d(6,7) = d(2,3) = d(3,4) =
dg. It is clear that at least one of remain edges of Xp has ds-length. If d(1,2) = ds,
by Lemma 7, d(2,10) = d(1,3) = d4, d(2,9) = d(1,4) = d(3,10) = d3 and d(2,8) =
d(4,10) = d(3,9) = d(6,10) = dy. Then we find points 1, 2, 3, 4, 8, 9, 10 lie on a circle,
points 1, 5, 6, 10 lie on a circle, points 4, 5, 9, 10 lie on a circle. If d(7,8) = dg, then we
find points 2, 3, 7, 8 lie on a circle, combining this with the former results we conclude
all points of Xp lie on a circle, but find dy = d(4, 10) # d(5,9) = ds, a contradiction. So
d(7,8) = ds, points 1, 2, 7, 8 lie on a circle, and then all points of Xp lie on a circle.
Here d(4,5) = d5, since otherwise dy = d(2,7) # d(3,8) = d;, a contradiction. In fact the
remain three edges of Xp must be ds — length at the same time, that is to say, there must
be d(1,2) = d(4,5) = d(7,8) = d5. At last we obtain Xp = Rj3 — 3 as shown in Figure 4i.

Part I: Suppose DG(Xp) = Pyp. By Lemma 6 we may denote d(1,6) = d(1,7) =
d(2,7) = d(2,8) = d(3,8) = d(3,9) = d(4,9) = d(4,10) = d(5,10) = D. By Lemma 7,
de < d(i,i+ 1) < ds for every i # 10.

Assume d(7,8) = ds. Then by Lemma 7, dy = d(6,8) < d(5,8) < d(4,8) < d(3,8) =D
and dy = d(6,8) < d(6,9) < d(6,10) < d(1,6) = D and d3 = d(6,9) < d(5,9) < d(4,9) =
D. 1If d(8,9) = dg, then d3 < d(3,7) < d(2,9) < do, and hence d(3,7) = ds, clearly
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d(3,4) = d(4,5) = d(5,6) = d(6,7) = dg. Now points 3, 4, 5, 6, 7 lie on a circle, points 3,
4, 8,9 lie on a circle, points 4, 5, 8, 9 lie on a circle. When d(2, 3) = d5, we can see points
2, 3, 7, 8 lie on a circle, and so conclude points 2, 3, 8, 9 lie on a circle, which implies
ds = d(2,3) = d(8,9) = dg; when d(2,3) = dg, we can see points 2, 3, 8, 9 lie on a circle,
and so conclude points 2, 3, 7, 8 lie on a circle, which implies dg = d(2,3) = d(7,8) = ds,
a contradiction. So d(8,9) = ds. In fact d(9,10) = ds, since otherwise d(9,10) = dg
and £438 < Z34x < 7 where x = 10, which can make dy = d(4,8) < d(3,10) < d,
a contradiction. Now by Lemma 7, d5 = d(9,10) < d(8,10) < d(7,10) = d3. Clearly
A6T8 = AT89 and d(6,7) = d(7,8) = ds since d(6,8) = d(7,9) = d4, d(7,8) = d(8,9) = d;
and £798 = /89 x — /79 = /789 — £689 = /786, where x* = 10. So points 6, 7, 8, 9, 10
lie on a circle, points 5, 7, 8, 10 lie on a circle, points 2, 3, 7, 9 lie on a circle, points 3, 4,
8, 10 lie on a circle, points 1, 2, 6, 8 lie on a circle. It is easy to see /789 = /89% = /678,
which implies d(1,2) = d(2,3) = d(3,4); £5 %9 = £498, which implies d(4,5) = d(3,4).
Hence points 1, 2, 3, 4, 5 lie on a circle, points 3, 5, 9, 10 lie on a circle. Until now we can
see all points of Xp lie on a circle, and d(1,2) = d(2,3) = d(3,4) = d(4,5) = d(5,6) = d5
and d(1,10) = d4. But we do not find dg-length, a contradiction. So we can conclude
d(7,8) = dg, similarly d(2,3) = d(3,4) = d(8,9) = dg, and points 2, 3, 4, 7, 8, 9 lie on a
circle.

If d(6,7) = ds, then d3 < d(2,6) < d(1,8) < da, and hence d(2,6) = ds, clearly
d(2,3) = d(3,4) = d(4,5) = d(5,6) = dg, points 2, 3, 4, 5, 6 lie on a circle. When
d(1,2) = ds, we can see points 1, 2, 6, 7 lie on a circle, and so conclude points 1, 2,
7, 8 lie on a circle, which implies ds = d(1,2) = d(7,8) = dg; when d(1,2) = dg, we
can see points 1, 2, 7, 8 lie on a circle, and so conclude points 1, 2, 6, 7 lie on a circle,
which implies dg = d(1,2) = d(6,7) = ds, a contradiction. So d(6,7) = dg, similarly
d(9,10) = d(1,2) = d(4,5) = dg. At last we find all points of Xp lie on a circle, and
ds < d(5,6) < d(1,10) < dy4, and Xp = Ry3 — 3 as shown in Figure 4c.

Part II: Suppose DG(Xp) = Ps|J P». By Lemma 6 we may denote d(1,6) = d(1,7) =
d(2,7) = d(2,8) = d(3,8) = d(3,9) = d(4,9) = d(5,10) = D. By Lemma 7, dg <
d(i,1+ 1) < ds for every i € Xp.

Assume d(6,7) = ds. Then by Lemma 7, dy = d(6,8) < d(6,9) < d(6,10) < d(1,6) =
D, dy =d(5,7) < d(4,7) < d(3,7) < d(2,7) = D and dy = d(6,8) < d(5,8) < d(4,8) <
d(3,8) = D and d3 = d(5,8) < d(5,9) < d(5,10) = D. If d(2,3) = ds, then by Lemma
7, dy =d(2,4) < d(2,5) < d(2,6) <d(2,7) =D and dy = d(2,4) < d(1,4) < d(4,10) <
d(4,9) = D and d3 = d(1,4) < d(1,5) < d(1,6) = D, and points 2, 3, 6, 7 lie on a circle,
points 2, 4, 5, 7 lie on a circle, points 2, 4, 6, 8 lie on a circle, points 2, 5, 6, 9 lie on a circle,
points 4, 5,9, 10 lie on a circle, and points 1, 5, 6, 10 lie on a circle. Then d(7,8) = d5, since
otherwise d(7,8) = dg and £128 = £127 — /827 > /217 — /617 = £216, which can make
dy > d(1,8) > d(2,6) = ds, a contradiction. Now points 2, 3, 7, 8 lie on a circle, and so all
points of Xp lie on a circle, we do not find dg-length, a contradiction. So we can conclude
d(2,3) = ds. If d(1,2) = d5, then by Lemma 7, dy = d(1,3) < d(1,4) < d(1,5) < d(1,6) =
D and d3 = d(1,4) < d(4,10) < d(4,9) = D, dy = d(1,3) < d(3,10) < d(4,10) = da,
and points 1, 2, 6, 7 lie on a circle, points 1, 3, 6, 8 lie on a circle, points 1, 5, 6, 10
lie on a circle, points 3, 5, 8, 10 lie on a circle, and points 1, 4, 6, 9 lie on a circle.
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When d(7,8) = d5, we can see points 1, 2, 6, 7, 8 lie on a circle, and so conclude points
2, 3, 7, 8 lie on a circle, which implies dg = d(2,3) = d(7,8) = d5, a contradiction;
when d(7,8) = dg, we can see d(1,8) < d(3,7) = dy and d(1,8) > d(2,6) > ds, a
contradiction. So we can conclude d(1,2) = dg. Now we can conclude d(3,4) = dj,
since otherwise dy > d(2,9) > d(4,8) = da, a contradiction. Until now it must have
d(8,9) = d(7,8). If d(7,8) = d(8,9) = dg, then points 1, 2, 3, 4, 7, 8, 9 lie on a circle, and
dy = d(1,8) > d(2,6) > ds, which imply d(4,5) = d(5,6) = dg and 2, 3, 4, 5, 6 lie on a
circle, so conclude points 1, 2, 6, 7 lie on a circle, which implies dg = d(1,2) = d(6,7) = ds,
a contradiction. So we can conclude d(7,8) = d(8,9) = ds. Then d(4,5) = dg, since
otherwise points 3, 4, 5, 6, 7, 8, 9 lie on a circle, and dg = d(3,4) = d(8,9) = d5, a
contradiction; and d(5,6) = dg, since otherwise points 4, 5, 6, 7, 8, 9 lie on a circle, and
dg = d(4,5) = d(7,8) = ds, a contradiction; and d(9,10) = dg, since otherwise points 5,
6, 7, 8,9, 10 lie on a circle, and dg = d(5,6) = d(9,10) = d5, a contradiction. Until now,
no matter d(1,10) = dg or d(1,10) = d5 we always find all points of Xp lie on a circle,
and so dg = d(1,2) = d(7,8) = ds, a contradiction. So finally we prove that d(6,7) = dg.

And by the similarly way we can prove d(3,4) = d(8,9) = d(7,8) = d(1,2) = d(2,3) =
dg. Then points 1, 2, 3, 4, 6, 7, 8, 9 lie on a circle.

Assume d(9,10) = dg, then £89% < /234 with x = 10, which can make d4 > d(2,4) >
d(8,10) > d5, and points 1, 5, 6, 10 lie on a circle, points 2, 5, 6, 9 lie on a circle, and so
all points of X lie on a circle, which implies d5 = d(8,10) = d(2,4) = dy, a contradiction.
So d(9,10) = d5, and similarly d(1,10) = d5.

When d(5,6) = ds, points 1, 5, 6, 9, 10 lie on a circle, and so all points of X lie on
a circle, which implies d(4,5) = dg, obtain Xp = Rj3 — 3 as shown in Figure 4d. When
d(5,6) = dg, we should consider the only case d(4,5) = dg, and find all points of X lie
on a circle, clearly a contradiction exists.

Part IV: Suppose DG(Xp) = Ps|J Ps. By Lemma 6 we may denote d(1,6) = d(2,6) =
d(2,7) = d(3,7) = d(3,8) = d(4,10) = d(4,9) = d(5,10) = D. By Lemma 7, ds <
d(i,i1+ 1) < ds for every i # 3, and dg < d(3,4) < dy.

Assume d(7,8) = d5. Then by Lemma 7, dy = d(7,9) < d(7,10) < d(1,7) < d(2,7) =
D, dy = d(6,8) < d(5,8) < d(4,8) <d(3,8) =D and dy = d(6,8) < d(6,9) < d(6,10) <
d(1,6) = D and d3 = d(5,8) < d(5,9) < d(5,10) = D. If d(1,2) = ds, then d(2,3) = ds,
since otherwise dy > d(3,6) > d(1,7) = dy. At this time points 1, 2, 3, 6, 7, 8 lie on a
circle, points 1, 3, 7, 9 lie on a circle, points 2, 6, 8, 10 lie on a circle, points 3, 4, 8, 9
lie on a circle, and points 1, 5, 6, 10 lie on a circle, and hence all points of X lie on a
circle, we do not find dg-length, a contradiction. So d(1,2) = dg. If d(8,9) = ds, then
d(2,8) = dy and d(6,7) = d5, since otherwise dy > d(3,6) > d(2,8) = dy. Now we can
see d(3,6) = dy and d(2,3) = dg, points 6, 7, 8, 9 lie on a circle. Since A368 = A48x
with x = 10, clearly £94x = /84 x —/849 = /638 — /637 = /738, which can make
d(7,8) = d(9,10) = ds. Now points 6, 7, 8, 9, 10 lie on a circle, points 1, 6, 8, 9 lie on
a circle, points 1, 3, 6, 7 lie on a circle, points 2, 3, 6, 8 lie on a circle, and so points
2, 3, 6, 7 lie on a circle, which implies dg = d(2,3) = d(6,7) = ds, a contradiction. So
d(8,9) = dg. If d(9,10) = d5, then d(6,7) = d5. Now points 6, 7, 8, 9, 10 lie on a circle,
which implies dg = d(8,9) = d(6,7) = d5, a contradiction. So d(9,10) = dg. Clearly we
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can see d(4,5) = d(6,7), since Z4x5 = £4%x9 — /5% 9 = £621 — £72]1 = £627 with
x = 10. If d(6,7) = ds, then points 4, 5, 6, 7, 8 lie on a circle, points 4, 6, 7, 9 lie on a
circle, and so points 4, 5, 8, 9 lie on a circle, which implies dg = d(8,9) = d(4,5) = ds,
a contradiction. If d(6,7) = dg, then points 4, 5, 6, 7, 8, 9, 10 lie on a circle, and so
d(5,6) = dg. Hence d3 < d(2,8) < d(3,6) < do, and so d(2,3) = d(1,2) = dg, and all
points of Xp lie on a circle, which implies dg = d(2,3) = d(7,8) = ds, a contradiction. So
d(?, 8) — dﬁ.

And by the similarly way we can prove d(1,2) = d(2,3) = d(6,7) = dg. Then points
1,2, 3,6, 7, 8 lie on a circle.

Assume d(9,10) = ds. Then by Lemma 7, dy = d(1,9) < d(2,9) < d(3,9) < d(4,9) =
D, d; = d(8,10) < d(7,10) < d(6,10) < d(5,10) = D and dy = d(8,10) < d(1,8) <
d(2,8) < d(3,8) = D and d3 = d(1,8) < d(1,7) < d(1,6) = D. If d(4,5) = d5, then
points 1, 4, 7, 8 lie on a circle, points 1, 2, 5, 8 lie on a circle, points 1, 5, 6, 10 lie on
a circle, and points 4, 5, 9, 10 lie on a circle, and hence all points of Xp lie on a circle,
so d(8,9) = d(1,10) = dg and d(5,6) = ds, which imply d5 = d(4,5) = d(6,7) = ds, a
contradiction. So d(4,5) = dg, and dy = d(1,7) > d(5,9) > ds, which can make d(5,6) =
d(8,9) = dg and points 1, 2, 3, 5, 6, 7, 8, 9 lie on a circle, now D = d(2,6) = d(1,5) < ds,
a contradiction. So d(9,10) = dg. Similarly d(4,5) = dg, and hence points 4, 5, 9, 10 lie
on a circle.

Assume d(8,9) = d5. Then points 6, 7, 8, 9, 10 lie on a circle, and hence points 1,
2,3,6,7,8,9, 10 lie on a circle, which imply d(1,10) = dg and d(2,10) = d(1,9). But
L21x # /1 %9 with * = 10, a contradiction. So d(8,9) = dg.

If d(3,6) = d(1,7) = d(2,8) = d(5,9) = ds, then d(1,10) = d(5,6) = dg, all points of
Xp lie on a circle, which imply d; = d(2,6) = d(1,5) < ds, a contradiction. So d(3,6) =
d(1,7) = d(2,8) = d(5,9) = da, and hence d(3,9) = d(1,5) = d(4,8) = d», all points of
Xp lie on a circle. Now d(5,6) = ds and d(1,10) = ds, since dg = d(1,2) # d(5,6) < ds
and dg = d(4,5) # d(1,10) < ds. Clearly we can see now it must have d(3,4) = ds, and
obtain Xp = Ry3 — 3 as shown in Figure 4e.

Part V: Suppose DG(Xp) = Fs|J 2P,. By Lemma 6 we may denote d(1,6) = d(2,6) =
d(2,7) =d(3,7) = d(3,8) = d(4,9) = d(5,10) = D. By Lemma 7, dg < d(i,i + 1) < dj
for every i € Xp.

Assume d(7,8) = ds. Then by Lemma 7, dy = d(7,9) < d(7,10) < d(1,7) < d(2,7) =
D, dy =d(6,8) < d(5,8) <d(4,8) <d(3,8) =D and dy = d(6,8) < d(6,9) < d(6,10) <
d(1,6) = D and dy = d(5,8) < d(5,9) < d(5,10) = D. If d(1,2) = ds, then d(2,3) = ds,
since otherwise dy > d(3,6) > d(1,7) = dy. At this time points 1, 2, 3, 6, 7, 8 lie on
a circle, points 1, 3, 7, 9 lie on a circle, points 2, 6, 8, 10 lie on a circle, points 3, 4,
8, 9 lie on a circle, and points 1, 5, 6, 10 lie on a circle, and hence all points of Xp
lie on a circle, no dg-length exists, a contradiction. So d(1,2) = dg. If d(8,9) = ds,
then d(2,8) = dy and d(6,7) = ds, since otherwise dy > d(3,6) > d(2,8) = dy. Now
we can see d(3,6) = dy and d(2,3) = dg. If d(1,10) = d5, then points 1, 6, 7, 8, 9,
10 lie on a circle, which implies d(9,10) = d5 and d(1,9) = d(7,9) = d4, L1 %9 =
Z987 with * = 10. But in fact £1 %9 = 21 %5+ 45 %9 < £783 + /389 = /789, a
contradiction. So d(1,10) = dg. If d(9,10) = ds, then A89x = AT89 and £789 = /89x,
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but £789 = /783 + £389 # /49 x +/894 = /89, a contradiction. So d(9,10) = dg.
Then £123 > /1 %9, and so dy > d(1,3) > d(1,9) > d5, and points 1, 3, 6, 7, 8 lie
on a circle, points 2, 3, 6, 8 lie on a circle, which make points 2, 3, 6, 7 lie on a circle,
and dg = d(2,3) = d(6,7) = d5, a contradiction. So d(8,9) = dg. If d(9,10) = d5, then
d(6,7) = ds and d(3,6) = d(2,8) = da, since otherwise dy > d(3,6) > d(2,8) = dbs.
Now points 6, 7, 8, 9, 10 lie on a circle, which implies dg = d(8,9) = d(6,7) = d5, a
contradiction. So d(9,10) = dg. If d(1,10) = d5, then d(6,7) = ds and points 1, 2, 8,
9, 10 lie on a circle, points 1, 6, 7, 8, 10 lie on a circle, which imply points 1, 2, 6, 7 lie
on a circle, dg = d(1,2) = d(6,7) = ds, a contradiction. So d(1,10) = dg. Now we have
£21% > /1%9 = £%98, and hence d(2,10) = d4 and d(1,9) = d(8,10) = d5. Then we can
find d(2,3) = dg, since £3%2 = £6%2—/6+3 = £368— /369 = 2968, and A3%2 = A96S.
Finally we find points 1, 2, 9, 10 lie on a circle, and so dy = d(2,10) = d(1,9) = d5, a
contradiction. So at last we obtain d(7,8) = dg.

And by the similarly way we can prove d(1,2) = d(2,3) = d(6,7) = dg. Then points
1,2, 3,6, 7, 8 lie on a circle.

Assume d(8,9) = d5. Then by Lemma 7, dy = d(7,9) < d(6,9) < d(5,9) < d(4,9) =
D, d, =d(8,10) < d(1,8) < d(2,8) < d(3,8) = D and dy = d(7,9) < d(7,10) < d(1,7) <
d(2,7) = D and d3 = d(6,9) < d(6,10) < d(1,6) = D. If d(9,10) = dg, then points
1,2, 3,6, 7, 8,9, 10 lie on a circle, which makes d(1,10) = dg and d(1,3) = d(1,9),
which contradicts the fact £123 # Z1 % 9. So d(9,10) = ds. Then A829 = A %69 and
/829 = /%69, and £26% = £269 — 96« = £629 — /829 = £628, and so d(1,10) = dg,
points 1, 2, 3, 6, 7, 8, 10 lie on a circle. If d(5,6) = dg, then points 1, 5, 6, 10 lie on a
circle, and so points 1, 2, 5, 6 lie on a circle, which imply dy > d(1,5) = d(2,6) = dy, this
is impossible. If d(5,6) = d5, then points 5, 6, 8, 9 lie on a circle, points 2, 5, 8, 9 lie
on a circle, and so points 6, 7, 9, 10 lie on a circle, dg = d(6,7) = d(9,10) = ds, this is
impossible. So at last we obtain d(8,9) = dg. Similarly d(1,10) = dg.

Assume d(4,5) = d5. Then by Lemma 7, dy = d(3,5) < d(2,5) < d(1,5) < d(5,10) =
D, d, = d(4,6) < d(4,7) < d(4,8) < d(4,9) = D . If d(9,10) = d5, then we can see
all points of Xp lie on a circle, and so d(5,6) = d(3,4) = ds, obtain a contradiction
d4 = d(g, 5) % d(1,9> = d4. So d(g, 10) = d6. We know d3 < d(l, 7) < dg. If d(l, 7) = dg,
then points 1, 7, 8, 9, 10 lie on a circle, points 3, 4, 7, 9 lie on a circle, points 2, 5,
6, 10 lie on a circle, and so we can see all points of Xp lie on a circle, which implies
d(5,6) = dg, obtain a contradiction dy = d(1,5) = d(2,6) = dy. If d(1,7) = dy, then
d(3,6) = d(2,8) = dy, d(1,9) = d(8,10) = d5, and hence can obtain points 1, 2, 9, 10 lie
on a circle, so d(2,10) = d(1,9), which contradicts the fact that d(2, 10) # d(1,9) because
of £21% # /1 %9, where * = 10. So d(4,5) = dg.

Assume d(9,10) = dg. Recall that points 1, 2, 3, 6, 7, 8 lie on a circle. If d(1,7) = d3 or
d(2,8) = dz or d(6,10) = d3 or d(3,9) = ds, then points 1, 2, 3, 6, 7, 8, 9, 10 lie on a circle.
Clearly d(5,6) = ds, since otherwise points 1, 5, 6, 10 lie on a circle, and so points 1, 2, 5,
6 lie on a circle, there exists a contradiction dy > d(1,5) = d(2,6) = d;. Correspondingly
d(3,4) = ds, since otherwise points 3, 4, 8, 9 lie on a circle, and so points 3, 4, 7, 8 lie
on a circle, there exists a contradiction dy > d(4,8) = d(3,7) = dy. Until now we can see
all points of Xp lie on a circle, and obtain a contradiction D = d(3,8) # d(5,10) = D.
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So it must have d(1,7) = d(2,8) = d(6,10) = d(3,9) = ds, then points 1, 6, 7, 10 lie on
a circle, points 2, 3, 8, 9 lie on a circle, and so conclude points 1, 2, 9, 10 lie on a circle,
d(2,10) = d(1,9), contradicts the fact £21x # £1%9. So d(9,10) = ds.

Recall that we have prove that d(7,8) = d(1,2) = d(2,3) = d(6,7) = d(8,9) =
d(1,10) = d(4,5) = dg and d(9,10) = ds, points 1, 2, 3, 6, 7, 8, 9, 10 lie on a circle. We
can deduce d(3,4) = ds, since otherwise points 3, 4, 8, 9 lie on a circle, and so points 3, 4,
7, 8 lie on a circle, obtains a contradiction dy > d(4,8) = d(3,7) = dy; and d(5,6) = ds,
since otherwise points 1, 5, 6, 10 lie on a circle, and so points 1, 2, 5, 6 lie on a circle,
obtains a contradiction dy > d(1,5) = d(2,6) = d;. Now all points of X lie on a circle,
we obtain Xp = Ri3 — 3 as shown in Figure 4f. O

Theorem 17. No 1/-point 6-distance set with m = | Xp| = 10 exists.

Proof. Let X be a 14-point 6-distance set with m = |Xp| = 10. By Theorem 16, X
contains a subset Y € {Rys — 2, R13 — 3} |J E10(5). Clearly adding points to them such
that the total number to be 14 force a seventh distance, a contradiction to 6-distance. [

6 Maximum planar 6-distance set

Theorem 18. There exists no 14-point 6-distance set in the plane.

Proof. Let X be a 14-point 6-distance set. If m > 12, then by Lemma 3 and Lemma
4, the subset Xp C X is a convex m-gon, and X contains a subset YV € (J, .4 Mi2(k) =
{Riy2, R13 — 1}. For m = 10,11, we have given the proof as before. If m = 9, and if
DG(Xp) = Cy, then Xp = Ry as showed in [9]; and if DG(Xp) # Cy, by Lemma 9,
a(DG(Xp)) = 5, X contains a subset Y € Ey(5) by removing four points from Xp with
the diameter D been eliminated. If m < 8, then 14 — [%] > 10, and by Lemma 3, X
contains a subset Y € EFjp(5). But adding points to Ry, Ris, Ri3 — 1 or Y € Ej4(5) such

that the total number of points being 14 always force a seventh distance. O

Recall that g(6) > 13, since Ry3, R}, and the only configuration in La as shown in
Figure 1 are known 13-point 6-distance sets. Until now we can conclude that:

Theorem 19. ¢(6) = 13, that is, 13 is the mazimum number of points in the plane that
determine exactly 6 different distances.
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