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Abstract

Two inversion formulas for enumerating words in the free monoid by
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ous statistics. The generating functions obtained involve refinements
of bibasic Bessel functions. We further extend the results to finite
sequences of permutations.
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1 Introduction

The study of statistics on permutation pairs was initiated by Carlitz, Scoville,
and Vaughan [4]. Stanley [18] g-extended their work to finite sequences of
permutations. In [6], we exploited the recursive technique of Carlitz et. al.
to obtain some additional refinements. We also discussed numerous related
distributions. Our purpose here is to further extend the study of statistics on
finite permutation sequences. Our method is based on the theory of inversion
presented in [7]. For clarity, we primarily focus on permutation pairs.

Let S,, denote the symmetric group on {1,2,...,n}. For a permutation
oc=o0(1)o(2)---0(n) € S,, the descent and rise sets are defined as

Deso={i:1<i<n-—1,0()>0(i+1)},

Riso={i:1<i<n—-10@)<o(i+1)}.

These sets are of course complementary relative to {1,2,...,n — 1}. The
descent and rise numbers of o are respectively defined to be the cardinalities
of Deso and Riso, that is,

deso = |Deso| and riso = |Riso| .

Furthermore, let

majo= Y k, comajo = Y (n—k),
k€Deso k€Deso

rinc = Yk, corino= Y (n—k).
keRiso keRiso

The statistics in the first column were originally referred to as the greater and
lesser indices by Major MacMahon [16]. Many authors have since adopted
the term major index for the former. Being the sum of the rise indices, we
will refer to rino as the rise index. The statistics of the second column
will respectively be called the comajor and corise indices. Since Des o and

Riso are complementary, deso + risc = n — 1, majo + rino = (”) and

2 )
comaj o + corin o = %
We also consider the number of common iddescents of a permutation pair;
for (v, ) in the cartesian product S? = S, x S,, let

iddes(a, 3) = |Desa™" ] Des 67|

where 0! denotes the inverse of o.
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Our initial results involve the first two terms of a sequence {J(#)}, ¢ of
refined bibasic Bessel functions. For a positive integer n, let

(a;@)n = (1 —a)(l —aq)- (1 —ag"™").

By convention, (a;q)o = 1. The g-binomial coefficient (or Gaussian polyno-
mial) is defined to be

Bl @ s(@ Q) n

[ n ] (4 )n

when 0 < k < n and to be 0 when k > n. The function J{/) is defined as

T0D (2 4,p) = S (=1)"g("2") [H ! ] [ﬂn] i

70 n-—+v n
A few properties of {J)},¢ are worth immediate remark. First, J§' 7
is a Hadamard product of the two series appearing in the g-binomial theorem
and g-binomial series ([1, p. 36]):

g-Binomial Theorem (¢;¢q); = ano(—l)”q(g) [ [ ] m
q

g-Binomial Series For |q|, [t| <1, 1/(t;q)j+1 = Xu>0 [‘7 j;n] .
q
Also note that Jéi_l’j)(z; q,0) = (z;q);.
Second, for |q|, |p| < 1, special cases of the function

n+v

(~1)g('F)

J(2¢,p) = lim J@D(2;q,p) =
( )=l %‘5 (¢ Dntv (P; P

arise in a variety of other contexts. As demonstrated by Delest and Fedou [5],
the coefficient of ¢™2" in the expansion of the quotient Ji(2q; q, q)/Jo(24; ¢, q)
is equal to the number of skew Ferrers’ diagrams (also known as parallelo-
gram polyominoes) having n columns and area m. Also, Jy(—z;¢,0) is the
second g-analogue of the exponential function [11, p. 9], often denoted by

E,(2). Finally, omitting q(n?) and replacing 2" in the series J,(z;q, q) by
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(2/2)?"t gives one of the sequences of ¢-Bessel (or basic Bessel) functions
originally studied by Jackson [15] and further explored by Ismail [14]. Thus,
J@9)(z; q,p) is indeed a refined bibasic Bessel function.

Several theorems could be used to demonstrate our method. Our first ob-
jective will be on determining the distribution of (iddes; des, comayj, ris, corin)
over unrestricted pairs in S? and over restricted pairs (a, () € S? with
B(1) = n. In sections 3 through 7, we prove

Theorem 1 The generating functions for the sequences

An (t7 x,Y,q, p) — Z tiddes(a,ﬂ) :L,des aqcomaj ayris ﬂpcorinﬁ 7
(a,p)€ST
1 iddes(a,3) .d P~ : (1)
An(tv x,Y,4q, p) = Z traces\ ) ¢ esaqcomaJ Ozyrlsﬂpcormﬂ
{(a.B)eSE : B(1)=n}
are
A t T, Y, 1—1
> (t,z,y,q,p)z Yy | o)
n>0 (@3 @)nt1 (y; p)n—i—l 07 >0 (2(1 —1);q,p) —t
Al t7 l’? 9 9 Zn—‘rl ; y J(z7‘]) 1 - t .
Z n—i—l( Y,q p) o Z (L’z j 1 (Z( ),q,p) (3)

= Y s .
n>0 ((L’; Q)n+2(y;p)n+1 ,7>0 J(g 7J)(Z(l — t); q,p) —1

For comparison with previously obtained results on permutations and per-
mutation pairs, a number of corollaries are presented in the next section.

Other closely related five-variate distributions on permutation pairs are
considered in section 8. Specifically, we give the generating functions for
the distribution of (iddes; des, comayj, ris, corin) over pairs (a, 3) € S? satisfy-
ing (1) = n and for the distributions of (iddes; des, comaj, des, comaj) and
(iddes; ris, corin, ris, corin) for unrestricted and restricted pairs in S2. The
corresponding refined bibasic Bessel functions are variations on J(7). In
section 9, we give two theorems for finite sequences of permutations which
contain the ones for permutation pairs as special cases.

2 Selected Corollaries

Multiplying (2) and (3) through by (1 — x)(1 — y) and then taking the limit
as x,y — 17 leads respectively to the following corollaries:
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Corollary 1 The distribution of (iddes; comaj, corin) on S? is generated by

Z An(t,1,1,q,p)2" 1—t
= (@GO Jo(z(1—t);qp) —t

Corollary 2 The distribution of (iddes; comaj, corin) on pairs («, §) € Sz,
satisfying the condition B(1) = n + 1 is generated by

3 AL 1gp)2 (e —t)igp)
=0 (G D (pip)n Jo(z(1 —t);q,p) — 1

These corollaries are equivalent to special cases of Theorems 2 and 4 in [6].
Several equivalent distributions are discussed in section 4 of [6]. Corollary 1
is essentially due to Stanley [18].

Further replacing z by z(1—¢q)(1—p) in Corollary 1 and letting ¢,p — 1~
gives the initial result on permutation pairs due to Carlitz et al. [4]:

Corollary 3 The distribution of iddes over S? is generated by

> At 11,1, 1) 1—t
n!n! C Yaso(=1)men/nlnl — ¢

n>0

By appropriately selecting the values of various parameters, it is also
possible to obtain generating functions for the analogues of the Fulerian
polynomials of Carlitz [2, 3] and of Stanley [18] respectively defined by

Cn(y,p) — Z yrisaprina and Sn(t,q) — Z 2fdesaqinva

aGSn O'GSn

where inv o denotes the number of inversions of o, that is, the number of pairs
(7,7) such that 1 <7 < j < n and o(i) > o(j). The bijective techniques of
Foata [8] may be easily adapted to show that

Cn(y,p) — Z yrisapcorina and Sn(t7Q) — Z tidesaqcomaja

oc€S, oESH

where ideso = deso~!. When 2 = 0, the only pairs contributing non-zero
weight in (1) are of the form (12...n,3). Thus, A4,(1,0,y,0,p) = C.(y,p).
Similarly, A,(¢,1,0,¢,0) = S,.(t,q). We therefore have the following imme-
diate corollaries of (2):
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Corollary 4 The distribution of (ris, corin) over S,, is generated by

C,(y,p)z" J
3 (v, p) :Zl_y

n>0 (y;p)n—i-l §>0 [.7 + 1]]7 “
where [j + 1], = (1 - p))/(1 — p).
Corollary 5 (Stanley) The distribution of (des,inv) on S, is generated by

Su(t, q)z" . 1—1t¢
%% (¢:0)n  Ey(—2(1—1)) —t

where Ey(z) = Jo(—2;4,0).

Another generating function for C,(y,p) was given by Garsia [9].

3 A key partition lemma

In proving Theorem 1, we make repeated use of a result on partitions. For
later purposes, we present this result in the language of the free monoid.

Let A be an alphabet, that is, a non-empty set whose elements are referred
to as letters. A finite sequence (possibly empty) w = ajay ... a, of n letters
is said to be a word of length n. The length of w will be denoted by [(w).
The empty word is signified by 1. The set of all words that may be formed
with the letters from A along with the concatenation product is known as
the free monoid generated by A and is denoted by A*. We let A" signify the
set of words in A* of length n.

To state the needed partition result, we select the alphabet N of non-
negative integers and let N, = {0,1,2,...,r}. For w = ajay...a, € N™,
set

|lwl| =a1+ax+...+a, .

For K C {1,2,...,n — 1}, a partition belonging to the set

CHE)={y=m7--meEN" 1< <...<7, k<Y1 if k€ K}

has at most n parts (each bounded by r) and is said to be compatible with
K. We define the index of a set K C {1,2,...,n— 1} to be



THE ELECTRONIC JOURNAL OF COMBINATORICS 1 (1994), #R11 6
indK = > (n—Fk) .
keK

For o € S,, note that ind(Deso) = comajo and ind(Risc) = corino. The
key partition result for the coming argumentation is

Lemma 1 For K C {1,2,...,n— 1} and r a non-negative integer,
in r—|K +n
T =g dK[ |n| ]
YECH(K) q

Proof. This is a trivial consequence of a well-known result in the theory of
partitions. As may be referenced in [1, p. 33|,

s o] ’

0<A1 <A< SAn<s

where A = A Ay...\,. Suppose 7 = Y172...7, € C'(K). The bijection
MY2 - Yo — AMA2. .. A, defined by A\; = (v, — [{i € K : i < j}|) satisfies the
properties that 0 < A\; < Ay < ... <\, < (r—|K|) and ||7|| = [|A]] +ind K.
The desired result then follows from (4).

4 Words by 6-adjacencies

The essence of our proof to Theorem 1 relies on two inversion theorems that
enumerate words in the free monoid by 6#-adjacencies. Let 6 be a binary
relation on the alphabet A. A word w = aqa,...a, € A" is said to have a
0-adjacency in position k if aipfa; 1. The set of 0-adjacencies and the number
of 0-adjacencies of w = ajas . .. a, are respectively denoted by

0Adjw ={k:1<k<n-—1, atfar;1} and fadjw = |fAdjw]| .

An element of the set Tu9 = {w = a1a2. .. ayw) € A* : a10a20 . .. Oay)}
is said to be a -chain. We let TJI(, denote the set of #-chains of positive
length. In Z[t] << A >>, the algebra of formal power series on A* with
coefficients from the ring of polynomials in ¢ having integer coefficients, the
following inversion formulas hold:



THE ELECTRONIC JOURNAL OF COMBINATORICS 1 (1994), #R11 7

Theorem 2 Words by 0-adjacencies are generated by

Z t@adjww — 1 .
TF Sery, (D1 — 10T

weA*

Theorem 3 For a non-empty set X C A, let A*X = {va € A* : a € X}.
Then, words ending in a letter from X by 0-adjacencies are generated by

Z t@adj'u)w _ - ZwGTA,OX (_1)[(11))(1 — t)l('w)—lw
wGix TF S, (OO T

where Ty g X = {va € Tpp : a € X} and where the ratio is to be interpreted
as the product of the reciprocal of its denominator (the left factor) with its
numerator (the right factor).

A number of related theories of inversion [12, 13, 18, 20, 21] have been devel-
oped and applied to a wide range of combinatorial problems. Both Theorems
2 and 3 may be readily deduced from the theory of inversion presented in [7].

5 The role played by Theorems 2 and 3

To see precisely how Theorems 2 and 3 intervene in the proof of Theorem 1,
we first rewrite them as

1—t

t@adjww _ ’ (5)
w%;\* Ywea, (—DH(L =)l Ww — ¢
Z Padjw,, - ZwGTA,E)X (—1)1(10)(1 _ t)l(W)w (6)
weA* X ZweTAﬁ (_1)[(11))(1 — t)l(w)w — ¢

Next, let 6 be the binary relation on N x N consisting of the pairs ((;), (i))
satisfying ¢ > k and j > m;

<Z>9<k> < i>kandj>m. (7)

J m
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Thus, the set of #-adjacencies for a biword ( ) = (‘“”“'a”) € (N x N)™is

v
w b1b2...bn

9Adj (Z}) :{kzlgkgn—l, A > Ak41, kaka}

Moreover, (”) = (‘“a?“'a”) € (N; x N;)™ is a 6-chain if and only if

w b1ba...by
i>a;>a3>...>a, and j>b; >by>...>0,. (8)

As will be seen, the crucial step in establishing Theorem 1 is the evalua-
tion of

Z (0adj (;)W<U> and Z (fad) (;)W<v>
(:})E(NiXNj)* w ( )E(NiXNj)*Xi w

v
w

where X, denotes the set of biletters N; x Ny = {(g) 0 <k < i} and
where W is the homomorphism on (N x N)* obtained by multiplicatively
extending the weight W(;) = ¢'p’ 2 defined on each (;) € N x N. In view of
(5) and (6), this can be accomplished by computing a sum of the form

S (=) (1 - t)l(i)w<”> (9)

w

twice; once summed over the set Ty, « ;0 of f-chains in (N; x N;)* and once
summed over the set Ty, N;,0X; of f-chains ending in a biletter from X;.
By (8), expression (9) summed over 7Ty, ;¢ is equal to

Z(_l)n(l — )" Z gl Z plvl

n>0 i>a1>a2>...>an>0 j>b1>b2>...2b,>0

which, by Lemma 1, reduces to

Z(—mq(?)[i“] [j *”] (1=t = IO (21 1): )

= n n

Summarizing, we have established that

Y _t)l(i)w<“> = J8 (21 =);q,p) .

(Z,)GTNixNj,e v
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Similarly,

(%
w

3 (-1 _t)l(Z,)W<

(Z,)GTNiXNj,OXi

)z—ﬁm@u—m%m.

The last two identities together with (5) and (6) imply

3 teadjmw(“): 1ot | (10)

(2)e(Nexy)- w) ISP (1 - 1);q,p) — t

(i)
teadj(z,)W(“): ST (21 —t)iqp) 1

@mg%w& w) (1 t)iqp) — t "
6 Component bijections

To connect the left-hand sides of (10) and (11) with pairs of permutations,
we have the following lemma.

Lemma 2 For each n > 0, there is a bijection f X g from the set

{@D 0, B € Sy, 7 € Cl(Desa), p € Cl'(Ris A)}

to the set (N; x N;)™ such that, if

v\ (fla,y)\ (v
I g(@u) a (9(@#)) a <w>

then |[y]| = l[vll, [[pll = l[wll, and

k € Desa™'(Des 37! <= k € 0Adj (Z}) . (12)

Moreover, if w = biby ... b,, we have

B(1) =n whenever b, =0 (13)
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Proof. The bijection f x g is described in terms of two component bijections
f and g. The map f sends elements from the set of pairs

{(,7) :a € S,,7€C'(Des ) }
to the set N* by

f(Oé, ’Y) = ’Yofl(l)’}/ofl(m . ’Yofl(n) .

The inverse of f is easily described: For v = ajay...a, € N* and s > 0,
let Ps(v) = {r : a, = s}. Furthermore, let T Ps(v) denote the increasing
word consisting of the integers from Ps(v) and T v be the non-decreasing
rearrangement of v. Then,

fH ) =1 Rv) 1 A@)... T F(v),Tv) .
As an illustration, v =3030223 € Ny is mapped to

F713030223) = (1{2,4} 10 7{56} 1{1,3,7},13030223)
= (2456137,0022333) .
Note that 0022333 € Ci({4}). The bijection f~' was previously used by
Garsia and Gessel [10] and in [17] in the study of statistics on S,,.

As a partial verification of (12), suppose f(a, ) = aiaz...a, € N/, that
is, Ya-1(k) = ai for 1 < k < n. ;From the characterization of f~! and from
the observation that Desa™! consists of the integers k such that (k + 1)
appears to the left of k in «, we have k € Desa ™! if and only if a; > aj;1.
Also note that ||v]| = ||la1az . . . ay]|.

The bijection g is similarly defined from

{(B,1) : B € Sy, € C}(Ris B)}
to NJ' by setting

9(B, 1) = Hp-1()Hp-1(2) - - - Hp-1(n) -

For w = biby...b, € N}, let | P,(w) denote the decreasing word consisting
of integers from the set Ps(w) = {r : b, = s}. Then,

g (w) = (I Po(w) | Pr(w)... | Py(w),Tw) .

The properties of g listed in Lemma 1 are easily verified.
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7 Proof of Theorem 1

Using the ¢g-binomial series, the left-hand side of (2) expands as
oA d '_ P
IR D9 o LAl l K
n>0  i,j>0 1=0 k=0 n q " P

where
An,l,k = Z tiddes(aﬂ)qcomaj apcorinﬂ

summed over pairs (o, 3) € S? satisfying desa = [ and ris 3 = k. Combina-
tion with Lemma 1 gives

5 An(t,2,y,4,p)2" S i Yoon Y fides(ad) 3 gyl

n>0 (CL', Q)n—i-l(y;p)n—i-l i,5>0 n>0 (a,8)€52

where the last sum is over (v, ) € CI'(Desa) x C}}(Ris3). The bijection of
Lemma 2 then implies

Z An(tvxvyv%p)zn _ Z l.iyj Z t@adj (Z)W(l}) . (14)

n>0 (x;Q)n—i-l(y;p)n—i-l i,j>0 (ZJ)G(NiXNj)* w

In view of (10), the proof of (2) is complete.
To establish (3), begin by noting that (13) implies that f X g is a bijection
from

{(g’ Z) ra, B €Sy, B(1) =n,ye€Cl(Desa), p € C}(Risf), u = 0}
to the set (N; x Nj)”_lX,; where X; = N; x Ny. Then, by steps similar to
those used in deriving (14), it may be shown that

1 n+1
S A0y D) <;>W(“> |
n>0 (@5 Qnt2(Y; D)1 i,§>0 (2)e(NixN;)* X; v

v
w

Together with (11), this implies (3).
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8 Other distributions on permutation pairs

With the aim of presenting theorems for finite sequences of permutations, we
give the generating functions for some other five-variate distributions on S2.
We first consider (iddes; des, comayj, ris, corin) over pairs («, 3) € S? with
a(l) =n. Let

B}L (t, .Y, q, p) — Z tiddes(a,ﬂ) :L,des aqcomaj ayris ﬂpcorinﬂ .
{(,B)€SE : a(1)=n}

The sequence of refined bibasic Bessel functions

>0 n . n—+v

plays the role of J(*/). Actually, FH) = 69 Define 0 as in (7). Since
f x g is a bijection from the set

B,

to the set ((V;\{0}) x N;)""'Y; where Y; = Ny x N, computations similar
to those of sections 5 and 7 may be used to verify

{( ’7> @, 3 € Sp, a(l) =n, v € C/'(Des ), 71 = 0, u € C}(Ris 3)}

Theorem 4 The sequence {B}.}n>o is generated by

Z B}L+1(t7£7y7Q7p)2n+1 _ Z (L’i J Fl ) (Z(l ) )

= Y - .
n>0 (CL’, Q)n+1(y;p)n+2 ,7>0 F( +17])(Z(1 t) q, p) t

Next, we determine the distribution of (iddes; des, comaj, des, comayj)
over unrestricted and restricted permutation pairs. Define C,,(¢, z1, 2, q1, ¢2)
and Cy(t, 21,22, q1,q2) to be

Z tiddes(a,ﬁ) des aq;omaj axges ﬂqgomajﬁ
(o, 8)

summed respectively over S? and over pairs in S? with 3(1) = n. The
appropriate sequence of refined bibasic Bessel functions is

.. n+v n+v . .
G (g ) = Y (1) gl [Zl r 1] [22] o
q1 q2

=0 n—+v n
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Let ¢ be the binary relation on N x N consisting of the pairs ((;), (:1)) such
that ¢« > k and 5 > m. The map f x f from

{<ga Z) ca, 3 € Sp, v €C(Desar), € Cit(Des 3)}

to the set (IV;, x N;,)™ defined by

fla,7) v
/()= G6m) -
Ix g, f(B, 1) w
is a bijection satisfying the properties that ||v|| = ||v||, ||x| = [|w]], and

ke DesoflﬂDesﬁ_1 < k€ ¢pAdj <U> :
w

Then, proceeding as in sections 5 and 7, we have

Theorem 5 The sequences {Cp}n>o and {C}. }n>0 are respectively gener-
ated by

C (t $17$2aQ17Q2 Z (L’ (L’ 1—1t
=0 (@13 @1 )nt (22 Q2)n+1 i1 20 1oz Gt (1 —t);qu,qo) —
C}L+1(t79€1,9€276117612)2n+1 S it G (2(1 - 1) g1, o)
=0 (@ @) nr2(T2; g2)nta i1 220 7’1’7’2“)(2(1 t);qr,q2) — t

Finally, we consider the distribution of (iddes; ris, corin, ris, corin). Define
D(t, y1, Y2, p1,p2) and D} (t, y1, Y2, p1, p2) to be

Z tiddes(a,ﬁ ris ap(l:orm a yrlS ﬂpgorln B
(e,B)

summed respectively over S? and over pairs in S? with 5(1) = n. Set

o nljitn+v 2 +n v
HIW2) (251, po) = > (—1) [jl n+v ] [hn ] -
n>0 p1 p2

Take § to be the binary relation on N x N consisting of the pairs ((;), (i))
such that ¢+ > k£ and j > m. Using the bijection g x g, we obtain
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Theorem 6 The sequences {D,,},>0 and {D}_,},>0 are respectively gener-
ated by

Dy, (t, y1, Yo, p1, p2) 1—t
G oD T ,
n>0 (y17p1)n+1(y27p2)n+1 41,§2>0 ’ (2(1 — t);pl,pg) —1
D71L+1(t7 y17y27p17p2)2n+1 71,92 H(leJQ)(Z(l _t)7p17p2)
. . Z Yy J1 J2) '
=0 (W p)ne2(Y2; p2)nta 17220 P(2(1—=1t);p1,p2) — t

9 Permutation sequences

We now consider distributions on finite sequences of permutations. For inte-
gers r, s > 0 not both zero, let i = (iy,4s,...,4,) and j = (j1, j2, .- -, Js). Se-
lect U C {1,2,...,r}and V C {1,2,...,s}. Furtherlet i(U) = (¢},),...,1..)
where @) =4, if [ ¢ U and iy =i, + 1ifl € U.

The required multibasic extension of the previously appearing sequences
of refined bibasic Bessel functions is defined by

K&V (20 V) =3 (-1)" Q1 Qs P, Py 2"

n>0

where

I

1¢U leU

Jm+n+v Jm +n
g e
megV n+v Pm meV n Pm
For r = s = 1 with U = () and V = {1}, note that K{:J(z;0,{1}) =
J(il’jl)(z q,p1). Forr =2 s =0, U = {2}, and V = ), we have

I (z;{2},0) = GU+2)(2; qu, qo). Similar choices of r, s, U, and V give
the other refined blbasm Bessel functions appearing in section 8.

We define the number of common iddescents of a sequence (@;f() =
(o1, ... 0 01, P, ..., Bs) €Sl x S5 to be

iddes(@; 3) =| () Desa;' () () Dess,'| .
m=1

k=1
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Furthermore, set

ris@ __  risBy risfBs ris B

oy Y

Xdesa — :L,(lies aq wges s o xfesaT and y

The symbols g8 and p=ri? are to be similarly interpreted. Finally, let

Mn (t, U, V) _ Z tiddes(a;ﬂ) Xdes chomaj Eyris ﬂpcorinﬂ
where the sum is over all (@,3) € S" x S2 with o;(1) = n for [ € U and
Bm(1) = n for m € V. Then, the map f) x ¢ consisting of r copies of
the component bijection f and s copies of the component bijection g along
with judicious use of the analysis of sections 5 and 7 imply our theorems on
permutation sequences:

Theorem 7 The sequence {M,(t,0,0)},>0 is generated by

: : T LY D)
n>0 (X7 q)n+1(y7 p)n—i—l i,j>0 K(] (2(1 — t); U, V) —1

where (x;Q)n = (T1;¢)n - (3¢ )0 and (¥;P)n = (Y13 01)n -+ (Ysi Ps)n-

Theorem 8 Provided that U and V' are not both empty and their comple-
ments are not both empty, the sequence {M,1(t, U, V)} >0 is generated by

Myir (£, U, V)21 L KV (2(1 - 1)
2 c = 2 XYy
=0 (%Y@ P)e (YAt 550 T RSOV ((1—1);,0,V) ¢

where (X,y;d, P)s, = [ligv (71 @) n [mgv (Ym; Pm)n and
(%, ¥:9P)n = [Liev (5 @)n Mmev Ym; Pm)n -

Taking the limit as z,y — 1 and setting ¢; = 1, 1 < ¢ < r, in Theorem 7
gives a result equivalent to one obtained by Stanley [18].
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