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Abstract. Let G be an r-regular graph of order 1 and independence number a(G) We
show that if G has odd girth 2k + 3 then a(G) > nt=Vkpl/k e also prove similar results
for graphs which are not regular. Using these results we improve on the lower bound of Monien

and Speckenmeyer, for the independence number of a graph of order 1 and odd girth 2k + 3.
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§1. Introduction

Let G be a triangle—free graph of order n with average degree d, and indepen-
dence number a(G). There has been great interest in finding good lower bounds
for a(G) in terms of d, and producing polynomial-time algorithms which find
large independent sets of G. In [1] and [2] Ajtai, Koml6s and Szemerédi made a
breakthrough in this area when they provided a polynomial algorithm to find an
independent set of size at least

nlogd

>
AG) = T50d
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A little later this algorithm was sharpened by Griggs in [5] , improving the constant
from 10071 to 2.47!. Shearer, in [8] , improved this bound still further to give
that

a(G) > n{dﬂ(’gd) —d+ 1}

(d—1)?

In [8] besides extending this result to take the degree sequence of the graph into
account Shearer also considered what could be said for graphs of larger odd girth.
He proved the following theorem.

Theorem A. Let G be a graph of order n with degree sequence di,ds,...,d,.
Suppose that G contains no 3 or 5 cycles. Let ni; be the number of pairs of
adjacent vertices of degree 1in G. Let f(0) =1, f(1) = 4/7 and f(d) = [1+ (d* —
d)f(d—1)](d* +1)~! when d > 2. Then

o(G) > Z F(di) —nia /7.
O

The results of this paper are designed to deal with the case when the average
degree of the graph is large. We shall prove that an r-regular graph without 3 and
5 cycles has an independence number of at least

Indeed we shall provide a polynomial-time algorithm to produce such a set of
independent vertices. More generally,we shall show that an r-regular graph with
odd girth 2k + 3 has an independent set of size at least

o(G) > cpnt~HE Pk

This technique can also be used to give new bounds for the independence number
of general graphs of a given odd girth. We shall prove some similar bounds to
those we prove for regular graphs in terms of a measure of the concentration of
edges.

Monien and Speckenmeyer in [6] investigated the special Ramsey number r4(q),
the largest number of vertices in a graph with odd girth at least 2k + 3, but not
containing an independent set of size ¢ + 1. They showed that

k k

k+1
< —q % —q .
rk(q)_k-l—lq +k+2q
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Combining our new bound with that of Shearer we show a new bound for the
Ramsey number 71(q)

k\F Bl
@ < (=) a%
nq

improving the previous bound provided q is large.

§2. The independence number of regular graphs

In this section we shall introduce the basic algorithmic method we shall use find
large independent sets in graphs with large odd girth at. To illustrate the ideas
behind this algorithm we shall first prove our results for graphs of odd girth at least
7. Dealing with graphs with larger odd girth will simply require a generalisation
of this argument.

Theorem 1 Let G be a graph of order n containing containing no 3 or 5 cycles
with average degree d(G) and minimal degree § > 2d(G)/3. Then

o(G) > ﬂn(g_@)

and there is a polynomial-time algorithm that finds an independent set of at least

this size.

Proof. Let

m = ﬁ\/n(a— §a<a))_1

We begin by trying to greedy—colour the vertices of G' with m colours. In other
words we take the vertices one at a time and for each vertex use the smallest
available colour. If no colour is available we ignore that vertex and proceed to
the next. Firstly suppose that this greedy colouring colours at least n/4 vertices.
Then, clearly, one of the colour classes will have size at least

(-

and we have an independent set to satisfy the theorem.

Suppose then that we are not so successful and that g’ > 3n/4 vertices remain un-
coloured. Let Aq, Ao, ..., A,, be the greedy colour classes. Consider the following
algorithm SHUFFLE(c¢) for a real parameter c.
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Algorithm: SHUFFLE(c)

V(G') =V(G)\ U Aj;

Choose v € V(G');

Let [ =T¢ (v);

Let N;(v) =Tg(I)NA; fori=1,...,m;

If there is an ¢ for which |I| > |N;(v)| then A; = A;\N;(v) U I;

e Repeat until || JI*, A;| > ¢ or until every vertex of G’ has been chosen since the
last time G’ changed.

As usual set T'g(I) = {v : vi € E(G) for some ¢ € I}. Notice that since I is
the neighbourhood of a vertex and G is triangle free, I is an independent set.

Thus each A; remains an independent set throughout the algorithm. We apply
SHUFFLE(n/4) to the graph.

Consider the situation when the algorithm stops. Either the greedy—colour classes
Ay, As, ..., Ay, comprise at least n/4 vertices and we may argue as before, or for
any uncoloured vertex v € V(G’)

INi(v)| > [Tar(v)| for1<i<m.

Suppose the latter holds. Then, given a vertex v € V(G’), certainly each N;(v) is
an independent set, since each is a subset of a colour class, but in fact [ J;; N;(v)
is an independent set. To prove this we need only show that there can be no edges
between a vertex of N;(v) and N;(v) for i # j.

Suppose that we have such an edge ab for a € N;(v) and b € N;(v). Let I =T'¢/(v)
and consider I'g(a) NT'¢(b) N I.

Firstly suppose that T'g(a) NTg(b) NI # (), containing a vertex, ¢ say. Then
vertices a, b, c form a triangle in GG, contradicting the odd girth of G. Otherwise,
since by construction Ig(a) NI and I¢(b) NI are non—empty, there exist distinct
vertices ¢ € Ig(a) NI and d € Ig(b) N I. Then a,c,v,d,b form a 5-cycle in G,
giving the required contradiction.

Now, if we choose a vertex v of maximal degree in G’, we certainly have |T'g: (v)] >
d(G"), and since |N;(v)| > |Tg/(v)| > d(G’) we have that

m

=1

> md(G") .
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Hence the algorithm is guaranteed to find an independent set of size at least

min{% n(6 — @),ma(G’)} .

It remains only to show that d(G’) cannot be too small. We do this with a simple
counting argument. Let H' = G\G' and let us count the number of edges in G
e(@G). Then we see that

(@)= "0 5 =AYy g2

Thus, rearranging this inequality we have

=/ (n—g')- n s
A6 = 26+ =) - )

n -
> 20— Sd(G).

The right hand side of this inequality is increasing with ¢’. Hence, since g’ > 3n/4,

d(G") > 26 — @

and so using this bound we see that

md(G) > iz\/n(a— @) .

O

Thus Theorem 1 shows that provided the minimal degree is not too small, there
is a large independent set in the graph. In particular, we may apply this result to
the case when G is a regular graph.

Theorem 2 Let G be an r—regular graph of order n with no 3 or 5 cycles. Then

a(G) > 5

O

Using a similar technique, but applying the algorithm SHUFFLE recursively we
can extend Theorem 1 to deal with graphs known to have larger odd girth.
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Theorem 3 Let G be a graph of order n with odd girth 2k + 3 (kK > 2) and
> QdéG). Then

minimal degree §(G) >

Proof. To construct our independent set we mimic the proof of Theorem 1 , but

= (sl 0) )

Firstly let us greedily colour the vertices of G just as we did in Theorem 1 but
this time with (k — 1)m colours. Clearly if any sm colour classes together contain
at least sn/4(k — 1) vertices for some 1 < s < (k — 1) then immediately we have

this time we choose

a colour class of size at least

= (e 1))%@5‘ ﬁ)

as required. If not then, as before let, Ay, As,..., Ag—1)m be the greedy—colour

classes.

For z,y € V(G) let dg(z,y) be the usual graph—distance, the minimum number
of edges in a path joining x to y in G.

For each integer 1 < s < (k — 1) and real ¢ we define a new algorithm similar to
SHUFFLE.

Algorithm: SHUFFLE(c, s)
o Let V(G,) =V(G)\ | 4Ai
i=1

e Choose v € V(GY%)
Let I(v) = {u;dg, (u,v) = k — s}
Let N7(v) =Tg(I(v))NA; for (s —1)m+1<1i<sm

If there is some (s — 1)m + 1 < j < sm for which |[I(v)| > |N7(v)| then let

e Repeat from the beginning until || J;”} 4;] > ¢ or until each vertex of G’ has

been chosen since the last time G’, changed.

6
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Now let us show that, just as our neighbourhoods in SHUFFLE form a large

independent set, here U N7 (v) is an independent set. To do this, as before
i=(s—1)m+1
we show that there can l(De n)o edge between a vertex a of N and a vertex b of N7,
i # j. Clearly dg(v,a) = dg(v,b) = k — s + 1. Thus consider paths of minimal
length joining a and b to v, and let p be the vertex furthest from v at which these
paths intersect (certainly since they each pass through v there is some intersection).
By the minimality of the paths we must have 1 < dg(a,p) = dg(b,p) <k —s+1.
Thus if ab € E(G) a...p...b forms a cycle of length 3 < 2dg(a,p) +1 < 2k+1
contradicting the odd girth of G.

Indeed similarly to the original SHUFFLE algorithm, on completion the new al-
gorithm SHUFFLE(c, s) either produces a greedy—colouring of at least ¢ vertices
with sm colours, or ensures that for any vertex v € G’ |Nf| > |I(v)| for each
(s—=1)m+1<i<sm.

Let us now define the following algorithm which uses SHUFFLE(c, s):

Algorithm: SHUFFLE*(c¢)
e doi=k—1tol
edoj=itok—1

e SHUFFLE(jc,j)

e continue

Let us apply SHUFFLE*(n/(4k — 4)) to G. Then on completion either some

collection of sm colour classes will contain at least sn/(4k — 4) vertices ( for some

1 < s < (k—1)) and we immediately have a large independent set, or at least
k—1)n 3n

n — 51@% = =i vertices remain uncoloured, thus ‘V(G’(k_l))‘ > 3n/4, and for

any uncoloured vertex v € G/(k_l)

sm

SN @) = m* g,

(0] 1<s<(k—-1).
i=(s—1)m+1

Now if we choose v to be a vertex of V(G},_;) with degree at least (_i(G’(k_l)) then
Ui~, N}(v) is an independent set of size

m

Z |Ni1<v)| > m(k_l)a< /(k;—l)) .

=1
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Thus the algorithm guarantees to find an independent set of size

. n k—13
mln{m,m d( /(k—l))} .

It remains only to reapply the argument used in the proof of Theorem 1 to show
that
- 4d(G)

d(Gy_yy) = 20(G) — 3

and hence that we have an independent set of size

O

Applying this bound when the graph is r-regular graph, we immediately have an
analogous result to Theorem 2 .

Theorem 4 Let G be an r-regular graph of order n and odd girth 2k+3 (k > 2).
Then
Oé(G) > o 7nl/k; nl—l/k;

where

cr = (g)w (4(k — 1))~ *=D/E

§3. Further independence results

The use of the method of Section 2 is not solely limited to graphs which are almost
regular. In the non-regular case we can still find bounds for the independence
number in terms of the odd girth, but instead of the average degree of the graph
we have to use another measure of the concentration of edges.
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Theorem 5 Let G be a graph of order n with odd girth at least 2k + 3 (k > 2),
and let

Ao =min{A(H): HCG,|V(H)| >n/k}
and
do =min{d(H): H C G,|V(H)| > n/k} .

a(G) > max nlog dy L 1_1/kA1/k
- 2.4kdy "\ k o

Proof. Firstly as before we can produce an independent set of size at least

Then

nlog dy
2.4kdy

by applying the Griggs’ algorithm to a subgraph H which achieves dj as its average
degree.

To produce an independent set of the other size we mimic the proof of Theorem 3

m = —n %
“\khAo)

Let us colour the vertices of G with (k — 1)m colours. Clearly if any sm colour

but this time we choose

classes together contain at least sn/k vertices (1 < s < (k — 1)) then immediately
we have a colour class of size at least

If not, then as before let Ay, Az, ..., Ax—_1)m be the greedy—colour classes. Let us
now apply SHUFFLE*(n/k).

When the algorithm stops, either one of the colour classes provides us with the
large independent set we desire or for any uncoloured vertex v € G’( k—1) We have

Yo N zmE e ()] 1<s<(k-1).
i=(s—1)m+1

Now since, [V(G{;_,))| = n/k, by definition of Ag we must be able to choose a
v so that |FG/(k_1)(v)| > Ay and for this choice we have that [J;*; N} (v) is an
independent set of size

m 1_% .
D INH)] 2 m A = (%) Af .
=1

9
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O

In particular, when k = 2 and the graph has no 3 or 5 cycles we have an analogous
result to Theorem 2 and an extension of Shearer’s result, Theorem A.

Theorem 6 Let G be a graph of order n having no 3 or 5 cycle, and let
Ay = min{A(H) :HCG,|V(H)| > n/Q}

and
do = min{a(H) tHCG,|V(H)| > n/Q} .

Then

a(G) Zmax{nlogdo nAO} .

4.8dy 2

These results lead directly to a general lower bound for the the independence
number of a graph in terms of its order and odd girth simply by minimising the
bounds in Theorem 5.

Corollary 7  Let G be a graph of order n with odd girth at least 2k+3 (k > 2).
Then

a(G) > (%) (logn) ¥ .
0

Looking at the problem the other way round, Monien and Speckenmeyer in [6]
proved a bound for the Ramsey number 7 (q), the largest number of vertices in
a graph with odd girth 2k + 3 and independence number at most ¢. Monien and
Speckenmeyer showed that

k k1 k

< —qgF +—q.
re(9) < k-l—lq +k+2q

Using Theorem 5 once again, we can improve their upper bound.

10
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Theorem 8 Let k > 2. Then

kk+2 1/k ktl
< -
rle) < ((k’ + 1)10gq>

Concluding remarks

A vertex cover of a graph G is a set of vertices U so that for every edge ab € E(G)
a or b is a member of U. We shall write A(G) for the minimum size of a vertex
cover of G.

The vertex cover problem then is to find a vertex cover U of G in polynomial
time, so that |U| /A\(G) is as small as possible. The main result of Monien and
Spekenmeyer’s paper [6] is to produce an algorithm to find a vertex cover so that
this ratio is always at most 2 — loglogn/logn. The bound on the effectiveness
of the algorithm depends entirely on the bound which they generate for r,(k). It
is thus unfortunate that although our bound improves on their bound it does so
only when ¢ is too large to improve the bound on the algorithms effectiveness.

However it should be noted that in generating the bound for Theorem 8 for one
of the bounds we assumed only that the graph was triangle free. Clearly if some
result similar to those contained in this chapter could give a better bound on the
independence number of a graph with large odd girth and small average degree an
improvement on the bound for r,(k) and perhaps the effectiveness of Monien and
Speckenmeyer’s algorithm would be immediate.

This improvement could also be passed on to various other polynomial-time algo-
rithms which use the vertex cover algorithm including, for instance, the algorithm
of Blum (see [3] and [4] ) to colour a 3—chromatic graph in polynomial-time in
at most O(n3/8) colours. We hope in the future to extend our results to the small
degree case.
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