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Abstract

The distinguishing chromatic number xp(G) of a graph G is the minimum num-
ber of colours required to properly colour the vertices of G so that the only auto-
morphism of GG that preserves colours is the identity. For a graph G of order n, it
is clear that 1 < xp(G) < n, and it has been shown that xp(G) = n if and only if
G is a complete multipartite graph. This paper characterizes the graphs G of order
n satisfying xp(G) =n—1or xp(G) =n —2.

1 Introduction

Unless otherwise specified, this paper uses the notation and terminology of [2]. A labelling
of a graph (G is an assignment of labels to the vertices of G. A colouring of G is a special
case of a labelling where no two adjacent vertices share the same label (in this context
we refer to the labels as colours). Note that some authors call such a labelling a proper
colouring whereas in this paper we simply use the term colouring. A labelling of G is
said to be distinguishing provided that no automorphism of G (other than the identity)
preserves the labels. The distinguishing number of G, denoted by D(G), is the minimum
number of labels required to produce a labelling of G that is distinguishing, while the
chromatic number of G, denoted by x(G), is the minimum number of colours required to
produce a colouring of G. The distinguishing chromatic number of G, denoted by xp(G),
is the minimum number of colours required to produce a distinguishing colouring of G.
The neighbourhood of a vertex v € V(G), denoted by Ng(v), is the set of all vertices
of G that are adjacent to v. If x and y are vertices of GG, we use the notation x ~ y if
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xy is an edge of G, and the notation = ¢ y if zy is not an edge of G. For disjoint sets
A, B C V(G), we write A ~ B (respectively A % B) to mean that for every a € A and
every b € B, a ~ b (respectively a 7 b) holds. In the case that A = {a} we simply write
a ~ B (respectively a o B).

A coloured graph is an ordered pair (G, f) where G is a graph and f is a colouring
function mapping vertices of G to a set of colours. A colour class C, of (G, f) is a set of
all vertices of (G, f) with the same colour r. A singleton (respectively doubleton) colour
class consists of precisely one vertex (respectively two vertices). If f is a colouring of
G, then an automorphism o of G is called colour preserving if f(o(v)) = f(v), for every
v e V(G). A vertex v € V(G) is pinned (under the colouring f) if o(v) = v, for every
colour preserving automorphism o of G.

A subgraph H of a graph G is said to be induced if for any pair of vertices x and y of
H, zy is an edge of H if and only if 2y is an edge of G. If S C V(G) is the vertex set of
H, then H can be written as G[S] and is said to be induced by S. We use the notation
G\ H to denote the induced subgraph G[V (G)\V (H)].

The distinguishing chromatic number has been analyzed (and in some cases computed)
for various classes of graphs, such as paths, cycles, generalized Petersen graphs, hyper-
cubes, interval graphs, planar graphs, trees and bipartite graphs (see [6, 9, 10, 11, 12, 13,
14]). In particular, let P, denote a path with n vertices and C), a cycle with n vertices.
It is shown in [6] that

2, forn > 2 and n even, |3, forn=3,50rn>17,
XD(P">_{3, for n > 3 and n odd, and XD(C")_{4, forn =4 or n =6. (1)

The distinguishing chromatic number has also been discussed in the context of Cartesian
products, graph joins and other binary operations on graphs (see [4, 5, 6, 8]).

An obvious bound on the distinguishing chromatic number of a graph G of order n
is 1 < xp(G) < n. In [6], the graphs that satisfy the upper bound with equality are
characterized.

Theorem 1.1 [6, Theorem 2.3] Let G be a graph of order n. Then xp(G) = n if and
only if G is a complete multipartite graph.

Clearly, any graph G of order n > 2 must satisfy xp(G) > 2. Characterizing graphs
with xp(G) = 2 is an interesting but hard open problem (see [7]). In this paper, we
investigate graphs with large distinguishing chromatic number and in Section 3, we char-
acterize the graphs G of order n that satisfy xp(G) =n —1 or xp(G) =n — 2. In order
to complete this characterization we present some properties of graphs with large distin-
guishing chromatic number in Section 2. In particular, lower bounds on the distinguishing
chromatic number of induced subgraphs of a graph are given and applied to obtain a list
of forbidden induced subgraphs of graphs G with xp(G) > |[V(G)| — 2.
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2 Preliminary results

We first provide an upper bound on xp(G) in terms of the distinguishing chromatic
numbers of a collection of disjoint induced subgraphs of G that span V(G).

Lemma 2.1 Let G be a graph. If V(G) = S1 U Sy U---U Sy such that S;NS; =0, for
all i # j, then

k
xXp(G) < Z xp(G[Si]).
i=1
In particular, if H is an induced subgraph of G, then

xp(G) < xp(H) + xp(G\H).

Proof. For each i, let f; : S; — {1,2,...,xp(G[Si])} be a distinguishing colouring of
G|S;] using xp(G[S;]) labels. Then the labelling that assigns each vertex v € S; the label
(i, fi(v)) is a distinguishing colouring of G using Zle xp(G[S;]) colours. O

One occurrence of equality in Lemma 2.1 is for the join of graphs. In particular, the
join of pairwise disjoint graphs G4, G, ..., G}, denoted by \/f:1 G, is the graph with
vertex set V(G1) UV (Ge)U---UV(Gy) and edge set E(G1)UE(G)U---UE(Gy)U{zy :

Remark 2.2 [6, Observation 2.1(3)] Let G1,Ga, ..., Gy be pairwise disjoint graphs and
let G =\, G,. Then

xp(G) = Z xp(Gi).

An instance where Lemma 2.1 may provide a weak bound is the (disjoint) union
of graphs. In particular, the union of pairwise disjoint graphs Gi,Ga, ..., G, denoted
by UL, G, is the graph with vertex set V(Gy) U V(Gy) U --- U V(Gy) and edge set
E(G)UE(Gy)U---UE(Gg). For a graph H, we denote Ule H simply as kH.

As in [3], if f and ¢ are two colourings of a graph G, then f and g are said to
be equivalent if there is an automorphism of G that maps (G, f) to (G, g). Let C(G,p)
contain all colourings of G using at most p colours. We use the notation xp(G, p) to denote
the number of equivalence classes in C(G, p) that contain only distinguishing colourings of
G. Note that if p < xp(G), then xp(G,p) = 0. In [3], Cheng looks at the distinguishing
chromatic number of aH, where H is a connected graph.

Remark 2.3 [3, Fact 1(c)] Let G = aH, where H is a connected graph. Then
Xp(G) = min{p : xp(H,p) > a}.

This result easily generalizes to the union of an arbitrary collection of pairwise disjoint
graphs. Note that the union of an arbitrary collection of graphs can always be written
in the form Ule a;G;, where each G is connected, and each pair G; and G; are non-
isomorphic for every i # j.
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Remark 2.4 Let Gy, G, . ..,Gy be pairwise disjoint graphs where each G; is a connected
graph and each pair G; and G; are nonisomorphic for every 1 < i < j < k. If G =
Ule a; G, then

Xp(G) =min{p: xp(Gi,p) = i, for all 1 <i < k}.

If xp(G) is close to |V(G)|, then one may expect xp(H) to be close to |V (H)| for
every induced subgraph H of GG. This statement is made precise in the next result.

Lemma 2.5 Let G be a graph, H be an induced subgraph of G and 0 <t < |V (H)|.
(i) If xp(G) = [V(G)| = t, then xp(H) = |V(H)| —t.
(i) If xp(H) < |V(H)| —t, then xp(G) < |[V(G)| —t.
Proof. Lemma 2.1 implies that
xp(G) = xp(H) < xp(G\H) < [V(G)| = [V (H)],

from which (¢) and (i) follow. O

Using Lemma 2.5, a list of forbidden induced subgraphs can be obtained for graphs G
of order n that satisfy xp(G) = n — 2.

Notation 2.6 Figures of graphs with dotted lines in this paper represent classes of graphs
obtained by independently replacing each dotted line with either an edge or nonedge. For
example, the class of graphs depicted in Lemma 2.7(F,) consists of five nonisomorphic
graphs.

Lemma 2.7 Let G be a graph of order n. If xp(G) = n — 1, then the following graphs
cannot occur as induced subgraphs of G':

oy W]
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Proof. The Appendix provides distinguishing colourings (not necessarily optimal) for each
of the graphs in classes (F) — (Fig). The result now follows by Lemma 2.5. O

Given a distinguishing colouring f of GG, the next lemma provides a lower bound on
the distinguishing chromatic number of a subgraph of GG induced by a collection of colour
classes of (G, f).

Lemma 2.8 Let G be a graph and f : V(G) — {1,2,...,xp(G)} a distinguishing colour-
ing of G. Let C; be the set of vertices with colour i and A C{1,2,...,xp(G)}. Then

XD (G e ) > |A].

i€A
In particular, if S = UICZ-\:I Ci, then G|[S] is a complete multipartite graph.
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Proof. Let H = G [J;c4 Ci] for some A C {1,2,...,xp(G)}. To derive a contradiction,
suppose that xp(H) < |A|. Let gy : V(H) — A be a distinguishing colouring of H using
exactly xp(H) colours. We extend gy to a colouring of G by defining

o(z) = { gu(x), ifxe H,

f(x), otherwise.

As g colours G with fewer than xp(G) colours, it cannot be distinguishing. Therefore,
there is a nontrivial automorphism o : V(G) — V(G) that preserves colours of g. Note
that x € V(H) if and only if o(z) € V(H). Let oy be the restriction of o to V(H).
Then, oy is a colour preserving automorphism for (H, gg). Since gy is a distinguishing
colouring, it must be that oy is the identity. Therefore, o pins every vertex in H. Now,
viewing o as a colour preserving automorphism of (G, f), it must be that o is the identity
as f is a distinguishing colouring of GG. This is a contradiction.

Note that if S = {Jc, =, Ci, then xp(G[S]) = |S|. Thus, by Theorem 1.1, G[S] is a
complete multipartite graph. O

The next lemma lists forbidden induced labelled subgraphs in (G, f), when f is a
distinguishing colouring.

Lemma 2.9 Let G be a graph and f : V(G) — {1,2,...,xp(G)} be a distinguishing
colouring of G. Let S be the set of all vertices belonging to singleton colour classes and
suppose C, is a doubleton colour class with C. = {x,y}. Then, for any a,b,c € S, the
following induced labelled subgraphs cannot occur in (G, f):

BT T T e N

be oy b oy be—ey b Y

a4 e—e I ae—e I

(F24) Zi § (F25) b 7 y (F26) b o
« ey

C Coe—e Y

Proof. Let H be one of (Fy) — (Fz3) and suppose H occurs as an induced labelled
subgraph in (G, f). Then by Lemma 2.8 using A = {r, f(a), f(b)}, we have xp(H) > 3, a
contradiction as each of (Fyy) — (Fa3) has distinguishing chromatic number two. A similar
argument holds for (Fy5) and (Fyg), each of which has distinguishing chromatic number
three.

Let H be the induced subgraph (Fy) and f : V(G) — {1,2,...,xn(G), xn(G) +
11\{f(a), f(b)} the colouring:

v | xp(G)+1, iffu=aorb,
flu) = { f(u), otherwise.
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Since Ny (a) # Nu(b) and Ny (x) = Ny (y), / pins a and b. But then any colour preserving
automorphism of (G, f) is also a colour preserving automorphism of (G, f). Thus, f is a
distinguishing colouring of G' using xp(G) — 1 colours, a contradiction. O

In reference to Lemma 2.8, the next result provides information about the neighbour-
hoods of pairs of vertices that belong to the same part of the complete multipartite graph

G[9).

Lemma 2.10 Let G be a graph and f : V(G) — {1,2,...,xp(G)} a distinguishing
colouring of G. Let S be the set of all vertices belonging to singleton colour classes and
suppose C, is a doubleton colour class with C, = {x,y}. Let u,v € S with u * v. Then
either

(a) Negisogayn(u) = Nesuayy (v), or,
(b) u,v belong to a part of G[S] with size exactly two and G[{u,v,z,y}] = 2Ks.

Proof. By Lemma 2.9(Fy3, Foy), if u ~ 2 and u ~ y, then (a) is satisfied. By Lemma
2.9(Fy, Fyy), if u o0 x and u ¢ y, then again (a) is satisfied. By Lemma 2.9(Fyq, Fy3), if
u ~ x and u ¢ y, then we must have either v ~ x and v ¢ y, or G[{u,v,z,y}] = 2Kj.
In the case that v ~ z and v ¢ y, (a) is satisfied. In the case that G[{u, v, x,y}] = 2K,
we have v o0 x and v ~ y. Furthermore, u,v belong to a part of size exactly two in the
graph G[S], for otherwise there is a ¢ with ¢ o u, ¢ 7t v, and hence one of (Fy), (Fa3) or
(Fy5) from Lemma 2.9 occurs. O

3 Graphs with xp(G) = |V(G)|—1 or xp(G) = |V(G)|—2

In this section, we characterize the graphs that satisfy xp(G) = |V(G)| — 1 or xp(G) =
|[V(G)| — 2 by using the tools developed in Section 2. First, we define an operation on
graphs that allows us to “blow up” vertices of G by replacing them by copies of arbitrary
graphs. For any graph G with vertices (vy, ..., v,) and for any collection of vertex disjoint
graphs Hy, ..., Hy, let G(Hq,..., H,) denote the graph obtained from G by replacing each
v; with a copy of H; and replacing each edge v;v; by H; V H;. Note that this operation is
defined and used in [1]. If an H; is vacuous, i.e., H; = (), then replacing v; by () refers to
deleting v; and all edges incident to it.

We next introduce some notation that allows us to partition the vertices belonging
to singleton colour classes of a coloured graph (G, f) according to their adjacency to
nonsingleton colour classes.

Notation 3.1 Let G be a graph, f a distinguishing colouring of G and S the set of all
vertices belonging to singleton colour classes of (G, f). Let A = V(G)\S. For each
ACA, defineVy={veS|v~A v A\A}. Then S can be partitioned as follows:

S=Jva

ACA
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Furthermore, define Hy = G[V4] for each A C A. If A = {ay,...,ar}, we often write
Vayap to mean Vig, . a4 and H, to mean Hy,, - In the case that A = 0, we
simply write Vo and H.

1-ag

Theorem 3.2 Let G be a graph of order n > 3. Then xp(G) =n — 1 if and only if G is
the join of a complete multipartite graph (possibly vacuous) with one of the following:

(i) 2K,, or,
(i) H U Ky, where H is a complete multipartite graph with at least two parts.

Proof. Observe that by Remarks 2.2 and 2.4, if GG is the join of a complete multipartite
graph with one of (i) or (ii), then xp(G) =n — 1.

For the other direction, let G be a graph of order n > 3 and let f be a distinguishing
colouring of GG using exactly n — 1 colours. Let S be the set of all vertices belonging to
singleton colour classes and suppose C, is a doubleton colour class with C, = {x,y}. Note
that |[S| =n — 2 and z ¢ y. By Lemma 2.8, G[S] is a complete multipartite graph. By
Lemma 2.10, for each part P of G[S], either

(a) Ng(u) = Ng(v) for every u,v € P, or
(b) |P| =2 and G[PU{z,y}] = 2K,.

By Lemma 2.7(F5), there is at most one part satisfying (b), say @ where @ could be
vacuous. If @ # (), then by Lemma 2.7(F}), we have S\Q ~ Q U {x,y}. Therefore,
G = G[S\Q] V 2K, and thus, G has the form described in (7).

Otherwise Q = () and every part P of G[S] satisfies (a). As described in Notation 3.1,
define V4 and Hy for each A C {z,y}. Note that each of Hy, H,, H,, H,, is a complete
multipartite graph and G[S] = Hy VvV H, V H, V H,,,. By Lemma 2.9(F3;), at least one of
V, and Vj, is empty. Without loss of generality assume that V, = (. By Lemma 2.9(F5;),
Hy = K,, for some r > 0. Thus,

G=H,V é(fr, H,, z,vy),
where G with vertices (vo,v1, x,y) is the following labelled graph:
Uy x
Y i Yo
G vy, v1, z,y)

Note that the graph H = G[Vh UV, U {x}] is a complete multipartite graph. If H
has exactly one part, then V, = ) implying that G is a complete multipartite graph,
contradicting that xp(G) = n — 1. Therefore H has at least two parts and G has the
form described in (i7). O
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We now look at possible forms a graph G of order n may have under the condition
Xp(G) = n — 2. First, we define two labelled graphs G; and G along with a class of
labelled graphs Gs consisting of two nonisomorphic graphs.

(%) vy () (%) vy (W (%) V4
> < U1 :
U3 Vs U3 Vs < .

.
Ve Vg vs  Us
él(Ul,...,U6) éQ(Ul,...,’U6) gg(Ul,...,U5)

The labelled graphs G, and G5 have vertices (v1,...,vq) while a labelled graph G belong-
ing to the class G has vertices (vy,...,v5). The vertices of these graphs will be “blown
up” to obtain graphs with distinguishing chromatic number xp(G) = |V(G)| — 2.

Theorem 3.3 Suppose Hy, Hy and Hj are complete multipartite graphs (possibly vacu-
ous) and let r,s > 1 be integers. Let G be a graph of order n > 4 with xp(G) = n — 2.
Then G is the join of a complete multipartite graph (possibly vacuous) and one of the
following:

(i) Cs (i) 2K3
(111) 2K5 V 2K, (iv) Gy(Hy,vs, v3, 04, vs, Ug)
(v) Go(Hy, vz, 03, 04,5, V) (vi) Ps
(vii) Cs (viii) Gy(Hy, Hy, Hy, K., K,), for G3 € Gy

Proof. Let G be a graph of order n > 4 and let f be a distinguishing colouring of GG using
exactly n — 2 colours. Let S be the set of all vertices belonging to singleton colour classes.

Suppose there is a colour class of (G, f) containing three vertices, say xi, o, x3. As
f is distinguishing, we have Ng(z1) # Ng(x2), and hence, there is a v € S such that
without loss of generality v ~ z; and v % 25 hold. Now let f be the colouring f with
x5 recoloured by f(v). Note that every colour preserving automorphism o of (G, f) pins
x9 as Ng(x2) # Ng(v) and {1, 2, z3} forms an independent set in G. Thus, v is also
pinned by o. As f is distinguishing, both z; and x3 are pinned by o. Therefore, every
distinguishing colouring that has a colour class of size three can be transformed into a
distinguishing colouring with two doubleton colour classes.

Suppose C, and C, are distinct doubleton colour classes with C, = {z,y} and C; =
{w, z}. Note that |S| =n —4, z % y and w o z. By Lemma 2.8, G[S] is a complete
multipartite graph (possibly vacuous). By Lemma 2.10, for each part P of G[S], either

(a) Ng(u) = Ng(v) for every u,v € P,
(0) P ={a,b}, G[P U{z,y}] = 2K>, and Nejsufw,)(a) = Naisugw,3 (),
(C) P = {C, d}, G[P U {w, Z}] = QKQ, and NG[SU{x,y}}(C) = Ng[gu{xyy}](d), or

THE ELECTRONIC JOURNAL OF COMBINATORICS 20(1) (2013), #P19 9



(d) |P| =2, GIPU{z,y}] = 2K,, and G[P U{w, z}] = 2K,.

By Lemma 2.7(F}), there is at most one part satisfying (b), say @), at most one part
satisfying (c¢), say R, and at most one part satisfying (d), say T, where @), R and T could
be vacuous. Furthermore, if T # (), then every other part of G[S] must satisfy (a).

For convenience, we let J; = G\{w, z} and Jo = G\{x,y}. By Lemma 2.8, we have
xp(J1) = n —3 and xp(Ja) = n — 3. Hence, each of J; and Jy is either complete
multipartite or one of the graphs in Theorem 3.2.

Case (1): T # 0. In this case, @ = R = (). As 2K, is an induced subgraph of
both J; and Jy, it must be that J; = 2K, V G[S\T] and Jo = 2K, vV G[S\T], where
G[S\T] is a complete multipartite graph of order n — 6. Thus, S\T ~ T U {z,y,w, z}.
Consider G[T'U {z,y,w, z}|. By Lemma 2.7(F3, Fy, Fs, Fg), either G = G[S\T] vV Cg or
G = G[S\T]V 2K3. Thus, G has the form described in (i) or (ii).

For the remainder of the proof we assume that 7' = (.

Case (2): Q # 0 and R # (). As 2K is an induced subgraph of both J; and Jy, it
must be that J; = 2K, V G[S\Q] and Jy = 2K, V G[S\R], where G[S\Q] and G[S\R]
are complete multipartite graphs of order n — 6. Thus, S\(QUR) ~ QU RU{z,y,w, z}.
Furthermore, @ ~ {w,z}, R ~ {z,y} and Q@ ~ R. Consider G[Q U R U {z,y,w, z}].
By Lemma 2.7(Fy), {z,y} ~ {w,z}. Hence, G = H V (2K, V 2K>), for some complete
multipartite graph H, and thus G has the form described in (7i7).

Case (3): Q # 0 and R = (). Suppose @ = {a,b}. Let f be a recolouring of G using
n — 3 colours obtained by replacing the colour f(a) with f(b). Such a colouring cannot
be distinguishing, and thus there is a colour preserving automorphism o of (G, f ) that
maps a to b, x to y and pins every vertex in S\Q. Hence, dg(z) = dg(y) and dg(a) =
dg(b). Let Ry = Gl{a,b,w, z}] and Ry = G[{x,y,w, z}]. Note that dg,(a) = dg,(b) and
dRz (I) = dRz (y)

As 2K, is an induced subgraph of J; it must be that J; = 2K, VG[S\Q], where G[S\Q)]
is a complete multipartite graph of order n—6. Hence, S\Q ~ QU{z,y} and each part P
in G[S\Q)] satisfies (a). Furthermore, Ng, (a) = Ng, (b). By Lemma 2.9(F»,), there do not
exist vertices u, v in distinct parts of S such that G[{u, v, w, z}] is isomorphic to the graph
in (Fy). Thus, we may assume without loss of generality that for every part P of G[9]
(including @), if P ~ z then P ~ w. As Ry % 2K,, J, is either a complete multipartite
graph or J, 2 HyV (H;U{z}) for complete multipartite graphs Hy and Hy. Let V consist
of the parts P in G[S\Q] that satisfy P ~ z and let H = G[V], H® = G[(S\Q)\V]. Given
the structure of J,, the graph G[H®U {w}] is complete multipartite.

By Lemma 2.7(Fy, Fy), we require dg, (a) # 0 and dg,(z) # 0. If dg,(a) = 2 then by
Lemma 2.7(F5, ;) we have dg,(z) = 2. Therefore,

G = HVGy(GH U{w}], a,z,b,y, 2),

and thus G has the form given in (v).

Now, suppose dg,(a) = 1. Then @ ~ w, otherwise @ ~ z would imply Q ~ w
contradicting that dg,(a) = 1. By Lemma 2.7(F33), it must be the case that dg,(z) = 1.
By Lemma 2.7(Fy), we have either w ~ {z,y} or z ~ {z,y}. In the case that w ~ {z, y},

G~ HV G (GHU{wY,a,z,by,z),
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and thus G has the form given in (iv). Otherwise, z ~ {z,y} and by Lemma 2.7(F4) we
have H¢ = (), that is, S\Q ~ Q U {z,y,w, z}. Therefore, G = H V Cg, and thus G has
the form described in (7).

Case (4): Q =0 and R # (). This case is symmetric to Case (3).

For the remainder of the proof, we may assume that Q = R = 0.

Case (5): In this case, every part P of G[S] satisfies (a). As described in Notation
3.1, define V4 and H4 for each A C {z,y,w, z}. Note that each such H4 is a complete
multipartite graph, and furthermore, since each part of G|[S] satisfies (a) we have

GIS|= \/ GlH4lL
Ag{x’y7w7z}
By Lemma 2.9(Fy,), it must be the case that
and

Without loss of generality, we may assume
%:%w:%zz%wzznz‘/;zzvxyzzﬁ-

By Lemma 2.9(Fy;), each of Hy, H,, H,,, H,, H,. is an independent set, at most one
of Vo, V;, Vyy can be nonempty, and at most one of Vy,V,,, V,. can be nonempty. Let
B=VWUV,UV, and C = VUV, UV,,. If B=0, define W = {w} and Z = {z};
otherwise, fix b € B and let f1 be a recolouring of G using (n — 3) colours by replacing the
colour f(b) with f(w) = f(z). Since such a colouring cannot be distinguishing, there is a
colour preserving automorphism of (G, fl) that maps b to either w or z, and thus Ng(b)
is equal to either Ng(w) or Ng(z). Define independent sets

W = { {w} U B, if Ng(b) = Ng(w), and 7 — { {Z} U B, if Ng(b) = Ng(Z),

{w}, otherwise, {2z}, otherwise.

Similarly, if C' = 0, define X = {z} and Y = {y}; otherwise, fix ¢ € C and let f, be a
recolouring of G using (n—3) colours by replacing the colour f(c) with f(z) = f(y). Since
such a colouring cannot be distinguishing, there is a colour preserving automorphism of
(G, fg) that maps ¢ to either z or y, and thus Ng(c) is equal to either Ng(x) or Ng(y).
Define independent sets

X = { {l’} U Cv if NG(C) = NG(‘IL and Y = { {y} U Ca if NG(C) - NG(y)a
{z}, otherwise, {y}, otherwise.
By construction, for each u,v € X, Ng(u) = Ng(v), and similarly for Y, W and Z. Thus,
we must have X ~ W or X o W, and similarly for pairs {X, Z}, {W,Y} and {Y, Z}.
Then,
G =2 Hyye V Gi(How, Hewwor Hoyos X, Y, W, Z),

where Gy having vertices (v, v, vs, z,y,w, z) belongs to the class of labelled graphs G4
depicted as follows:
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94(7)1,1}2,03»%%10»2)
Case (5.1): If X ~ W, then G = H,y,,, V Gs(H,y, Hy, Hs, Z,Y) for Gy € G, where

HoWwUX, f X 4 ZWA~Y,
Hyw UW, £ X ~Z,W ALY,
HypW UXUW, i X 4 ZWAY,
Hyw, it X ~ZW~Y,

le

Hyy UW, if W ~Y,

g, [ How:UX, X~ Z,
2 Hypw, W LY.

Hype, it X A Z,
Therefore, G has the form described in (viiz).
Case (5.2): Now, suppose that X £ W. If X 4 Z and W £ Y, then

and H3 = {

G = nywz \ GA(3(wa UXu W7 Ha:wzy nyz'7 Z7 Y)

for G3 € Gs, and hence G has the form described in (viéi). Thus, we may assume that
either X ~ Z or W ~ Y holds.
If H,, # 0, then by Lemma 2.7(Fg, Fy, Fi5),

GHp UXUYUWUZ] 2P or G[HyUXUYUWUZ = Cs.

By Lemma 2.7(Fyy, Fi5), we must have Hy,, = Hyy, = 0 and hence G has the form
described in (vi) or (vii).

Otherwise, H,, = (). By Lemma 2.7(Fj) along with the assumption that either
X ~ Z or W ~Y holds, it must be the case that either H,,,, = 0 or Hyy,, = (. Without
loss of generality, suppose Hyy,, = . Then

Hyyo V Gs(X U Z,0, Hyo, Y, W), ifY oL Z,
G = Hoyu V G3(X, Z, Hypo, VW), if Y ~ 2, X ~ Z,
Hoyu V G3(0, WU Z, Hpo, YV, X), ifY ~Z,X 4 Z2)Y ~W,

for G5 € Gs, and hence G has the form described in (viiz). O

We next determine conditions on graphs G satisfying xp(G) = |V(G)| — 2 when G is
the join and union of complete multipartite graphs.

Lemma 3.4 Let 'y, T'1, and I'y be complete multipartite graphs (possibly vacuous) and
G=TyVv (I UTLy). Then xp(G) = |V(G)| — 2 if and only if I'y UTy is isomorphic to:

(i) T'U Ky, where I is a complete multipartite graph with at least three vertices,
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(ii) T'U K, where T' is a complete multipartite graph with at least two parts, or
(111) 2K3.

Proof. 1If G is one of the graphs in (i) — (4i7) then by Remarks 2.2 and 2.4 we have
xo(G) = [V(G)] - 2.

For the other direction, let G = I'y v (I'y UT'y) for complete multipartite graphs I'g, I'y,
and I's. By Remark 2.2, xp(G) = |[V(G)| -2 if and only if xp(I'y UT'y) = |[V(I'y UTly)| —2.
Without loss of generality we may assume that |V (I'1)| < |V(I'y)|. Note that |[V(I'y)] > 2
for otherwise GG is a either a complete multipartite graph or a graph in Theorem 3.2. If
|[V(T'9)| = 4 and |[V(T'y)| > 3, then xp(I'y UTs) < |V(I'y UTy)| — 3 by Remark 2.4. If
|[V(['y)| = |V (I'2)| = 3, then we require xp(I'y UT'g) = 4. If 'y 2 ['y, then xp (I UT) = 3.
Furthermore,

xp(K3UK3) =6, xp(P3UP)=3 and yp(KzUK3) = 4.

Therefore, I'y U Ty satisfies (éé¢). Otherwise, we must have [V(I'1)| = 2. If 'y & K, then

either I'y = K5 or I'y must have at least three vertices. Thus, I'; U T’y satisfies either (i)
or (i1). If I'y = Ky, then I'y must have at least two parts, and hence G satisfies (7). O

To characterize the graphs GG in Theorem 3.3 having distinguishing chromatic number
|[V(G)| — 2 we define the following three labelled graphs.

Ve Us
V1 V4 (%] e Us
(% v ()
Uy U3 Vg k] 1 4
U3 (5 U3
G5(U1,U2,U37U4) GG(U17U27U37U47U5) G?(U17U2,U3,U4,U5,UG)

Furthermore, define K, and K3 to be the labelled complete graphs of orders two and
three respectively, where f(g(vl,vg) has vertices (v, vs) and f(g,(vl,vg,vg) has vertices
(v1,v9,v3). In particular, if Hy, Hy are nonvacuous complete multipartite graphs, then
KQ(H 1, Hy) represents a complete multipartite graph with at least two parts.

Theorem 3.5 Let G be a graph of order n > 4. Then xp(G) =n — 2 if and only if G is
the join of a complete multipartite graph (possibly vacuous) with one of the following:

(a) P (b) Cs

(¢) C (d) 2K;

(e) K, UK, forr>2 (f) Ky(K,, Hy) U Ky, forr > 2
(9) Ks(H, Hy, Hs) U K, (h) K>(Hy, Hy) U T,
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(i) 2K,V 2K, (7) 2K,V (Ko(Hy, Hy) U K7)
(k) 2Ky U K, (1) 2K,V Hy) UK,

(m) Gs(Hy, Ha, Hy, K1, K1), for G3 € Gy (n) Gs(Hy, Ha, Ky, Ky)

(0) Gs(Iy, Hy, Hy, K1) () Gs(K1, Hy, Hy, Hy, K1)
(Q) G7(H1,H2,H3,H4,K1,K1)

where each of Hy, Hy, H3, Hy is a nonvacuous complete multipartite graph.

Proof. For one direction, by Remark 2.2 and Theorem 1.1, we must show that if G is
one of (a) — (q), then G has distinguishing chromatic number |V(G)| — 2. If G is one of
(a) — (c¢), by Equation (1) the result holds. By Lemma 3.4, the result holds for (d) — (h).
By Remark 2.2, the result holds for (i) and (j) as these graphs are the join of two graphs
in Theorem 3.2. One can also check using Remarks 2.2 and 2.4 that the result is true for
(k) and (1).

Finally, let G be one of (m) — (¢q). Note that G has an induced complete multipartite
subgraph H of order |V (G)| — 2 such that each u,v € V(H) with u ¢ v satisfies Ng(u) =
Ng(v). Thus, each vertex in V(H) requires a distinct colour giving xp(G) > |V(H)| =
[V(G)| = 2. Furthermore, xp(Gs) = 2, xp(Ge) = 3, xp(G7) = 4, and xp(G3) = 3 for
each G5 € G5. As G contains one of these graphs as an induced subgraph, by Lemma
2.5(it), G satisfies xp(G) < |V(G)| — 2, and hence xp(G) = |V(G)| — 2 whenever G is of
the form (m) — (q).

For the other direction, let G be a graph satisfying one of (i) — (viii) in Theorem 3.3
such that xp(G) = |[V(G)| — 2. We show G has the form of one of (a) — (¢). To simplify
the proof, we make use of the following claim that follows directly from Lemma 3.4.

Claim: Let xp(G) = |V(G)|—2and G =Ty Vv (I';UTl'e), where Iy, I'1, I'y are complete
multipartite graphs (possibly vacuous). Then G has the form described in one of (d) — (h).

The graphs in Theorem 3.3 of the form (i), (i7), (iii), (vi), (vii) are listed in (¢), (d),
(1), (a), (b) respectively. The graphs in Theorem 3.3(iv) are listed in (k) and (I).

Let G be a graph in Theorem 3.3(v) with xp(G) = |V(G)| —2. Then G = HyV 2K,V
(H U K7) for complete multipartite graphs Hy and H. If H has at most one part, then
xp(G) = |V(G)| — 1, a contradiction. Therefore, H has at least two parts and G has the
form listed in (j).

Finally, let G be a graph in Theorem 3.3(viii) with xp(G) = [V (G)|—2. Then G'is the
join of a complete multipartite graph Hy (possibly vacuous) with G3<H1, Hy, H3, K, K,),
where G5 € Gs, r,s > 1 are integers and Hi, Hy, Hs are complete multipartite graphs
(possibly vacuous).

Case (1): H; = Hy = H3 = (). In this case, G is a complete multipartite graph and
so xp(G) = |V(G)|, a contradiction.
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Case (2): Hy, = Hy3 = () and H; # 0. In this case, G satisfies the claim where
FO = H(), Fl = H1 and FQ = G\{H{) V Hl}

Case (3): Hy = Hy3 =0 and Hy # 0. If vy ~ v5 in G, then G satisfies the claim with
I'o=HyVK, I'i=Hyand Iy = K,. If vy o v5 in @3, the G satisfies the claim with
Fo = HO, Fl = H2 \/KT and FQ = ?s-

Case (4): Hy = Hy = () and Hj # (). This case is symmetric to Case (3).

Case (5) H1 = @ and HQ,Hg 7é @

Case (5.1): Gy € Gy has vy ~ vs. If Hy 2 K, for some t > 1, then @ satisfies the
claim with Ty = Hy V (K, UK,), T} = Hz and 'y = K,..

Otherwise, Hs has at least two parts. By symmetry, we may also assume that Hj has
at least two parts. By Lemma 2.7(F}9) we must have r = s = 1. Therefore, G is of the
form described in (q).

Case (5.2): G4 € G has vy % vs. By Lemma 2.7(F7), either r = 1 or s = 1. Without
loss of generality suppose that » = 1. If Hy = K, then has the form described in (n).
Otherwise, Hy has at least two vertices and by Lemma 2.7(F}s) we must have s = 1, and
hence G has the form described in (o).

Case (6): Hy =0 and Hy, H3 # ().

Case (6.1): Gy € Gs has vy ~ vs. By Lemma 2.7(Fy7), either H; = Kj or r = 1. If
H, =2 K; and r > 2, then by Lemma 2.7(Fjg) we have Hy = K, and thus G has the form
described in (n). Otherwise, H; 2 K; and r = 1. By Lemma 2.7(Fjg) we have s = 1, and
hence G has the form described in (n).

Case (6.2): G, € G has vy oL vs. If H = K, for some t > 1, then G satisfies the
claim with I'y = Hy, T'y = Hs V (K, U K,) and I'; = K,. Otherwise, H, has at least two
parts. By Lemma 2.7(Fg), r = s = 1, and thus G has the form described in (p).

Case (7): H3 =0 and Hy, Hy # (). This case is symmetric to Case (6).

Case (8): Hi, Hy, H3 # (0. In this case, G has the form described in (m). O
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Appendix

Each colouring depicted is a distinguishing colouring for every graph in that class. In some
cases, a class of graphs in Lemma 2.7 is split up into multiple subclasses (for example,
the class of graphs (F) is partitioned into two subclasses: (F7) and (F?)).

3 1
1232 1232 113 ...... ..... I 9
F, S F; Fg *
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