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Abstract

A family F ⊆ 2[n] of sets is said to be l-trace k-Sperner if for any l-subset
L ⊂ [n] the family F|L = {F |L : F ∈ F} = {F ∩ L : F ∈ F} is k-Sperner,
i.e. does not contain any chain of length k + 1. The maximum size that an l-
trace k-Sperner family F ⊆ 2[n] can have is denoted by f(n, k, l). For pairs of
integers l < k, if in a family G every pair of sets satisfies ||G1| − |G2|| < k − l,
then G possesses the (n − l)-trace k-Sperner property. Among such families, the

largest one is F0 = {F ∈ 2[n] : bn−(k−l)2 c + 1 6 |F | 6 bn−(k−l)2 c + k − l} and also

F ′0 = {F ∈ 2[n] : bn−(k−l)2 c 6 |F | 6 bn−(k−l)2 c+k− l−1} if n− (k− l) is even. In an
earlier paper, we proved that this is asymptotically optimal for all pair of integers
l < k, i.e. f(n, k, n − l) = (1 + o(1))|F0|. In this paper we consider the case when
l = 1, k > 2, and prove that f(n, k, n − 1) = |F0| provided n is large enough. We
also prove that the unique (n− 1)-trace k-Sperner family with size f(n, k, n− 1) is
F0 and also F ′0 when n + k is odd.

1 Introduction

We use standard notation. The set of the first n positive integers is denoted by [n]. For a
set X the family of all subsets of X, all i-subsets of X, all subsets of S of size at most i,
all subsets of S of size at least i are denoted by 2X ,

(
X
i

)
,
(
X
6i

)
,
(
X
>i

)
, respectively. A chain

of length k is a family of k sets satisfying F1 ⊂ F2 ⊂ · · · ⊂ Fk. A maximal chain C ⊆ 2[n]

is a chain of length n+ 1.
Let Σ(n,m) =

∑m
i=1

(
n

bn−m
2
c+i

)
denote the sum of the m largest binomial coefficients

of order n.
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A typical problem in extremal set system theory is to determine how many sets a
family F ⊆ 2[n] may contain if it satisfies some prescribed property. As one of the first
such results, Erdős [1] in 1945 proved that if a family F ⊆ 2[n] does not contain any chain
of length k+1 (families with this property are called k-Sperner families), then the size of F
cannot exceed Σ(n, k) and the only k-Sperner family of this size is {F ∈ 2[n] : bn−k

2
c+1 6

|F | 6 bn−k
2
c + k} if n + k is odd, and also {F ∈ 2[n] : bn−k

2
c 6 |F | 6 bn−k

2
c + k − 1} if

n+ k is even. The case k = 1 was proved by Sperner [6] in 1928.
The trace of a set F on another set X is F ∩X and is denoted by F |X . The trace of

a family F on X is the family of traces F|X = {F |X : F ∈ F}. The fundamental result
about traces of families, known as Sauer-lemma, was proved in the early 70’s indepen-
dently by Sauer [4], Shelah [5], and Vapnik and Chervonenkis [7] and states that if for a
family F ⊆ 2[n] there exists no set K of size k such that F|K = 2K (i.e. all subsets of
K appear as a trace of a set in F), then |F| 6

∑k−1
i=0

(
n
i

)
holds. This bound is sharp as

shown by the families
(

[n]
6k−1

)
and

(
[n]

>n−k+1

)
, but there are lots of other families of this size

satisfying the condition of the Sauer’s lemma.
One way to make sure that a family F satisfies the condition of the Sauer’s lemma

is to prescribe not to contain any maximal chain as trace in any k-subset K of [n]. This
observation leads to the following notion introduced in [2]: a family F is said to be l-trace
k-Sperner if for any l-set L the trace F|L is k-Sperner. In [2], it was proved that if k 6 l
and n is large enough, then the maximum size f(n, k, l) that an l-trace k-Sperner family
F ⊆ 2[n] can have is

∑k−1
i=0

(
n
i

)
and the only l-trace k-Sperner families of this size are(

[n]
6k−1

)
and

(
[n]

>n−k+1

)
, i.e. if the condition of the Sauer’s lemma is strengthened to the

l-trace k-Sperner property, then the uniqueness of the ’trivial’ extremal families
(

[n]
6k−1

)
and

(
[n]

>n−k+1

)
holds.

The situation is entirely different if we consider (n − l)-trace k-Sperner families for
fixed k and l with k > l and n large enough. That is we are interested in the maximum
possible size of families of which the traces form a k-Sperner family no matter which l
elements of the ground set we omit. For any l-set L and G ∈ 2[n] we have |G| − l 6
|G|[n]\L| 6 |G| and thus if in a family G every pair of sets satisfies ||G1| − |G2|| < k − l,
then G possesses the (n− l)-trace k-Sperner property. We obtain the largest such family

if we take G0 = {G ∈ 2[n] : bn−(k−l)
2
c + 1 6 |G| 6 bn−(k−l)

2
c + k − l} and also G ′0 = {G ∈

2[n] : bn−(k−l)
2
c 6 |G| 6 bn−(k−l)

2
c + k − l − 1} if n − (k − l) is even. The size of G0 is

Σ(n, k − l). In [2] and [3] we conjectured that the families G0 and G ′0 are optimal.

Conjecture 1.1. Let k and l be positive integers with l < k. Then there exists n0 =
n0(k, l) such that if n > n0, then f(n, k, n− l) = Σ(n, k − l) holds.

Conjecture 1.1 was proved asymptotically in [3] (the case l = 1, k = 2 was already
proved in [2]).

Theorem 1.2. [2] Let k and l be positive integers with l < k. Then f(n, k, n − l) =
(1 +O( 1

n2/3 ))Σ(n, k − l) holds.

Our main result verifies Conjecture 1.1 for l = 1, k > 2 and it also describes the
extremal family.
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Theorem 1.3. Let k > 2 be an integer. Then there exists n0 = n0(k) such that if n > n0

and F ⊆ 2[n] is an (n− 1)-trace k-Sperner family, then |F| 6 Σ(n, k − 1). Furthermore,
equality holds if and only if F is the family G0 and when n + k is odd, then also if F is
the family G ′0.

Note that Sperner’s result follows from the case k = 2 as if F ⊆ 2[n] is Sperner,
then it is (n − 1)-trace 2-Sperner. Indeed, if x ∈ [n] and F1, F2, F3 ∈ F were such that
F1|[n]−x ( F2|[n]−x ( F3|[n]−x would hold, then there would exist 1 6 i < j 6 3 with
x ∈ Fi, Fj or x /∈ Fi, Fj and thus Fi ( Fj would contradict the Sperner property of F . In
general it is not true that a k-Sperner family possesses the (n− 1)-trace (k + 1)-Sperner
property, but the largest such family does. Theorem 1.3 states that no other (n−1)-trace
(k + 1)-Sperner family can have larger size.

In the proof of Theorem 1.3 we will need the next result which follows from the
Corollary after Theorem 7 in [2].

Theorem 1.4.

f(n, 1, n− k) = O

(
1

nk

(
n

bn/2c

))
.

Notation. The complement of a set F will be denoted by F . For convenience, we will
write F + z instead of F ∪{z} and F − z instead of F \{z}. Also, if σ is a permutation of
elements of an m-set M , then we will think of σ as an ordering of the elements of M and
write σ1, σ2, . . . , σm for the first, second, . . . , mth element in the ordering. The index of
an element x in the permutation σ is the integer i for which σi = x and will be denoted
by ind(x). The set of permutations of [n] is denoted by Sn. Let π ∈ Sn, a, b, c, d ∈ [n]
and a, b, c, d /∈ Y ⊂ [n]. Then we will write π as

........................a.............bcY d......................

to denote the fact that ind(a) < ind(b) = ind(c) − 1 < ind(d) − 2 and exactly those
elements y belong to Y for which ind(c) < ind(y) < ind(d) holds. Furthermore, if we are
interested in the relation of the indices of elements of two not necessarily disjoint subsets
A = {a, b, c, d} and X = {x, y, z} of [n], then the permutation π is written as

......................
. . x y z
a b c . d

........................

to denote ind(a) = ind(b) − 1 = ind(c) − 2 = ind(x) − 2 = ind(y) − 3 = ind(z) − 4 =
ind(d)− 4 and thus x = c, z = d and |A ∩X| = 2 hold.

2 Proof of Theorem 1.3

Let us start with a brief sketch of the proof. Erdős’s original result is most often proved
via the LYM-inequality that states that for any k-Sperner family F ⊆ 2[n] we have∑

F∈F

1(
n
|F |

) 6 k.
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This follows from an averaging argument and the observation that any maximal chain C
can contain at most k sets from F . If we could prove that for any (n− 1)-trace k-Sperner
family the observation above holds with k changed to k − 1, then we could improve on
the LYM-inequality and obtain our result. Unfortunately, any k sets forming a k-chain
constitute a counterexample to this statement. But we only need that on average the
number of sets of F in a maximal chain is at most k − 1. But this is also false as shown
by the family

(
[n]

6k−1

)
. However it is true if we do not allow F to contain very small or

very large sets. How to prove such a statement? First we observe (Proposition 2.1) that
a maximal chain cannot contain more than k sets from F . Therefore to obtain that the
average is at most k − 1, it is enough to show that the number of maximal chains C
satisfying |C ∩ F| 6 k− 2 is larger than the number of those chains cC with |C ∩ F| = k.
This is formulated in Lemma 2.4 which is the heart of the proof. Instead of defining an
injection from one set of maximal chains to another we will do the following: for every k-
chain F1 ( F2 ( · · · ( Fk in F we will construct a large set π∗(F1, F2, . . . , Fk) of maximal
chains, all of them meeting F in at most k − 2 sets (Lemma 2.2, Lemma 2.3). And then
we have to show that any maximal chain belongs to not too many such sets (Claim 2.5,
Claim 2.6).

In Section 2.1 we define maximal chains containing less than average number of sets
of F . Section 2.2 contains the proof of Lemma 2.4 and in Section 2.3 we finish the proof
of Theorem 1.3 using our LYM-type inequality and also handling the case when F does
contain very small or very large sets.

2.1 Maximal chains containing at most k − 2 sets of F
In this subsection, we first show that a maximal chain cannot contain more than k sets
from any (n − 1)-trace k-Sperner families. Then we define maximal chains that contain
even less sets of one particular (n− 1)-trace k-Sperner family F .

Proposition 2.1. Let F be an (n−1)-trace k-Sperner family and let C ⊂ 2[n] be a maximal
chain. If n > k, then |F ∩ C| 6 k holds.

Proof. Indeed, if G1 ( G2 ( · · · ( Gk+1 ⊆ [n] holds, then either G1 or [n] \ Gk+1 is
non-empty or at least one of the sets Gi \ Gi−1 contains two elements. When omitting
an element from one such set, the traces of the Gi’s would still form a chain of length
k + 1.

Let F be an (n−1)-trace k-Sperner family. Let c−, c, c+ denote the number of maximal
chains C ⊆ 2[n] such that |F ∩ C| is less than k − 1, exactly k − 1, exactly k, respectively.
By Proposition 2.1, we know that c− + c + c+ = n! holds. Let Fk = {(F1, F2, . . . , Fk) :
F1 ( F2 ( · · · ( Fk, Fi ∈ F} denote the set of k-chains in F .

We will say that (F1, F2, . . . , Fk) ∈ Fk is of type I if |Fi+1 \ Fi| = 1 holds for all
1 6 i 6 k − 1 and (F1, F2, . . . , Fk) ∈ Fk is of type II-` if |Fi+1 \ Fi| = 1 holds for all
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1 6 i 6 `− 1 and |F`+1 \ F`| > 2. Note that

c+ =
∑

(F1,F2,...,Fk)∈Fk

(n− |Fk|)!
k∏
i=1

(|Fi| − |Fi−1|)!

where |F0| is defined to be 0.
Let (F1, F2, .., Fk) ∈ Fk be a k-chain of type I and x ∈ F1, z /∈ Fk. Then let us write

C(x, z, F1, F2, . . . , Fk) to denote the set of those maximal chains that contain (Fi− x) + z
for all 1 6 i 6 k and Fk + z. Note that if {x, z} 6= {x′, z′}, then C(x, z, F1, F2, . . . , Fk) ∩
C(x′, z′, F1, F2, . . . , Fk) is empty as the set of size |F1| in C(x, z, F1, F2, . . . , Fk) and the
set of size |F1| in C(x′, z′, F1, F2, . . . , Fk) are (F1 − x) + z and (F1 − x′) + z′, respectively.
Therefore writing C(F1, F2, . . . , Fk) =

⋃
x∈F1,z /∈Fk

C(x, z, F1, F2, . . . , Fk) we have

|C(F1, F2, . . . , Fk)| =
∑

x∈F1,z /∈Fk

|C(x, z, F1, F2, . . . , Fk)|

= |F1| · (n− |Fk|) · |F1|!(n− |Fk| − 1)! = |F1| · (n− |Fk|)!
k∏
i=1

(|Fi| − |Fi−1|)!

Lemma 2.2. Let (F1, F2, .., Fk) ∈ Fk be a k-chain of type I and x ∈ F1, z /∈ Fk. Then
for any C ∈ C(x, z, F1, F2, . . . , Fk) we have |C ∩ F| 6 k − 2.

Proof. Let C ∈ C(x, z, F1, F2, . . . , Fk) be a maximal chain. If C ∈ C with C ⊆ (F1−x)+z,
then C /∈ F as C|[n]−z ( F1|[n]−z ( · · · ( Fk|[n]−z would form a chain of length k + 1 in
F|[n]−z. Also, if C ⊇ Fk + z, then C /∈ F as F1, F2, . . . , Fk, C would form a (k + 1)-chain
even without omitting any element of the ground set [n].

Finally, it cannot happen that F ′i = (Fi − x) + z ∈ F holds for all 2 6 i 6 k as then
F1|[n]−x ( F2|[n]−x ( F ′2|[n]−x ( · · · ( F ′n|[n]−x would be a (k + 1)-chain in F|[n]−x.

Let (F1, F2, .., Fk) ∈ Fk be a k-chain of type II-` with 1 6 `, x ∈ F1, z /∈ Fk and σ
be a permutation of F`+1 \ F`. Then writing yi for the unique element of Fi+1 \ Fi for
1 6 i 6 ` − 1 and m = |F`+1 \ F`|, let C(x, z, σ, F1, F2, . . . , Fk) denote the set of those
maximal chains that contain all sets from

A1 = {Fi − x : 1 6 i 6 `},

A2 = {(F` − x) + σ1, F` + σ1, (F` + σ1) + σ2, . . . , F`+1 − σm, (F`+1 − σm) + z},

A3 = {Fj + z : `+ 1 6 j 6 k}.

Again, it is easy to see that for a fixed k-chain (F1, F2, . . . , Fk) of type II the sets of chains
C(x, z, σ, F1, F2, . . . , Fk) are pairwise disjoint, therefore writing C(F1, F2, . . . , Fk) =⋃
x∈F1,z /∈Fk,σ

C(x, z, σ, F1, F2, . . . , Fk) we have

|C(F1, F2, . . . , Fk)| =
∑

x∈F1,z /∈Fk,σ

|C(x, z, σ, F1, F2, . . . , Fk)| =
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|F1| · (n− |Fk|) · (|F1| − 1)!(n− |Fk| − 1)!
k∏
i=2

(|Fi| − |Fi−1|)! = (n− |Fk|)!
k∏
i=1

(|Fi| − |Fi−1|)!

Lemma 2.3. Let (F1, F2, .., Fk) ∈ Fk be a k-chain of type II-` with 2 6 `, x ∈ F1, z /∈ Fk
and σ as above. Then for any C ∈ C(x, z, σ, F1, F2, . . . , Fk) we have |C ∩ F| 6 k − 2.

Proof. Let C ∈ C(x, z, σ, F1, F2, . . . , Fk) be a maximal chain. If C ∈ C with C ⊆ F1 − x,
then C /∈ F , as then C ( F1 would hold and F would contain a (k + 1)-chain.

Note also that A2 ∩ C = ∅. Indeed, for any 1 6 j < |F`+1 \ F`| and writing Aj =
(· · · ((F` + σ1) + σ2) + · · · ) + σj we have F` ( Aj ( F`+1 and thus Aj and the Fi’s would
form a (k + 1)-chain. Also, the traces of A0 = (F` − x) + σ1 and the Fi’s would form a
(k + 1)-chain in F|[n]−x and the traces of Am = (F`+1 − σm) + z and the Fi’s would form
a (k + 1)-chain in F|[n]−z. (These two statements use the fact that m = |F`+1 \ F`| > 2.)

We obtained that C∩F might contain at most `−1 sets of A1 and some sets C1, . . . , Ct
containing F`+1 + z. Observe that t 6 k − ` − 1 as otherwise F1, . . . , F`+1 together with
C1, . . . , Ct would form a chain of length at least k+1. Therefore |C∩F| 6 `−1+k−`−1 =
k − 2 as stated by the Lemma.

2.2 The inequality c+ 6 c−

The aim of the present subsection is to prove the following lemma.

Lemma 2.4. Let F be an (n− 1)-trace k-Sperner family such that 4 6 |F | 6 n− 1 holds
for all F ∈ F . Then the inequality c− > c+ holds. Moreover, if there exists a k-chain
(F1, F2, . . . , Fk) ∈ Fk with 5 6 |F1| and |Fi+1 \ Fi| = 1 for all i = 1, 2, . . . , k − 1, then
c− > c+ holds.

Proof. We introduce further notation. First note that maximal chains are in a one-
to-one correspondence with permutations of the ground set [n] as with any maximal
chain C = {F0, F1, . . . , Fn} one can associate the permutation π = π(C) such that πi =
Fi \ Fi−1. The set of permutations corresponding to maximal chains in C(F1, F2, . . . , Fk),
C(x, z, F1, F2, . . . , Fk), and C(x, z, σ, F1, F2, . . . , Fk) will be denoted by π(F1, F2, . . . , Fk),
π(x, z, F1, F2, . . . , Fk), and π(x, z, σ, F1, F2, . . . , Fk), respectively. Permutations π ∈ Sn
belonging to π(x, z, F1, F2, . . . , Fk) for a k-chain of type I look like this

..................z.......................y1y2...yk−1x..................................... .

Knowing π, ind(x) and ind(z) we are able to recover the Fi’s by

Fi = ({πj : j 6 ind(x)− k + i− 1} − πind(z)) + πind(x).

Permutations π ∈ Sn belonging to π(x, z, σ, F1, F2, . . . , Fk) for a k-chain of type II-`
look like this

.....................y1y2....y`−1σ1xσ2....σm−1zσmY`+1....Yk−1................ .
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Just as for k-chains of type I, we are able to recover the Fi’s if we know π, ind(yi)
i = 1, . . . , `− 1, ind(x), ind(z), max{ind(y) : y ∈ Fj+1 \ Fj} j = `+ 1, . . . , k − 1.

For every k-chain (F1, F2, . . . , Fk) ∈ Fk we have defined a set of maximal chains that
contain at most k − 2 sets from F . To show that the union of these sets is large we
need to prove that there is not much of an overlap among them. We are not able to
fully establish such a result, but we manage to prove such statements for subsets of the
C(F1, F2, . . . , Fk)’s. For every k-chain (F1, F2, . . . , Fk) ∈ Fk of type I, let

π∗(x, z, F1, F2, . . . , Fk) = {π ∈ π(x, z, F1, F2, . . . , Fk) : ind(z) 6 ind(y1)− 2},

while for k-chains of type II-`, let π∗(x, z, σ, F1, F2, . . . , Fk) equal π(x, z, σ, F1, F2, . . . , Fk).
C∗(x, z, F1, F2, . . . , Fk) denotes the set of corresponding maximal chains and we obtain
π∗(F1, F2, . . . , Fk) and C∗(F1, F2, . . . , Fk) by taking union over all x ∈ F1, z /∈ Fk and σ
being a permutation of F`+1 \ F`. Clearly, for any k-chain of type I we have

|π∗(F1, F2, . . . , Fk)| = (|F1| − 2) · (n− |Fk|)!
k∏
i=1

(|Fi| − |Fi−1|)!

To make the reasoning in the previous paragraph more formal we need the following
final notation. For any maximal chain C let s∗(C,F) denote the number of k-chains
(F1, F2, . . . , Fk) in Fk such that C ∈ C∗(F1, F2, . . . , Fk) and let s∗(F1, F2, . . . , Fk) =
max{s∗(C,F) : C is a maximal chain with F1, F2, . . . , Fk ∈ C}. By Lemma 2.2, and
Lemma 2.3, we have

c− >
∑

(F1,F2,...,Fk)∈Fk

|C∗(F1, F2, . . . , Fk)|
|s∗(F1, F2, . . . , Fk)|

.

The next two claims will allow us to establish good upper bounds on s∗(F1, F2, . . . , Fk).

Claim 2.5. For any π ∈ Sn there exists at most two k-chains (F1, F2, . . . , Fk) of type I
in Fk such that π ∈ π(F1, F2, . . . , Fk) holds.

Proof of Claim. Let (F1, F2, . . . , Fk), (F
′
1, F

′
2, . . . , F

′
k) be k-chains of type I and π ∈ Sn

such that π ∈ π(x, z, F1, F2, . . . , Fk)∩π(x′, z′, F ′1, F
′
2, . . . , F

′
k). We will show that |ind(x)−

ind(x′)| = 1 and the claim will follow. Suppose first that ind(x) = ind(x′) and thus x =
x′, yi = y′i hold for all i = 1, 2, . . . , k−1. Then we must have ind(z) 6= ind(z′) as otherwise
the two k-chains would be the same. But then the traces F ′1|[n]−z′ , F1|[n]−z′ , . . . , Fk|[n]−z′
form a chain of length k + 1.

Suppose next that ind(x′)+2 6 ind(x). Then there is at most one j such that ind(z) =
ind(y′j) and therefore we have F ′1|[n]−z ( · · · ( F ′j|[n]−z ( F ′j+2|[n]−z ( · · · ( F ′k|[n]−z.
Furthermore if z 6= x′, then x′ ∈ Fk−1, Fk holds. Therefore, in any case, F ′k|[n]−z (
Fk−1|[n]−z ( Fk|[n]−z and thus F ′1|[n]−z ( · · · ( F ′j|[n]−z ( F ′j+2|[n]−z ( · · · ( F ′k|[n]−z (
Fk−1|[n]−z ( Fk|[n]−z would form a chain of length k + 1.

Claim 2.6. For any π ∈ Sn and 1 6 ` 6 k − 1 if π ∈ π∗(F1, F2, . . . , Fk) for some k-
chain (F1, F2, . . . , Fk) of type II-` in Fk, then for any other (F ′1, F

′
2, . . . , F

′
k) ∈ Fk we have

π /∈ π∗(F ′1, F ′2, . . . , F ′k).
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Proof of Claim. Let (F1, F2, . . . , Fk) ∈ Fk be a k-chain of type II-`, x ∈ F1, z /∈ Fk, σ a
permutation of F`+1 \ F` and π ∈ π(x, z, σ, F1, F2, . . . , Fk). Assume towards a contradic-
tion that π ∈ π∗(F ′1, F ′2, . . . , F ′k) holds for some other k-chain in Fk. We consider cases
according to the type of (F ′1, F

′
2, . . . , F

′
k). Before starting the case analysis let us introduce

the notation a for σ1 if (F1, F2, . . . , Fk) is of type II-1 and a = y1 otherwise. Similarly, let
a′ denote σ′1 if (F ′1, F

′
2, . . . , F

′
k) is of type II-1 and a′ = y′1 otherwise.

Case I: (F ′1, F
′
2, . . . , F

′
k) is of type I and π ∈ π∗(x′, z′, F ′1, F ′2, . . . , F ′k).

Suppose first that ind(a) 6 ind(a′)− 3.

......................
. . ... z′ ... y′`−1−h−2 y′`−1−h−1 y′`−1−h ...
y1 y2 ... yi ... y`−1 σ1 x ...

........................

Then if (F1, F2, . . . , Fk) is of type II-1, then {πj : j 6 ind(x)} = F1 + σ1 ⊆ F ′1 ∪ z′ and
thus F1|[n]−z′ ( F ′1|[n]−z′ ( · · · ( F ′k|[n]−z′ would contradict the (n − 1)-trace k-Sperner
property of F . If (F1, F2, . . . , Fk) is of type II-` with ` > 2, then ind(x) < ind(y′`−1) and
thus F` − z′ ( F ′`−1 = F ′`−1 − z′ holds. Therefore the traces of F1, . . . , F`, F

′
`−1, F

′
`, . . . , F

′
k

on [n]−z′ form a chain and at most two of them may coincide (if z′ = yi for some i 6 `−1)
which would still give us a chain of length k + 1.

Suppose next that ind(a) = ind(a′)− 2.

......................
z′ ... . . ... y′`−3 y′`−2 y′`−1 ...
. ... y1 y2 ... y`−1 σ1 x ...

........................

Again, if (F1, F2, . . . , Fk) is of type II-1, then {πj : j 6 ind(x)} = F1 + σ1 ⊆ F ′1 ∪ z′ and
thus F1|[n]−z′ ( F ′1|[n]−z′ ( · · · ( F ′k|[n]−z′ would contradict the (n − 1)-trace k-Sperner
property of F . If (F1, F2, . . . , Fk) is of type II-` with ` > 2, then ind(x) = ind(y′`−1) and
thus F` − z′ ( F ′` = F ′` − z′ holds. Note that the condition π ∈ π∗(F ′1, F ′2, . . . , F ′k) implies
that ind(z′) < ind(a) and thus z′ ∈ Fi for all i = 1, 2, . . . , k and the traces Fi|[n]−z′ are all
distinct. Therefore the traces of F1, . . . , F`, F

′
`, . . . , F

′
k on [n] − z′ form a chain of length

k + 1 which contradicts the (n− 1)-trace k-Sperner property of F .
Finally suppose that ind(a) > ind(a′) − 1. Then the largest index i belonging to an

element of Fk \ Fk−1 is strictly larger than ind(x′). Indeed, as (F ′1, F
′
2, . . . , F

′
k) is of type

I we have ind(x′) = ind(a′) + k − 1, while since (F1, F2, . . . , Fk) is of type II-`, we have
ind(x), ind(z) < i, |F`+1 \ F`| > 2 and thus ind(a) + k + 2 6 i. From the inequality
ind(x′) < i it follows that

• if (F1, F2, . . . , Fk) is of type II-(k−1), then ind(z) = i−1 > ind(x′) holds. Therefore
we have F ′k − x′ ( Fk − x′ and thus the traces of F ′1, F

′
2, . . . , F

′
k, Fk on [n]− x′ form

a chain of length k + 1 (note that x′ is contained in all F ′j ’s and therefore omitting
x′ does not effect their strict containment),

• if (F1, F2, . . . , Fk) is of type II-` for some ` < k−1, then x′ ∈ Fk−1, Fk or x′ = z holds
and thus we have F ′k|[n]−z ( Fk−1|[n]−z ( Fk|[n]−z, where the first strict containment
follows from z′ /∈ F ′k, z′ ∈ Fk−1. As omitting z can make at most two of the traces of

the electronic journal of combinatorics 20(1) (2013), #P32 8



the F ′j ’s coincide, k − 1 of these traces together with Fk−1|[n]−z, Fk|[n]−z would still
form a chain of length k + 1 contradicting the (n − 1)-trace k-Sperner property of
F .

Case II: (F1, F2, . . . , Fk) and (F ′1, F
′
2, . . . , F

′
k) are both of type II-`.

Suppose π ∈ π∗(x, z, σ, F1, F2, . . . , Fk)∩ π∗(x′, z′, σ′F ′1, F ′2, . . . , F ′k). Let us first assume
that ind(a) > ind(a′) + 1 and thus ind(x′) 6 ind(y`−1) and therefore σ′1, x

′ ∈ F` hold.
Consequently, F ′` ( F` holds and hence F ′1, . . . , F

′
`, F`, . . . , Fk form a chain of length k+1.

Assume next that ind(a) = ind(a′) + 1.

......................
. y1 ... y`−2 y`−1 σ1 ...
y′1 y′2 ... y′`−1 σ′1 x′ ...

........................

Then we have x′ = σ1 and σ′1 ∈ F` holds, thus we have F ′`|[n]−x′ ( F`|[n]−x′ . Therefore, as
x′ ∈ F ′i for all i and x′ ∈ Fj for all j > `+ 1, we obtain a chain F ′1|[n]−x′ ( · · ·F ′`|[n]−x′ (
F`|[n]−x′ ( · · · ( Fk|[n]−x′ of length k + 1.

Assume finally that a = a′ and thus x = x′. Suppose first that ind(z′) < ind(z). Then
F ′1|[n]−z ( F ′`+1|[n]−z ( F`+1|[n]−z ( · · · ( Fk|[n]−z is a chain of length k + 1.

Suppose then that x = x′, z = z′. Therefore there must exist j > ` + 2 such that
the largest index of an element in Fj is different, say larger, than the one in F ′j . Indeed,
otherwise (F1, F2, . . . , Fk) and (F ′1, F

′
2, . . . , F

′
k) would be the same. Let j0 be the smallest

such number. Then F ′1, . . . , F
′
j0
, Fj0 , . . . , Fk form a chain of length k + 1.

Case III: (F1, F2, . . . , Fk) is of type II-` and (F ′1, F
′
2, . . . , F

′
k) is of type II-`′ for some

`′ 6= `.
First we claim that |ind(a)− ind(a′)| 6 1. Suppose not and, say, ind(a) + 2 6 ind(a′).

If (F1, F2, . . . , Fk) is of type II–1, then F1 ( F ′1 and thus F1, F1, . . . , Fk form a chain of
length k + 1 contradicting the (n − 1)-trace k-Sperner property of F . If (F1, F2, . . . , Fk)
is of type II-` for some ` > 2, then F1 − x, F2 − x ⊆ F ′1. If x = x′, then F1 ( F ′1 and F1

together with all the F ′js form a chain of length k + 1. If x 6= x′, then F2 − x ( F ′1 holds,
and as omitting x may make at most two F ′js coincide, the F1|[n]−x, F2|[n]−x and k − 1
different F ′j|[n]−x’s would form a chain of length k + 1.

By symmetry wlog we may assume ` > `′. By the above we have to consider three
cases according to ind(a)− ind(a′) = 0,±1.

Subcase III/A: ind(a) = ind(a′).
If ` = `′ + 1, then x′ = σ1 holds. Therefore omitting x′ we have F ′1|[n]−x′ ( F1|[n]−x′ (

· · · ( Fk|[n]−x′ a chain of length k + 1.
If ` > `′ + 2, then F1 − x ( F ′1 and F ′`′ + σ′1 = F`′+2 − x ⊆ F ′`′+1 hold.

......................
y1 ... y`′−1 y`′ y`′+1

y′1 ... y′`′−1 σ′1 x′
........................

Furthermore F`′+2 − x = F ′`′+1 if and only if |F ′`′+1 \ F ′`′| = 2 and x = σ′2. In this case all
F ′i |[n]−x’s are different and hence F1|[n]−x ( F ′1|[n]−x ( · · · ( F ′k|[n]−x is a (k + 1)-chain.

the electronic journal of combinatorics 20(1) (2013), #P32 9



Otherwise we would obtain a (k + 1)-chain by F1|[n]−x ( F ′1|[n]−x ( · · · ( F ′`′ |[n]−x (
F`′+2|[n]−x ( F ′`′+1|[n]−x and adding all but at most one further F ′j|[n]−x.

Subcase III/B: ind(a) = ind(a′)− 1.
If ` = `′ + 1, then x = x′ holds and thus F1, F

′
1, . . . , F

′
k form a chain of length k + 1.

If ` > `′ + 2, then we have |F`′+2 \ F`′+1| = 1 and σ′1 = y`′+1.

......................
y1 y2 ... y`′ y`′+1 ... x
. y′1 ... y′`′−1 σ′1 ... .

........................

Therefore F`′+2 − x ( F ′`′+1 and as at least k − `′ − 1 of F ′`′+1, . . . , F
′
k form a chain even

after omitting x, the traces of these and those of F1, . . . , F`′+2 on [n] − x would form a
chain of length k + 1.

Subcase III/C: ind(a) = ind(a′) + 1.

......................
. y1 ... y`′−2 y`′−1 y`′ ... x
y′1 y′2 ... y′`′−1 σ′1 x′ ... .

........................

Then σ′1 = y`′−1, x
′ = y`′ and ind(x′) < ind(x). Thus F ′1|[n]−x′ ( · · · ( F ′`′ |[n]−x′ (

F`′−1|[n]−x′ ( F`′ |[n]−x′ ( F`′+2|[n]−x′ ( · · · ( Fk|[n]−x′ would be a chain of length k + 1
contradicting the (n− 1)-trace k-Sperner property of F .

By Claim 2.5 and Claim 2.6 we obtain s∗(F1, F2, . . . , Fk) 6 2 if (F1, F2, . . . , Fk) ∈ Fk
is of type I and s∗(F1, F2, . . . , Fk) = 1 if (F1, F2, . . . , Fk) ∈ Fk is of type II-` for any
1 6 ` 6 k − 1. Therefore by Lemma 2.2 and Lemma 2.3 we have

c− >
∑

(F1,F2,...,Fk)∈Fk

|C∗(F1, F2, . . . , Fk)|
|s∗(F1, F2, . . . , Fk)|

>
∑

(F1,F2,...,Fk)∈Fk

type I

(|F1| − 2)(n− |Fk|)!
2

k∏
i=1

(|Fi| − |Fi−1|)!

+
∑

(F1,F2,...,Fk)∈Fk

type II

(n− |Fk|)!
k∏
i=1

(|Fi| − |Fi−1|)!

>
∑

(F1,F2,...,Fk)∈Fk

(n− |Fk|)!
k∏
i=1

(|Fi| − |Fi−1|)! = c+

The moreover part of the statement follows as if |F1| > 5 for some (F1, F2, . . . , Fk) ∈ Fk
of type I, then for that particular summand we have at least a 3/2 fraction more than
what we need.

Corollary 2.7. Let F be an (n − 1)-trace k-Sperner family such that 4 6 |F | 6 n − 1
holds for all F ∈ F . Then the inequality∑

F∈F

1(
n
|F |

) 6 k − 1
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holds. Moreover, if there exists a k-chain (F1, F2, . . . , Fk) ∈ Fk of type I with 5 6 |F1|,
then the inequality is strict.

Proof. Let us count the pairs (F, C) where C is a maximal chain and F ∈ F ∩ C. On
the one hand the number of such pairs is

∑
F∈F |F |!(n − |F |)!, on the other hand this

is at most k · c+ + (k − 1)c + (k − 2)c− which is, by Lemma 2.4, at most (k − 1) · n!.
Dividing by n! gives the statement and the moreover part follows from the moreover part
of Lemma 2.4.

2.3 Finishing the proof

Proof of Theorem 1.3. Let F ⊆ 2[n] be an (n − 1)-trace k-Sperner family and suppose
first that there exists a set F ∈ F with |F | = 0, 1, 2, 3 or n. If F = ∅ or [n], then
F ′ = {F ∈ F : 2 6 |F | 6 n − 2} is (n − 1)-trace (k − 1)-Sperner. Indeed, the trace
[n]|[n]−x = [n] − x always strictly contains the trace of any set of size at most n − 2 and
the trace ∅|[n]−x = ∅ is always strictly contained in the trace of any set of size at least
two. Therefore any k-chain in F ′|[n]−x could be extended to a (k + 1)-chain in F|[n]−x.
Using Theorem 1.2 if k > 3 we obtain that |F ′| 6 (1 + O( 1

n1/3 ))Σ(n, k − 2) and thus
|F| 6 2 + 2n + (1 + O( 1

n1/3 ))Σ(n, k − 2), which is strictly less than Σ(n, k − 1) if n is
large enough, while if k = 2 then Theorem 1.4 gives that |F ′| 6 O( 1

n
Σ(n, 1)) and thus

|F| < Σ(n, 1) if n is large enough.
Suppose next that there exists F0 ∈ F with 1 6 |F0| 6 3. For every subset S of F0,

let us write FS = {F ∈ F : F ∩ F0 = S, 5 6 |F | 6 n− 1}. Observe that for any S ⊆ F0

the family FS|[n]\F0 is (n− |F0| − 1)-trace k-Sperner and |FS| = |FS|[n]\F0|. Therefore, by
Theorem 1.2, we obtain |FS| 6 (1 + o(1))Σ(n− |F0|, k − 1) = (1/2|F0| + o(1))Σ(n, k − 1).
Furthermore, the family FF0|[n]\F0 is (n−|F0|−1)-trace (k−1)-Sperner. Indeed, as |F0| 6 3
and all sets in FF0 have size at least five, we have F0|[n]−x ( F |[n]−x for any F ∈ FF0 and
x ∈ [n] and thus adding F0|[n]−x to any k-chain in FF0|[n]−x would create a (k + 1)-chain
in F|[n]−x. If k > 3, then Theorem 1.2 yields |FF0| 6 (1 + o(1))Σ(n − |F0|, k − 2) =
(1/2|F0| + o(1))Σ(n, k − 2) = ( k−2

(k−1)2|F0| + o(1))Σ(n, k − 1), and thus

|F| 6
4∑
i=1

(
n

i

)
+
∑
S⊆F0

|FS| < Σ(n, k − 1),

provided n is large enough. If k = 2, then Theorem 1.4 gives that |FF0| 6 O( 1
n
Σ(n −

|F0|, 1)) and thus

|F| 6
4∑
i=1

(
n

i

)
+

(
2|F0| − 1

2|F0|
+ o(1)

)
Σ(n, 1) < Σ(n, 1)

if n is large enough.

We are left with the case when F does not contain any set of size 0, 1, 2, 3 or n.
Corollary 2.7 yields the statement |F| 6 Σ(n, k − 1) and also the uniqueness of the
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extremal family if n + k is even. If n + k is odd, then F must contain only sets of size
between bn−k+1

2
c and dn+k−1

2
e and thus cannot contain sets of size four if bn−k+1

2
c > 5

holds. By the moreover part of Corollary 2.7, F cannot contain a k-chain of type I with
even the smallest set having size at least five. The sizes of the largest and smallest set
of a k-chain of type II must differ by at least k and thus at least one of them is outside
the interval between bn−k+1

2
c and dn+k−1

2
e. We obtained that an (n− 1)-trace k-Sperner

family of size Σ(n, k− 1) must be (k− 1)-Sperner. Then the uniqueness follows from the
uniqueness part of Erdős’s result.
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