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The aim of this paper is give upper bounds on the number of matchings in Pfaffian
graphs using the Hadamard-Fischer determinant inequality. Let G = (V, E) be a simple
undirected graphs with the sets of V' vertices and E edges. Denote by d(v) the degree of
v € V; A(G) := max{d(v),v € V}; perfmat G the number of perfect matches in G; K,, a
complete graph on n vertices; C,, a cycle on n vertices. The simplest result of this paper
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can be stated as follows. Assume that G is a planar graph, or more generally Pfaffian.
Then
perfmat G < H d(v)7. (1.1)
veV

We show that if A(G) > 3 then the above inequality is stronger than the upper bound
given in [1]. Next we show that the above upper bound is sharp for the following d-
regular connected planar graphs. For d = 3 two planar graphs: K, and Cy x K, (the
direct product of Cy and K,). For d = 4: a unique planar graph called octahedron, (a
complement of a perfect match in K4 and hence planar). The rest of the paper is devoted
to improvements of (1.1).

We survey briefly the contents of this paper. In §2 we recall the basic notions and
results we use in this paper. In §3 we apply Hadamard’s determinant inequality to give an
estimate on the sum of weighted perfect matches in a Pfaffian graph with weighted edges.
We also give upper bounds on perfect matchings in planar graphs with a planar girth
¢, (which is not less than the girth of the graph.) In §4 we discuss examples where the
inequality (1.1) is sharp for 3 and 4-regular Pfaffian graphs. In §5 we give upper bounds
on the number of perfect matchings in a Pfaffian graph G = (V, F)) with no 4-cycles, in
terms of the maximal match in the derived graph G’ = (V, E'), where (u,v) € E’ if and
only if there is a path of length 2 in G. In §6.1, we introduce circular and semi-circular
graphs and describe some classes of fullerene, (cubic graphs with pentagon and hexagon
faces), which have circular graph structure. In §6.2, the most technical section of this
paper, we derive upper bounds of the number of perfect matches in semi-circular graphs
with no 3 and 4-cycles. As a corollary we show that a fullerene graph G nontrivial cyclic

5-edge cut satisfies perfmat G < 2057 .

2 Basic notions and results

In this section we state our notation and recall some known results that will be used in
this paper. Denote n := |V| the number of vertices; m := |E| the number of edges; A(G)
the adjacency matrix of G; K, , a complete bipartite r-regular graph on 2r vertices.

Let G' = (V', E') be another graph. Then the cartesian product of the graphs G and
G’, denoted by G x G’ = (V x V', E), is defined as follows. ((u,u), (v,v')) € E if and only
if the following conditions hold. Either u = v and (v/,v") € E' or v/ =" and (u,v) € E.

Let G = (V, E) be a simple graph. Identify V' with [n] := {1,...,n}. Orient each
edge e € E. Then the skew symmetric adjacency matrix of S(G) = [si;]7;—; is defined
as follows. s;; = 0 if the undirected edge (i, j) is not in E. Assume that the undirected
edge (¢,7) is in E. Then s;; = 1 if the oriented edge goes from the vertex i to vertex j.
Otherwise s;; = —1. Note that A(G) = [|si;]].

Let n be even an denote n’ := 7. A perfect match M in G is a collection of n’ edges
in G which do not have a common vertex. Denote by M(G) the set of perfect matches
in G. Then perfmat G = |[M(G)|.

Let w: E — Ry := [0,00) be the weights of the edges E. Denote G, := (V, E,w)
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the weighted graph. Then A(G,) = [w(u,v)]ywev is the weighted adjacency matrix of
G, where w(u,v) = 0 if the edge (u,v) ¢ E. Denote by dy(v) := 3, (, ,epw(u,v) the
weighted degree of v € V. Direct the edges of G. Then the corresponding weighted sign
adjacency matrix is S(Gy) = [s(u, v)]uvey is a skew symmetric matrix, where s(u,v) > 0
if the oriented edge is from u to v.

Let M € M(K,). Then M = {(i1,j1),.--, (in, Ju)} wWhere {i1,71,... 00, Jw} = [0].
We will assume that iy < ji for k € [n/] and 1 <4y <ip < ... < i,y < n. Associate with
M the following permutation oy : [n] = [n]: 1 = 41,2 = j1,...,n— 1 = iy, n — jur.

Let W = [wy]};—; be a symmetric matrix with zero diagonal. The Haffnian of W is
defined as

haf W = Z Wiygy + - win’jn/. (21)
{(i1,01)s 5 (it G ) }EM(K )

Clearly, the entries of W can be identified with the weights of edges in K,. Then
perfmat (K,), := haf W is the sum of all weighted perfect matches of (K,,),. Assume
that w;; = 01if (4, j) is not an edge in E. Then W represents G, and perfmat G,, := hat W
is the sum of all weighted perfect matches of G,.

Let S = [sy]};=; be a skew symmetric matrix. Recall the definition of the Pfaffian of

S
pfaf S = Z sign(oar)sig, - - Si - (2.2)
{G1.51)5 5 (i G ) Y EM(KR)
Recall the well known formula det S = (pfaf S)%. We now state a well known result and
bring its proof for completeness.

Lemma 1. Let G = (V, E) be a simple graph on even number of vertices. Let w : E —
(0,00). Then
det S(G,,) < (perfmat G,,)*. (2.3)

Equality holds if and only if sign(oy) = sign(opy) for any M, M' € M(G).

Proof. Clearly |pfaf S(G,)| < perfmat G,,. Since each edge in G has a positive weight it
follows that equality holds if and only if sign(oy,) = sign(oy) for any M, M’ € M(G).
As det S(G,,) = (pfaf S(G,))? we deduce the lemma. O

A graph is called Pfaffian if there is an orientation of E such that det S(G) =
(perfmat G)%. We call such orientation a Pfaffian orientation. It was shown by Kasteleyn
[10] that every planar graph is Pfaffian. Recall that an orientation of F is Pfaffian if and
only if the following condition hold. Let C' be an even cycle of G. If the subgraph G\ C
has a perfect matching then C' has an odd number of edges directed in either direction
of the cycle. An example of a Pfaffian nonplanar graph is Ky x Ks. See [19] for a recent
review on Pfaffian graphs. Assume that G is Pfaffian. It is straightforward to see that for
a Pfaffian orientation and any w : E — [0, 0c0) we have equality in (2.3).

Let B = [buy]uvev be a real symmetric nonnegative definite matrix of order |V'|, which
is denoted by B > 0. The generalized Hadamard-Fischer inequality, abbreviated here as
H-F inequality, states

det B[U UW]det BlU N W] < det B[U]det B[W] where U,WW C V. (2.4)
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Here det B[] = 1. (See for example [8] and references therein.) Assume that UNW = ().
Furthermore if the left hand-side of (2.4) is positive then equality holds if and only if
B[UUW] is a block diagonal matrix diag(B[U], B[W]). The above inequality for UNW = ()
is equivalent to the Hadamard-Fischer inequality.

l
det B < [ [ det B[U}], (2.5)
=1

where U!_,U; is a partition of V into a union of nonempty disjoint sets. In particular
Hadamard’s determinant inequality for B > 0 is

det B < [ bus. (2.6)

veV

If all diagonal entries of B are positive then equality holds if and only if B is a diagonal
matrix.

We apply our result for fullerene graphs. Fullerenes are famous chemical graphs that
were introduced by Harold Kroto, Richard Smalley and Robert Curl in 1985 and in 1996.
The Nobel prize of Chemistry was awarded to them for discovery of fullerenes. Fullerene
graph is a planar cubic graph whose faces are pentagons or hexagons. Let F, be a
fullerene with n vertices. The smallest fullerene is F5q is called dodecahedron, which
consist of twelve pentagons and no hexagon. Let p and h be the number of pentagons and
hexagons in fullerene graph with n vertices and m edges. By Euler’s formula we have:
p=12,n = 2h + 20, m = 3h + 30.

Fullerenes are a special case of planar bridgeless graphs. Recall the Lovasz-Plummer
conjecture which claims that perfmat G is exponential in n for every cubic bridgeless graph
[17, Conjecture 8.1.8]. It is a generalization of the Erdds-Rényi conjecture for 3-regular
bipartite graphs [4], which was proved independently by Friedland [7] and Voorhoeve
[20]. The Lovasz-Plummer conjecture for planar graphs was proved by Chudnovsky and
Seymour [3], (the preprint was available in 2008), and the complete conjecture was demon-
strated by Esperet-Kardos-King-Kral-Norine [5]. A stronger lower bound for the number
of perfect matchings in fullerenes are given in [11].

3 Upper bounds on perfect matchings in Pfaffian
graphs

Theorem 2. Assume that n is even, G has a Pfaffian orientation and w : E — [0, 00).
Then

perfmat G, < H(dw,g(v))%, dyo(v) = Z w(u, v)?. (3.1)

veV u,(uw)EE

In particular (1.1) holds.
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Proof. Assume that B = S(G,,)S(G,)" = —S(G,)?. Note that B[{v}] = dy2(v). Hada-
mard’s determinant inequality yields that det B < ], oy dw2(v) and det B = det(S(G))? =
(perfmat G,,)*. This relation yields the theorem. O

We next recall the upper bound on then number of perfect matchings in G given in
[1], which was mentioned in the Abstract as generalized Bregman’s inequality.

1

perfmat G < H(d(v)!)2d<“>. (3.2)

veV

Equality holds if and only if GG is a union of complete regular bipartite graphs.
Clearly (d!)Tld = d1 for d = 1,2. For an integer d > 3 we have the following inequality.

Lemma 3.

~—

(d)2i >di ford=3,.... (3.3

Proof. Stirling’s formula for d! implies the inequality (d!)é > 4. Next observe that Vi <
for d > 8. One easily verifies that (3.3) holds for d =3,...,7.

o

As perfmat K, , = r! we deduce a well known result.
Corollary 4. K, , is not Pfaffian for r > 3.

Recall that the girth g(G) of a graph G is the length of the shortest cycle in G. Let
G be a planar connected graph which is not a tree. We define a planar girth of G as
follows. Assume that we have a realization of G' as a partition of the plane to f faces
Fy, ..., Fy including the unbounded face. Denote by ¢(F;) the length of the face F;. Then
the maximum value of min ¢(F;) for all possible realization of G as a planar graph is called
the planar girth of G, and is denoted by ¢'(G). A realization of G where ¢'(G) is the
minimal length of the faces is called an optimal realization. It is easy to construct an
example of a connected planar graph G with ¢(G) = 3 and ¢'(G) > 3. Let ¢'(T) = oo
for a tree. For a nonconnected planar graph G we define ¢’'(G) to be the minimum of the
planar girths of its connected components.

The following result is probably well known and we bring its proof for completeness.

Lemma 5. Let G be a planar graph with a finite planar girth g'. Then

/

9
<
m s

(n—2). (3.4)

Equality holds if and only if G is connected, and there exists an optimal realization of G,
such that each face, including the outside face, is bounded by a cycle of length ¢’ > 3.

Proof. Assume that G is connected. Let Fi, ..., Fy be the f faces of an optimal realization
of G. Euler’s formula states f—m+n = 2. Clearly 2m = sz:1 g(F) = df=d2+m—n),
which ir/nplies (3.4). Assume that G has [ connected components G;,i = 1,...,l. Then
m; < g,gj(ni —2) if G; has a cycle. If G; has no cycle, i.e. G; is a tree, then m; = n; — 1.
This implies (3.4). The equality case follows straightforward. O
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Theorem 6. In every planar graphs with a finite planar girth g’ the number of perfect

matchings are less than (933/2)%. In particular, if ¢ > 3, i.e. there is a realization of G

such that each face is not a triangle, then the number of perfect matchings is less than 2% .

. . 24 . .
Proof. Apply the AM-GM 1nequahlty and the fact that the sequence (1 — 7)2 is an in-
creasing sequence converging to e~2 to deduce

1 2moa  2¢(n—2)n 1, 29 | n
fmat G < d <(—)1 < (——)1 < : 3.5
partuat G < [Jao)! < 9 < (GG <L 69
24’ . . . . n
If ¢ > 4 then g,z 5 < 4 and the above inequality implies that perfmat G < 22. m

4 Sharp upper bounds on 3 and 4-regular Pfaffian
graphs

Let ¢(k,G) be the number of matches which cover 2k vertices of G. Define G x Ko,
the cartesian product of G and K, as two copies of G where we join by an edge two
copies of each vertex v € V. It is easy to show that Cy x Kj is a planar graph. Clearly
perfmat Cy = 2, perfmat K, = 3. Hence

perfmat (Cy x Ky) = perfmat (Cy)* + ¢(1,Cy) + 1 =4+4+1=3%  (4.1)
perfmat (K, x Ks) = perfmat (K;)? + ¢(1,Ky) +1=9+6+1=4> (4.2

It is well known that K x K, is Pfaffian [19].

Theorem 7. Let G = (V, E) be a 3-regular simple Pfaffian graph. Then the number of

perfect matchings in G is not more than 3%, Fora planar 3-regular graph G equality
holds if and only if G is a disjoint union of copies of Ky or Cy X Ks.

Proof. Hadamard’s determinant inequality gives the upper bound. To discuss the equality
case for a planar graph G it is enough to show that each connected component H of G is
either K, or Cy x K;. Since the graph is simple, each H contains at least 4 vertices. If H
has 4 vertices then H = K,. Assume to that H = (V4, E;) contains more than 4 vertices.

Since we assumed that det S(H) = 3 it follows that S(H)? = —3I, where I is the
identity matrix. This means that if there is a path of length two connecting two vertices
u,v € V) then we have exactly another path from u to v, as H is 3-regular. Consider
the faces generated by the planar graph H. Suppose first that we have a face bounded
by a triangle with vertices u,v,w. Since there is a path of length two between any two
vertices of this triangle, each edge of this triangle must be bounded by another triangle.
The assumption H is 3-regular implies that H = K}, contrary that H has more than 4
vertices.

So ¢'(H) > 4. Suppose there is a face F} of H of which is bounded by a cycle of
length 5 at least. Take three consecutive points u; — us — us on this cycle. Since the
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distance from u; to us is 2 H contains another path of length two between u; and wus,
namely u; — v — uz. This path must lie on one or two adjacent faces of H to F}. Since
the degree of u, is 3 this path lies on two adjacent triangles with vertices wuq, ug, v and
ug, v, uz. This contradicts our claim that ¢’(H) > 3. Hence each face of H is bounded by
a 4-cycle. Take one compact face F; bounded by the 4-cycle u; — us — ug — ugy — uq. Since
the degree of each vertex of H is 3 there must be another adjacent face of F} bounded by
the cycle u; — us — v1 — v9 — uq, call it F5. Since the distance between v; and ug is 2 we
must have a 4-cycle uz — us — v1 — v3 — ug which bounds the face F3 adjacent to F; and
F5. Similarly, we must have a 4-cycle uy — u; — v3 — v4 which bounds the face F adjacent
to F1 and Fy. Note that vs # vy. Since the dist(vg, v3) =dist(vy,v4) = 2 we must have an
edge v3 — vy in H. Then H = Cy X K. ]

The octahedron graph, denoted by O, is a 4-regular graph with 6 vertices. It is
obtained from Kjg by deleting 3 edges forming a complete match. Hence O is unique
up to an isomorphism. It is easy to see that O is planar. A straightforward calculation
shows that perfmat O = 8. Indeed, recall that perfmat Kg = 15. Take a perfect match
M in Kg and count all matches in Kg which contain at least one edge from M. One
match is M. All other matches contain exactly one edge from M. Let (u,v) € M. Then
3 = perfmat K} is the number of matches in Ky containing (u,v) € M. One of them is
M. Hence the number of all matches in Kg which contain (u,v) and no other edges from
M is 2. Thus perfmat O = 15— (1 +3 x 2) =8.

Let G be a connected 4-regular planar graph with more than 6 vertices. In [15, §2] it
is shown that every 4-regular connected planar graph GG on more than 6 vertices contains
one of the configurations A, B, C, or D. In particular, it follows that not all the faces of
G are triangles.

Theorem 8. Let G = (V, E) be a 4-regular simple Pfaffian graph on an even number of

vertices. Then the number of perfect matchings is not more than 4%, For planar graphs
equality holds if and only if G is a disjoint union of copies the octahedron graph.

Proof. The inequality perfmat G' < 22 follows from Hadamard’s determinant inequality.
Equality holds if and only if S(G)? = —41. As the number of perfect matches in O is 2
to the power of a half of the vertices we deduce that S(O)* = —41.

Let G be a 4-regular planar graph which satisfies S(G)? = —4I. The inequality (2.3)
implies that the orientation inducing S(G) is Pfaffian. Hence each connected component
H of G satisfies S(H)? = —4I. Furthermore S(H) is a Pfaffian orientation of H and

perfmat H = 95 Assume to the contrary that H = (V4, Ey) is not O, i.e. |V;| > 8.
Observe next that the equality S(H)? = —41 implies the following condition. Assume
that there is a path of length two connecting two vertices u,v € Vi. Then we have either
one or three additional paths of length two from u to v, as H is 4-regular. Theorem 6
implies that ¢'(H) = 3. Take a face F; of H which is a triangle which vertices vy, vs, v3.
As in the proof of Theorem 7 each neighboring face F; is a triangle. Hence all faces of H
are triangles. This contradicts the theorem of [15]. O
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Note that K, x K5 is a 4-regular connected nonplanar Pfaffian graph for which the
number of matchings is 4. We do not know of other examples of 4-regular connected
nonplanar Pfaffian graph for which the number of matchings is 47

5 Applications of H-F inequality to Pfaffian graphs

Theorem 9. Let G = (V, E) be a Pfaffian connected graph. Denote by G' = (V, E') be
the induced graph by G, where (u,v) € E’ if and only if there exists a path of length 2
between u and v in G. Let M' be a match in G'. Assume that G does not have 4-cycles.

Then
perfmat G < ( [[ (dwdw) —1)i( [ = dw))7. (5.1)

(u,v)eM’ veV\V (M)

Proof. Consider the matrix B = —S(G)? = 0. Let B = —S(G)? = [buy)uvev. Assume
that u # v. The assumption that B has no 4-cycles means that b,, = £1 if there exists a
path of length 2 between u and v and otherwise b,, = 0. Clearly, b,, = d(u). Associate
with M’ the following partition of [n]. With each pair (u,v) € M’ associate J,,, := {u, v}.
For all vertices w € V not covered by M’ we associate J,, = {w}. Apply (2.5) to deduce
(5.1). O

One can use the following proposition to estimate |M’|.

Proposition 10. Assume that G = (V, E),n = |V| is a connected graph with a path of
length | > 3. Then the induced graph G' given in Theorem 9 has a match M’ of cardinality
2|L] and | L] if 1 is even or odd respectively.

It is conjectured that any fullerene graph has a hamiltonian cycle. It is known that
any fullerene graph has a cycle of length 22=* at least [13].

Corollary 11. Assume that G = (V, E) is a fullerene graph. Then perfmat G is bounded
above by the following quantities.

8% if G has a hamiltonian cycle and n is divisible by 4

n—2

8%5 V3 if G has a hamiltonian cycle and n is not divisible by 4 (5.2)
| Bn=4
gilgt 3tz
Theorem 12. Every cubic Pfaffian graph with n vertices, which has a perfect match and
no 4-cycles, has at most 812312 perfect matching.

Proof. Let M be a perfect match in G. Then the complement of M in G is a union of
spanning cycles Cy,,...,C,, . Each even cycle Cp, induces a match of order 2% | in the
induced graph G’. Each odd cycle €}, induces a match of order pjT_l in the induced graph
G'. Let M’ be a match in G’ induced as above by the cycles C,,,...,C,,. The smallest
M" will be obtained when each p; = 3. So |[M’| > %. Apply Theorem 5.1 to deduce the
theorem. O
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6 Circular and semi-circular graphs

6.1 Definition and properties

A connected planar graph G = (V, E) is called semi-circular if G can be obtained as
follows. Draw k& > 1 circles Oy, ..., Oy in the plane of radii 0 < r; < ... < 7 centered
at the origin. At each circle j we assume that we have m; > 3 vertices for j = 1,... &,
denoted as U; C V. The subgraph of G(Uj) is the cycle C,,; given by O; and the vertices
U, for j € [k]. In addition connect some vertices in two adjacent circles U; and U4
such that the corresponding edges lying in the annulus r; < v/22 + 2 < ;41 and do not
intersect in the interior r; < v/x? + y? < rj41, fori =1,... k—1. The rest of the vertices
Vo of G lie inside the open disk 2 + y? < ry. So G(U; U Vp) is a connected planar graph
whose vertices and edges lie in the closed disk 2% + 3? < r;. (Since G is connected we
assume that we have at least one edge connecting the sets V; and V;,; fori € [k —1].) A
semi-circular graph is called circular if V) = ().
The following characterization of a semi-circular graph is straightforward.

Lemma 13. A connected planar graph G is semi-circular if and and only if it can be
realized in the plane as follows. Assume that G = (V, E) induces f — 1 bounded faces
Fi,...,F;—1 and an unbounded face Fy in R?. Then there exists a following sequence of
subgraphs of G: G = Gy, = (Vi Ey) ; Gro1= Vi1, Ex1) 2 2 G1 = (Vi, Ey) with the
following properties. The bounded faces of each G; are F;,j € A;, where Ay = [f — 1] ;
A1 2 .. 2 AL # 0. The unbounded face of G; is a cycle Cy,,, where m; = 3. Vi_y are
all the vertices of V' contained in the interior of Ujea, Fj, for j = k,...,1. Furthermore
G s circular if Vo = 0.

Clearly, any connected planar graph with edges and no bridges is a semi-circular graph
with £ = 1. So a really interesting semi-circular graphs is a graph where 1} is a relatively
small set in V. Available representations of 26, 70 fullerene graphs are only semi-circular
with a relative small V. The 20, 24,60 fullerene graphs are circular graphs. Figure 1
shows the circular representation of Cyy and Cgp.

Figure 1: Circular representation of fullerenes Cgy and Clyy.

We now define two infinite families of circular fullerene graphs see [16, 8-4]. The first
circle and the last circle is C} with k¥ = 5 or £ = 6. l.e. each circle bounds a bounded
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and unbounded either pentagon or hexagon face respectively. All other ¢ circles, ¢ > 1,
are Cy. That is, the first and the last C} are surrounded by layers of k pentagons. Note
that the number of vertices in such fullerene graph is 2k(¢ + 1). We call each family of
these fullerene graphs pentacap and hexacap for k = 5,6 respectively. In [12, 14] it was
proved that a fullerene graph with a non trivial 5-edge cut is a pentacap with [ > 2.

We observe that we can slightly generalize the construction of pentacaps and hexacaps
fullerenes.

Proposition 14. Let F = (V, E) be a circular fullerene graph where the first circle is
Cy and the second circle is Cyy. for k = 5,6. (Le. the first circle is surrounded by a
layer of k pentagons.) Then there exists a circular fullerene graph F' = (V' E'") with
V' =|V]+k+1.

Proof. Add k vertices, uq,...,u to the first circle C, one new between two old. Add a
new inner circle C}, with vertices wq, ..., w; and connect u; with w; fori =1,... k. [

Recall the leapfrog operation on a simple connected bridgeless planar graph G = (V| E)
with faces Fy, ..., Fy, including the unbounded face. Choose a point w; in the interior of
cach F;. Let W = {w,...,ws}. Then G = (V,E) where V=V UW and E = EU F,.
The edges F; are obtained by connecting each w; to each vertex V on the boundary of
F;. Since G is bridgeless it follows that |E;| = 2|V|. Note that all faces Fy, .. F of G

are triangles. Then Le(G) = (V’, E’) is a connected planar graph, where |V'| = | f|. Bach
vertex v/ € V' is an interior point of Fj. (vz,v]) € F'if and only if F; and F} have a
common edge. So Le(G) is the Poincaré dual of G. Tt is known that if G is fullerene then

Le(G) is fullerene [6]. Figure 2 shows the fullerene Cyy and its leapfrog Cg

Figure 2: Leapfrog of fullerene Cy, le(Cag) = Ceo.

Theorem 15. Let F' be a pentacap or hexacap. That is F is a circular fullerene with
inner and outer circles Cy, k = 5,6 and ¢ circles Co,. Then Le(F) is a circular fullerene
if and only if € is odd. Furthermore, if £ is odd then the circular structure of Le(F') is as
follows. The first inner circle is Cy, the second circle is Csy, then there are MT_l circles
Cuk, then follows the circle Csy, and the last circle is Cy. If € is even then Le(F') has the
following semi- circular structure. The first circle is Cy then the next %l circles are Cy.
The circle number 3¢ —|— 1 is C3i. The last circle is Cy. Inside the first circle there are k

vertices.
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Proof. We identify the vertices of Le(F') with the triangle faces of F. The k triangles
inside the first circle C) are denoted by a; and the k triangles outside the last circle of
C) of I are denoted by as. Consider first the k£ pentagons surrounding the first circle in
F. Each such a pentagon is divided to 5 triangles in F. The triangle which has one edge
on the first circle we name a;. The two neighboring triangles of a; in this pentagon are
called b;. The other two triangles of this pentagon are called ¢;. Each ¢; has one edge on
the second circle of F'. The names of the triangles of each of the k& pentagons surrounding
the last circle of F' is called similarly ao, bo, co. So each «; has the following 3 neighbors:
two «;’s and one a;. The neighbors of a; are a; and two b;’s. The neighbors of b; are
a;, bi, C;.

Next we divide each hexagon to six triangles of the types A, B,C. The two A’s have
one edge on a circle por p=2,...,¢ — 1. Then we have two triangles B. Note that the
interior of each edge of B lies in the interior of the hexagon. Then we have two triangles
C. Each C have one edge on the circle p+ 1 of F. Assume for simplicity of the argument
that ¢ > 4, i.e. we have at least three layer of hexagons. So the neighbors of ¢; are
b1, c1, A. The neighbors of ¢y are by, co, C.

We now analyze the neighbors of the six triangles induced by hexagons. First, let us
consider the first layer of hexagons between the second and the third layer of F. The
neighbors of A are ¢1, A, B. The neighbors of B are A, B,C. (This fact holds for any
hexagon.) The neighbors of C' are B, C' located inside the the same hexagon and a triangle
A locates in the next level of hexagons, between the third and the fourth circles. (This
fact holds for all layers of hexagons except the last layer located between the circle ¢
and ¢ + 1 of F.) For all other hexagons located between the circle p and p 4+ 1 of F' for
p=3,...,£+ 1 the neighbors of A are A, B, C. Finally, in the last layer of hexagons, the
neighbors of C' are B, C, cs.

We now discuss the semi-circular structure of Le(F'). We assume that we have ¢
circles. The last circle g of Le(F') is Cy, composed of k ay. The circle ¢ — 1 is Csy

of the form as — by — by — ag — by — by — ... — by — by — as. The circle ¢ — 2 is Cy
of the form ¢co —co —C —C —co —co— ... —C —C — ¢y — c3. The g — 3 circle is
Cyy of the formis B—-B—-A—-—A—...— A— A— B — B, since it uses 4 triangles in
each hexagon in the last hexagon level. The g — 4 circle of Le(F) is Cy of the form
B-C-C-B-B—-(C-C—-DB—...— B, consisting of triangles obtained from the
hexagons in the level between the circles £ — 1 and ¢ of F. The circle ¢ — 5 of Le(F)
isA—A—-C—-C—...—A— A, where the triangles A are in the previous level and
the triangles C' are from the next level of hexagons. The ¢ — 6 circle is Cy;, of the form
B-cC-C-B-B-C—-C—-B—...—B.

Suppose first that ¢ is odd. Then it is straightforward to see that the third circle of
Le(F) is Cyy, of the from A—A—c¢y—c;—A—A—...— A— A. The second circle of Le(F)
is C3; of the form a3 — by — by —a; — ... —a;. The first circle of Le(F') is Cj, consisting of
oy triangles. So the circular structure of Le(F) is Cy — Csp — Cyp — ... — Cyp — Csp — C.

Since the number of circles is ¢ the total number of vertices is 4k(q — 4) + 8k. Since F
had (¢ + 1)2k vertices we deduce that 3(¢ + 1)2k = 4k(q — 2). So ¢ = 2L + 4 circles. So
we have exactly 3@7—1 circles Cy,. These arguments apply also to the case ¢ =1, 3.
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Assume that ¢ is even. By the above method the last circle is C. One before the last
circle is a circle Csy, of the form A— B—B—A—...— A. Then follows a sequence of circles
Cyr. Finally the first cycle is C). Inside the circle one we have k triangles of the form a;
and a;. So the circles of Le(F') are Cy — Cy — Cyp, — ... — Cyy, — C3, — Cx. The total
number of vertices of Le(F) is (¢ — 3)4k + 3k + 2k + k. Hence (¢ — 3)4k + 6k = 3(1 + 1)2k.
So Le(F) has 2 Cyy, circles. O

6.2 Upper matching estimates on semi-circular graphs

So we can apply the generalized Hadamard’s determinant inequality (2.4) to a semi-
circular graph G = (V, E) by considering the partitioning set of edges of V' to Vi Ujecpr_1]
Vi1 \ V;. To obtain some better upper inequalities we need several auxiliary results. We
start with the following lemma which is deduced straightforward.

Lemma 16. Let S(C),) be an orientation of n-cycle C,, = (|n], E) with edges 1 —2—...—
n — 1. Then there exists a diagonal matriz D whose diagonal entries are +1 such that
DS(C,)D corresponds to the following orientation 1 — 2 — ... — n of these n — 1 edges
in Cp. Let T, 1, T, _ be the skew symmetric matrices corresponding to the orientation
1=22—=...—=nandl —n,n—1 of C, respectively.

Note that

(6.1)

detT,, + =detT, =0 if n odd
detT, + =4, detT,_ =0 if neven

Indeed if n is odd then the determinant of any skew symmetric matrix is zero. Assume
that n is even. Then det T}, - = 0 since T,, 1 = 0, where 1 = (1,...,1)". T, ; represents
a Pfaffian orientation of C),. Hence det T}, ; is the square of the perfect matches in C,,
which is 22.

Let G = (V,FE) be a simple graph. Let W C V,|W| > 3 and assume that the
subgraph G(W) is a cycle. Let W = {wy,...,ww} where the edges of G(WW) are
wy —wy — ... — wyy| — wy. Then D (W) is a diagonal matrix of order [W] of the form

diag(d(w), ..., d(wpw)).

Proposition 17. Let G = (V, E) be a connected semi-circular graph with k > 1 as
described in Lemma 13. Let S(G) be a Pfaffian orientation of G. Assume that B =
—S(G)%. Then

perfmat G < (det BVi])® [ (det B[Viiy \ Vi])7. (6.2)

i€[k—1]

Assume furthermore the following conditions. First, G does not have 3 and 4-cycles. (In
particular, each m; := |V; \ Vi_1| > 4 fori € [k].) Second, each u € V; \ V;_1 is connected
to at most one vertex in V;_y \ Vi_o for each i > 1 and at most to one vertex in Viyq \'V;

THE ELECTRONIC JOURNAL OF COMBINATORICS 20(1) (2013), #P64 12



for each i € [k], where V41 = Vi.. Then the number of perfect matchings in G is not more
than

ST

(det B[V1])
[ [(max(det(D(Vi \ Viet) — 2L, — T2, ), det(De(V; \ Viey) — 2L, — T2, )7,

=2

X (6.3)

Proof. Clearly (6.2) follows from (2.4). Assume now that G satisfies the additional
conditions of the theorem. Let B = —S(G)? = [buyJuwev- Then the diagonal entries
by = d(u). Consider the off-diagonal entries of B. Note that b,, = 0 if there is no
path of length two between u and v in GG. Assume that there is a path of length two
between u and v Since GG does not have a 4-cycle the path between u and v of length
two is unique. Hence b,, = £1. Take any two points u,v € V; \ V;_;. The assumptions
of the theorem yield that there is a path of length two between u and v is two if and
only if the distance between u and v on the cycle G(V; \ V;_1) is two for ¢ > 1. Hence,
B[V\Vi_1] = D.(V;:\V;_1)—21I,,,— S*(G(V;\V;_1)), where the orientation of G(V;\V;_;) is
induced by the orientation G. Recall that there exists a diagonal matrix D; with entries 1
such that D;S(G(V;\Vic1))Di € {Tn, +, Tin, — }- Clearly D;D.(V;\Vi_1)D; = D.(V;\ Vi_1).
Hence

det B[V;\ Vi_1] < max(det(D.(V;\ Vi_1) — 2@, — wa), det(D.(V;\ Viiy) — 21, — ij_).
O

We now apply the above result to semi-circular cubic graphs satisfying all the above
conditions. Then D.(V;\ V,_1) — 2I,,,, = I,,,. To estimate the right-hand side of (6.3) we
need the following lemma.

Lemma 18. Forn > 3

det(I, — T2,) = det(I, — T2_) = (F8)" + (1558)"?  ifn odd
det(I, — T2,) = ((508)" + (358)" +2)2, ifn even  (6.4)
det(l, —T7_) = ((1+2‘/5)" + (1_2\/5)” —2)2. if n even

Furthermore, for n > 3 the subsequence (det(I, — T,?’Jr))% is an increasing subsequence
form = 3,5,7,... and a decreasing subsequence for n = 4,6,8,.... Both subsequences
converge to (%5)2 ~ 2.6180. Hence

1
n

(det(L, — T2.))» < (20)5 ~ 2.7144 forn > 5. (6.5)
Equality holds if and only if n = 6.
Proof. Let S be a skew symmetric matrix and a > 0. Then

det(a’I — S?) = det((al — S)(al + S)) = det(al + S) det(al — S)

= det(al + S)det((al —S)") = det(al + S)°.
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Hence
det(l, —T7 ) = (det(I, + T +))?,  det(l, + T _) = (det(l,, — Ty, -))*. (6.6)

Next we claim that "
1

det(l, + 1T, ) = 6(j, Co)tY. (6.7)

|3

<.
=)

First observe that since det T}, ; = 0 the polynomial det(/,,+tT,, ) is of degree n—1 at
most. Let k € [n—1]. Then the coefficient of t* is the sum of all det 7}, _[J] where J is a a
subset of cardinality of k of [n|. As T, _[.J] represents an orientation of a subgraph C,,[.J],
which is a forest. As any orientation of the forest is Pfaffian we deduce that det C,[J] is
a square of the number of perfect matches in the subgraph C,,[J]. Observe next a forest
has either 0 or 1 perfect match. Hence det C,,[J] is the number of perfect matches in the
subgraph Cy[J]. Thus } ;_, det T, _[J] is zero if k is odd, and o(£,C,) if k is even.
Since det I, = 1 we deduce (6.7).

Next we claim that

(6.8)

det(I, +tT),+) = det(L, +tT), ) if n odd
det(l, + 1, +) = det(I,, + tT,, ) + 4t if n even

Indeed, the above arguments show that det([,, + 7}, +) — det({,, +t1,, ) = t" det T}, ;.

Hence (6.8) holds. Let ¢(t,C,,) := Z;Eé é(7,C)t¥ be the matching polynomial of C,,.
Combine (6.7) and (6.8) to deduce

(6.9)

det(l, +tT,+) = ¢(t, Cp) if n odd
det(l, +tT,+) = o(t,Cp) + 2t™  if n even

Let P, be a path of length n. Denote by ¢(¢, P,) the matching polynomial of a path
of length n. Then the following identities are straightforward, see [9, (2.5),(2.6)]:

¢(ta Pn) ¢(tv Pn—l) + t¢(tv Pn—2)> (610)
d(t,C) = &(t, P) + to(t, Po_s). (6.11)

It easily follows that ¢(1, P,) is the standard Fibonacci sequence for 1,1,2,3,5,... for
n=0,1,2,3,4,.... Use this fact and (6.11) to obtain

1 1—
6(1,Cp) = ( +2\/3)"+( 2‘/5)71 for n > 3. (6.12)
Combine (6.12), (6.9), (6.8) and (6.6) to deduce (6.4). Denote ¢ 1= Y21 § 1= 2.
Let
1 1
ay = (det(l, —T2.))",b, ;:(\/5+ 2(1—€")n, e ;:(‘/5+ 2(1+€"+26")%, n € N.

2 2
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Then this subsequence is equal to the subsequence for n = 3,5,7,.... Then a, = b, for
odd n and a,, = ¢, for an even n. As ¢,d € (0,1) we deduce

1

(L= < (1—et)r < (1= ethm,
(1+€n+25n)% > <1+6n+1+25n+1) > <1+6n+1+26n+1)%+1.

3= 3

Hence a,,n = 1,3,... is an increasing sequence and a,,n = 2,4,..., is a decreasing
sequence which both converge to (@)2 Therefore inequality (6.5) holds. O

Theorem 19. Let G = (V, E),n = |E| be a semi-circular cubic graph where ny = |Vi|
and ng = |Vo| is the number of vertices of G in the the closed disk bounded by the first
circle Oy and its interior respectively. If G does not have 3 and 4-cycles then

perfmat G < 2071237 if ng > 0, (6.13)
perfmat G < 201z if G is circular, i.e. ng = 0. (6.14)

Proof. Note that if GG is a semi-circular cubic graph then each vertex on a circle O; for
i > 1 has exactly one edge which connects it either to O;_; or to O;;;. Hence (6.3)
holds. Clearly det B[Vi] < 3% . Use Lemma 18 to deduce (6.13). Assume now that
ng = 0, i.e. G is circular. Then the arguments of the proof of Proposition 17 yields that
det B[V] < max(det(ly, + T3, | ),det(l,, + 17 _)), where [Vi| = ny = m;y. Lemma 18
yields that det B[V4] < 2073, Hence (6.14) holds. O

Since 203 ~ 2.7144 < /8 ~ 2.8284 we deduce that (6.14) is better than the best
estimate 8% for fullerene graphs with hamiltonian cycle given in (5.2).

In applying Theorem 19 to fullerene graphs one needs to have a good estimate on n;.
The examples that we considered suggest that there exists a universal constant N; such
that any fullerene graph is a semi-circular graph with |V;| < Ny.

The next obvious problem is how good is the upper bound (6.14) for circular fullerene

graph. Recall that a fullerene with nontrivial cyclic 5-edge cut one has at least 5 0"
perfect matches [18] and [16, 8-4].
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