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Abstract

It has been shown recently that the limit moments of W (n) = B(n)B∗(n),
where B(n) is a product of p independent rectangular random matrices, are certain
homogeneous polynomials Pk(d0, d1, . . . , dp) in the asymptotic dimensions of these
matrices. Using the combinatorics of noncrossing partitions, we explicitly determine
these polynomials and show that they are closely related to polynomials which can
be viewed as multivariate Fuss-Narayana polynomials. Using this result, we compute
the moments of %t1 � %t2 � . . . � %tm for any positive t1, t2, . . . , tm, where � is the
free multiplicative convolution in free probability and %t is the Marchenko-Pastur
distribution with shape parameter t.

Keywords: Fuss-Narayana numbers, Narayana polynomials, Marchenko-Pastur
law, free probability, random matrix

1 Introduction

The motivation of this paper comes from some recent developments concerning random
matrices and their products [8], where combinatorial formulas for the polynomials studied
in this paper were obtained.

For any given p ∈ N and any n ∈ N, consider the product of independent rectangular
Gaussian random matrices

B(n) = X1(n)X2(n) . . . Xp(n),

where n ∈ N and their dimensions are such that the product is well-defined. If Xj is an
Nj−1(n)×Nj(n) matrix for any 1 6 j 6 p, we assume that

lim
n→∞

Nj(n)/n = dj > 0,
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where d0, d1, . . . dp are called asymptotic dimensions. This notation slightly differs from
d1, d2, . . . , dp+1 used in [8], but it is more convenient in combinatorial formulas. Finally, let
τ0(n) be the trace over the set of N0(n) basis vectors composed with classical expectation.

It is shown in [8] that under certain natural assumptions

lim
n→∞

τ0(n)
(

(B(n)B∗(n))k
)

= Pk(d0, d1, . . . , dp),

where on the right-hand side we have a certain homogeneous polynomial of order pk for
any k ∈ N. There, instead of the matrices X1(n), X2(n), . . . , Xp(n), symmetric blocks
embedded in a large n × n square matrix were used and τ0(n) was the partial trace over
a subset of basis vectors composed with classcial expectation. That formulation followed
from the fact that it was the ensemble of symmetric blocks which was shown to converge
in moments to the ensemble of operators generalizing free Gaussian operators which were
symmetrizations of matricially free Gaussian operators.

Non-homogeneous polynomials obtained from Pk by dividing them by dkp0 were called
‘generalizations of Narayana polynomials’ since for p = 1 they become the well-known
Narayana polynomials of one variable corresponding to Catalan numbers and their decom-
positions in terms of Narayana numbers. In random matrix theory, these well-known com-
binatorial objects are important since they are related to the moments of the Marchenko-
Pastur distribution, the limit distribution of Wishart random matrices [10].

In the case when p > 1 and all matrices in the product are square, the limit moments
are Fuss-Narayana polynomials of one variable. These polynomials correspond, in turn, to
Fuss-Catalan numbers and their decompositions in terms of Fuss-Narayana numbers. For
arbitrary asymptotic dimensions, it is therefore natural to expect that we should obtain
some multivariate analogs of Fuss-Narayana polynomials.

A combinatorial definition of the polynomials Pk was given in [8]. In this paper, we
determine their explicit form, using purely combinatorial methods. Namely, we show that

Pk(d0, d1, . . . , dp) =
∑

j0+...+jp=pk+1

1

k

(
k

j0

)(
k

j1

)
. . .

(
k

jp

)
dj0−10 dj11 . . . d

jp
p ,

where the indices j0, j1, . . . , jp are natural numbers. When we divide these polynomials

by dkp0 , which corresponds to a different normalization of random matrices, we obtain

Fk(t1, t2, . . . , tp) = d−kp0 Pk(d0, d1, . . . , dp),

where tj = dj/d0 for any j, called multivariate Fuss-Narayana polynomials since for p = 1
they become the well-known Narayana polynomials.

The coefficients built from binomial expressions play the role of generalized Fuss-
Narayana numbers. Such numbers appeared recently in a different context in the paper
of Loktev on Weyl modules of Lie algebras [9], who showed that they were dimensions of
weight spaces of two-variable Weyl modules of Lie algebras glp+1.

In random matrix theory, Fuss-Catalan numbers appeared in the paper of Alexeev,
Goetze and Tikhomirov [1], who showed, using the methods of classical probability, that
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they were the limit moments of the asymptotic distribution of squared singular values
of powers of a random matrix with independent entries. Moreover, similar techniques
were used by the same authors to study the case of products of independent random
matrices [2]. In the general case of rectangular matrices, the limit distribution for singular
values of such products has only been described by an algebraic equation for its Cauchy-
Stieltjes transform and a formula for moments has not been derived. Our approach is
quite different since we use noncommutative probability and operator algebras. This
allows us to formulate the problem in a purely combinatorial fashion and then solve it
using combinatorial techniques.

An important probabilistic context in which Fuss-Narayana polynomials of one vari-
able appear is that of free Bessel laws

πp, t = %
�(p−1)
1 � %t,

where p ∈ N, %t is the Marchenko-Pastur distribution with shape parameter t > 0, and
� denotes the free multiplicative convolution. They were defined by Banica, Belinschi,
Capitaine and Collins [3], who have shown that their moments are given by Fuss-Narayana
polynomials in t.

A more general multiplicative free convolution of Marchenko-Pastur laws is of the form

%t1 � %t2 � . . .� %tp

for any positive t1, t2, . . . , tp. We show in this paper that the moments of such convolu-
tions are given by multivariate Fuss-Narayana polynomials. For the foundations of free
probability and, in particular, for the definition of the free multiplicative convolution, see
[11].

The paper is organized as follows. In Section 2, we introduce multivariate Narayana
polynomials Fk and their coefficients called generalized Fuss-Narayana numbers. In Sec-
tion 3, we prove two lemmas on a family of generating functions, among which is the
generating function defined by the polynomials Pk which are limit moments of certain
random matrices. These lemmas enable us to prove in Section 4 that the polynomials Pk
are closely related to multivariate Fuss-Narayana polynomials. Finally, we show that the
latter give the moments of multiplicative free convolutions of Marchenko-Pastur laws.

2 Multivariate Fuss-Narayana polynomials

The Fuss-Catalan numbers associated with p ∈ N are given by the formula

Ck =
1

k

(
(p+ 1)k

pk + 1

)
,

where k ∈ N. The following decomposition of Fuss-Catalan numbers is known as the
generalized Vandermonde’s identity.
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Proposition 1. For any p, k ∈ N, the following decomposition hold:

Ck =
∑

j0+...+jp=pk+1

N(k, j0, . . . , jp),

where the summation runs over all j0, . . . , jp ∈ [k] = {1, 2, . . . , k} for which it holds that
j0 + . . .+ jp = pk + 1, and for such values

N(k, j0, . . . , jp) =
1

k

(
k

j0

)(
k

j1

)
. . .

(
k

jp

)
.

These numbers will be called generalized Fuss-Narayana numbers.

Proof. If we apply the Vandermonde’s identity to the formula for the Fuss-Catalan num-
bers p times, we obtain the above formula.

Note that after the first application of the Vandermonde’s identity, we get the decom-
position

Ck =
∑

j0+j1=pk+1

1

k

(
k

j0

)(
pk

j1

)
,

where the summands on the right-hand side are called Fuss-Narayana numbers.
It will be convenient to use vector notations

d = (d0, d1, . . . , dp), j = (j0, j1, . . . , jp),

where d0, d1, . . . , dp are variables and j0, j1, . . . , jp are nonnegative integers. Using these
vectors to write the generalized Fuss-Narayana numbers as N(k, j) and generalized powers
in the form

dj = dj00 d
j1
1 . . . d

jp
p ,

we can define the generating function for the generalized Fuss-Narayana numbers by

N (x,d) =
∞∑
k=1

∑
j0+...+jp=pk+1

N(k, j) djxk.

We will set N(k, j) = 0 whenever j0 + . . .+ jp 6= pk + 1 or ji /∈ [k] for some i.
Dividing the homogeneous polynomials in p+ 1 asymptotic dimensions of the form

Rk(d0, d1, . . . , dp) =
∑

j0+...+jp=pk+1

N(k, j) dj00 d
j1
1 . . . d

jp
p

by dpk+1
0 , we obtain certain non-homogeneous polynomials in p variables ti = di/d0, where

i ∈ [p], which play the role of mutlivariate generalizations of Narayana polynomials,
obtained for p = 1.
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Definition 2. Non-homogeneous polynomials of p variables of the form

Fk(t1, t2, . . . , tp) =
∑

j0+...+jp=pk+1

N(k, j0, . . . , jp)t
j1
1 t

j2
2 . . . t

jp
p ,

where k ∈ N, will be called multivariate Fuss-Narayana polynomials.

Remark 3. Of course, one can also obtain these polynomials from Rk by setting d0 = 1
and dj = tp for j ∈ [p]. In fact, there is a number of equivalent definitions of this type,
namely

Fk(t1, t2, . . . , tp) = Rk(1, t1, . . . , tp) = . . . = Rk(t1, t2, . . . , tp, 1),

due to the symmetric form of generalized Fuss-Narayana numbers.

In order to establish a formula satisfied by the generating function N , we will use the
next theorem, which is a special version of the well-known Lagrange Inversion Theorem
(see, for instance, Appendix A in the paper of Deutch [4] or the book of Wilf [12]).

Theorem 4. Assume that a generating function f(z) satisfies the functional equation

f(z) = zH(f(z)), (1)

where H is a polynomial. Then (1) has a unique solution and

[zn]f(z) =
1

n
[λn−1]Hn(λ),

where [zn]f(z) is the coefficient of the series f(z) standing by zn.

Proposition 5. For any d0, . . . , dp, the unique solution of the equation

g(x) = x

p∏
i=0

(g(x) + di) (2)

is given by g(x) = N (x,d).

Proof. Applying Theorem 4 to the polynomial H(λ) = (λ + d0)(λ + d1) . . . (λ + dp), we
get existence of a unique solution g(x) of equation (2). We must have

[xn]g(x) =
1

n
[λn−1]

(
p∏
i=0

(λ+ di)

)n

=
1

n
[λn−1]

p∏
i=0

(
n∑
k=0

(
n

k

)
λkdn−ki

)

=
1

n
[λn−1]

∞∑
k=0

 ∑
k0+...+kp=k

(
n

k0

)
. . .

(
n

kp

)
dn−k00 . . . dn−kpp

λk

=
1

n

∑
j0+...+jp=pn+1

(
n

j0

)
. . .

(
n

jp

)
dj00 . . . d

jp
p ,

where we put n − ki = ji for i ∈ {0, 1, . . . , p} to get the last equation. This proves that
g(x) = N (x,d).
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3 Lemmas

In this section, we shall prove two combinatorial lemmas, in which we compare the gen-
erating function N of Section 2 defined by polynomials Rk with the generating function
N0 defined by polynomials Pk. Let us remark that we shall use similar letters in our
notations: N and Nj will denote generating functions, whereas N and Nj, respectively,
will be their coefficients (usually, both symbols will be followed by some arguments).

By a noncrossing pair partition of the set [m] := {1, 2, . . . ,m}, where m = 2k is an
even natural number, we understand a collection π = {π1, π2, . . . , πk} of disjoint two-
element subsets of [m] called blocks, such that there are no blocks {i, j} and {p, q} for
which i < p < j < q. The set of such partitions will be denoted by NC2m. If {i, j}
is a block and i < j, then i and j are called the left and the right legs of this block,
respectively. For a given noncrossing pair partition π, we denote by R(π) the set of its
right legs.

We will consider certain noncrossing pair-partitions of [m], where m = 2pk and p, k ∈
N, which are associated with words of the form

W k
0 = (1 . . . pp∗ . . . 1∗)k

built from p starred and p unstarred letters. More generally, we will denote by Wi the
word that arises from W0 by the cyclic shift of its letters to the right by i positions, where
i ∈ {0, 1, . . . , p}, namely

Wi = i∗ . . . 1∗1 . . . pp∗ . . . (i+ 1)∗,

thus, in particular, Wp = p∗ . . . 1∗1 . . . p. We will also consider powers W k
i of such shifted

words. For simplicity, we supress p in all these notations, in contrast to the notation used
in [8].

Definition 6. We shall say that π ∈ NC22pk is adapted to the word W k
i if all its blocks are

associated with pairs of letters of the form {l, l∗} for some l ∈ {1, . . . , p}. By NC22pk(W k
i )

we denote the set of all pair partitions from NC22pk which are adapted to W k
i . We set

NC20(W 0
i ) = {∅}.

Thus, if π ∈ NC22pk(W k
i ), then blocks of π are pairs {r, s} in which r is associated with

the letter l if and only if s is associated with the letter l∗. Thus, if r < s, then s is the
right leg of this block and it is associated with l∗, whereas if r > s, then r is the right leg
of this block and it is associated with l. Therefore, it is meaningful to define the sets of
right legs of π associated with l and l∗, respectively, and denote these sets by Rl(π) and
R∗l (π). Using these sets, whose union gives R(π), we defined in [8] the following family
of homogeneous polynomials in p+ 1 variables.

Definition 7. Define polynomials in variables d0, d1, . . . , dp of the form

Pk(d0, d1, . . . , dp) =
∑

π∈NC22kp(Wk
0 )

d
j0(π)
0 d

j1(π)
1 . . . d jp(π)p

the electronic journal of combinatorics 20(2) (2013), #P41 6



for any k, p ∈ N, where
jl(π) = |Rl+1(π)|+ |R∗l (π)|

for any π ∈ NC22kp(W k
0 ) and 0 6 l 6 p, where we set R∗0(π) = ∅ and Rp+1(π) = ∅.

Our goal is now to count the number of noncrossing pair partitions π ∈ NC22kp(W k
0 )

which contribute identical monomials to the polynomials Pk. In other words, if we label
the legs of π by letters from the set {1, . . . , p, p∗, . . . , 1∗}, we would like to count the blocks
labelled by ordered pairs (l, l∗) or ((l + 1)∗, (l + 1)) for any l ∈ {0, 1, . . . , p}.

We are mainly interested in counting the noncrossing pair partitions adapted to W k
0

which contribute identical monomials, but we shall need a family which encodes detailed
information about the labellings of their right legs, namely

Ni(k, j) = #{π ∈ NC22pk(W k
i ); jl(π) = jl for l ∈ {0, 1, . . . , p}},

where j = (j0, j1, . . . , jp) and i ∈ {0, 1, . . . , p}. It is obvious that

Ni(k, j) = 0 whenever j0 + . . .+ jp 6= pk or ji > k for some i,

and that Ni(0, 0, . . . , 0) = 1 for any i. Let us add that the reason why we count together
right legs labelled by l∗ and l + 1 follows from the way we multiply rectangular matrices
and their adjoints and is clear from the proof of [8, Theorem 10.1].

The corresponding generating functions are given by

Ni(x,d) =
∞∑

k,j0,...,jp=0

Ni(k, j)d
jxk.

We are especially interested in the coefficients of the generating function for i = 0, i.e. we
will study homogeneous polynomials of degrees pk in variables d0, d1, . . . , dp given by the
combinatorial formulas

Pk(d0, d1, . . . , dp) =
∑

π∈NC22pk(Wk
0 )

d
j0(π)
0 d

j1(π)
1 . . . djp(π)p =

∞∑
j0,...,jp=0

N0(k, j)d
j (3)

for k > 0, where, in the last formula, only finitely many terms do not vanish. Obviously,

N0(x,d) =
∞∑
k=0

Pk(d0, d1, . . . , dp)x
k.

Our goal in this section is to find the coefficients N0(k, j) of the polynomials Pk and show
that they are generalized Fuss-Narayana numbers. Moreover, if we divide Pk by dkp0 , we
will obtain multivariate Fuss-Narayana polynomials of t1 = d1/d0, . . . , tp = dp/d0.

Example 8. Consider the case p = 2. Then, there are three noncrossing pair partitions
which are adapted to the word W 2

0 = (122∗1∗)2, corresponding to the diagrams
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and thus
P2(d0, d1, d2) = d 2

1 d
2
2 + d0d1d

2
2 + d0d

2
1 d2

is the associated polynomial. If we take W 3
0 = (122∗1∗)3, then the number of adapted

noncrossing pair partitions grows to 12, which will coincide with the corresponding Fuss-
Catalan number of Corollary 14. Let us just give the corresponding polynomial

P3(d0, d1, d2) = d31d
3
2 + 3d0d

2
1d

3
2 + 3d0d

3
1d

2
2 + d20d1d

3
2 + 3d20d

2
1d

2
2 + d20d

3
1d2

since drawing all the diagrams seems too elaborate.

For further purposes, we introduce a function ϕ : NC22pk → NC22pk defined by the
diagram

→ϕq qqq q q. . . . . .︸ ︷︷ ︸
σ1

︸ ︷︷ ︸
σ2

qqqq q q. . . . . .︸ ︷︷ ︸
σ1

︸ ︷︷ ︸
σ2

where σ1 ∈ NC22k1 , σ2 ∈ NC
2
2k2

and k1 + k2 = pk − 1. The inverse of ϕ is well-defined,
which means that ϕ is a bijection on NC22pk. By ϕn we denote the n-th composition of ϕ.

Lemma 9. For any i ∈ {1, 2, . . . , p}, it holds that

di(Ni(x,d)− 1) = d0(N0(x,d)− 1).

Proof. First, we will show that

Ni(k, j0 + 1, j1, . . . , jp) = N0(k, j0, . . . , ji−1, ji + 1, ji+1, . . . , jp). (4)

Let π ∈ NC22pk(W k
i ). Then the partition π given by the diagram (the legs are labelled

only by the set of letters {1, . . . , p, p∗, . . . , 1} and not by all consecutive numbers from the
set [2kp])

π = q q
i∗ i

q q
(i−1)∗ i−1

. . . q q
1∗ 1

. . .q q
1 1∗︸ ︷︷ ︸
σ1

. . . . . .q q
i−1 i−2︸ ︷︷ ︸
σi−1

. . .q q
i i−1︸ ︷︷ ︸

σi

. . .q q
i+1 (i+1)∗︸ ︷︷ ︸
σi+1

is mapped by ϕ i onto
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ϕi(π) = q q
1 1∗

qq
(i−1)∗i−1

. . .q q
i i∗

. . .q q
1 1∗︸ ︷︷ ︸

σ1

. . . . . .q q
i−1 i−2︸ ︷︷ ︸
σi−1

. . .q q
i i−1︸ ︷︷ ︸

σi

. . .q q
i+1 (i+1)∗︸ ︷︷ ︸
σi+1

where σr ∈ NC22kr and k1 + . . . + ki+1 = pk − i. We understand that certain partitions
among σ1, . . . , σi+1 in these diagrams may be empty. Obviously, ϕ i(π) is adapted to W k

0 ,
since π is adapted to W k

i and, conversely, if π wasn’t adapted to W k
i , then ϕ i(π) wouldn’t

be adapted to W k
0 . This means that ϕ i restricted to the set NC22pk(W k

i ) is a bijection

between NC22pk(W k
i ) and NC22pk(W k

0 ). Moreover, as compared with π, ϕi(π) has one more
block labelled by the ordered pair (r, r∗) and one block fewer labelled by (r∗, r) for each
r ∈ {1, . . . , i}. The numbers of other blocks are the same in π and ϕi(π). This means
that

jr(ϕ
i(π)) =


j0(π)− 1 if r = 0
ji(π) + 1 if r = i
ji(π) otherwise

,

which proves (4). Now, using the fact that j0(π) > 1 for π ∈ NC22pk(W k
i ) and i, k > 1, we

get

di(Ni(x,d)−1) = di

∞∑
k=1

∞∑
j0=1

∞∑
j1,...,jp=0

Ni(k, j0, . . . , jp)d
j0
0 . . . d

jp
p x

k

= d0

∞∑
k=1

∞∑
j0,...,jp=1

Ni(k, j0 + 1, . . . , jp)

×dj00 . . . d
ji−1

i−1 d
ji+1
i d

ji+1

i+1 . . . d
jp
p x

k.

Here, we use (4) and the observation that ji(π) > 1 for π ∈ NC22pk(W k
0 ) and i, k > 1.

This becomes

di(Ni(x,d)−1) = d0

∞∑
k=1

∞∑
j0,...,jp=0

N0(k, j0, . . . , ji, ji + 1, . . . , jp)

×dj00 . . . d
ji+1
i . . . djpp x

k

= d0

∞∑
k=1

∞∑
ji=1

∞∑
j0,...,ji−1,ji+1...,jp=0

N0(k, j0, . . . , ji, . . . , jp)

×dj00 . . . d
ji
i . . . d

jp
p x

k

= d0

∞∑
k=1

∞∑
j0,...,jp=0

N0(k, j)d
jxk

= d0(N0(x,d)− 1),

which completes the proof.
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Lemma 10. For any p ∈ N, the generating functions N0, . . . ,Np satisfy the equation

N0(x,d)− 1 = xd1 . . . dp

p∏
i=0

Ni(x,d).

Proof. In order to prove this lemma, let us establish a recurrence relation between numbers
Ni(k, j) for i ∈ {0, . . . , p} and certain values of k and j = (j0, . . . , jp). For that purpose,
observe that each partition π ∈ NC22pk(W k

0 ) can be expressed in terms of the diagram

q q
1 1∗

q q
2 2∗
. . . q q

p p∗
. . .q q

p∗ p︸ ︷︷ ︸
σp

. . . . . .q q
2∗ 3∗︸ ︷︷ ︸

σ2

. . .q q
1∗ 2∗︸ ︷︷ ︸

σ1

. . .q q
1 1∗︸ ︷︷ ︸

σ0

where σi ∈ NC22pki(W
ki
i ) and k0 +k1 + . . .+kp = k−1. We understand that each partition

σi in this diagram may be empty. Let ji,r = jr(σi) be the number of blocks labelled by
(r, r∗) or ((r + 1)∗, r + 1) in σi. It will be convenient to denote by

Sr(π) = j0,r + j1,r + . . .+ jp,r,

where r ∈ {0, 1, . . . , p}, the numbers of blocks labelled by (r, r∗) or ((r + 1)∗, r + 1),
respectively, in the union σ0 ∪ . . . ∪ σp. Note that

Sr(π) =

{
jr(π)− 1 if r > 1
j0(π) if r = 0

,

which leads to the recurrence formula

N0(k, j) =
∑

k0+...+kp=k−1

∑
j0,...,jp

S0=j0,S1=j1−1,...,Sp=jp−1

p∏
i=0

Ni(ki, j i) (5)

for k > 1, where j i = (ji,0, . . . , ji,p) and Sr = j0,r + j1,r + . . .+ jp,r. Using this formula, we
get

N0(x,d)−1 =
∞∑
k=0

∑
j

N0(k + 1, j)djxk+1

=
∞∑
k=0

∑
k0+...+kp=k

∑
j,j0,...,jp

S0=j0,S1=j1−1,...,Sp=jp−1

p∏
i=0

Ni(ki, j i)d
jxk+1

= xd1d2 . . . dp

∞∑
k=0

∑
k0+...+kp=k

∑
j,j0,...,jp

S0=j0,S1=j1,...,Sp=jp

p∏
i=0

Ni(ki, j i)d
jxk

= xd1d2 . . . dp

p∏
i=0

Ni(x,d)

which proves our assertion.
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4 Main results

The main result of this paper consists in demonstrating that the multivariate Fuss-
Narayana polynomials Fk defined in Section 2 are special cases of the polynomials Pk
obtained in [8] as limit moments of products of independent random matrices. This fact
is proved in the theorem given below. We also show that the polynomials Fk are moments
of free multiplicative convolutions of Marchenko-Pastur distributions with arbitrary shape
parameters.

Theorem 11. The coefficients of the polynomial Pk are generalized Fuss-Narayana num-
bers, namely

N0(k, j) =
1

k

(
k

j0 + 1

)(
k

j1

)
. . .

(
k

jp

)
where j = (j0, j1, . . . , jp), whenever k > 1 and j0 + . . .+ jp = pk, with N0(0, 0, . . . , 0) = 1.
In other cases, N0(k, j) = 0.

Proof. By Lemmas 9 and 10, we have

d0(N0(x,d)− 1) = x

p∏
i=0

(di(N0(x,d)− 1) + di) ,

which means that the function of the form

g(x) = d0(N0(x,d)− 1)

is a solution of the equation (2). Hence, by Proposition 5

d0(N0(x,d)− 1) = N (x,d).

Thus,

∞∑
k=1

∞∑
j0,...,jp=0

N0(k, j)d
jxk =

∞∑
k=1

∑
j0+...+jp=pk+1

N(k, j0, . . . , jp)d
j0−1
0 dj11 . . . d

jp
p x

k

=
∞∑
k=1

∑
j0+...+jp=pk

N(k, j0 + 1, . . . , jp)d
jxk

since the generalized Fuss-Narayana numbers are defined for j0, . . . , jp ∈ N and thus one
can divide N (x,y) by y0 and then replace the summation index j0 by j0 + 1. Therefore,
in the last summation, j0 ∈ N ∪ {0}. Of course, also ji ∈ N ∪ {0} for i > 0, with the
restriction that j0 + . . . + jp = kp and j0, . . . , jp 6 k, which means that only one index
among these may be equal to zero. Comparing the coefficients, we obtain our assertion
for k > 1. The case k = 0 is obvious.

Corollary 12. For any k, p ∈ N, it holds that

Fk(t1, t2, . . . , tp) = Pk(1, t1, . . . , tp).
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Proof. By Theorem 11, d0Pk(d0, d1, . . . , dp) = Rk(d0, d1, . . . , dp) and thus, using Remark
3, we get the desired formula.

Example 13. In Example 8, the polynomials P2 and P3 were calculated for p = 2 by
means of Definition 7. Now, we can calculate them using Theorem 11. We have

Pk(d0, d1, d2) =
∑

j0+j1+j2=pk

N0(k, j0, j1, j2)d
j0
0 d

j2
1 d

j3
2 .

For k = 2, we obtain N0(2, 0, 2, 2) = N0(2, 1, 1, 2) = N0(2, 1, 2, 1) = 1 and thus

F2(t1, t2) = t21t
2
2 + t1t

2
2 + t21t2

is the corresponding multivariate Fuss-Narayana polynomial. In turn, for k = 3, we
obtain N0(3, 0, 3, 3) = N0(3, 2, 1, 3) = N0(3, 2, 3, 1) = 1 and N0(3, 2, 2, 2) = N0(3, 1, 2, 3) =
N0(3, 1, 3, 2) = 3 and thus

F3(t1, t2) = t31t
3
2 + t1t

3
2 + t31t2 + 3t21t

2
2 + 3t21t

3
2 + 3t31t

2
2

is the corresponding mutlivariate Fuss-Narayana polynomial.

The next corollary is an easy application of the above theorem and of the Vander-
monde’s identity. The original proof of this fact is due to Kemp and Speicher [6].

Corollary 14. The cardinality of the set NC22pk(W k
0 ) is the Fuss-Catalan number, i.e.

|NC22pk(W k
0 )| = 1

pk + 1

(
(p+ 1)k

k

)
.

Proof. It is enough to put d0 = d1 = . . . = dp = 1 in (3).

Finally, let us show a direct application of multivariate Fuss-Catalan polynomials to
free probability. Denote by

%t = max{1− t, 0}δ0 +

√
(x− a)(b− x)

2πx
11[a,b](x)dx,

where a = (1 −
√
t)2 and b = (1 +

√
t)2, the Marchenko-Pastur law with the shape

parameter equal to t > 0. This distribution plays the role of the free analog of the
Poisson law and is often called the free Poisson law [11].

We will prove that the moments of free multiplicative convolutions

%t1 � %t2 � . . .� %tp

of Marchenko-Pastur laws with different shape parameters t1, t2, . . . , tp are multivariate
Fuss-Narayana polynomials. An explicit formula for the much simpler case when all shape
parameters are equal (and thus we deal with convolution powers of %t) has recently been
found by Hinz and M lotkowski [5]. Another special case of our formula is that of Fuss-
Narayana polynomials, obtained for t1 = . . . = tp−1 = 1 and tp = t, which gives the
moments of free Bessels laws πp,t of Banica et al [3, Theorem 5.2].
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Proposition 15. For any positive t1, t2, . . . , tp and k ∈ N, it holds that

mk(%t1 � %t2 � . . .� %tp) = Fk(t1, t2, . . . , tp).

Proof. Let Sµ and ψµ denote the S-transform and the moment generating function (with-
out the constant term) of a probability measure on the real line µ, respectively. It is
well-known that

Sµ(z) =
1 + z

z
ψ−1µ (z),

where ψ−1µ is the composition inverse of ψµ. Moreover, the S-transform of the Marchenko-
Pastur law is

S%t(z) =
1

z + t

for any t > 0. Using the mutliplicativity of the S-transform with respect to the free
multiplicative convolution, we obtain

ψ−1% (z) =
1

(z + 1)(z + t1) . . . (z + tp)

where % = %t1 � %t2 � . . .� %tp . Obviously, the above formula is equivalent to

ψ%(z) = z(ψ%(z) + 1)(ψ%(z) + t1) . . . (ψ%(z) + tp).

Now, using Proposition 5 with d0 = 1, d1 = t1, . . . , dp = tp, we obtain the desired
formula.

Example 16. m2(%t1 � %t2 � %t3) = t21t
2
2t

2
3 + t1t

2
2t

2
3 + t21t2t

2
3 + t21t

2
2t3.
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