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Abstract

Let ag(A) denote the number of k-hooks in a partition A and let b(n, k) be the
maximum value of a(A) among partitions of n. Amdeberhan posed a conjecture on
the generating function of b(n, 1). We give a proof of this conjecture. In general, we
obtain a formula that can be used to determine b(n, k). This leads to a generating
function formula for b(n, k). We introduce the notion of nearly k-triangular parti-
tions. We show that for any n, there is a nearly k-triangular partition which can
be transformed into a partition of n that attains the maximum number of k-hooks.
The operations for the transformation enable us to compute the number b(n, k).

Keywords: partition; hook length; nearly k-triangular partition

1 Introduction

The objective of this paper is to derive a generating function formula for the maximum
number of k-hooks in the Young diagrams of partitions of n. For k& = 1, the problem
was posed by Amdeberhan [1]. Let aq(\) be the number of 1-hooks in the partition A, or
equivalently, the number of distinct parts in A. Let

b, = max{a1(A): A € P(n)},

where P(n) denotes the set of partitions of n.

Amdeberhan [1] posed the following conjecture.
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Conjecture 1.1. We have

1 2; 2 go
2" = 1 —q ((((]q; Z)L N 1) ’ (11

n=0

where (¢,¢)oo = (1 —q)(1 —¢*)(1 —¢3) - -

Following the notation a;(A) of Amdeberhan, we use ax(A) to denote the number of
k-hooks in A, and let
b(n, k) = max{ax(\): A € P(n)}.

The main result of this paper is the following generating function formula for b(n, k).
Theorem 1.2. For k > 1, we have

> b(n,k)q" %q (Z q(é)kz% - 1) . (1.2)

n=0 t>1

Clearly, Theorem 1.2 reduces to Theorem 1.1 when k = 1. Pak [6] gave a generating
function formula for the statistic a;(A), where he used v(\) to denote ay (N):

q
2 2l IO (13)

n>=0 XeP(n)

In general, the statistic ax(\) has been studied by Han [5, Eq. 1.5]. More precisely, he

showed that (14 0 k.)k
+ (z —1)g™
ag(A) P\l
E g vk | | - . (1.4)

nz0 AeP(n j=1

Taking logarithms of both sides of (1.4) and differentiating with respect to =, we obtain
the following relation by setting x = 1:

k
> Y a = e (19

mr S 7°)(¢; @)oo

It can be seen that relation (1.5) becomes (1.3) when k£ = 1.

Let us recall some basic notation and terminology on partitions as used in [2]. A
partition A of a positive integer n is a finite nonincreasing sequence of positive integers
A = (A1, A2, ..., Ay) such that Ay + Ay + -+ + A\, = n. The entries \; are called parts of
A. The number of parts of A is called the length of A, denoted by {(\). The weight of A is
the sum of parts, denoted |A|.

A partition can be represented by a Young diagram. For each cell u in the Young
diagram of A\, we define the hook length h,(A) of u by the number of cells v in the Young
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Figure 1.1: A 3-hook and the three cells of hook length 3.

diagram of A such that v = u, or v appears below u in the same column, or v lies to the
right of u in the same row. A hook of length k is called a k-hook, see Figure 1.1.

To prove Theorem 1.2, we introduce a class of partitions, called nearly k-triangular
partitions.

Definition 1.3. For fitedm > 0 and k > 1, let m = sk+r, wheres > 0 and 0 < r < k—1.
Let T denote the nearly k-triangular partition with m parts as given by

TW = ((s+ Dk,...,(s+ Dk, sk, ... sk ..., 2k ... 2k k, ... k).
NULISERLRREER NGRS

(.

-~

r k k k

It can be checked that in each row of the Young diagram of Tk ), there is exactly one
cell of hook length k. We use the symbol * to mark cells in T of hook length k. Figure
1.2 gives a nearly 3-triangular partition with eight parts.

*

Figure 1.2: A nearly 3-triangular partition Ts(g) .

This paper is organized as follows. In Section 2, we give the range of n such that
b, = m, which can be used to determine b, of Conjecture 1.1. We then derive the
generating function of b,. In Section 3, we define two operations D; and P; on Young
diagrams. Using these operations one can transform a partition A with m k-hooks into a
nearly k-triangular partition Ts(k), where s > m. This leads to a proof of Theorem 3.1. In
Section 4, we define an operation (); on Young diagrams. We obtain a formula for b(n, k)
as well as a formula for the generating function.
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2 Proof of Conjecture 1.1

In this section, we give a proof of Conjecture 1.1.

Theorem 2.1. Assume that m is a nonnegative integer and n is an integer such that

(mjl) <n < (m;ﬂ) — 1. Then we have b, = m

Proof. Recall that aq () is the number of distinct parts of A and b,, is the maximum value
of () when A ranges over partitions of n. We claim that b, < m+1if 1 <n < (")?).
Assume that A is a partition with m + 1 distinct parts. It is clear that

+2
|A|>1+2+---+(m+1):(m2 )

In other words, if 1 <n < (m+2) then we have b, < m + 1. So the claim is verified.

Next we show that b,, > m if n > (mH) Let

A=(mm—1,---,2, 1"‘(m;1)+1),

Clearly, A has m distinct parts and |A\| = n. Thus b, > m if n > (m;ﬂ) So we reach the

conclusion that b, = m for (m; 1) <n < (m; 2) — 1. This completes the proof. O
We are ready to prove Conjecture 1.1 with the aid of Theorem 2.1.
Proof of Conjecture 1.1. First, we may express the generating function of b,, in terms of
the generating function of b, .1 — b,. More precisely,

L=@)) bug" = (bns1 — bn)g" ™. (2.1)

n>0 n=0

To compute b, 11 — b,,, we denote the interval [(m+1), (m; 2) — 1] by I,,,. By Theorem 2.1,

we see that b, is determined by the interval which n lies in. There are two cases:

Case 1: n and n + 1 lie in the same interval I,,. Then we have b,,; = b, = m. It follows
bn+]_ - bn - 0

R

Case 2: n and n+1 lie in two consecutive intervals I,,, and I,,, ;1. So we have n = ( )

It follows that b, = m and b,,; = m + 1. Hence b, — b, = 1.

Combining the above two cases, we find that

> (bnpr —ba)g" = ("% = > (")~ 1.

n=0 m=0 m=0

By Gauss’ identity [3, Eq. 1.4.10]

Zq ("3 = & (2.2)

(4%’
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we obtain that

(ms! 71 q
(1=q)) buq" —Zq —1_( e —1. (2.3)

n=0 m=>0 (q q)
Thus, identity (1.1) can be deduced from (2.3) by dividing both sides by (1 — ¢). This
completes the proof. O

3 Nearly k-triangular partitions

In this section, we introduce the structure of nearly k-triangular partitions, and we show
that such a partition has minimum weight given the number of k-hooks. This property
will be used in the next section to determine b(n, k).

k)

For m > 0 and k£ > 1, the weight of the nearly k-triangular partition T is given by

Al k) =m (|52] +1) k= (L%J; 1>k2. (3.1)

It can be seen that in each row of 7.4 there is exactly one cell of hook length k. Hence

T is a partition with m k-hooks. The following theorem states that 7

weight among partitions with m k-hooks.

has minimum

Theorem 3.1. Form > 0 and k > 1, if X is a partition with m k-hooks, then we have
Al = A(m, k).

To prove Theorem 3.1, we introduce two operations D; and P; defined on Young dia-
grams. They can also be considered as operations on partitions. We shall show that one
can transform a partition A with m k-hooks into a nearly k-triangular partition T by
applying the operations D; and P;.

The operations D; and P; are defined as follows. Let A = (A1, Ao, ..., A.) be a partition.
The operation D; means to remove the i-th row of the Young diagram of A. The operation
P; applies to partitions A for which A; > X\;11. More precisely, P;()) is obtained from A
via the following steps. Assume that the cells of hook length k£ are marked by x.

Step 1. Remove the last cell v from the i-th row of the Young diagram of A\, and denote
the resulting partition by p. If the Young diagram of A contains no marked cell in the
column occupied by u, then we set P;(\) = p;

Step 2. In this step, there is a cell of hook length &k in the column of A that contains wu.
Denote this marked cell by w; and assume that it is in the j-th row of A. Evidently, the
marked cell wy; in A has hook length £ — 1 in p. There are two cases:

Case 1: pj = p;j—1. Notice that the cell w] above w; is of hook length k in p. In other
words, w] is a marked cell in p. In this case, we set P;(\) = u; see Figure 3.3.
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Figure 3.3: The case pj; = pj_1.

Case 2: pu; < pj—1. We add a cell v at the end of the j-th row in p and denote the
resulting partition by v. Clearly, w; is also a marked cell in v. If the Young diagram of
contains no marked cell in the (y; + 1)-th column, then we set P;(\) = v; see Figure 3.4.
Otherwise, go to the next step.

A [ v
* * *
* Step 1 * Step 2
* 7 | fpa T *| | pa
* wi s x| [o]us
k| w

Figure 3.4: The case p; < f1j_1.

Step 3. There is a marked cell in the (p; + 1)-th column of p. Let wy denote this marked
cell and suppose that it is in the A-th row. Evidently, the cell ws has hook length £ 4 1
in v. There are two cases:

Case 1: v, = v41. Notice that the cell w), below wsy is of hook length k in v. In this case,
we set P;(\) = v;

Case 2: v, > 1441. We remove the last cell o’ in the h-th row of v and denote the resulting
partition by . Now, ws is also a marked cell in p'. If the Young diagram of v contains
no marked cell in the column occupied by v/, we set P;(\) = p/. Otherwise, we set u = v/,
A =v, u=p and go back to Step 2.

Figure 3.5 gives an illustration of the operation P;, where the cells with the symbol —
are the removed cells and the cells with the symbol + are the added cells.

The following property of the operation P; is easy to verify, and hence the proof is
omitted. Recall that for given k and for any partition A = (A1, Ag, ..., A.), there is at
most one marked cell in each row of the Young diagram of A\. We use ay(A,7) to denote
the number of marked cells in the i-th row of the Young diagram of A, which takes the
value 0 or 1.
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Figure 3.5: The operation P;.

Lemma 3.2. Assume that k > 1. Let A = (A, Aa, ..., \.) be a partition such that
Ai > Aiy1. Then we have |A| = |Pi(\)| and

ap(A) = ar(A, 1) < ar(Bi(A) = ar(Fi(A), ).

We are now in a position to present a proof of Theorem 3.1 with the aid of the operations
P; and D;.

Proof of Theorem 3.1. Let A\ = (A1, Aa,...,\.) be a partition having m k-hooks. We
shall give a procedure to transform A into Ts(k), where s > m, by using the operations D;
and P;. Notice that D, decreases the weight of a partition and P; either preserves the
weight or decreases the weight by one. Moreover, it can be seen that D; preserves the
number of k-hooks and P; does not decrease the number of k-hooks. Hence we arrive at

the conclusion that |A| > A(s, k) = A(m, k).

Clearly, we have r > m. We aim to construct a sequence ), gr=1 . g1 0
of nearly k-triangular partitions starting with 7% and ending with Ts(k), where s > m.
In the construction of Ts(k) from ), we denote the intermediate partitions by A, =1

LA AO with A = X and A© = T We compare the partitions 8@ and A\® to
construct SY and A¢~1 by the following process, where 5 and A have the same

number of parts and B and A differ only in the first i rows.

First, we compare the last entry of A" with the last entry of 3. Recall that A(") = X
and ) = Tr(k). There are two cases:

Case 1: The r-th entry of A(") is equal to the 7-th entry of ). Then we set f"—1) = ®
and A1) = \(),

Case 2: The r-th entry of A" is not equal to the r-th entry of 5. There are two
subcases:
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Case 2.1: A" < B") = k. It is apparent that there are no cells of hook length & in
the r-th row of the Young diagram of A). Applying the operation P, to A", the r-th
entry of A\(") decreases by one. In view of Lemma 3.2, we have a;(P,(A")) > ay(\) and
|P.(AM)| < |A|. Applying the operation P, A" times to AT, we obtain a partition u with
r — 1 parts. It is clear that ag(p) = ax(A™) and |u| < [A7)]. We set g0—1 = T,@l and
)\(T—l) = L.

Case 2.2 A" > 8" = k. Let d = \") — k. Evidently, there is a cell of hook length k in
the r-th row of A", Applying the operation P, d times to A"), we obtain a partition su.
It is easily seen that the r-th entry of p equals the r-th entry of ). By Lemma 3.2, we
find that o (i) = ar(A®) and || < ]A®]. We set 8D = T and A1 = 4.

We now proceed to compare the i-th entry of A® with the i-th entry of 3@ for r —1 >
i > 1, where we assume that A\() and 3 have been constructed by the above procedure.
Assume that A has ¢ parts and ) = Tt(k). There are two cases:

Case 1: The i-th entry of A is equal to the i-th entry of 5. Then we set f0¢~1) = Tt(k)
and A1 = \O),

Case 2: The i-th entry of A®¥) is not equal to the i-th entry of 5). There are three
subcases:

Case 2.1: i=t (mod k) and )\Z@ - )\,gle < k. In this case, let d = )\Z@ — )\521. Clearly, there
are no cells of hook length & in the i-th row of the Young diagram of A, see Figure 3.6.
Applying the operation P; d times to A®), we obtain a partition p with j; = 41, which
contains no marked cells in the i-th row. By Lemma 3.2, we see that ag(u) > ap(A®)
and [pi] < |AO)].

Next, we apply the operation D; to i to generate a partition v with ¢ — 1 parts. Since
there are no marked cells in the area A of u, namely, {(p,q) : 1 <p<i—1,1<q< u;},
see Figure 3.6. The positions of the marked cells of u stay unchanged in v with respect
to the operation D;. It follows that ax(v) = ax(p) and |v| < |u|. This implies that
ap(v) = a(A?) and |v| < |A@|. Notice that the partitions v and T} differ only in the
first i — 1 rows. We set 80D = T*) and AV = .

g /lﬂle i-th row

Figure 3.6: The case for i=t (mod k) and )\z@ - AEQI < k.
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Case 2.2: i=t (mod k) and A — A\ > k. Let d = A — A\, — k. Evidently, there
is a cell of hook length k in the i-th row of A®), see Figure 3.7. Let u be the partition
obtained from A(®) by applying the operation P, d times. Note that there is also a marked
cell in the i-th row of y. By Lemma 3.2, we see that ay (i) = ap(A@) and |u| < |A@).
Now the partitions p and Tt(k) differ only in the first i — 1 rows. We set f0-1) = Tt(k) and

D =y,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

M
7 4 Tthe i-th Tow

*
*

Figure 3.7: The case for i=t (mod k) and )\Ei) - /\521 > k.

Case 2.3: ¢ # t (mod k). In this case, we have /\Z@ - )\521 > 0, see Figure 3.8. Let
d= )\Z@ —)\521. Applying the operation P; d times to A®Y), we obtain a partition y for Whigh
there is a marked cell in the i-th row. By Lemma 3.2, we deduce that ay(u) > ap(A®)

and |u| < |[A?|. Now, the partitions x and T¥ differ only in the first i — 1 rows. We set
BE=D = 7 and AG-D = 4.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

)7 /!7/[ the i-th row

*
*
*

Figure 3.8: The case for i #t (mod k).

Repeating the above process, we eventually obtain a nearly k-triangular partition A =
B30 = 7™ From the construction of A® from A\, we deduce that

m = ap;(A"7) < < a(AD) < ap AV < < a (W) = s

and
ez D S Y > > O = As, k).

NEDLIEES
> A0 = A(s, k) > A(m, k). This completes the proof. O

Since s > m, we have ||
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As a consequence of Theorem 3.1, we obtain the following upper bound on b(n, k).
Together with the lower bound given in the next section, we can determine the range of
n for which b(n, k) = m.

Corollary 3.3. Assume m > 0 and k > 0, If n is a nonnegative integer such that
n < A(m+ 1,k), then b(n, k) < m.

Figure 3.9 illustrates the transformation from A = (10,7,4,3,3,3,3) to a nearly 3-
triangular partition TEES) = (6,6,3,3,3). It can be checked that both A and TEES) have five
3-hooks and |A\| > A(5,3) = 21.

s 1] [ [ ]
* *| |
Dy 111
3 *
w1 @] = 33 Case 2.1 * IA®)| = 30
* AWy =7 * 1(A®) =6
* Otg()\(4)) =5 013()\(3)) =5
C P3
ase 2.1 Ds
* [« [ ] « ]
>x< 4 * 3 *
* (1) * P *
* Case 2.3 * Case 2.2 *
AO)] =21 AD| =25 AP =26
I(AO) =5 I(AW) =5 I(A®) =5
az(A\0) =5 azs(A\D) =5 azs(A\?) =5

Figure 3.9: A = (10,7,4,3,3,3,3) and T.”) = (6,6,3,3,3).

4 Proof of Theorem 1.2

In this section, we show that the number b(n, k) can be determined by the number A(m, k),
namely, the weight of the nearly k-triangular partition 7. In the previous section, we
have obtained an upper bound on b(n, k). To determine b(n, k), we give a lower bound
on b(n, k).

Theorem 4.1. Assume that m >0 and k > 0. If n is an integer such that n > A(m, k),
then we have b(n, k) = m.
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To prove Theorem 4.1, we introduce an operation (); defined on Young diagrams. In
fact, @); differs from the operation P; only in the first step. Let A = (A1, Ag,..., A;) be a
partition. The operation (); applies to partitions A for which A;_; > A;. More precisely,
Q;(X) is constructed via the following steps.

Step 1. Add a cell v at the end of the j-th row of the Young diagram of A\, and denote
the resulting partition by p. If the Young diagram of A contains no marked cells in the
(Aj + 1)-th column of A, then we set Q;(\) = 1;

Step 2. In this step, there is one cell of hook length % in the (A; 4+ 1)-th column of .
Denote this marked cell by w and assume that it is in the h-th row of A\. Note that the
marked cell w in A is of hook length k& + 1 in u. There are two cases:

Case 1: up = ppe1. Now that the cell w' below w is of hook length £k in pu, we set
Qi(A) = p
Case 2: pp > ppy1. We apply the operation P, to i and denote the resulting partition by

v. It is easily seen that the h-th entry of u decreases by one. Consequently, w has hook
length &k in v. We set Q;(\) = v.

For a partition A = (Ay, A, ..., \,), we regard the (r + 1)-th entry as 0 when we apply
@41 to A. Under this convention, )., increases the number of parts of A by one.

The following property of the operation (); is similar to Lemma 3.2. The proof is
omitted.

Lemma 4.2. Let A = (A, Ao, ..., ;) be a partition such that \; < \j_1. Then we have

ar(A) — ar(A, J) < ar(Q;(N)) — ar(Qi(N), 5) (4.1)

and
Al <1Q;N < [A[+ 1. (4.2)
We are now ready to prove Theorem 4.1 by using the operation Q).

Proof of Theorem 4.1. Assume that n > A(m, k). It suffices to show that there exists a
partition \ of n with at least m k-hooks. We proceed by induction on n.

First, when n = A(m, k), the nearly k-triangular partition T is a partition of A(m, k)
with m k-hooks. So the theorem holds for n = A(m, k).

We now assume that there is a partition A = (A1, Ag, ..., A) of N with s k-hooks,
where N > A(m, k) and s > m. The following procedure gives the construction of a
partition of N 4+ 1 with at least s k-hooks.

Apply Q,4+1 to X and denote the resulting partition by xY. By Lemma 4.2, we see
that a(pM) > s and |A| < |p™M| < |A| + 1. There are two cases:

Case 1: [uM| = |\|+1 = N +1. Then p is a partition of N + 1 with at least s k-hooks.
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Case 2: [u™M] = |A\| = N. We continue to construct a sequence of partitions

2 :Qr+2<u(1))7-"7ﬂ(i+l) :Qr+i+1(u(i));--- (k=1) =Q, +hk— 1( (k= 2))-

It is clear that u has r + i parts and contains at least i parts equal to one. It follows
from (4.1) that ay(u®) > s for 2 < i < k — 1. There are two subcases:

Case 2.1: There exists a partition 4@ such that |u| = N +1, where 2 < i < k—1. Then
p® is a partition of N + 1 with at least s k-hooks.

Case 2.2: || = N for 2 < i < k — 1. Now, we construct a partition u® from p*=b.
Recall that p =1 contains at least k—1 parts equal to one and it has at least s k-hooks.
Set 1*) to be the partition obtained from ;*~1 by adding 1 as a new part. Now, we have
| /L(k)’ = N + 1. Moreover, there are at least k parts equal one and there is a cell of hook
length & in the first column of p¥). Meanwhile, the positions of the marked cells in other
columns of p*~Y stay unchanged in p®). This implies that ay(u®) > ag(u*=1) > s.
Thus ;™ is a partition of N + 1 with at least s k-hooks. This completes the proof. [

Combining Corollary 3.3 and Theorem 4.1, we obtain the following Theorem which
can be used to compute b(n, k).

N

Theorem 4.3. Assume m > 0 and k > 1. If n is an integer such that A(m,k) < n
A(m+1,k) — 1, then we have b(n, k) =

Using the construction in Theorem 4.1, for any integer n and fixed k, we can transform
a suitable nearly k-triangular partition into a partition A of n. Theorem 4.3 implies that
the partition A attains the maximum number of k-hooks among partitions of n. Figure
4.10 gives an illustration of the construction of a partition of 12 with three 3-hooks from
the nearly 3-triangular partition with three parts.

n=9 Qa4 1 Qs * Qs * ¥ {n=12

as =3 * — * — x| |4+ —— * — * as = 3
J— *_

*
[+]

+

E
£
Figure 4.10: The construction of a partition of 12 with three 3-hooks.

Note that Theorem 4.3 reduces to Theorem 2.1 when £ = 1. We conclude this paper
with a proof of Theorem 1.2 on the generating function of b(n, k).

Proof of Theorem 1.2. First, write (1.2) in the following form

(1—gq) ank Zq k21_qtk—1. (4.3)

n=0 t>1
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The left hand side of (4.3) can be rewritten as

(1—q)) b(n.k)g" = (b(n+1,k) —b(n, k) g™ (4.4)

n=0 n=0

To compute b(n + 1,k) — b(n, k), we denote the interval [A(m, k), A(m + 1,k) — 1] by
1. By Theorem 4.3, we see that b(n, k) is determined by the interval containing n. We
consider two cases:

Case 1: n and n+1 belong to the same interval I%). By Theorem 4.3, we have b(n+1,k) =
b(n, k) =m, and so b(n + 1, k) — b(n, k) = 0.

Case 2: n and n + 1 lie in two consecutive intervals I and I,S’jil. It follows that
n = A(m+1,k)—1. By Theorem 4.3, we obtain that b(n, k) = m and b(n+1,k) = m+1.
So we have b(n + 1,k) — b(n, k) =

Combining the above two cases, we deduce that

Z(b(n+1k)—bnk ntl ZAmHk) ZqA(mk

n=0 m=0 m=0

(1= 0) Db K" = 32 g2 — 1 (1.5)

n=0 m=0

(] e ()

<r < k—1. Then we have

Consequently,
Recall that

Write m = sk + r, where s > 0 and

A(sk 41, k) = (sk+1) (s + 1)k — <S;1>k2

_ (S;1> K2+ (s + 1)k. (4.6)

Substituting (4.6) into (4.5), we find that

Z AR 1 — Z Sq(sgl)k%r(sﬂ)k 1

m=0 s=0 r=0
2
=yl k2_1—q5“_”“ |
- (s+Dk
s=0 q

In view of (4.5), we obtain that

ol — gtk
(1= > b(nk)g" = gl 11 1

tk
n=0 t>1 q
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This completes our proof. O]

Using the Jacobi triple product identity [4, Eq. 1.6.1], we may express the generating
function )~ b(n, k)g" in the following form:

1 (q2k2 2k2 oo N 1
L—q \ (¢"¢* ) 2

k—1
271,‘ 2 2 2 kj—i_].
qk k§qk )oo(qk qu Joo — T) :
=1

r
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