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Given a class A of graphs (always assumed to be closed under isomorphism), let .A,, denote
the set of graphs in A on the vertex set [n] := {1,...,n}. There has been much recent
interest in properties of the random graph R, sampled uniformly from A,,, when A is a
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Introduction

suitable ‘structured’ class of graphs such as the class of all planar graphs.

Analytic methods, based on generating functions and singularity analysis, have over
recent years been extended dramatically to handle more and more complicated classes
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of graphs: the work on planar graphs by Giménez and Noy [35] (see also [4, 36]) was
a breakthrough, and very recently graphs embeddable on any given surface have been
handled [3, 17]. See also [31] for graphs with no minor isomorphic to the complete bipartite
graph K33. Analytic work in papers such as those just mentioned much extends earlier
combinatorial and probabilistic investigations, as for example in [32, 33, 34, 47, 48, 51,
52, 53]. For further recent related work (appearing in 2010 or later) see for example
6, 10, 16, 20, 21, 22, 23, 24, 25, 26, 29, 41, 42, 43, 44, 49, 56, 57].

There is natural interest also in the case when A is any minor-closed class of graphs, or
for example any such class with 2-connected excluded minors; and for such investigations
we still need combinatorial and probabilistic methods. Here we use such methods, building
in particular on [48], and consider a more general model: we investigate random graphs
from a suitable weighted class of graphs, where ‘suitable’ includes all the usual suspects
and more, and ‘weighted’ is described below, corresponding to the random clusster model.

1.1 The model

To introduce the model, recall that in the classical binomial random graph G, , on the
vertex set [n], the (g) possible edges are included independently with probability p, where
0 < p < 1, see for example [14, 39]. Assuming that 4,, is non-empty, for each H € A,, we

have
pe(H) (1—p) (5)—e(H) \e(H)

> Gea, P91 —p) (5)-®  Ygea, X9

P(Gnp = H|Gpp € A) =

where A = p/(1 — p). Here e(G) denotes the number of edges in G: we will use v(G)
similarly to denote the number of vertices in G.

Now consider the more general random-cluster model, see for example [38], where we
are also given a parameter v > 0; and the random graph R,, takes as values the graphs
H on [n], with

P(R, = H) o< p* (1 — p)(g)fe(H)l/”(H).

Here x(H) denotes the number of components of H. For each H € A,, we have
)\e(H) fo(H)

S s AR

This is the distribution on which we shall focus. Thus the distribution of our random
graphs in A is as follows. Given edge-parameter A > 0 and component-parameter v > 0,
we let the weighting T be the pair (\,v). For each graph G we let 7(G) = A\(@)pr(©).
and for each finite set B of graphs we denote ) ., 7(G) by 7(B). We write R €, B to
indicate that R is a random graph which takes values in B with

P(R, = H|R, € A) =

T(H)

P(R = H) = =T
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and we call R a T-weighted random graph from B. Given a fixed weighted graph class
(A, 1), we write R, €, A to indicate that R, has the distribution of R €, A,, (when A,
is non-empty).

Our aim is to investigate the behaviour of the 7-weighted random graph R, for a
suitable weighted graph class (A, 7), with a fixed 7, for large n. When A = v = 1
of course we are back to random graphs sampled uniformly. Let us write R, €, A to
indicate that R,, is uniformly distributed over A,, as introduced in [53] (and perhaps
earlier).

Analytic methods for graph problems often involve generating functions with a variable
x for vertices and a variable y for edges (and sometimes a variable z for components), as
for example in [35]; and we may think of y as giving a weight for edges. Also for example,
for a fixed 1 < p < 3, we may learn about the random planar graph with n vertices
and with ~ un edges by choosing a suitable value for the edge-weight, see [35]. Further,
models in physics involving lattices or more general graphs may attach weights to vertices
or edges; for example the hard-core model, which is a model for a gas with particles of
non-negligible size, and which also appears in models for communications networks, see
for example [5].

We find that many results extend naturally from the uniform case 7 = (1, 1) to general
T-weighted random graphs. As well as generalising previous work on the uniform case in
this way, we give new results on the 2-core of R,,, arising from a more combinatorial proof
of a key ‘smoothness’ result, see [2, 48]. The 2-ore of a graph G (sometimes called just
the core), denoted here by 2—core(G), is the unique maximal subgraph with minimum
degree is at least 2. Thus 2—core(G) is empty if and only if G is a forest; and the 2-core
may be obtained by repeatedly trimming off leaves.

To investigate the random graph R,, €, A we need to consider how 7(.A,) grows with
n. As in the uniform case, we say that the weighted graph class (A, 7) has growth constant
v=79A,71)if 0 < v <ooand 7(A,) = (y+0(1))"n! as n — oco. (Sometimes we insist
that v > 0.) Also we say that (A, 1) is smooth (or smoothly growing) if 7(A,)/nT(A—1)
tends to a limit 4/ with 0 < 7/ < 0o as n — oo. (This is also referred to as the ‘ratio test’
property RT1, see for example [1, 15].) It is easy to see that in this case the limit 4" must
be the growth constant ~.

We need some definitions concerning a graph class A. We say that A is proper when
it is not the class of all graphs and it contains a graph with at least one edge; that
A is decomposable when a graph is in A if and only if each component is; that A is
bridge-addable when, for each graph in A and each pair v and v of vertices in different
components, the graph obtained by adding an edge joining v and v must also be in A;
and A is addable when it is both decomposable and bridge-addable. Also, we say that A
is minor-closed if whenever G € A and H is a minor of G then H € A.

Let A be a proper minor-closed class of graphs. The minor-minimal graphs not in A
are the excluded minors. From the Robertson and Seymour theory of graph minors [58],
see for example Diestel [19], the set of excluded minors must be finite. The properties of
being decomposable and being addable correspond to simple properties of the excluded
minors: indeed, A is decomposable if and only if each excluded minor is connected, and
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A is addable if and only if each excluded minor is 2-connected.

It was conjectured in [6] that, in the uniform case, every proper minor-closed class of
graphs has a growth constant. It is natural to conjecture that this in fact holds for each
weighting 7. Indeed it is natural to conjecture that we even have smoothness, whenever
the growth constant is > 0.

1.2 Overview of main results

Our results involve a ‘well-behaved’ weighted class of graphs. We shall say later precisely
what this means, after we have introduced various preliminary definitions. We require
that such a class is proper, minor-closed and bridge-addable, and satisfies certain further
conditions: the full definition is given in section 2.5.4 below. The important thing to note
here is that the following classes of graphs are all well-behaved, with any weighting 7:
any proper, minor-closed, addable class (for example the class of forests, or series-parallel
graphs or planar graphs); the class G° of graphs embeddable on any given surface S; and
the class of all graphs which contain at most k vertex-disjoint cycles, for some fixed k.

We shall prove various results about any well-behaved weighted class of graphs (A, 7)
and about the corresponding random graph R,, €, A, where A > 0, v > 0 and 7 = (\,v).
We sketch some of these results now, in the order in which the proofs run: full details
appear in Section 2.

First we show the key counting result that (A, 7) is smooth, with some growth constant
v > 0 (depending on 4 and A but not on v). In the process of doing this we learn about
the 2-core of R,: in particular we find that, as n — oo

v(2—core(R,,))/n — (1 —t) in probability (1)

where ¢ is the unique root with 0 < ¢ < 1 to '/t = Ay. When A is the class G of graphs
embeddable on a given surface S and A = 1 then from [35, 47| we have v ~ 27.22687, and
so v(2—core(R,)) ~ 0.96184n whp . (We say that a sequence (A,) of events holds with
high probability (whp ) if Pr(A,) — 1 as n — 00.)

After that, using smoothness, we learn about the ‘fragments’ of R, not in the giant
component, and in particular we find that

P(R,, is connected) — e D@7 = 7P 55 1y — o0 (2)

where 71 = (A, 1) and D(p, 7) is as described in the next paragraph. When A is the class
of forests, the growth constant v is e\ and the limiting probability of connectedness is
e~2x. When A is the class G° of graphs embeddable on a given surface S and A = 1 the
limiting probability of connectedness is e *P*1) ~ 0.96325" (see Section 2.3).

We say that a graph H is freely addable to a graph class A if the disjoint union G U H
of G and H is in A for each graph G € A. Let D denote the class of connected graphs
which are freely addable to A. Observe that if A is decomposable then each graph in A is
freely addable to A, so that D is the class of connected graphs in A; and if A = G then D
is the class of connected planar graphs. Now D(p, 7) is the evaluation of the exponential
generating function D(x, 7) for D (see Subsection 2.1), at the radius of convergence p for

(A, 7).
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2 Statement of main results

The first subsection describes the Boltzmann Poisson random graph corresponding to a
decomposable class. Then we consider a well-behaved weighted class (A, 7) of graphs and
R, €, A. We describe how the ‘fragments’ not in the giant component of R,, converge in
distribution to R, for the corresponding Boltzmann Poisson random graph R, which gives
as a corollary the result (2) on the limiting probability of R,, being connected. The next
subsection concerns smoothness and the 2—core, and in particular includes the result (1);
and then we discuss appearances of subgraphs. In the final subsections we say precisely
what it means for a graph class to be ‘well-behaved’, and then give a sketch plan of the
rest of the paper.

2.1 Boltzmann Poisson random graph

We introduce a general distribution on the unlabelled graphs corresponding to a weighted
class of labelled graphs.

Let A be a class of graphs, and let C be the class of connected graphs in A. (By
convention the empty graph () is in A and not in C.) We define the generating function

A(z,y, 2) by
Alwp2) = 3 3 Syt
n>0 GeA,
and similarly
Clay,2) == 0 3 Syt
n>1 GeCn

The standard ‘exponential formula’ in a general form (see for example [28, 59]) is that
when A is decomposable we have

A(z,y, z) = eC@v2), (3)

Let us say that A contains components (or is down-decomposable) if each component
of each graph in A is also in A. Suppose that A contains components, and consider any
fixed positive y and z. Then as in (3), C(x,y,2) < A(z,y,2) < e“@¥2) for each z > 0,
and so the generating functions A(x,y, z) and C(x,y, z) (as functions of x) have the same
radius of convergence. Thus in particular the radius of convergence of A does not depend
on z. (The radius of convergence clearly depends on y since e(G) is at least linear for a
connected graph G.) Also we may see that (A, 7) has growth constant v if and only if
(C,7) does.

For any graph class A, we let 4 A denote the corresponding unlabelled graph class,
with members the equivalence classes of graphs in A under isomorphism. Now let A be
any decomposable class of (labelled) graphs. As we shall observe later, we may write its
generating function A(z,y, z) in terms of UA as

e(H) Z/{(H)

Alz,y,z) = Z a azt(H) . (4)

HeuA
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Here aut(G) denotes the number of automorphisms of G. Suppose that we are given
T = (\,v). We shall set y = X and z = v, and write either A(xz,\,v) or A(z,7). If we
choose p > 0 such that A(p, ) is finite, then we may obtain a natural ‘Boltzmann Poisson
distribution’ on U.A — see equation (6) below. The uniform case 7 = (1, 1) was considered
in [48]. We denote the radius of convergence of A(z,7) (viewed as a power series in x) by
p(A,T).

We need more notation (following [48]) to record some of the properties of this distri-
bution. For a connected graph H let x(G, H) denote the number of components of G iso-
morphic to H; and for a class D of connected graphs let x(G, D) denote Y ,cyp k(G H),
the number of components of G isomorphic to some graph in D. The notation X ~ Po(u)
means that the random variable X has the Poisson distribution with mean p. Recall
that a sum of independent Poisson random variables Po(y;) has distribution Po(}, ),
as long as ), p; < 0.

Theorem 2.1. Consider the weighted graph class (A, T) where A is decomposable. Let
p > 0 be such that A(p,T) is finite, and let

pv(H) /\e(H) pr(H)
aut(H)

w(H) = for each H e UA (5)

(so that A(p,T) = Y geya W(H) by equation (4)). Let the ‘Boltzmann Poisson random
graph’ R = R(A, p,T) take values in UA, with

p(H)
PR = H] = for each H € UA. 6
A== e )
Also, let C denote the class of connected graphs in A.
Then the random variables k(R, H) for H € UC are independent, with (R, H) ~

Po(yu(H)).

In particular, since C(p,7) = > e #(H) (by equation (4) applied to C) we have
K(R) ~ Po(C(p,T)).

2.2 Fragments and connectivity

The big component Big(G) of a graph G is the (lexicographically first) component with
the most vertices, and Frag(G) is the fragments subgraph induced on the vertices not
in the big component (thus Frag(G) may be empty). Denote the numbers of vertices in
Big(G) and Frag(G) by big(G) and frag(G) respectively, so big(G) + frag(G) = v(G). We
consider R, €, A, and focus on the limiting distribution of the random graph Frag(R,,).
It is convenient to deal with the random unlabelled graph F), corresponding to Frag(R,).
We use =7y to denote convergence in total variation (or in distribution).

Theorem 2.2. Let the weighted graph class (A, ) be well-behaved, and let p = p(A,T).
Let F 4 be the class of graphs freely addable to A, with exponential generating function
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Fy. Then 0 < p < 0o and Fu(p,T) is finite; and for the random graph R, €. A, the
random unlabelled graph F, corresponding to Frag(R,) satisfies F,, —ry R, where R is
the Boltzmann Poisson random graph for Fa, p,T defined in (6). Further, E[v(R)] =
pD'(p, ) < oo, where D is the class of connected graphs in F4.

Corollary 2.3. (a) For any given distinct graphs Hy, ..., Hy in UD the k random vari-
ables k(F,, H;) are asymptotically independent with distribution Po(u(H;)).

(b) For any class D C D we have k(F,,D) —ry Po(D(p, 7)), and each moment of
k(F,, D) tends to that of Po(D(p,T)).

(c) As a special case of part (b), k(F,) =7y 14+ Po(D(p, 7)), and as n — oo we have
P[F, is connected | — e~ 27 = Fu(p, )7, E[k(F,)] = 1+ D(p, ), and the variance of
k(Fy,) tends to D(p,T).

(d) For the random number of vertices v(F,,) = frag(R,), we have
v(F,) =7y v(R); that is, for each non-negative integer k

Plo(F,) = k L2 F
W(F,) =k] — myr(( k) asn — 0o,

and similarly e(F,) —rv e(R).

In the uniform case 7 = (1, 1) of the above result, part (¢) on x(R,,) and part (d) on v(F,)
extend for example Theorems 5.2 and 5.3 of [17].

Trees and forests Let us illustrate the above results for the classes 7 of trees and F of
forests. Denote F by A temporarily (just the next three times). The class A is minor-
closed and addable, and so it is well-behaved; and the class F 4 of graphs freely addable
to A is just F again.

By Cayley’s formula 7(7,) = n""2A""'v, and by Stirling’s formula (n!)'/™ ~ n/e. Thus
(7(T)/n)Y/™ — eX as n — oo, so that (7,7) has growth constant el. By Lemma 3.1
below

T(F,7) = 7(T,1) > 671//)‘7'(.7, T)
and it follows that (F, 7) also has growth constant e\ (see also Section 3.7 below). Thus
p=p(F,7) = (eX)~!. Recall that

n—2

1 n—1
Z Z”n! T2 and Z Z”n!

n>1 n>1

~1. (7)

(One way to see these results is to consider the exponential generating functions U(z)
for (Cayley) trees and T'(z) for rooted trees respectively, where U(z) = >_ -, n" 22" /n!
and T(z) = Y, n" '2"/nl. Since T'(z) = ze”®) we find T(1/e) = 1, and since U(z) =
T(z) —T?(z)/2 we find U(1/e) = 1/2, see for example Stanley [59] chapter 5, or Flajolet
and Sedgewick [28] section IL.5.).

Thus the exponential generating function 7" (for the weighted case) satisfies

n

n—2 v
ern! 2\

T(p,7)= I/Zn"_z)\"_l(e)\)_"/n! = %Z

n>1 n=1

THE ELECTRONIC JOURNAL OF COMBINATORICS 20(2) (2013), #P52 7



and
n

n—2
e"n!

= ev.

T (p,7) = VZn”_l)\"_l(e)\)_(”_l)/n! = el/z

nx1 n>1

Now consider R, €, F. It follows from Corollary 2.3 part (c¢) that, as n — oo, k(R,,)
converges in distribution to 1 + Po(v/2)), and so in particular

P(R,, is connected ) = :((23 e .
and so
T(Fn) ~ ved n 2\l (9)

Also, by part (d), as n — oo, Frag(R,,) converges in distribution to R, so frag(R,,) con-
verges in distribution to v(R), and indeed in this case we may see that also E[frag(R,)] —
E[v(R)] as n — oo (this follows using the formulae above for 7(7,,) and 7(F,,), and arguing

as in the proof of Proposition 5.2 of [47]), where by Theorem 2.2 E[v(R)] = pT"(p,T) = X.

Now consider (vertex-) rooted trees, which also have growth constant eX. The expo-
nential generating function 7 satisfies

nn1 1%

0 -1 _ n—1yn—1 —n . 1% o

where we have used (7). This result is used in the introduction to Section 5.2.

2.3 Smoothness and 2—core(R,,)

Our next theorem says that a well-behaved weighted graph class (A, 7) is smooth, and
gives results on 2—core(R,,) for the random graph R,, €, A. Recall that (F, 7) has growth
constant Ae, where F is the class of forests.

Theorem 2.4. Let the weighted graph class (A, 1) be well-behaved, with growth constant
v; let C denote the class of connected graphs in A; and let R,, €, A. Then

(a) Both (A, 7) and (C,T) are smooth with growth constant vy, and v > Ae.

(b) Let B denote the class C°2% of graphs in C with minimum degree at least 2. If v > Ae
then (B, T) has growth constant 3 where (3 is the unique root > \ to Be? = ~; and
if v < Xe then p(B,7) > AL,

T

(c) If v > Xe let « = 1 — x where x is the unique root < 1 to xe~
let « = 0. Then for each € > 0

= \/v; and otherwise

P(|v(2—core(R,)) — an| > en) = ¢~ ™). (10)

THE ELECTRONIC JOURNAL OF COMBINATORICS 20(2) (2013), #P52 8



(d) Let T denote the class of trees and let D denote the class of connected graphs which
are freely addable to A, with generating functions T and D respectively; and let
p = 1/7. Suppose that v > Ae (so the probability that 2—core(R,,) is empty is e~
by part (c¢)). Then T(p,7) < D(p,T) < 00, and the probability that 2—core(R,,) is
non-empty and connected tends to 7P =PPT) g5 n — oo.

Graphs on surfaces Let us illustrate the theorem above for the class G of graphs em-
beddable on a given surface S. It was shown in [47] that for any fixed surface S, the
class G° of graphs embeddable on S has growth constant ~, where v is the planar graph
growth constant (the same v for each surface), and recently this was very much improved
to give an asymptotic formula for |G2|, see [17, 3]. From Giménez and Noy [35] we have
v & 27.226878. For any weighting 7, the weighted class (G°,7) is well-behaved (this is
part of lemma 2.7 below), and so by Theorem 2.4 we see that (G°,7) is smooth; and
when we specialise to the uniform case we obtain the result of [2] that the (uniform)
class G° is smooth (this also follows directly from the recent asymptotic formula for |G?|
mentioned above). Further we obtain new information on the core of a uniform random
graph R, €, G°, as follows.

Solving Be'/? = ~ (using the more accurate figure for v in Theorem 1 in [35]) gives
B = Py ~ 26.207554, and solving « = 1 — 1/ gives a = g ~ 0.961843. Thus the class
B of (connected) graphs in G¥ with minimum degree at least 2 has growth constant 3,
and v(2—core(R,)) ~ agn whp . The growth constant 3, for (connected) graphs in G°
with each degree at least 2 is only slightly larger than the growth constant ~ 26.18412
for 2-connected graphs in G°, from [4, 35]. Also, the asymptotic number ayn of vertices
in the core of R, is only slightly larger than the number of vertices in the largest block,
which is about 0.95982n by Theorem 5.4 of [37].

Finally, let us consider the connectivity of the 2-core. The class D of connected freely
addable graphs is the class of all connected planar graphs, and from Corollary 1 in [35]
we have e P ~ 0.963253, where p = 1/7. Further e7”) ~ 1.038138, so by Theorem 2.4
part (d) the probability that 2—core(R,,) is connected &~ 0.999990 (for large n). Thus
the probability that 2—core(R,,) is not connected ~ 107°. For comparison note that
P(Frag(R,) = Cs) ~ e P p?/6 ~ 8. 107,

2.4 Appearances theorem

It is often useful to know that for R, €, A, whp R,, contains many disjoint copies of a
given connected graph H. Suppose that H has a specified root vertex r. We say that H
is freely attachable to A if, given any graph G € A and vertex v € G, the graph formed
from the disjoint union G U H by adding the edge vr is in A.

Let H be a graph on the vertex set [h] = {1,...,h}, and let G be a graph on the
vertex set [n] where n > h. Let W C V(G) with |W| = h, and let the root ry be the least
element in W. We say that H has a pendant appearance at W in G if (a) the increasing
bijection from [h] to W gives an isomorphism between H and the induced subgraph G[W]
of G; and (b) there is exactly one edge in G between W and the rest of G, and this edge
is incident with the root ry,. We let fy(G) be the number of pendant appearances of H
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in G, that is the number of sets W C V(G) such that H has a pendant appearance at W
in G. The next theorem extends results in [52, 53, 47, 48].

Theorem 2.5. Let the weighted graph class (A, ) have growth constant vy, and let R,, €,
A. Let the connected graph H be freely attachable to A. Then there exists a > 0 such
that

Pr(fu(R,) < an] = e ™.

This result shows for example that, if the k-leaf star rooted at its centre is freely
attachable to A, then R,, has linearly many vertices of degree k + 1, with exponentially
small failure probability. It is possible to extend the theorem to consider graphs H with
(slowly) growing size, see for example Theorem 3.1 in [51], but we do not pursue that
here. If (A,7) is well-behaved then we can be more precise about fg(R,), extending
Proposition 1.9 of [48].

Proposition 2.6. Let the weighted graph class (A, T) be well-behaved with growth constant
v, and let R, €, A. Let the connected graph H be freely attachable to A. Then

R, \e(H)
ngl ) o\ o) in probability as n — oo.

The same result holds if we count disjoint pendant appearances. Indeed, if fH(Rn)
denotes the number of pendant appearances of H in R, that share a vertex or the root
edge with some other pendant appearance of H, then E[fy(R,)] = O(1).

2.5 Definition of a ‘well-behaved’ graph class

Now at last in this section we can say precisely what we mean by a well-behaved class.
We need first to introduce the notions of a graph class with a ‘freely-addable-or-limited’
dichotomy, and of a graph class ‘maintaining at least factorial growth’. Along the way we
introduce ‘very well-behaved’ graph classes.

2.5.1 Freely-addable-or-limited classes of graphs

Recall that, given a class A of graphs, the graph H € A is freely addable to A if the
disjoint union G U H € A whenever G € A. We denote the class of graphs which are
freely addable to A by F4. For example, if A is the class G° of graphs embeddable on a
fixed surface S then F 4 is the class P of planar graphs. Observe that if A is minor-closed
and bridge-addable then F 4 is minor-closed and addable.

We say that a graph H € A is limited in A if kH is not in A for some positive integer
k. Here kH denotes the disjoint union of k copies of H. For example, if A is G° as above
then the graphs in A which are limited in A are the non-planar graphs, which are exactly
the non-freely addable graphs. If A is decomposable then no graph in A is limited in A.
Indeed if H is freely addable to a class A then H is not limited in A (recall that each
graph in a decomposable class is freely addable to the class).
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We are interested in classes A of graphs such that each graph G € A is either freely
addable or limited (as we have noted it cannot be both): let us call such a graph class
freely-addable-or-limited. From what we have just seen, for any surface S the class G°
is freely-addable-or-limited. If A is decomposable then F4 = A so A is freely-addable-
or-limited. If A is the class Ex(kC3) of graphs with at most k vertex-disjoint cycles,
then F 4 is the class of forests and each graph with a cycle is limited, so A is freely-
addable-or-limited. An example of a class which is not freely-addable-or-limited is the
class Ex(C5UCy) of graphs with no minor C3 U Cy, where Cj is neither freely-addable nor
limited.

2.5.2 Very well-behaved classes of graphs

It is conjectured [6] that any proper minor-closed class A of graphs has a growth constant,
and it is natural to conjecture similarly that (A, 7) always has a growth constant. Part
of the definition of (A, 7) being well-behaved will require that there is a growth constant.

We (temporarily) call the weighted class (A, 7) of graphs very well-behaved if it is
minor-closed, bridge-addable and freely-addable-or-limited; and if it either is decompos-
able, or it is closed under subdividing edges and has a growth constant.

From what we have already seen, to show that (A, 7) must be very well-behaved when
A is a proper minor-closed addable class, or a class G°, it suffices to show that the growth
constant must exist. This is done in Sections 3.2 and 3.3.

Now let A be the class of graphs with at most k vertex-disjoint cycles. Then A
is minor-closed, bridge-addable, freely-addable-or-limited and closed under subdividing
edges. In the uniform case this class has growth constant 2*e [43], and so it is very well-
behaved. Furthermore, straightforward adaptations of the proof in [43] shows that the
weighted class (A, 7) has a growth constant, and so it is very well-behaved. However,
consider for example the class of graphs with no two vertex-disjoint cycles of length at
least 4: this class is not decomposable nor closed under subdividing edges, and so it is
not very well behaved. To cover such further graph classes, we weaken the condition and
define a larger class of ‘well-behaved’ graph classes. Unfortunately the definition is more
involved.

2.5.3 Maintaining at least factorial growth

We shall want to consider classes of graphs which we can show do not have any sudden dips
in their growth rate. Let us say that a weighted graph class (A, 7) of graphs maintains at
least factorial growth if there exist an n > 0 and a function g(n) = (1 + o(1))™ such that
for each n and each j with 1 < j < n we have

7(An) 2 7(Auj) (n); 17 g(n). (11)

An equivalent condition avoiding the function g is that there exist an > 0 such that for
each € > 0, for each sufficiently large n, for each 1 < j <n

T(An) 2 7(An-j) (n); 17 e " (12)
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It follows easily from lemma 3.1 (a) below that, if A is bridge-addable and C is the class
of connected graphs in A, then (A, 7) maintains at least factorial growth if and only if
(C,7) does.

These equivalent conditions are weaker than having a growth constant. Several weigh-
ted graph classes may be shown easily to maintain at least factorial growth, for example
if (A, 7) has a growth constant or if A is closed under subdividing edges — see Section 3.5
below. Since (n); > (n/e)? for j = 1,...,n, it would make no difference if we replaced
(n);n’ in the definition by (nn)’. Also, to prove that (A, 7) maintains at least factorial
growth, by Lemma 3.6 it suffices to show that there is a § > 0 such that (11) or (12) holds
for each 7 with 1 < j < dn.

2.5.4 Well-behaved classes of graphs

We may at last say exactly what ‘well-behaved” means. We start with the definition of a
very well-behaved graph class A, and we simply replace the condition that A be either
decomposable or closed under subdividing edges by the condition that the subclass .4°>2
is either ‘as small as the paths’ or it is ‘consistently large’. (Recall that A°>2 is the class
of graphs in A with minimum degree at least 2.) It will be easy to check that any very
well-behaved graph class is well-behaved.

Definition The weighted class (A, 7) of graphs is well-behaved if it is minor-closed, bridge-
addable, freely-addable-or-limited, and has a growth constant; and if the weighted class
(A°22 1) either (a) is empty or has radius of convergence at least A~ or (b) maintains at
least factorial growth.

From our observations in Section 2.1, we obtain an equivalent condition if we replace the
assumption that (A4, 7) has a growth constant by the assumption that (C, 7) has a growth
constant, where C is the class of connected graphs in A. Similarly, we could replace .4°>2
by the class of connected graphs in A with minimum degree at least 2.

Lemma 2.7. Fvery very well-behaved weighted graph class is well-behaved, and in partic-
ular the weighted class (A, 1) is well-behaved in the following cases, with any T:

(a) A is minor-closed and addable,
(b) A is the class G° of graphs embeddable on any given surface S,
(c) A is the class of graphs which contain at most k vertex-disjoint cycles, for any given

positive integer k.

2.6 Plan of the rest of the paper

The next section collects and proves various preliminary general results, and contains a
proof of Lemma 2.7 above which shows that certain graph classes are well-behaved. After
that, in Section 4, we prove the results stated in Section 2.1 on the Boltzmann Poisson
random graph. The next section proves most of the results presented in Section 2.3 on
smoothness and the 2—core; and the smoothness results allow us, after a brief section on
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Poisson convergence, to prove the results on Frag(R,) and connectedness in Section 2.2.
After that we prove the results on appearances given in Section 2.4, and finally we make
some concluding remarks.

3 Preliminary general results

This section presents various preliminary general results, and gives a proof of Lemma 2.7,
which shows that certain interesting graph classes are well-behaved.

3.1 Connectivity bounds for a bridge-addable class

We start with a lemma taken from [50], which will be used several times in this paper.
Part (a) is a special case of Theorem 2.1 in [50], and extends Theorem 2.2 of [52]: part
(b) is a special case of Theorem 2.2 in [50], and extends Lemmas 2.5 and 2.6 of [48]. (The
paper [50] also gives asymptotic versions of these results, in the case when the class is
closed also under deleting bridges, which match the results for forests described in 2.2.)

Lemma 3.1. Let the finite non-empty weighted set (A, T) of graphs be
bridge-addable, and let R €, A. Then

(a) k(R) is stochastically at most 1 +Po(v/X), and so in particular
P(R is connected) > e™"/*; and

(b) E[frag(R)] < 2v/\.

3.2 Growth constant for an addable class

The following result is an extension of Proposition 1.1 in [48], and its proof follows similar
lines.

Lemma 3.2. Let A be a non-empty addable subclass of a proper minor-closed class of
graphs, and consider any weighting 7. Then there is a constant v with 0 < v < oo, which
does not depend of v, such that

(T(Ay) /)™ = v as n — oo.
Proof. Let C be the class of connected graphs in A. Then 7(C,) > 7(A,)e™/* by
Lemma 3.1 (a), and so for all positive integers a and b
1/a+b
) = (") e e

2 a
\ 7(Ag)e ™ T(Ap)e

> 2o+ ) — 2 bl

Thus, if we set f(n) = % then f(a+b) > f(a)f(b), that is f is supermultiplicative.
Since A is a subclass of a proper minor-closed class of graphs, there is a constant c;

such that |A,| < nlet, see [55] (or [27] for a different proof). Also there is a constant co
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such that each graph in A has average degree at most ¢y, by a result of Mader [46] (see
also for example Diestel [19]). Hence

7(An) < | A, max{1, \" '} max{1, )\izn/Z} max{v, V" }.
Thus v = sup,, f(n)"/" satisfies 0 < v < oo; and since f is supermultiplicative it follows by
Fekete’s lemma (see for example [45] Lemma 11.6) that as n — oo we have f(n)'/™ — ~
and so also (7(A,)/n!)'/™ — 5. Finally note that v cannot depend on v since A contains
all components (see the discussion following (3)). O

3.3 Growth constant for (G, 7)

Since the class P of planar graphs is minor-closed and addable, we know from the last
subsection that, with any weighting 7, the weighted graph class (P,7) has a growth
constant (P, 7), which does not depend on v. We may show that (G°,7) has the same
growth constant (P, 7), by induction on the Euler genus of S, following the treatment
of the uniform case in [47].

3.4 Freely-addable-or-limited graph classes

It was shown in [47] that, for R, €, G° (the uniform case), the probability that Frag(R,)
is non-planar is O(Inn/n): here we improve and extend this result. Let us write G =, H
to mean that G has a minor (isomorphic to) H. First we give a lemma concerning a single
unwanted minor.

Lemma 3.3. Let A be bridge-addable, let R, €, A, let H be a connected graph, and let
k be a non-negative integer. Then

3vklnn  6v
P(F = H) < —— 4+ — +P(R, =, (k+1)H). 1
(Frag(R,) = H) < S50 20 B(Ry = (ko 1)H) (13)
Further if H is 2-connected then we may improve the first term in the bound to 2/\3;’(%)%.

Proof. Let w = w(n) = |n/3]. Let BJ be the class of graphs G € A, such that G €
Ex(k+1)H, frag(G) < w, Frag(G) =,, H, and there are exactly j vertices in the lex-first
component C' of Frag(G) with minor H. Given a graph G € B/, add any edge between
this component C' and a vertex in Big(G), to form G’. This gives j - big(G) > j - 2n/3
constructions of graphs G’ € A.

Each graph G’ constructed can have at most k (oriented) bridges uv such that the
component of G’ —uwv containing u has order at least 2n/3, and the component containing v
has order j and has a minor H (since otherwise the original graph G is not in Ex(k+1)H).
Thus G’ can be constructed at most k times. Hence

2n A

i ST(BY) < kr(Ay)
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SO
: 1 3vk

Bl) < -2 1 (A,).

() < H3ra,)

Let B, = Uj<,B?. Since > ow()<j<w 1/ < Inw we have

Svklnn
2A n

Thus 7({G € A, : Frag(G) =,, H}) is at most

7(B,) < 7(A,).

%IDT”T(A") +7({GEA,: frag(G)>w}) + T{GEA,: G =y (k+1)H}).

But recall from Lemma 3.1 (b) that E[frag(R,)] < 2v/A, and so

6v
P(f R, 3 —
(Frag(Ry) > nf3) < -

Hence we may divide by 7(.A,,) in the last displayed inequality to obtain (13).

Now suppose that H is 2-connected. Let G € B,,, where B is as above. Then some block
of some component of Frag(G) has a minor H. Add any edge between a vertex in such a
block and a vertex in Big(G), to form G’. This gives at least v(H) - big(G) > 2v(H)n/3
constructions of graphs G’ € A.

Each graph G’ constructed can have at most k (oriented) bridges uv such that the
component of G’ —uv containing u has order at least 2n/3, and the component containing
v is in a block with a minor H. Thus G’ can be constructed at most k times. Hence

2n A

U(H)? ;T(Bn) < kT(Ap)

and we may proceed as before. m

Recall that F 4 denotes the class of graphs which are freely addable to A. The last lemma
yields:

Lemma 3.4. Let A be minor-closed, bridge-addable and freely-addable-or-limited; and let
R, €, A forn=1,2,.... Then there is a constant ¢ such that

cv

P(Frag(R,) & Fa) < .Y for each n.

Proof. As we noted in Section 2.5.1, F4 is minor-closed and addable, with a finite set
of excluded minors each of which is 2-connected. Thus it suffices to prove that for each
excluded minor K for F4 there is a constant cx such that P(Frag(R,) =,, K) < “&¢ for
each n. But if K € A then K must be limited in A since A is freely-addable-or-limited, so
there is a k such that (k+ 1)K ¢ A; and now we may use Lemma 3.3 for the 2-connected

graph K. O]
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3.5 Maintaining at least factorial growth

We shall want to consider weighted graph classes (A, 7) (with each vertex degree at least
2) which maintain at least factorial growth, as defined in Section 2.5.3.

It is easy to see that if (A, 7) has growth constant v > 0 then (A,7) maintains at
least factorial growth. For let 0 < e < 1 (for example take ¢ = 1) and let ng be such
that (1 — €)"nly" < 7(A,) < (1 — €) "nly" for each n > ny. Then for each n > ny and

1 < ] <n-— No,
T(A) = (L= e)"nly" = (1= €)"(n — )" ()" = (1= )" 7(Any)(n);7,

and (11) follows for each 1 < j < n.

Other graph classes may be shown to maintain at least factorial growth even though
we may not know whether they have a growth constant, and indeed that is the point of
introducing this property. We shall see below that this holds for example when the class
is closed under subdividing edges. Note in particular that for any given surface S, the
class of graphs G which have minimum degree at least 2 and are embeddable on S is
closed under subdividing edges.

Given a class A of graphs and a graph G € A, let us say that an edge e in G is
arbitrarily subdividable if A contains each graph obtained by repeatedly subdividing e.

Lemma 3.5. Let A be a non-empty class of graphs, and suppose that each graph in
A contains an arbitrarily subdividable edge. Then for each T, the weighted class (A, T)
maintains at least factorial growth.

Proof. Let 1 < j < n be such that A,,_; is non-empty. Pick a set S of j vertices from
[n], and list them as vy, vq,...,v;. Pick a graph G in A on [n] \ S and an arbitrarily
subdividable edge e = uw where u < w, and replace e by the path uv,vs - - - vw, to form
G'. The weighted number of constructions is at least 7(A,_;) (n);n?, where n = \.

How often can a given graph G’ on [n] be constructed? In G’ there must be a path
V1,2, ...,v; of vertices of degree 2, where j is known. The number of such paths is at
most n?. But knowing the path determines G, e and the list, so G’ can be constructed at
most n? times. Hence

7(An) 2 7(Anj)(n);m 9(n),

where g(n) = n~2, and the lemma follows. O

Finally here let us check that a seemingly more ‘local’” and weaker condition implies
that A maintains at least factorial growth (as defined at (12)).

Lemma 3.6. Assume that A, # 0 for infinitely many n. Let 0 <6 <1,0<n <1 and
g(n) = (14 0(1))"; and suppose that

7(An) = 7(Any) (n); 7 g(n)

for each sufficiently large n and each 1 < j < dn. Then A maintains at least factorial
growth (with the same n).
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Proof. Let 0 < e < 1. Let Ny be sufficiently large that g(n) > (1 — de/2)" for all n > Nj.
Let N > Ny be such that Ay # (). Let us first show that

T(An) = (n); e - 7(An-y) (14)

foreachn > N and j=1,...,n— N.
Letn > Nand1 < j<n—N. Letn; = |(1-0)'n] fori = 0,1,2 .. Let ig be the least
i such that n; < n—7j, and redefine nlo as n—j. Observe that 30 ' n; < nzpo(l §) =

n/d. Note also that (1 —z/2) > e for 0 < 2 < 1 and so (1 — d¢/2)"/% > e~. Hence
io—1 o
[T 9(n) = (1 = 6e/2)%0 > (1= ge/2) e,
=0
Now
io—1
T(-An) Z H(ni)(m—m+1)7]niim+lg<ni) ' T<~Amo>
i=0
10—1

= 77 H g nz : n—J)
> (n)J 77]6_6" T (An—j),

as required, and we have proved (14).
Let a = max;<;cn{7(A;)/T(An)}. Let ¢ = (aN!)™!, and note that 0 < ¢ < 1. We
want to establish (12). It will suffice to show that for each n > N

7(An) = 7(Anj) (n); e - c (15)

foreachn > Nand j =1,...,n—1. Since ¢ < 1 this is immediate from (14) for j < n—N.
Soassumethatn—N<j<n, andlet k=7—(n—N)sol<k<N—1. By (14) with
Jj=n-—N,

7(An) = T(AN) (0)pen 7" Ne .

But
(AN) (AN k) 2 T(.AN_k)(N)knk - C.

Putting the last two inequalities together gives
T(An) = 7(Any) (n); e - c

as required. N
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3.6 Being well-behaved: proof of Lemma 2.7

If A is an addable proper minor-closed class of graphs then A is decomposable, and (A, 7)
has a growth constant by lemma 3.2; and if A is G°, or A is the class of graphs which
contain at most k vertex-disjoint cycles, then A is closed under subdividing edges, and
(A, 7) has a growth constant. Also in each case A is freely-addable-or-limited, as we saw
in Section 2.5.1, and so (A, 7) is very well-behaved.

It remains to show that each very well-behaved weighted graph class (A, 1) is well-
behaved. If A%*2 is empty then (A,7) is well-behaved, so we may assume that A4°>2 is
non-empty.

Suppose first that A is closed under subdividing edges. Then also A°>“ is closed under
subdividing edges, so by Lemma 3.5 (A%>2, 7) maintains at least factorial growth; and so
(A, 1) is well-behaved.

So suppose now that A is decomposable. Then A is addable, and so also A%>? is
addable. By Lemma 3.2, (A°22, 1) has a growth constant, and so a fortiori it maintains
at least factorial growth, as noted in Section 2.5.3. This completes the proof.

0>2

3.7 p(A,1) as T varies

Consider a proper minor-closed class A of graphs, with p(A, (1,1)) finite. For example
if A contains the class F of forests then p(A, (1,1)) < p(F,(1,1)) = e ! < co. We saw
that the radius of convergence p(A, ) does not depend on the component parameter v.
Let us write p(A) for p(A, 7).

Let ¢ = ¢(A) be the maximum average degree of a graph in A, and recall that c is
finite (see the proof of Lemma 3.2). Note that ¢ > 2: for if ¢ < 2 and B is a class of all
graphs with average degree at most ¢, then

i %, (2) e

0<m<en/2

(@) en/2 _ e(c/2)n logn,
c

so (|1B,|/n)Y™ = o(1), that is p(B,\) = 0. (See [33] for related details.)

Proposition 3.7. The function p(A, \) is continuous and strictly decreasing on (0,00).
If 0 <A< then
A AT < p(A ) < p(A, DA™,

and if X\ > 1 then
p(A DA < p(A, N) < p(A, DA

For the class F of forests we have ¢ = 2, and
p(F,A) = p(F, 1A = (eA)™!

as we already noted; and we see that the inequalites above for p(.A, \) are tight.
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Proof. To show p(A, )X < p(A,N) for 0 < A< 1. Let0<e<1 Let A/ ={G e A:
e(G) < (1 - e)v(G)} and let A" = A\ A’ Then p(A’,\) = oo as we saw above, and
p(A”; ) = p(A,A). Then for A <1

T(A//) < |A//| )\(1—6)’)1 < |An| A(l—e)n’
and so p(A,\) = p(A",\) = p(A,1)Ax"(=9. But this holds for each 0 < ¢ < 1 so

p(A,N) = p(A,1)A"L. (We needed no assumptions on A here.)

To show p(A,\) < p(A, DA for A > 1. As we saw following (3), p(C, \) = p(A, )\)
where C is the class of connected graphs in A. Thus for A > 1, 7(C,) = |C.|\",

p(C,\) < p(C,1)/X and hence p(A, \) < p(A,1)/\.

For the remaining inequalities, observe that 7(A,) = > c4 (@) Thus if A <
7(A,) = | A, A2 and so p(A,\) < p(A, 1)A92; and if A > 1, 7(A ) | A, | N2 and
so p(A, A) = p(A, 1)A¢/2.

To show that p(A, \) is strictly decreasing on (0, 00), consider A” from the first part
of the proof, with say e = 3. Let 5 > 0. Then

S (+mN)D = (142 Y N9
GeAl GeAl
and so )
p(A, (1 +n)A) = p(A", (1 +n)A) < (14n)"2p(A, ).
Now to show that p(.A, A) is continuous on (0, c0), observe that
DA+ < @4y NS
GeA, GeA,

and so
p(A, (L4 m)A) = (1+n) " p(A,N). 0

4 Distribution of the Boltzmann random graph

Let us first check equation (4). Recall that the class A of graphs is closed under isomor-
phism. We identify an unlabelled graph on n vertices with an equivalence class under
graph isomorphism of graphs on vertex set [n]. Since each graph H € U.A, consists of
graphs G € A,,, we have

aut(
Iv(H)ye(H)Z,‘f(H) B Z aut(H) xv(H)ye(H)ZH(H) B IU(G)ye(G)Zn(G)
aut(H) B & v(H)! aut(H) & v(G)!
Thus
I{(H)
Awyz)= Y Y5 -y = i)
HeUAGeH HelA

proving (4).
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Proof of Theorem 2.1 Each sum and product below is over all H in UC. Let the
unlabelled graph G consist of ny components isomorphic to H for each H € UC, where
0< >, nu <oo. Then

pU(G) _ HPU(H)nHa /\e(G) _ H )\e(H)nH’ VH(G’) _ H nH
H H H

and

aut(G) = H aut(H )" " ngl.

Hence
pv(G))\e(G)VH(G)

aut(QG)

(H)"

Also since ), pu(H) = C(p, 7) by (4) applied to C,

Hence
v(G) \e(G) R(G)
aut(Q)

— H e—u(ﬂw

PR=G] = e C@n?t

— T PPo(u(H) = nal.

Thus the probability factors appropriately, and the family of random variables x(R, H)
for H € UC satisfies

Plk(R, H) = ny VH € UC] = [ [ Plx(R, H) = na).
H
This holds for every choice of non-negative integers ngy with >, - ng < 0o, and thus
also without this last restriction (since both sides are zero if the sum is infinite). This
completes the proof of the theorem. O
5 Smoothness and 2-core: proof of Theorem 2.4

In this section we deduce Theorem 2.4, after two preliminary subsections: one on deducing
smoothness for a class A from smoothness for the class of connected graphs in A, and
one on smoothness for classes of connected graphs.
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5.1 Smoothness: from connected to general

Lemma 5.1. Let the class A of graphs be bridge-addable, and let R,, €. A. Let F denote
the class F 4 of graphs freely addable to A, and suppose that whp Frag(R,) € F. Let C
be the class of connected graphs in A, let p = p(C,T) satisfy 0 < p < oo, and suppose
further that (C,T) is smooth. Then F(p,T) is finite, where F is the exponential generating
function for F; and the weighted class (A, T) is smooth.

Proof of Lemma 5.1 Recall that F/(z,7) = >~ .. 7(F;)2’ /j!. We shall show that F(p, T)
is finite and 7(A,) ~ F(p,7)7(C,), from which it will follow immediately that (A, 7) is
smooth. Let 0 < n < 1. Then we are to show that F(p,7) is finite, and that for n
sufficiently large

(L =n)F(p,7)7(C0) < 7(An) < (L+n0)F(p, 7)7(Cp)- (16)

Let € > 0 be sufficiently small that € < 1/(e*/* +2), and (1 — 2¢)7'(1 +¢€) < 1 + 7 and
(1 —¢)?> > 1 —n. By our assumptions and Lemma 3.1 (b), we may fix positive integers k
and ng sufficiently large that Z?:o 7(F;)p’ /4! is at least (1 —€)F(p,7) if F(p,7) is finite,
and is at least e*/* 4 2 otherwise; and P[frag(R,) > k| < ¢ and P[Frag(R,) ¢ F] < ¢ for
all n > ny.

Since (C,T) is smooth, there exists n; > ng sufficiently large that for all n > ny, the
ratio 7, = n7(C,—1)/7(C,,) satisfies

(1= p<in< 1+

Then for each n > n; + k and each j =1,... k, since

T

();7(Cosi) T -
(C) = g Tn—it1

we have

@%%%il<u+aw.

Denote Z?:o (?)T(E)T(Cn_j) by a,. Observe that a, < 7(A,): we shall see that a, is
an approximation to 7(A,). Note that

(1-ep <

- b 7(F;) (n);7(Cr—;
iy 3 TG

and so for each n > ny + k we have
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We may now see that F'(p, 7) is finite. For suppose not. Then for each n > n; + k
T(Ap) = an = (1 — ) (e +2)7(C) = (7 + 1)7(C).

But since A is bridge-addable, by Lemma 3.1 the probability that R, is connected is at
least e*/*, and we obtain the contradiction that

e 1 (C) = T(A) = (e +1) - 7(Ch).

Hence F'(p,7) must be finite.
From the above we have a, < (1+¢)7(C,)F(p,7), and a, > (1 —¢)*7(C,)F(p, 7). But

7(An) =@+ Y {7(G): G € A, frag(G) > k or Frag(G) ¢ F}.
G

Thus 7(A,,) < a, + 2e7(A,), and so
T(An) < (1= 26)""an < (L+m)7(Co) Fp, 7);

and
7(An) > @y, > (1= €)*7(Ca)Fp,7) = (1 = n)7(Ca) Fp, 7).

So (16) holds and we are done. O

We need Lemma 5.1 for graph classes which may not be decomposable (such as G%) but
let us note here an elegant general result for a decomposable class A and the corresponding
class C of connected graphs: by Corollary 4.3 of Bell and Burris [1], if (C,7) is smooth
then so is (A, 7).

5.2 Connected graphs and smoothness

Let us call a class A of graphs trimmable if it satisfies G € A < 2—core(G) € A. (To
tell if a graph is in such a class, it does not matter if we repeatedly trim off leaves.)
Recall that by convention the empty graph is in A, so if A is trimmable then A contains
every forest. Observe also that a minor-closed class of graphs is trimmable if and only if
each excluded minor H has minimum degree §(H) > 2. Also, if A is bridge-addable and
monotone (that is, closed under forming subgraphs) then the class C of connected graphs
in A is trimmable.

Suppose that a non-empty class C of connected graphs is trimmable. Then from
what we saw about trees we have liminf, (7(C,)/n)"™ > Xe. Let B = C%2. Then
C(x,7) = B(v"'T°(x,7),T), where C', B and T° are the exponential generating functions
for C, B and the rooted trees, respectively. Now if 0 < z < (Ae)~! then v 'T°(z,7) < A7}
by the last result in Section 2.2. Hence if p(B,7) > A7 then p(C,7) = (Xe)™!, and so
(C,7) has growth constant Ae. We extend this observation below.

Lemma 5.2. Let the non-empty class C of connected graphs be trimmable, and let B =
C%%2. Suppose that either (a) (B,7) has growth constant 3 and 3 > X, in which case we
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let v = BeMP (which is > Xe) and let « = 1—\/B; or (b) (B, 7) has radius of convergence
> AL in which case we let v = e and let o = 0.
Then (C,T) is smooth, with growth constant . Further, let RS €, C: then for any
e>0
P[|v(2—core(RE)) — an| > en] = ™.

Proof. If B is empty then C is the class T of all trees, and we saw in Section 3.1 above
that (7, 7) is smooth with growth constant Ae (and 5 = 0,7 = Ae and o = 0). Thus we
may assume that B is non-empty. For 3 < k < n let

f(n, k)= VZ {)\S(G) : G € Cp,v(2—core(G)) = k} .

Observe that |C;| = 1 if the one-vertex graph K; is in C, and |C;| = 0 otherwise. The
main idea of the proof was inspired by [2], and goes as follows for case (a), when (B, 7)
has growth constant v > Ae. (We consider the case (b) later.) We first show that

f(n, k) =(14+o0(1))" nl A"

when k& = (a4 o(1))n, and the expression on the right side gives an asymptotic approxi-
mation for 7(C,). Further, the dominant contribution in the sum

7(Co) = f(n, k) + |Ci| n" A" My (17)

k=3
is from k as above; for all such k

f(n+1,k)

~

nt O fnk)

and this yields
7(Cry1)
(n+1)7(Cp)

Now for the details. Let us not yet assume that B has a growth constant (so that we
can re-use the argument later). Recall that the number of forests on [n] consisting of k
trees where vertices 1, ...,k are all in different trees is kn"~'=*, see for example Theorem
3.3 of [54]. Thus

f(n,k) = <Z) 7(By) Me(An)"~1*. (18)

Of course f(n,n) = 7(B,). We aim next to prove the three results (22), (23) and (24)
below. We first consider case (a), and then case (b) will follow easily.

Suppose then that § > 0. Let r(n) = :f!l;’;) (so that we will have r(n) = (1 + o(1))"
below once we assume that (B,7) has growth constant 3). Let s(n) = -, so that by
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Stirling’s formula s(n) ~ (27n)~2, and s(n) < 1 for all n. Then for 3 < k < n—1, writing
Kk =k/n,

f(nk) =

| 7(Bk) & o "k (n — k)r=*
TR \n—k (n— k)

~ (k) B R (1 _Az/ny_ks(n — k)

" e (1=r)
= nlp < (1_'%)) -kr(k)s(n—k)
= nl 5" (h(1 = k)" kr(k)s(n — k)

where h(zx) = (%)”” for > 0 and h(0) = 1. Thus (without yet assuming that (5, 7) has
a growth constant) we have

f(n, k) =n! 8" (h(1 — k)" - kr(k)s(n—k). (19)

Note that the function h(z) strictly increases up to z = A/, where it has value e*?, and
strictly decreases above A/f. Hence

fln, k) < nl B (M%) 1 (k)
and recalling that v = fe”? we have
f(n, k) < nly"r(k). (20)

(We will use this inequality in the proof of lemma 5.3.)

Now assume that (B, 7) has growth constant (5, so that g(n) = (1 + o(1))™ by the
definition of the growth constant. Then from (19), uniformly over k with 3 < k < n, still
writing k = k/n, we have

f(n k)= (1+o0(1))" n! g™ (h(1 —k))". (21)

We need to consider two subcases.

(i) Suppose first that 8 > A, so v = fe*? and a = 1 — \/B. Then it follows from (17),
(21) and the properties of h that

7(Cp) = (1 4+ 0(1))" n! A" (22)

(the possible term n" 2A\""1y in the sum (17) is negligible since v > Ae), and for any
0 > 0 there exists n > 0 such that

> fnk) < (1 =n+o(1)" nl A" (23)
k:|k—an|=dn
Thus for any 6 > 0

T(CnJrl) -~ Zk:|k—an\<5n f(n + 17 k)

D7)~ Speameon i+ DI ) (24)
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(ii) If B = X then v = Xe and a = 0, and the results (22), (23) and (24) follow as
above.

Finally consider the case p(B,7) > A~1. We shall see that we have exactly the same
results (22), (23) and (24) as for the case (ii). We know that 7(C,) > (1 + o(1))"n!(Xe)™.
Also, we may add connected graphs to C, maintaining trimmability, to form C’ so that
if B’ denotes {G € C' : 6(G) > 2} then (B',7) has growth constant A\. Thus from (22)
and (23) for ¢’ and B’ we obtain the corresponding results for C and B in this case, and
then we may deduce (24). We have now established (22), (23) and (24) for both cases (a)
and (b).

By equation (18), for each k such that 3 < k < n and By, # (), writing k = xkn we have

f(n+1,k) n 1 AL+ Lya-nm

_ “\n—k _
(n+1)f(n,k)_n+1—k(1+n) o 1+i-x

@

Now )\611:2 = BeMP =~ if B> A, and )\ellja = e =~ if B = \. Let € > 0. By considering
the two cases for 3, we see that there exist ng and § > 0 such that whenever n > ng and

|k —a| < 6 we have

)\(1 + %)(17.‘@)11

— < < .
(1—€)y < rio, S (1+e€)y
Hence by (24) we have
T(Cn—i-l)
— < ——F— K .
Thus
T(Cn-‘rl)

—(n+1>T(Cn) — 7Y asn — o0

as required. The last part of the lemma, concerning the size of the core, follows directly
from (22) and (23). O

Lemma 5.3. Let the class C of connected graphs be trimmable, and suppose that (C,T)
has growth constant v; and let B = C°>2.

If v > Xe and (B, T) maintains at least factorial growth then (B, T) has growth constant
B where B is the unique root > X of BeMP = ~. If v < Xe then p(B,7) > B~ where

B =

Proof. We prove first that limsup(r(B,)/n!)"/* < 8, by showing that otherwise equa-
tion (19) in the proof of the last result will yield limsup(7(C,)/n!)*/™ > ~. Let 3 > 3. If

7(By,) = kI5F and we let n = (17(’;/@} then h(1 — k/n) ~ h(A/B) = ¢, and so by (19)

(T(cn))i . (f(m ’f))’ll > (14 0(1))Be?.

n! n!

we have

THE ELECTRONIC JOURNAL OF COMBINATORICS 20(2) (2013), #P52 25



But the function f(z) = zln\/z is strictly increasing for = > A, so ,@e”é > peMB = 4.
Thus lim sup(7(C,)/n!)*/™ > ~, which contradicts the assumption that (C, ) has growth
constant .

For the case when v > Ae we also need a lower bound. Let 0 < e < 1. We want to
show that for all sufficiently large n we have

T(B,) = n! g1 —¢e)". (25)

We now use the assumption that (B,7) maintains at least factorial growth (in the form
in Lemma 3.6). Let ' > 0, 7 > 0 and g(n) = (1+0(1))™ be such that for each n and each
j with 1 < 5 < ¢'n we have

7(Bu) = 7(Bu—j) (n); 1 g(n).

Let 0 < 0 < min{d’,1—(\/B)} be sufficiently small that (n/8)° > 1—¢/3. We claim that
there is an ng such that for all n > ng there is an 7 with |n — 2| < dn such that

r(Bs) > il B(1— ¢/3)". (26)

The idea is that the proof of the last result, Lemma 5.2, shows that there must be such
an ng since otherwise 7(C,) would be too small for each large n. For suppose there
is no such ng. Then for arbitrarily large values of k, each j with |j — k| < 0k has

7(B;) < j1B7(1 —€/3)7; that is, r(j) < (1 —¢/3)7, where 7(j) = Tj(!l;i-) as in the proof of the
last lemma. Consider such a k, and let n = [—£—7 as above. As we saw in (23) above,

. 1-(A/B)
there is a constant 1 > 0 such that

> fng) <nly(1—n+o(1)",

J:li—k|=6k

and now also by (20)

o fg)<nlyt Y (i) S e nly"(1—e/3) VA=,

Jili—k|<dk j:lj—k|<dk

for a suitable constant c. Let ¥ > 0 satisfy ’ < nand 1 — 7' > (1 —¢/3)'=*/#)=3 Then

by (17) and the above
T(Cn) \ ™ ,
(<—)> <=7~

n!

if n is sufficiently large. This contradicts the assumption that (C, 7) has growth constant
7, and completes the proof of (26). Indeed we can insist that there is a value n as above
with 7 < n < (1+9)n. To see this we may apply to n— |dn/2] the current version of (26)
with § replaced by §/2.

Let ny > 2ng be such that g(n) > (1 —¢/3)" for all n > ny. Let n > ny. It will suffice
for us to show that (25) holds for n. Let j = n — . If j = 0 there is nothing to prove so
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we may assume that 1 < j < dn. Then

7(Ba) (n); 1’ g(n)

nlB"B7 (1 —¢/3)"p g(n)
n!B"(n/B) (1 —¢/3)*"

n!p"(1 —¢€/3)> = nlB"(1 —€)",

7(By)

VoV WV WV

as required. O

5.3 Proof of Theorem 2.4

The weighted class (C, 7) has the same growth constant v as (A, 7), for example since A
is bridge-addable. Let B = C°22. If v > Xe then, since C is trimmable, by Lemma 5.3
(B, 7) has growth constant 3. If v < Ae then p(B,7) > A~'. But now (without restriction
on v) Lemma 5.2 shows that (C,7) is smooth, and further shows that, for R¢ €, C, we
have for any € > 0 that

P(|v(2—core(RE)) — an| > en) = ™. (27)
Also, for RA €. A, P(Frag(R?) € F4) = 1 — o(1) by Lemma 3.4. We may now use

Lemma 5.1 to show that (A, 7) is smooth. At this point we have proved (27) and parts
(a) and (b) of Theorem 2.4.

Next we prove part (c). Observe that conditional on big(R) = n’ the distribution of
Big(R) is the same as that of RS,. Thus for each j < n and each ¢

P(v(2—core( RS i) =1)
< P(v(2—core(RY)) > t|frag(RY) = j) < P(U(Q—core(Rfl_j)) >t—j).

Let € > 0. Let w = w(n) = |en/2]. Then P(v(2—core(R:)) = (a+e€)n) is at most
P((v(2—core(RY)) = (a+e)n) N (frag(RA) < w)) + P(frag(RA) > w).

By Lemma 3.1 (b) we know that the second term P(frag(RA) > w) is o(1). But the first
term equals

Z]P’ v(2—core(Ry)) = (a+e)n) N (frag(Ry) = j))
ZP (2—core(RS ) = (aten—j) = e~ ),

Thus
P(v(2—core(RY)) > (a+e)n) = o(1).
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Similarly
P(v (2—core(RA)) (a—e)n)

ZIP (2—core( RS _ ) < (a—e)n) + P(frag(R?) > w) = o(1).
Now consider the remaining part of the theorem, part (d), and assume that v > Ae.
Note first that is it very unlikely that 2—core(R,,) is empty; for this happens (if and) only

if R, is a forest, and the probability of this happening is (Ae/y +o0(1))" = e~ . Also,
the probability that Big(R,) is a tree is e~*(). For

2
P(Big(R,) is a tree and big(R,) > gn)

< ¥ ()Eae X

%ngagn

= (1+o(1)" > (Ae{:#:(u o(1))"(Ae/y)i" = e,

%néagn

But if 2—core(R,,) is non-empty and Big(R,,) is not a tree, then 2—core(R,,) is connected
if and only if Frag(R,,) is acyclic. Thus

|P(2—core(R,,) connected (and # 0))) — P(Frag(R,,) acyclic)| = e~ )

Finally, the probability that Frag(R:}) has no non-tree components tends to e~ (P(:m)=T(p:7))
by Corollary 2.3 (b) applied to D\ T.

6 Poisson convergence

Let 7 = (\,v) and p > 0 be given. As in (5), we use the notation
p(H) = p?E N ysH) Jant(H)  for each graph H.

Also, let 7, = n7(A,-1)/7(A,), and assume that A, # () when necessary. Further, recall
the notation (n)y =n(n—1)---(n —k+1).

The following lemma is a slight extension for example of Lemma 4.1 of [48]. It will be
a key result for taking advantage of smoothness. Given a graph G and a connected graph
H we let k(G, H) be the number of components of G isomorphic to H.

Lemma 6.1. Let A be any class of graphs, and let T and p > 0 be given. Let Hy, ..., Hy
be pairwise non-isomorphic connected graphs, each freely addable to A. Let ky, ..., ky, be
non-negative integers, and let K = Z?Zl kw(H;). Then for R, €, A

K

H K(Ry, Hi)) ] HPJ H Tn—j+1/p)-

j=1
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Proof. We may construct a graph G in A, with x(G, H;) > k; for each i as follows: choose
a list of K vertices; put a copy of H; on the first v(H;) vertices in the list, if k&, > 1 put
another copy of H; on the next v(H;) vertices, and so on until we put a copy of Hj on
the last v(Hj) vertices in the list; and finally put any graph of order n — K in A on the
remaining n — K vertices. The sum over all such constructions of the weight A(@)p#(@)
of the graph G constructed is

h

(n)x ] (aut(Hy) A" - r(A, ).

=1

Now observe that each graph G € A, is constructed [, (k(G, H;))x, times (exactly);
and so the above expression equals

h
S° LG, H A€,

GeA, i=1

But by definition E [[ [, (k(Rn, H;))x,] is 7(A,)~" times this last quantity. Hence

E H(m(Rn,Hi))ki] = (n)KH(aut(HZ.)*l)\e(Hi)V)’%.T(An_K)/T(.An)
= 1L H(p . ””T<Anj+1>>
= Tt T asn/e)
as required. O

When we add the assumption that (A, 7) is smooth, we find convergence of distributions.
Recall that p(A, 7) denotes the radius of convergence of A(x,7) as a power series in z.

Lemma 6.2. Let the weighted graph class (A, T) be smooth, and let p = p(A,T). Let
Hy,... ,H, be a fized family of pairwise non-isomorphic connected graphs, each freely
addable to A. Then as n — oo the joint distribution of the random variables k(R,, Hy),
..., K(Ry, Hp) converges in total variation to the product distribution Po(u(H;)) ® «-- ®

Po(u(Hy)).

Proof. Since r,, — p as n — 0o, by the last lemma

E

1 (x(R.. HZ'))J 7 H pu(Hy)*

=1
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as n — oo, for all non-negative integers kq, . .., k. A standard result on the Poisson distri-
bution now shows the joint distribution of the random variables x(R,,, H1), ..., (R, Hp)
tends to that of independent random variables Po(7(Hy)), ..., Po(7(Hy)), see for example
Theorem 6.10 of Janson, Luczak and Ruciniski [39]. Thus for each h-tuple of non-negative
integers (t1,...,t,)

Plk(R,, H;) = t; Vi] — HIP’[/{(Rn, H;) =t;] asn — oc;

and so we have pointwise convergence of probabilities, which is equivalent to convergence
in total variation. O

7 Frag(R,) and connectivity

The following lemma parallels Lemma 5.1, which showed that, under suitable conditions,
if the weighted class (C, 7) of connected graphs in A is smooth then (A, 7) is smooth. The
lemma below shows the converse result that if (A, 7) is smooth then, for R, €, A the
probability that R, is connected tends to a limit, and so (C,7) is smooth.

Lemma 7.1. Let the graph class A be bridge-addable; let p = p(A,T); let F4 denote the
class of graphs freely addable to A; and suppose that, for R, €, A, whp Frag(R,) € F4.
Let C and D be the classes of connected graphs in A and F4 respectively, and let F4
denote the exponential generating function of Fa. Suppose that (A, T) is smooth. Then
Fa(p,7) and D(p,T) are finite; k(R,) —7rv 1+ Po(D(p,7)); and in particular

Pr[R, is connected | — e PP =1/F,(p,7) asn — oo,

and so (C,T) is smooth.

Proof. We follow the method of proof of Lemma 4.3 of [48]. We first show that D(p, 7) is
finite. By Lemma 3.1 (b) we may choose a (fixed) k sufficiently large that Plfrag(R,) >
k] < % for all n, and P[Po(2k) > k| > 2. Suppose that D(p, ) > 2k+1. Then by (4) there
are distinct Hy, ..., Hy, in UD such that > " | p(H;) = po > 2k. It follows by Lemma 6.2
that, for n > kmax; v(H;)

L > Blfas(R,) > 4] > B (R, 1) > k] > B[Po(ji) > 4] >

=1

[GSIN )

as n — 00, a contradiction. Hence D(p, ) is finite, and so F4(p, 7) is finite too.
Now let = D(p, 7). Let k be a fixed positive integer and let ¢ > 0. We want to show
that for n sufficiently large we have

[Pli(Frag(Ra)) = K] — P[Po(u) = k]| < e. (28)
By our assumptions, there is an ng such that for each n > ng

Plfrag(R,,) > no| + P[Frag(R,) & F4] < €/3. (29)
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List the graphs in UD in non-decreasing order of the number of vertices as Hy, Ho, .. ..
For each positive integer m let p™ = """ u(H;). Note that D(p,7) = > ey H(H)
by (4) applied to D. Thus we may choose n; > ny such that, if m is the largest index
such that v(H,,) < ni, then

[P[Po(p) = k] — P[Po(u™) = k]| < ¢/3. (30)

Observe that for any graph G with more than 2n, vertices, if frag(G) < ng and Frag(G) €
F 4, then k(Frag(G)) is the number of components of G isomorphic to one of Hy, ..., H,,
(that is, with order at most n;). Let X, denote the number of components of R,, isomor-
phic to one of Hy,..., H,,. Let n > 2n;. Then

[P[s(Frag(R,)) =] P[X, =K]| < Plfrag(R,) > no) + P[Frag(R,) €F4] < ¢/3.  (31)
But by Lemma 6.2, for n sufficiently large,
[P[X,, = k] — P[Po(u™) = k]| < ¢/3,

and then by (30) and (31) the inequality (28) follows. Therefore we have shown that
k(R,) =71y 1+ Po(D(p, 7)), and in particular

7(Cn)/7(Ayn) = P(R, is connected ) — e PP as n — oo. (32)

Finally observe that since (A, 7) is smooth, and 7(C,)/7(A,) tends to a non-zero limit as
n — oo (namely e~P®7) it follows that (C,7) is smooth. O

The next lemma has similar premises to Lemma 7.1, and obtains further conclusions. We
use the same notation.

Lemma 7.2. Let A be bridge-addable; let p = p(A, 1), and suppose that Frag(R,,) € Fa
whp where R, €, A. Let C be the class of connected graphs in A. Assume that either
(A, 7) or (C,T) is smooth. Then both (A,T) and (C,T) are smooth; F(p,T) is finite; and
the unlabelled graph F,, corresponding to Frag(R,) satisfies F,, —rv F, where

p(H)
FA(p7 T)
Proof. Lemmas 5.1 and 7.1 show that both (A, 7) and (C, 7) are smooth, and that F4(p, )

is finite. Let a, = 7(A,) and ¢, = 7(C,,). Let D be the class of connected graphs in F4.
By Lemma 7.1

P[F = H] = for each H € UF 4.

Cnfan — e PPT) = 1/F4(p,7) as n — oo. (33)

Given a graph G on a finite subset V' of the positive integers let ¢(G) be the natural copy
of G moved down on to {1,...,|V|}; that is, let ¢(G) be the graph on {1,...,|V|} such

that the increasing bijection between V' and {1,...,|V|} is an isomorphism between G

and ¢(G).
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Let H be any graph in B on [h]. Then

Plo(Frag(R,)) = H] = (”) Cooh_ Coh L (W)

h an Qp—p h' (07%
h—1 h
Cpn—h 1 —
== n —' rn_i _> (& D(pﬂ—) p_'
Ap—p h! i—0 h!

as n — oo by (33) and the fact that (A, 7) is smooth. Now by symmetry
h!

PlF, = H| = Plo(Frag(R,)) = H
and hence as n — oo
F o || — ¢~ Do) P’ e~ [
]P) ~ - pP,T P ~J .
[ " ] ‘ aut(H) r( )

Thus for each H € UB, as n — oo we have P[F,, = H| — P(F = H); that is, F,, —rv
U. ]

We need one last lemma to complete the proof of Theorem 2.2.

Lemma 7.3. Let the weighted graph class (A, T) be well-behaved; let D be the class of
connected graphs in F,, with generating function D; and let p = p(A, 7). Then D'(p,T)
is finite (where we are differentiating with respect to the first variable).

Proof. Note that 0 < p < oco. By Lemma 3.1 (b), E[frag(R,)] < ¢ for all n where
¢ = 2v/\. Suppose that D'(p,7) = (c+3)/p. Then by (4) applied to D, there are distinct
Hy,...,H, in UD such that Y ", v(H;) p(H;) = a > ¢+ 2. Let ng = max; v(H;). Then

Elfrag(R,)] > E

ZU K(Ry, H)] — noP[big(R,) < ng).

Now (A, 7) is smooth by Theorem 2.4 (a). Thus as n — oo

iv Rn,H)]

by Lemma 6.2, and by Lemma 3.1

Plbig(R,) < no] < Plr(R,) = n/ngl < ]P’[Po(%) >n/ng — 1] = o(1).

Hence E[frag(R,)] = o — o(1) = ¢+ 1 for n sufficiently large, contradicting our choice of
c. O
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Proof of Theorem 2.2 By Lemma 3.4, whp Frag(R,) € F4. Hence by Lemma 7.2
(A, 7) and (C, T) are smooth (this also follows from Theorem 2.4 (a)) and F,, =7y R as
required. Finally note that E[v(F)] is p D'(p, 7), which is finite by the last lemma. O

Proof of Corollary 2.3 The only thing that does not follow directly from the fact
that F,, —py F is the convergence of the moments in part (b) (which yields the results
on moments in part (c)). But 0 < x(F,,D) < k(R,) —1 < Po(%) in distribution by
Lemma 3.1, and so convergence for the jth moment follows from convergence in total
variation. O

8 Proof of appearances results

Theorem 2.5 and Proposition 2.6 may be proved along the lines of the corresponding
proofs in [47], but for completeness we give proofs here.

Proof of Theorem 2.5 Let a = \H)+1/(2e24"(h 4 2)h!). We shall prove that there
exists ng such that

Pr(fu(R,) < an] <e @ forall n > ny. (34)

We often write z instead of |z] or [x] to avoid cluttering up formulae: this should cause
the reader no problems. Since a > 0, 2% > (1 + €)* for some 0 < € < 1. Note that

(1—€)(1+e€)*>1. (35)

Let g(n) denote 7(A,). Since (A, 7) has growth constant 7, there is a positive integer ny
such that for each n > ny we have

(1=e"-nly"<gn) <(1+e)" -nly" (36)

Let B denote the class of graphs in A such that fy(G) < a v(G). Assume that
equation (34) does not hold for some n > ng; that is, assume that 7(8,,) > e *"g(n). Let
0 = ah. We shall show that

g((1+8)n) > (14 &) [(1 4 o)t 51+,

which will contradict (36) and complete the proof of the theorem.

In order to establish this inequality, we construct graphs G’ in A on vertex set
{1,...,(1 + d)n} as follows. First we choose a subset of dn special vertices (((1;‘?”)
choices) and a graph G € B on the remaining n vertices. By assumption

T(Bn) = e - g(n) = e (1 —e)"y"nl.

Next we consider the dn special vertices. We partition them into an (unordered) blocks
of size h. On each block B we put a copy of H such that the increasing bijection from
{1,...,h} to B is an isomorphism between H and this copy. Call the lowest numbered
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vertex in B the root rp of the block. For each block B we choose a non-special vertex vg
and add the edge rgvp between the root and this vertex: observe that H appears at B in
G'. This completes the construction of G’: note that G € A since H is freely attachable
to A. For each choice of special vertices, the weight of constructions is

on 1
T(Bn) . (hh> an(/\)\e(H))om

fan)
(577, 'n eH 1
<h'>m)1<an>'( o

7(By) -

since (an)! < a®"n".

How often is the same graph G’ constructed? Call an oriented edge e = uv good in G’
if it is a cut-edge in G’, the component G of G’ — e containing u has h nodes, u is the
least of these nodes, and the increasing map from {1,...,h} to V(G) is an isomorphism
between H and G. Observe that each added oriented edge rpvp is good. Indeed, there
is exactly one good oriented edge for each appearance of H in G. We shall see that G’
contains at most (h + 2)an good oriented edges. It will then follow that the number of
times that G’ can be constructed is at most ((hﬁzan) < ((h+2)e)*™

We may bound the number of good edges in G’ as follows. (a) There are exactly an
added oriented edges rpvp. (b) There are at most an good oriented edges e = uv in E(G)
(that is, such that the unoriented edge is in G): for in this case the entire component of
G’ — e containing u must be contained in G (if it contained any other vertex it would have
more than h vertices), and so the number of them is at most fy(G). (c) There are at
most han ‘extra’ good oriented edges. To see this, consider a block B, and let H denote
the connected graph formed from the induced subgraph G’[B] (which is isomorphic to H)
together with the vertex vp and the edge rpvp. Each ‘extra’ good oriented edge must be
a cut edge in such a graph H oriented away from vg, and in each graph H there are at
most h cut-edges.

We may put the above results together to obtain

o(1+0)m) > <(1;f)”> (1) - (6n)! <A€§!{:1) (h42)e)on
= (L4 0)n)!-A0+In . (1 — ¢)n . 20om
> g((1+6)n) (1 o) I (1 — ) (14 et
> g((1+d)n) (1—e)(1+e)*)" > g((1+)n),
which is the desired contradiction. O

Proof of Proposition 2.6 Denote v(H) by h and v~ by p. Observe first that

n T _ h ye(H)
E[X,.(H)] = (h) (n— h)/\)\e(H)% ~ An%
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Now consider E[(X,,(H))2]. For each graph G on {1,...,n} let Y1(G, H) be the number
of ordered pairs of appearances in G of H with disjoint vertex sets and such that the roots
are not adjacent; and let Y5(G, H) be the number of ordered pairs of appearances in G
of H such that either the vertex sets meet or the roots are adjacent. Thus (X,,(H)), =
Yi(R,, H)+ Y2(R,, H). Now

hye(H)\ 2
i, 1) = (0 oy ™) (3, P

But a graph G of order at most 2h either consists of two appearances of H with adjacent
roots (and then G has exactly two appearances of H), or the number of appearances of
H is at most the number of bridges in G. Thus Y3(G, H) is at most 2h times the number
of components of G of order at most 2h, which is at most 2hx(G); and so

E[Ya(Rn, H)| < 2hE[k(R,)] < 2h(1 + %)

since E[x(R,)] <1+ % by Lemma 3.1. Hence

ot Ne(H) 2
I ()] = B (R 1) +0(1) ~ (5= )
Thus the variance of X,,(H) is o(E[(X,(H))?]), and the result follows by Chebyshev’s
inequality. O

Finally consider the remark concerning disjoint pendant appearances following Propo-
sition 2.6. By the above proof, it suffices to note that in any graph G the number of
pendant appearances of H that share a vertex or edge with some other pendant appear-

ance is at most Y2(G, H), and so E[X,,(H)] < E[Y2(R,, H)] = O(1).

9 Concluding remarks

Sometimes it may be helpful to generalise our probability model one step further. Bridges
play a major role in this work. Recall that a bridge in a graph G is an edge e such that
G — e has one more component than G. For a graph G we let ey(G) be the number
of bridges in G (the 0 is since a bridge is in 0 cycles) and let e1(G) = e(G) — eo(G).
In the definition of 7(G) let us replace A“®) by AN where Ay and A; are the
edge-parameters.

Thus the distribution of the random graph R, €, A is as follows. Let \g > 0,
At > 0 and v > 0, let A\ = (Ao, A1), and let 7 = (\,v). For each graph G we let
AD) denote AL DNHDand let 7(G) = MDA Now we proceed as before, and let
P(R, = G) x 7(G) for each G € A,. The most natural and interesting case is when
Ao = A1 but we learn more about the role of bridges by allowing the edge-parameters to
differ.
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The results and proofs above change in a predictable way. We simply replace A by A,
except when A appears as \““), which we now interpret as )\SO(G))\?(G). This holds even
for Proposition 2.6, where \ - \!) becomes )\ - /\SO(H)/\?(H).

There are two places where the change is most apparent. Theorem 2.4 is the upside,
where the role of bridges is brought out: each A is replaced by \g, and in particular
everything depends on how ~ compares to A\ge. Lemma 2.7 is the downside: we noted
that the previous proofs that the classes in parts (b) and (c) had growth constants in
the uniform case extended easily to yield growth constants in the weighted case, but that
holds only when Ay = A;. Can we drop this extra condition?

In the addable minor-closed case we could easily introduce more edge-weights, though
it is not clear how much more we would learn. For example, given a graph GG and an edge
e = uv in G, we could let f(e) be the maximum number of edge-disjoint paths between

u and v in G — e; let e,(G) be the number of edges e in G with f(e) = k; and let \*(©)
mean Hk>0 )\Z’“(G), where each parameter A\ > 0. Then the results above for an addable
minor-closed class still hold, with the same proofs — and perhaps we do learn something?

Indeed, we could go as far as the very general model in [50], as long as we ensure that

log 7(G) = O(v(G)).

Acknowledgement I would like to thank Kerstin Weller and the referee for helpful
comments.
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