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In [8], Guy proposed two unsolved problems in elementary number theory. The first one
is the Schur’s problem of partitioning integers into sum-free classes (Problem E12). Schur
proved in [13] that if the set of the first kle positive integers is partitioned into k parts
any way, then x +y = z can be solved in integers within one part. Let S(k) be the largest
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integer n such that there exists a partition of the first n positive integers {1,2,...,n} into
k parts with no solution to the equation

r+y==z,

in any part. The exact value of S(k) is known only for k € {1, 2, 3,4} and the Problem E12
is to determine it for £ > 5. The second unsolved problem proposed by Guy is a modular
version of this Schur’s problem (Problem E13). It was posed by Abbott and Wang in [2].
Let T(k) be the largest integer n such that there exists a partition of {1,2,...,n} into k
parts, with no solution to the congruence

r+y=z (modn+1),

in any part. Abbott and Wang determined that T(k) = S(k) for k € {1,2, 3,4}, and they
conjectured that the equality is true for all positive integers k. The main purpose of this
paper is to study and explicitly determine modular generalizations of Schur numbers.

1.1 Modular generalized Schur numbers

Let k be a positive integer and let S be a set of integers. A k-partition of S is a set
P ={5,..., Sk} of subsets of S such that any element of S is contained in exactly one
element of P. Let [ be a positive integer. A set of integers is said to be [-sum-free if it
contains no elements 1, ..., z;,y satisfying

T+ ... +x=y.

For every positive integer k, the generalized Schur number S(k,l) is the largest integer
n for which the set of the first n positive integers {1,2,...,n} admits a k-partition into
[-sum-free sets.

For [ = 2, the numbers S(k,2) = S(k) are known as Schur numbers. They have been
introduced by Schur himself in 1916 [13], in order to study a modular version of the
Fermat’s Last Theorem. He proved that those numbers are always finite, for every positive
integer k. The first few Schur numbers are given in Table 1.

k 112 3| 4 ) 6 7
S(k,2) | 1]4]13|44]160<---<305|>536| > 1680

Table 1: The first few Schur numbers S(k, 2).

The exact value of S(4,2) was obtained by Baumert [1]. The lower and upper bounds
of S(5,2) are due to Exoo [6] and Sanz [12], respectively. Finally, the lower bounds of
S(6,2) and S(7,2) were obtained by Fredricksen and Sweet [7] by considering symmetric
sum-free partitions.
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Many generalizations of Schur numbers have appeared since their introduction. In this
paper, the generalized Schur numbers that we consider are similarly defined in [3, 10].
These numbers are always finite (see [11, 10] for instance).

Let m be a positive integer. A set of integers is said to be [-sum-free modulo m if it
contains no elements x1, ..., z;,y satisfying

r1+...+x,=y (modm).

For every positive integer k, the generalized Schur number modulo m, denoted by S,,(k, 1),
is the largest integer n for which the set of the first n positive integers {1,2,...,n} admits
a k-partition into [-sum-free sets modulo m.

Obviously, for every modulus m, the inequality

S (k, 1) < S(k,1) (1)

holds because a [-sum-free set modulo m of integers is also [-sum-free. Moreover, since
m+ ...+ m = m mod m, a [-sum-free set of integers modulo m does not contain the
integer m. Therefore, we have

Sm(k, 1) <m—1. (2)

For [ = 2, Abbott and Wang investigated in [2] the numbers
T(k) =max{n € N| S,;1(k,2) =n},

where k is a positive integer. They obtained that T(k) = S(k,2) for k € {1,2,3,4} and
they conjectured that the equality is true for all positive integers k.

In this paper, we explicitly determine the modular generalized Schur numbers S,,(k, ) for
small values of m: for all moduli m € {1,2,3}. For m = 1, the result is clear. Indeed,

Sl(kv l) = 07

for all £ > 1 and [ > 1, since every positive integer x verifies x 4+ ...+ x = x mod 1 and
thus, there does not exist non-empty [-sum-free set modulo 1. For m = 2 and m = 3, the
exact values of S,,(k,[) are given by the following theorems.

Theorem 1.1. Let k and | be two positive integers. Then,

0 for 1 odd,
1 for [ even.

Sy(k,1) = {

Theorem 1.2. Let k and | be two positive integers. Then,

0 for k>1 andl =1 mod 3,
S3(k,l)=<¢ 1 for k=1 andl=0,2mod 3,
2 for k=2 andl=0,2mod 3.

A simple proof of these theorems will be provided in Section 2.
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1.2 Modular generalized weak Schur numbers

A set of integers is said to be weakly [-sum-free if it contains no pairwise distinct elements
Z1, ..., x5,y satisfying
T+ ... +x =y

For every positive integer k, the generalized weak Schur number WS(k,1) is the largest
integer n for which the set of the first n positive integers {1,2,...,n} admits a k-partition
into weakly [-sum-free sets.

For [ = 2, the numbers WS(k, 2) are called weak Schur numbers. The first few weak Schur
numbers are given in Table 2.

k 1123 |4 ) 6
WS(k,2) | 2| 8|23 |66 196 275

WV
WV

Table 2: The first few weak Schur numbers WS(k, 2).

The exact value of WS(4,2) was obtained by Blanchard, Harary and Reis [4]. The lower
bounds of WS(5,2) and WS(6,2) are due to Eliahou, Marin, Revuelta and Sanz [5].
More generally, the generalized weak Schur numbers are always finite (see [14, 9, 10]
for instance). Moreover, the generalized weak Schur numbers appear as a good upper
bound for the generalized Schur numbers, since a weakly [-sum-free set of integers is also
[-sum-free. Therefore, we have

S(k,1) < WS(k,1), (3)

for all positive integers k and [. A trivial lower bound for the weak Schur numbers is
Kl < WS(k, 1), (4)

because each of the k£ weakly sum-free sets can contain [ distinct integers without solution
of the equation x; + ...+ z; = y. Better lower bounds for WS(k, 1) can be found in [12].
A set of integers is said to be weakly [-sum-free modulo m if it contains no pairwise distinct
elements z1, ..., x;,y satisfying

r1+...+x,=y (modm).

For every positive integer k, the generalized weak Schur number modulo m, denoted
by WS,,(k,1), is the largest integer n for which the set of the first n positive integers
{1,2,...,n} admits a k-partition into weakly l-sum-free sets modulo m.

For every modulus m, the inequality

WS (k, 1) < WS(k, 1) (5)

holds because a weakly [-sum-free set modulo m of integers is also weakly [-sum-free.
Abbott and Wang conjectured that T(k) is equal to S(k,2), for all positive integer k.
Here, in the weak case, it appears that considering similar numbers than T(k) is without
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great interest. Indeed, as we can see in Table 3 for m € {1,...,15}, the values of modular
generalized weak Schur numbers, for £ = 2 and [ = 2, seem to be very difficult to predict.
For m > 16, we have WS,,(2,2) = WS(2,2) because WS,,(2,2) < WS(2,2) = 8 and
because, for two distinct integers z,y € {1,...,8}, we always have x + y < 15 < m.

m 11213456789 |10|11 12|13 |14 |15
WS,.(2,2) | 454566767 7|7 |8 |8|8]38

Table 3: The modular generalized weak Schur numbers WS,,,(2, 2)

In this paper, we explicitly determine the modular generalized weak Schur numbers
WS,.(k,1) for small values of m: for all moduli m € {1,2,3}. For m = 1, we obtain
that

WS, (k, 1) = ki,
for all kK > 1 and [ > 1, since a weakly [-sum-free set modulo 1 has cardinality of at most
[ because every [ + 1 distinct positive integers x4, ..., x;,y verify z1 + ...+ x; = y mod 1.

For m = 2 and m = 3 the following theorems will be proved in Section 4 and Section 5
respectively.

Theorem 1.3. Let k and | be two positive integers. Then,

4

[+1 for k=1 andl=0,1mod 4,
[ for k=1 andl =23 mod 4,
2(k—1Il+1 for k=2 andl even,

WS2(1€,Z): ]{22 and !l =1 mod 4,

Rl +1) for k > 2 even and [ = 3 mod 4,
k(l+1)—1 for k>3 odd and | =3 mod 4.

\

Theorem 1.4. Let k and | be two positive integers. Then,

( 3k for k>1andl =1,

l for k=1andl > 2,

20 + 2 for k=2andl>2, 1=0,1,5mod 9,
20+1 for k=2 and =3

[>5 1=2346,78mod9,
21 for k=2 andl € {2,4},
3(k—=2)l+2 for k>3 andl=0,2mod 3,

WS (k, 1) =

k=3, k>=5andl>2, l=1mod 3,
k(I+1) Jor {k:4andl>2,lzl,7mod9,
| 4 +3 for k=4 andl=4mod9.

1.3 Contents

This paper is organized as follows. A simple proof of Theorems 1.1 and 1.2 is given in
Section 2, which completely determines the exact value of the generalized Schur numbers
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modulo 2 and 3. In Section 3, several basic results on the projection of partitions of
integers in Z/mZ, which will be useful in our proofs in the sequel, are introduced. The
generalized weak Schur numbers modulo 2 are obtained by proving Theorem 1.3 in Sec-
tion 4 and the case m = 3 is settled in Section 5 by proving Theorem 1.4. Remark that
Theorems 1.3 and 1.4 are the most difficult results to prove in this paper, much more
difficult than Theorems 1.1 and 1.2 whose proofs, in Section 2, are direct. Finally, in
Section 6, we discuss open problems.

2 S, (k,l) for the moduli m =2 and m =3

We begin this section by proving Theorem 1.1, that is,

0 for k> 1 and [ odd,
SZ(ka l) - { 1 for k> 1 and [ even.

Proof of Theorem 1.1. Let k and [ be two positive integers. As already remarked in
Section 1, the inequality Sa(k,l) < 1 holds. Moreover, since Zizl 1 =1, it follows that
the integer 1 belongs to a sum-free set of integers modulo 2 if and only if [ is even. m

We end with the proof of Theorem 1.2, that is,

0 for k>1and!=1mod 3,
S3(k,1) =< 1 for k=1and ! =0,2mod 3,
2 fork>2and!=0,2mod 3.

Proof of Theorem 1.2. Let k and [ be two positive integers. Since Zizl 1 =1, it follows
that the integer 1 belongs to a [-sum-free set of integers modulo 3 if and only if [ = 0 or
2 mod 3. Thus, we have S3(k,l) = 0 when [ = 1 mod 3. Since 2221 1 =10=2mod 3 for
[ =2 mod 3 and Zi: 1+2=1[1+4+1=1mod 3 for [ =0 mod 3, it follows that the integers
1 and 2 cannot belong together to a [-sum-free set of integers modulo 3 when [ = 0 or
2 mod 3. Therefore S3(1,1) = 1 for k = 1 when [ = 0 or 2 mod 3. Finally, if £ > 2 and
[ =0 or 2 mod 3, then S3(k,l) < 2 as remarked in Section 1 and S3(k, ) > 2 because the
sets {1} and {2} are both l-sum-free modulo 3. This leads to the formula S3(k,l) = 2 in
this case. [

3 Projective partitions in Z/mZ
Throughout this paper, projections of partitions into Z/mZ will be considered. Let

T+ & — L/ mZ

denote the canonical projection map. Let S be a set of integers and let P = {Si,..., Sk}
be a k-partition of S. Denote by m,,(P) the projection of the partition P of S, that is the
partition 7, (P) = {7 (S1), ..., mm(Sk)} of the multiset m,,(S) of Z/mZ.
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For example, if we consider the partition
P={{1,2,4,8},{3,5,6,7}}
of the set S = {1,...,8}, then we obtain that

m(P) = {{1,0,0,0},{1,1,0,1}}

is a partition of the multiset m5(S) = {0,0,0,0,1,1,1,1} of Z/27Z.
As for sets of integers, a multiset of Z/mZ is said to be (weakly) l-sum-free if it contains
no (pairwise distinct) elements 1, ..., x;, y satisfying =y + ... + z,, = y in Z/mZ.

Proposition 3.1. A set S of integers is (weakly) l-sum-free modulo m if and only if its
projection m,(S) is a (weakly) l-sum-free multiset of Z/mZ.

Remark that the partition P, of the previous example, is a partition of S into weakly
2-sum-free sets but it is not a partition of S into weakly 2-sum-free sets modulo 2 since
mo(P) is not a partition of mo(S) into weakly 2-sum-free multisets in Z/27Z. Indeed, in
each element of my(P), we have three distinct elements satisfying either 0 + 0 = 0 or
1+1=0in Z/2Z.

For every multiset M of Z/mZ, denote by

my 2 Z/mZ — N

the multiplicity function associated with M, that is the function which assigns to each
element x € Z/mZ its multiplicity in M. Let | M| denote the cardinality of the multiset
M, that is the number of elements constituting M, counted with multiplicity, that is

|M| = Z my(x) € N.

x€Z/MmZL

Obviously, by m,, each k-partition of a set of n positive integers can be associated uniquely
with a k-partition of a multiset of n terms in Z/mZ, counted with multiplicity. Conversely,
this process is not bijective in general. Indeed, distinct partitions of the same set of
integers can be projected on the same partition in Z/mZ.

Proposition 3.2. Let m and n be two positive integers and let S = {1,2,...,n}. The
exact number of k-partitions P = {Sy,...,Sk} of S that have the same projective k-
partition m,(P) = {m,(S1), ..., mm(Sk)} is equal to

I () =T ot )

=0 u=1 mﬂ'm Su)( ) v=0 v 7m77m(52)(/u)7 ce 7m7rm(sk)(v)

where ( is the multinomial coefficient

a
bl,bg,‘..,bk) 11bs - bk
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Proof. Consider the euclidean division of n by m, that is n = ¢gm + r. Let ¢ be the
function defined by ¢ : Z/mZ — {0,1} where e(v) =1 for v € {1,...,r} and e(v) =0
forv € {0,r+1,...,m — 1}. Thus there is exactly ¢ + (v) integers in {1,...,n} whose
residue class modulo m is v € Z/mZ. We proceed by induction on u. Suppose that we
have already chosen the integers in the first u — 1 sets of the k-partition P. For the set
Su, we have to choose, for every v € Z/mZ, m, (s, (v) integers among the remaining
q+e(v) =St~ m, (s,)(v) integers whose residue class modulo m is v. This corresponds
to the binomial coefficient

(q +e(v) = Yulh mmsw)(v)) _ (Zﬁ,:u mmsw)(v)) |

This completes the proof. n

For example, the number of 2-partitions P of {1,...,8} whose projection in Z/27Z is the
partition m(P) = {{1,0,0,0},{1,1,1,0}} is equal to 16, since ((3) - (1)) ((*;%) - (*3")) =
4 -4 =16. These 16 partitions are given below.

{{1,2,4,6},{3,5,7,8}}, {{1,2,4,8},{3,5,7,6}}, {{1,2,6,8},{3,5,7,4}},
{{1,4,6,8},{3,5,7,2}}, {{3,2,4,6},{1,5,7,8}}, {{3,2,4,8},{1,5,7,6}},
{13,2,6,8},{1,5,7,4}}, {{3,4,6,8},{1,5,7,2}}, {{5,2,4,6},{1,3,7,8}},
(15,2,4,8},{1,3,7,6}}, {{5,2,6,8},{1,3,7,4}}, {{5,4,6,8},{1,3,7,2}},
{{7,2,4,6},{1,3,5,8}}, {{7,2,4,8},{1,3,5,6}}, {{7,2,6,8},{1,3,5,4}},
{{7,4,6,8},{1,3,5,2}1.

4 WS, (k,l) for the modulus m =2

The goal of this section is to prove Theorem 1.3, that is,

(1+1 for k =1 and [ = 0,1 mod 4,
l for k=1and [ = 2,3 mod 4,
) 2(k—1)l+1 for k> 2 and! even,
WSs(k, 1) = k(I + 1) ¢ k>2and ! =1mod 4,
o k > 2 even and [ = 3 mod 4,
| k(I+1)—1 for k>3 odd and I =3 mod 4.

The proof of Theorem 1.3 is based on the following two lemmas.

Lemma 4.1. For any weakly l-sum-free multiset M of 7./27, with |M| > 1, we have
1. my(0) < L.
2. my(1) < 1ifl is odd.

3. |M|<1l+1if[MNZJ27Z| =2.
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Proof.

1. Since Zizl 0 = 0, the multiset M cannot contain more than [ terms 0 € Z/27Z.

2. Suppose that [ is odd, that is (1) = 1. Since S 1 = my(I) = 1, the multiset M
cannot contain more than [ elements 1 € Z/27Z.

3. Suppose that M = {0,1,z1,...,2;} is a weakly [-sum-free multiset of Z/27Z with
cardinality |M] = [ + 2. Since the sum of the [ elements 3_\_, z; is equal to either
0 or 1, which are both contained in M \ {z1,...,x;}, we obtain a contradiction.

[]

Remark. For [ even, a multiset only constituted by elements 1 € Z/2Z, with any cardi-
nality |M| > 1, is always weakly [-sum free in Z/2Z since 22:1 1 =my(l) = 0.

Lemma 4.2. Let M = {x1,...,x;11} be a multiset of Z./27 with cardinality | M| =1+ 1.
Then, M is weakly l-sum-free if and only if Zi; x; = 1.

Proof. First, by definition, the multiset M is weakly [-sum-free if and only if, for every
1 < j <1+ 1, the inequality ZZH x; # x; holds. Moreover, since

i=1,ij
I+1 I+1
in#xjforallléjgl—i—l <— in#Q:L’j:()foralllgjgl—l—l
?:1. =1
7 I+1
— Z z; =1,
i=1
the result follows. [

We are now ready to prove Theorem 1.3, the main result of this section.

4.1 For k=1
Let £k =1 and let [ be a positive integer. We will prove that

_JIl+1 forl=0,1mod4,
WSQ(LZ)—{Z for | = 2,3 mod 4.

Claim 4.3. WSy(1,1) € {l,1 + 1} for all positive integers .

Proof. Since a multiset of [ elements in Z/27Z is always weakly [-sum-free, the inequality
WSs(1,1) > [ holds. Moreover, from Lemma 4.1, we know that a weakly [-sum-free
multiset M such that |M N Z/27Z| = 2 has cardinality of at most [ + 1. Therefore
WSy(1,0) <1+ 1. O

Claim 4.4. Let S = {1,2,...,1+ 1}. Then, the multiset mo(S) is weakly l-sum-free if
and only if | =0 or 1 mod 4.
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Proof. By Lemma 4.2, the multiset m5(S5) is weakly l-sum-free if and only if 2 =
1 mod 2. Moreover, since

szszWzl (mod 2)

€S =1

if and only if [ = 0 or 1 mod 4, the result follows. O

4.2 For k> 2 and [ even

Let k£ > 2 and [ be two positive integers, with [ even. We will prove that
WSa(k, 1) =2(k — 1)l + 1.
Claim 4.5. WSy (k1) < 2(k— 1)l +1 for k > 2 and [ even.

Proof. Let S = {1,2,...,2(k — 1)l + 2}. Suppose that there exists a partition P =
{S1,..., Sk} of the multiset m(S) into k& weakly [-sum-free multisets of Z/2Z. So the
multiplicity function of my(S) is defined by my,s)(0) = my,s)(1) = (k — 1)l + 1. Since
mg, (0) <1 for every 1 <7 < k by Lemma 4.1 and 37, mg,(0) = My, (0) =1(k—1)+1,
it follows that mg,(0) > 1 for every 1 < i < k by the pigeonhole principle. It follows that
|S;| <1+ 1 for every 1 < i < k by Lemma 4.1 again and thus we obtain the following
upper bound of the cardinality of m5(S),

k

ma(S) =D 1Si| < k(1 +1).

Since
2k—-1DI+2)—k(l+1)=2kl—-2042—-kl—-k=k(l-1)—-2(l—-1)=(k—2)(—1),

we obtain that 2(k — 1)l +2 > k(I + 1) for all [ > 2 and & > 3, in contradiction
with the previous inequality. For k = 2, we have m,5)(0) = my, (1) = [+ 1 and
|S1] = |S2| = 1+ 1. It follows from Lemma 4.2 that ) ¢ x1 = x9 = 1 and the
contradiction comes from the following equality

0=1+1=> o+ > m= Y z=m (ix) = m((l+1)(20 +3)) =" 1.

r1E€S1 T2€Ss z€m2(S) =1

r2€S52

This completes the proof. n
Claim 4.6. WSy (k,l) > 2(k— 1)l +1 for k > 2 and [ even.

Proof. Let S ={1,2,...,2(k — 1)l + 1}. We will exhibit a partition P = {Sy,...,Sg} of
mo(S) into k weakly [-sum-free multisets of Z/2Z. Only the multiplicities of the elements
constituting the multisets S; are reported here.
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M [ my(0) [ my(l) | | M| |
Si 0 k—DI+1] (k—11+1

Sy, ..., Sk l 0 I

| m(S) [ k-DI](k-Dl+1[2(k-11+1]

First, P is a partition of m5(S) since the multiplicity functions verify that 3% mg,(0) =
My,s)(0) = I(k—1) and Zle mg, (1) = my,5) (1) = {(k—1)+1. The multiset S; is weakly
[-sum-free because, as already remarked above, a multiset which is only constituted by
elements 1 € Z/27 is always weakly [-sum-free when [ is even. For the other multisets
Sy, ..., Sk, we already know that multisets containing only [ elements are always weakly
[-sum-free. This completes the proof. O

4.3 For k> 2 and [ odd

Let k£ > 2 and [ be two positive integers, with [ odd. We will prove that

k even and [ odd,
A+ 1) for k odd and [ = 1 mod 4,
k(l+1)—1 for k odd and [ = 3 mod 4.

WS, (k, 1) =

Claim 4.7. WSy (k,l) < k(l+1) for k> 1 andl odd.
Proof. Directly follows from Lemma 4.1. O]
Claim 4.8. WS, (k, 1) < k(l+1) —1 for k odd and | = 3 mod 4.

Proof. Let S = {1,2,...,k(I+1)}. Suppose that there exists a partition P = {Si,..., Sk}
of mo(S) into k weakly l-sum-free multisets of Z/27Z. For every 1 < i < k, since S; is a
weakly [-sum-free multiset and since [ is odd, we know from Lemma 4.1 that |S;| <1+ 1.
Moreover, we have Zle |S;| = |m2(S)| = k(l + 1). Therefore, for all 1 < i < k, the
multiset S; has cardinality of |m2(S;)| =+ 1 and thus ) .5 © =1 by Lemma 4.2. Since
[ = 3 mod 4, this leads to

k k k(14+1)
. [+1
) =3 1= 0= ¥ a=m | X 0] = (S 1) <o
=1 i=1 z€S; zema(S) =1
in contradiction with the hypothesis that k£ is odd. This completes the proof. O

Claim 4.9. WSy (k, 1) > WSa(k —2,1) +2(I+ 1) for k > 3 and | odd.

Proof. Let S = {1,2,...,WSy(k — 2,1)} and let P = {Si,...,Sk_2} be a partition of
mo(.S) into k weakly l-sum-free multisets of Z/27Z. Consider the multisets S;_; and Sy of
7,/27 defined below by their multiplicity functions.
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M [y [my(@D) [ [M] ]
Sk_1 [ 1 [+1
Sk 1 l [+1
(S USk [ 1+1 [ 1+1 [2(1+1)]

Then P = {5}, ..., Sk} is a partition of the multiset mo(S") = m({1,2,..., WSy (k—2,1)+
2(1+1)}) since Y8 mg, () = May(s) () + (14 1) = (5 (2) for all z € Z/2Z. Moreover,
since [ is odd, it follows that erskil T=) s, = 1 and thus the multisets S,_; and S}

are weakly [-sum-free in Z/27Z by Lemma 4.2. Therefore P’ is a partition of mo(S’) into k
weakly [-sum-free multisets. O

Claim 4.10. WSy(2,1) > 2(1 + 1) for 1 odd.

Proof. Let S ={1,2,...,2(l+1)}. As already seen in the proof of Claim 4.9, the following
partition P = {S}, Sz} of my(S) is weakly [-sum-free.

| M [my(0) [my(1) [ [M]

Sh [ 1 [+1
S 1 l [+1
(SiUSy [ I+1 [ I+1 [2(+1)]
This concludes the proof. O

We are now ready to prove the formula for all £ > 2 and [ odd. We distinguish different
cases depending on the parity of k£ and the residue class of [ modulo 4.

Case 1: for £k > 2 odd and [ = 1 mod 4.
First, we know that WSy(1,1) = [ + 1 from Subsection 4.1. By applying (k — 1)/2 times
the inequality of Claim 4.9, we obtain that

WSa(ky1) > WSa(k —2,0) +2(1+1) > -+ > WSy(1, 1) + (k — 1)(1 + 1) = k(I + 1).

Finally, since WSa(k, 1) < k(I + 1) by Claim 4.7, it follows that WSy(k, 1) = k(I + 1) in
this case.

Case 2: for k > 2 odd and [ = 3 mod 4.
First, we know that WSs(1,1) = [ from Subsection 4.1. By applying (k — 1)/2 times the
inequality of Claim 4.9, we obtain that

WSy (k, 1) = WS(k —2,0) +2(1+1) =+~ > WSy(1, 1) + (k= (I + 1) = k(I + 1) — 1.
Finally, since WSy(k,1) < k(I41)—1 by Claim 4.8, it follows that WSy (k,1) = k(I+1)—1

in this case.

Case 3: for k > 2 even and [ odd.
First, we know that WSy(2,1) > 2(I+ 1) from Claim 4.10. By applying k/2 — 1 times the
inequality of Claim 4.9, we obtain that

WSs(k, 1) = WSa(k —2,1) +2(1+1) = - > WSy(2,) + (k —2)(I +1) > k(I + 1),
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Finally, since WSq(k, 1) < k(I + 1) by Claim 4.7, it follows that WSy(k,1) = k(I + 1) in
this case.

This concludes the proof of Theorem 1.3.

5 WS, (k1) for the modulus m =3

The goal of this section is to prove Theorem 1.4, that is,

( 3k fork>1and =1,

) fork=1and !> 2

20+ 2 fork=2and(>2, {=0,1,5mod9,
20+ 1 for k =2 and =3,

[ 25, 1=2,3,4,6,7,8 mod 9,
21 for k =2 and [ € {2,4},
3(k—2)l+2 fork>3and!=0,2mod 3,

WSs(k, 1) =

R+ 1) for k=3, k>5and ! >2, [=1mod 3,
k=4andl>2, [=1,7mod9,
41+ 3 for k =4 and [ = 4 mod 9.

\

The proof of Theorem 1.4 is based upon the following two lemmas.

Lemma 5.1. For any weakly l-sum-free multiset M of Z/37, with |M| > 1 and | > 2
we have

1. my(0) <
2. my (1) <1 and my(2) <1 ifl =1 mod 3.
3. M| <I+1if|MNZ/3Z| =2.
4. M| <1lif  MNZ/3Z| = 3.
Proof.
1. Since Zi’:l 0 = 0, the multiset M cannot contain more than [ terms 0 € Z/3Z.

2. Suppose that [ = 1 mod 3. Since Zi:l 1 =m3(l) =1 and Zizl 2 = m3(2l) = 2, the
multiset M can contain neither more than [ elements 1 € Z/37Z nor more than [
elements 2 € Z/3Z.

3. Supppose that |M| =142 with M NZ/3Z = {x,y}. Since [+2 > 4, we can suppose
that my;(x) > 2. Moreover, either x = y+1 or = y+2. Without loss of generality,
suppose that © = y + 1 and denote M = {z,x,y,x1, 22, ..., 211 }. Then,

o r Y i =aif Y e =0,
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eyt i =aif Y a =1,
e r Y Tl =yift Y =2,
Therefore M is not weakly [-sum-free in Z/3Z.

4. Suppose that |M| = I+1 with MNZ/3Z = Z/3Z. Denote M = {0,1,2, z1,...,x;_2}.
Then,
° 21 1:L'Z+1—|—2—Olfzz 1:171—()
e Y 2 r 14 0=2if Y20 =1,
e Y 1240 =1if N2 =2

Therefore M is not weakly [-sum-free in Z/3Z.
[

Lemma 5.2. Letl > 2 and let M = {x1,..., 2111} be a multiset of Z/3Z with |M| =141
and |M NZJ/3Z| = 2. Let x be the element of Z./3Z such that x ¢ M. Then, the multiset
M is weakly l-sum-free if and only if Zlﬂ xr; = 2.

Proof. First, by definition, the multlset M is weakly [-sum-free if and only if, for every
1 <75 <1+ 1, the inequality ZZ 1itj L # x; holds. Moreover, since

I+1 I+1

doamAaiforallI<j<I+1 == > x#A2aforall 1<j<I+1
i;éj +1
= ) x=2,
=1
the result follows. O

We are now ready to prove Theorem 1.4, the main result of this section.

5.1 Fork=1land =1
Claim 5.3. WS;(k, 1) = 3k for k > 1

Proof. Obviously, the inequality WS3(k, 1) < 3k holds because a weakly 1-sum-free multi-
set of Z /37 cannot contain more than once each element of Z/3Z. Let S = {1,2,...,3k}.
The partition P = {S1,..., Sk}, where S; = {0,1,2} for all 1 < i < k, is a weakly
I-sum-free partition of 73(S) and thus WS3(k, 1) > 3k. This completes the proof. O]

Claim 5.4. WS(1,1) =1 for 1 > 2

Proof. First, since a multiset of Z/3Z constituted by only [ terms is always weakly [-sum-
free, it follows that WS3(1,1) > I. Moreover, by Lemma 5.1, a weakly [-sum-free multiset
M such that |M N Z/3Z| = 3 has cardinality of at most [. Therefore WS3(1,7) < [. This
completes the proof. O
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5.2 For k=2
Let k=2 and let [ > 2 be a positive integer. We will prove that
20+2 forl>2,1=0,1,5mod9,
WSa(2,0) = 4 204+1 for 4 L2

[>5,1=23,46,78mod9,
21 for | € {2,4}.

Claim 5.5. Let S = {1,2,...,n} where n > 3. Suppose that there exists a partition
P = {51, 53} of m3(S) into 2 weakly l-sum-free multisets. Then, the multisets S and So
both have cardinality of at most | + 1.

Proof. Suppose, without loss of generality, that |S;| > [ + 2. First, we deduce from
Lemma 5.1 that |S) NZ/3Z| = 1. Let x € Z/37Z such that Sy N7Z/37Z = {x}. Obviously,
we have M, (s)(2) < Myys)(x + 1) + My sy (@ + 2). This leads to the inequality

|Sll = Mg, (,CE) < mSIUSQ(x) < m51U52($+1)+m51U32($+2) = m52(37—|—1)+m32(33+2) < |SQ|

It follows that |Sz| > [+2 and thus |SoNZ/3Z| = 1, by Lemma 5.1 again, in contradiction
with |m3(S) NZ/3Z| = 3. O

Claim 5.6. WS3(2,1) € {21,214+ 1,20 + 2} for all positive integers | > 2.

Proof. Since a multiset of [ elements in Z/3Z is always weakly [-sum-free, the inequality
WS3(2,1) > 2l holds. Moreover, from Claim 5.5, we know that each multiset of a weakly
l-sum-free 2-partition has cardinality of at most [ + 1. Therefore WS5(2,1) < 2(I+1). O

Claim 5.7. WS3(2,1) > 2l + 2 if and only if | = 0,1,5 mod 9.

Proof. Let S = {1,2,...,20 + 2}. Suppose that there exists a partition P = {S;, S} of
m3(.S) into 2 weakly [-sum-free multisets of Z/37Z. Since |S;| = |93 = [+ 1 by Claim 5.5,
it follows from Lemma 5.1 that [Sy NZ/3Z| = |Sa NZ/3Z| = 2.

Case 1: if 0 € S; and 0 € S,.

Without lost of generality, suppose that S; NZ/3Z = {0,1} and Sy, N Z/3Z = {0,2}.
By Lemma 5.2, we know that the multisets S; and Sy are weakly [-sum-free if and only
if ) e, @ =22=1and ) g v =21=2 It follows that mg, (1) = 1 mod 3 and
mg,(2) = 1 mod 3. This implies that

mﬂg(s)(l) = mgl(l) =1= mg, (2) = mﬂ-s(s)(Q) (mod 3)

Since S is the set of the first 2/ 4 2 positive integers, it follows that m.,s)(1) = mz,g)(2)
or My (s)(1) = mrs)(2) + 1. Therefore my,5)(1) = my, 5 (2) = 1 mod 3. Moreover, by
definition of the set S again, either my,(y(0) = My, (5)(1) or M) (0) = Myy(5)(1) — 1.

Case 1.1: if m,(5)(0) = m,g)(1) = mr,(5)(2) = 1 mod 3.

Then, 21 4+2 = my,(5)(0) + Mz, (5)(1) + Mry(5)(2) = 3 mod 9 and thus [ = 5 mod 9. In this
case, [ = 5 mod 9, we can verify with Lemma 5.2 that the following 2-partition of 73(.S)
is weakly [-sum-free.
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S, [ (+D/3 [200+1)/3 0 I+1
Sy (l+1)/3 0 20+1)/3 | 1+1

| m3(S) [20+2)/3 [2(1+2)/3[2(1+2)/3 | 21+2 ]
This proves that WS3(2,1) > 2] + 2 for all [ = 5 mod 9.

Case 1.2: if m;,(5)(0) + 1 = m,(5)(1) = my,5)(2) = 1 mod 3.

Then, 21 + 2 = M, (5)(0) + Mrys)(1) + Mry(5)(2) = 2mod 9 and thus I = 0 mod 9. We
can verify with Lemma 5.2 that the following 2-partition of m3(S) is weakly [-sum-free in
this case.

S /3 [20/3+1 0 [+1
Sy l/3 0 20/3+1] 1+1
| ms(S) [ 20/3 [21/3+1]20/3+1[20+2]

This proves that WS3(2,1) > 2l + 2 for all [ = 0 mod 9.

Case 2: if only one of the multisets S; and S, contains elements 0 € Z/3Z.
Without loss of generality, we can suppose that this is S;. Then, we have S} N Z/37Z =
{0,a} and Sy NZ/3Z = {a,2a} with a € {1,2} C Z/3Z. By Lemma 5.2, we know that
the multisets S; and Sy are weakly l-sum-free if and only if } o 7 = 2.2a = a and
> wes, T = 2.0=0. It follows that mg, (a) = 1 mod 3 and mg,(a) = mg,(2a) mod 3. This
implies that

M, (s)(a) = mg (a) +mg,(a) =1+ mg,(2a) =1+ mg, 5 (2a) (mod 3).
Since My, (5)(1) = My, 5)(2) or My, g)(1) = my,5)(2) + 1 by definition of the set S, we
deduce that a = 1 and my,g)(1) = mq,(s)(2) + 1. Moreover, by definition of the set S
again, we have

My (5)(0) = Mry(5)(2) = Myy(g)(1) — 1.

Then 21 + 2 = mm(g)(()) + mﬂg(g)(l) + mm(g)(2) = 3m7r3(5)(0) + 1
[ =1 mod 3. Tt follows that 2 =141 = mg,(1) + mg,(2) = 2.mg,(2)
Therefore

= 1 mod 3 and thus
= 2.‘01,73(5)(2) mod 3.

My (5)(0) = Mry(9)(2) = Mrysy(1) =1 =1 (mod 3).

Then 20 +2 = m,(5)(0) + Mz, 5)(1) + Mry(s)(2) = 4 mod 9 and thus I = 1 mod 9. We can
verify with Lemma 5.2 that the following 2-partition of m3(S) is weakly [-sum-free in this
case.

M | my(0) | my(1) [ my(2) | [M] ]
S, [(@+D/3] (+2)/3 0 N
S, 0 (+2)/3 [@+1)/3] (+1

| m(S) | (20+1)/3 ] @+4)/3](20+1)/3]21+2]
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This proves that WS3(2,1) > 2l +2 for all [ > 2, [ = 1 mod 9.
This completes the proof that WS3(2,1) > 2] + 2 if and only if [ =0, 1,5 mod 9. O
Claim 5.8. WS;3(2,1) > 2l +1 forl > 9.

Proof. Let S ={1,2,...,2l+1}. We will prove that there exists a partition of m3(.5) into
2 weakly [-sum-free multisets. Consider the euclidean division of [ > 9 by 3: Il =3q+r
where ¢ > 3 and r € {0,1,2}. Then, [+1=3¢+r+1and 214+ 1 = 6¢+ 2r+ 1 and 73(5)
is a multiset of Z/37Z whose multiplicity function verifies that

Mays)(1) =2+ 1, mey5)(2) > 2¢ and mqs)(0) > 2¢.

First, we prove that there exists a submultiset S with |S;| = [+ 1 which is weakly [-sum-
free. The multiset 5] is defined below by its multiplicity function, distinguishing different
cases depending on the residue class of ¢ modulo 3.

’ 7T3<Q) ‘ mg, (O> ‘ mS1(1) ‘ mg, (2) ‘
0 q+r 2q +1 0
1 q+r+2]2¢—1 0
2 qg+r+1 2q 0

Case 1: for ¢ = 0 mod 3.
The multiset Sy is well defined because mg, (0) = ¢+ r < 2¢ < My (5)(0) and mg (1) =
My, (s)(1). Moreover, it is weakly [-sum-free by Lemma 5.2 since

Y x=(q+7).0+2¢+1)1=m2¢+1)=1=22

z€S]

Case 2: for ¢ = 1 mod 3.

Remark that ¢ > 4 in this case. The multiset S; is well defined because mg, (0) =
q+7r+2<2¢ < My (0) and mg, (1) = 2¢ — 1 < 2¢+ 1 < myy(s)(1). Moreover, it is
weakly [-sum-free by Lemma 5.2 since

> r=(q+r+2.0+2¢—1)1l=m2—-1)=1=22

z€S]

Case 3: for ¢ = 2 mod 3.
The multiset S; is well defined because mg, (0) = g+7+1 < 2¢ < My 5)(0) and mg, (1) =
2q < 2q + 1m,(s)(1). Moreover, it is weakly I-sum-free by Lemma 5.2 since

Z z=(q+r+1).0+(29).1 =m3(2¢) =1=22.
€S

Finally, if Sy is the multiset, with cardinality [, constituted by all the other elements of
m3(S) \ S1, then Sy is clearly weakly l-sum-free and we have obtained a weakly [-sum-free
2-partition of 73(.5). O

THE ELECTRONIC JOURNAL OF COMBINATORICS 20(2) (2013), #P61 17



Thus, by Claim 5.6, Claim 5.7 and Claim 5.8, we have already proved that

[ 20+2 for [=0,1,5mod9,
WS3(27Z)_{ 2l+1 fOr l>9, l52’374’6,7’8m0d9

It remains to settle the cases | € {2,3,4,6,7,8}.

Claim 5.9. WS;(2,2) < 4.

Proof. Let S ={1,2,3,4,5}. Then m3({1,2,3,4,5}) = {0,1,1,2,2}. In any 2-partition of
m3(.S) there is one multiset with cardinality of at least 3. Since the submultisets {0, 1,1},
{0,1,2}, {0,2,2}, {1, 1,2} and {2, 2, 1} are not weakly 2-sum-free in Z/37Z, it follows that
there is no weakly 2-sum-free 2-partition of m3(S). Therefore WS;(2,2) < 4. O
So, from Claim 5.6 and Claim 5.9, we obtain that WS3(2,2) = 4.

Claim 5.10. WS3(2,4) < 8.

Proof. Let S = {1,2,3,4,5,6,7,8,9}. Then m3(S) = {0,0,0,1,1,1,2,2,2}. In any 2-
partition of m3(S) there is one multiset with cardinality of at least 5. Since a weakly
4-sum-free multiset with cardinality of 5 contains exactly 2 different terms of Z/3Z by
Lemma 5.1 and since the submultisets

{0,0,1,1,1}, {0,0,0,1,1}, {1,1,1,2,2}, {1,1,2,2,2}, {0,0,2,2,2}, {0,0,0,2,2}

are not weakly 4-sum-free in Z/3Z by Lemma 5.2, it follows that there is no weakly
4-sum-free 2-partition of m3(.S). Therefore WS;3(2,4) < 8. O

Thus, from Claim 5.6 and Claim 5.10, we obtain that WS3(2,4) = 8.
Claim 5.11. WSy(2,0) > 21 + 1 for | € {3,6,7,8}.

Proof. Let S = {1,2,...,2l + 1}. We can verify by using Lemma 5.2 that the following
partition P = {5y, Sa} of m3(S) is weakly [-sum-free.

M [ (0) [ (1) [ mar(2) [[M]]

S 0 2 2 4
I=3: =%, 2 1 0 3
w2 | 8 [ 2 |7
S 3 4 0 7
l=6: |—¢ 1 1 1 6
o) & 5 | 4 15
M| my(0) | mp(1) | ma(2) | [M]
S, 4 0 8
[=7: % 1 5 7
(m(S)] 5 | 5 | 5 |15 ]
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M| mar(0) [ ma(1) [ ma(2) | [M]
s 5 4 0 9
I=8: 0, 0 > 6 | 8
m(S) 5 | 6 | 6 |17 ]

]

Finally, by Claim 5.7 and Claim 5.11, we deduce that WS3(2,1) = 2l+1 for [ € {3,6,7,8}.
This concludes the proof of Theorem 1.4 in this case.

5.3 For k>3 and [ =0,2mod 3
Let k£ > 3 and [ be two positive integers, with [ = 0 or 2 mod 3. We will prove that

WSs(k, 1) = 3(k —2)l + 2.
Claim 5.12. WS;(k,l) < 3(k —2)l+2 for k > 3 and | = 0,2 mod 3.

Proof. Let S = {1,2,...,3(k — 2)l + 3}. Suppose that there exists a partition P =
{S1,...,Sk} of m3(S) into k weakly l-sum-free multisets in Z/3Z.

First, we prove that |S;| < [+ 1, for all 1 < i < k. From the definition of m3(5),
we know that mq,s)(x) = (k —2)l + 1, for all x € Z/3Z. Since mg,(0) < [, for all
1 <i <k, by Lemma 5.1 and 3. mg (0) = M, 5)(0) = (k —2)[ + 1, it follows from
the pigeonhole principle that there are at least k — 1 multisets S; containing at least one
element 0 € Z/37Z. Moreover, by Lemma 5.1 again, a weakly [-sum-free multiset S; for
which m.,(s,)(0) > 1 has cardinality of at most [+ 1. Therefore, if the number of multisets
S; for which mg,(0) > 1is k, we have |S;| <1+ 1, for all 1 < ¢ < k. In the other case, if
the number of multisets S; for which mg,(0) > 1 is exactly k — 1, we can also prove that
the kth multiset has cardinality of at most [ + 1. Indeed, if we suppose that mg,(0) > 1,
forall 1 <i < k—1, and mg (0) = 0 with [Sx| > [ + 2, then Sy NZ/3Z = {a} with
a € {1,2} C Z/3Z by Lemma 5.1. Thus, since [+2 = m,g,)(a) < My, (s)(a) = (F—=2)1+1,
it follows that & > 4. Then,

20k —=2)l+1)—(k—1)({+1) =2kl —4l+2—kl+1—k+1

— kil — 3l —k+3
= (k—3)— (k—3)
=(k=3)(1-1)

> 0.

Therefore 2((k—2)I4+1) > (k—1)(I+1). Moreover, since SyNZ/3Z = {a}, the 2((k—2)+1)
elements 0 and 2a of 73(.S) must be in S; USyU---USk_1. But we know that |S;| < 1+1,
for all 1 < i < k — 1, in contradiction with 2((k —2){ + 1) > (kK — 1)(l + 1). We have
proved that, in every cases, we have |S;| <1+ 1, for all 1 <1 < k. We deduce that

3((k —2)l + 1) = |my(S)] < k(I +1).
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Finally, since

3((k—2)1+1) —k(1+1) =3kl — 61 +3 — ki — k

— 2l — 6l —k+3
= k(20— 1) —3(20 — 1)
= (k=3)(20-1),

we obtain that 3((k—2)I+1) > k(I+1) for £ > 4, in contradiction with |r3(S)| < k(I+1).
For k = 3, we have |Si| = |S;] = |S3| = [+ 1. Since mq,5)(0) =1+ 1 > [, it follows
from Lemma 5.1 that the number of multisets S; containing elements 0 € Z/3Z is at least
of two. It is exactly two because if each multiset \S; contains elements 0 € Z/3Z, then
there is a weakly l-sum-free multiset S; which contains all the elements of Z/37Z and with
|S;| = I+ 1, in contradiction with Lemma 5.1. So we deduce that the partition P is either
of the form

S1NZJ3Z = SoNZ/3Z = {0,a} and S3NZ/3Z = {2a},
or of the form
S1NZ/3Z ={0,a}, SyNZ/3Z ={0,2a} and S3NZ/3Z = {a,2a},

where a € {1,2} C Z/37Z and |S;| = |Ss| = |S3| = [+ 1. For the first form, we know from
Lemma 5.2 that S; and S, are weakly l-sum-free if and only if Y ¢ 2 =3 ¢ = =a,
that is, if and only if mg, (a) = mg,(a) = 1 mod 3. It follows that

[ +1= mm(g)(a) = mg, (CL) + mg, (CL) =2 (IﬂOd 3),

and thus [ = 1 mod 3, in contradiction with the hypothesis that [ = 0 or 2 mod 3. For
the second form, we know from Lemma 5.2 that S; and S5 are weakly [-sum-free if and
onlyif ¢ r=aand ) g x=2a,that is, if and only if mg, (a) = mg,(a) =1 mod 3.
Moreover, we have mg,(2a) = [+ 1 — mg,(2a) = mg,(a). It follows that

[+ 1 = myy(s)(a) = ms, (a) + mg, () = ms, () + ms,(20) =2 (mod 3)

and thus [ = 1 mod 3, in contradiction with the hypothesis that [ = 0 or 2 mod 3. This
concludes the proof. O

Claim 5.13. WS;(k,l) > 3(k —2)l+ 2 for k > 3 and | = 0,2 mod 3.

Proof. Let S = {1,2,...,3(k — 2)l + 2}. We consider the following partition P =
{S1,...,Sk} of m3(S) and we prove that it is weakly [-sum-free.

S 0 |(k—2)0+1 0 (k—2)+1
S 0 0 h—2+1]| (k—2)l+1
S I 0 0 l

| m(S) k= (k—=2)I+1][(k—=2)1+1]3(k—2)+2]
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First, P is a partition of m53(,S) since the multiplicity functions verify that Zle mg, () =
My, s)(x) for all ¥ € Z/3Z. The multisets S; and S, are weakly I-sum-free because, as
already remarked above, a multiset which is only constituted by elements 1 or 2 € Z/37Z
is always weakly [-sum-free when [ = 0,2 mod 3. For Ss, ..., Sk, multisets containing only
[ elements are always weakly [-sum-free in Z/37Z. This completes the proof. O

54 For k>3 and [=1mod3
Let £ > 3 and | > 2 be two positive integers, with [ = 1 mod 3. We will prove that

KU+ 1) f k=3, k>5and [ >2, | =1mod 3,
or k=4andl>2, [=1,7mod9,
4143 for k=4 and =4 mod9.

WSs(k, 1) =

Claim 5.14. WS;(k,l) < k(l+1) fork>1andl > 2, Il =1 mod 3.
Proof. Directly follows from Lemma 5.1. ]

Claim 5.15. Let | = 1 mod 3. Let M be a multiset of Z/37Z such that |M N7Z/3Z| = 2
and |M| =1+ 1. Then, M is weakly l-sum-free if and only if my(x) = 1 mod 3 for all
v e MNZ/3LZ.

Proof. Suppose that M NZ/37Z = {a,b} with a # b. First, since [ = 1 mod 3, it follows
that

Thus either my(a) = my(b) = 1 mod 3 or my;(a) = 0 mod 3 and my,(b) = 2 mod 3.
Suppose that my,(a) = 0 mod 3 and my,(b) = 2 mod 3. We know, by Lemma 5.2, that
>z =my(a).a+my(b).b=22a+b)=a+b.
zeM

This leads to the equality

2b=0.a+ 2.b =my(a).a +my(b).b =a+b,
in contradiction with a # b. This completes the proof. O
Claim 5.16. WS3(k, 1) > WS3(k —3,1) +3(l+1) for k >4 and | = 1 mod 3.

Proof. Let S ={1,2,...,WS3(k —3,0)}. Let P = {S1,...,Sk—3} be a partition of m5(5)
into weakly [-sum-free multisets of Z/37Z. Consider the multisets Si_2, Skx_1 and Sy of
Z./37 defined below by their multiplicity function.

M w0 [mu (O [me@ ] (M
Sk_a ) 1 0 [+1
Sk_1 0 [ 1 [+1
Sk 1 0 ) [+1

(S 2US USy | I+1 [ I+1 [ 1+1 [3(1+1)]
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Then P’ = {S),..., Sk} is a partition of the multiset 7w5(S") = m3({1,2,..., WS3(k—3,1)+
3(I+1)}) since Zle mg, () = My, 5)(2) +({+1) = my, sy (x) for all x € Z/3Z. Moreover,
since [ = 1 mod 3, it follows that the multisets S,_o, Sp_1 and S, are weakly [-sum-free
in Z/37Z by Lemma 5.2 and Claim 5.15. Therefore WS3(k,1) > WS3(k — 3,1) + 3(1 + 1)
forall kK >4 and [ = 1 mod 3. O

Claim 5.17. WS5(3,1) > 3(l+ 1) for l =1 mod 3.

Proof. Let S ={1,2,...,3(l+1)}. The following 3-partition P = {Sy, Sa, S3} of m3(5) is
weakly [-sum-free, as already seen in the proof of Claim 5.16.

M [ my(0) [ my(D) [my(2) | [M] ]

Sh l 1 0 [+1
S 0 l 1 [+1
Ss 1 0 l [+1
(ms(S) | I+1 | I+1 | 141 [3(1+1)]
This completes the proof. O

Let k be a positive integer and let S = {1,2,..., k(I + 1)}. In the sequel of this section,
suppose that there exists a partition P = {Sy,...,S;} of m3(S) into k weakly [-sum-free
multisets of Z/3Z. By Lemma 5.1, |S;| = [+ 1 and |S;NZ/3Z| = 2 for all 1 < i < k. For
every x € 7/37, denote by n, the number of multisets S; in P such that x € S; N Z/3Z.
For S;NZ/3Z = {a,b}, the multiset S; is weakly [-sum-free if and only if

mg,(a) =mg,(b) =1 (mod 3)
by Lemma 5.2 and Claim 5.15. It follows that
ny € {1,...,k} and n, =m g (x) (mod 3),

for all x € Z/37Z. We distinguish different cases depending on the value of k£ and the
residue class of [ modulo 9.

Claim 5.18. WS;(5,1) > 5(I+ 1) for l =4 mod 9.
Proof. Consider the euclidean division of [ by 9, that is [ = 9r + 4. Then,
5(I1+1)=50r+5)=45r+25=3(15r+8) + 1

and
Ny = My, (5)(0) = 15r +8 =2 (mod 3),

Ny =My (1) =15r+9=0 (mod 3),

Ny = Myy5)(2) =15r+8=2 (mod 3).

We deduce that ng,ns € {2,5} and ny; = 3. Moreover, we have ng + n; + ny = 10. For
ng = 5, n; = 3 and ny = 2, we can verify by using Lemma 5.2 and Claim 5.15 that the
following partition of 73(.5) is weakly [-sum-free.
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’ M H my,(0) \ my, (1) \ my(2) H | M| ‘
Sh Ir +4 1 0 [+1
So 3r+1 | 6r+4 0 [+1
Sg 1 9r 44 0 [+1
Sy 3r+1 0 6r + 4 [+1
Ss 1 0 Or 44 [+1

| m3(S) | 150 +8 [ 15r +9 | 15r +8 | 5(I +1) |

This completes the proof. O

Claim 5.19. WS;(5,1) > 5(I+ 1) for l =7 mod 9.

Proof. Consider the euclidean division of [ by 9, that is [ = 9r + 7. Then,

5(1+1) = 5(9r 4 8) = 45r + 40 = 3(15r + 13) + 1

and
no = Myy5)(0) =15r+13 =1 (mod 3),
n =My (1) =15r+14 =2 (mod 3),
Ng = Myy5)(2) =157 +13=1 (mod 3).

We deduce that ng,ne € {1,4} and ny; € {2,5}. Moreover, we have ng + n; + ny = 10.
For ng = ny = 4 and ny; = 2, we can verify by using Lemma 5.2 and Claim 5.15 that the
following partition of m3(.S) is weakly [-sum-free.

| M| my(0) | mp(1) | my(2) [ [M] |
S 3r+1 6r + 7 0 [+1
S3 9r + 7 0 1 [+1
Sy 3r+4 0 6r +4 [+1
S 1 0 Or +7 [+1

| m3(S) | 150 +13 [ 150 + 14 [ 160 + 13 [ 5(1+ 1) |

This completes the proof.

Claim 5.20. WS;3(4,1) > 4(1+ 1) for l =1 mod 9.

Proof. Consider the euclidean division of [ by 9, that is [ = 9 + 1. Then,

AL+ 1) = 4(9r 4 2) = 36r + 8 = 3(12r + 2) + 2

and

no = My, (5)(0) = 12r 2 =2
Ny =My (1) =12r+3=0

Ny = My, (5)(2) =12r +3 =0

THE ELECTRONIC JOURNAL OF COMBINATORICS 20(2) (2013), #P61

(mod 3),
(mod 3),
(mod 3).

23



We deduce that ng = 2 and n; = ny = 3. Moreover, we have nyg + ny + ny = 8. We can
verify by using Lemma 5.2 and Claim 5.15 that the following partition of m3(5) is weakly
[-sum-free.

| M mpy(0) | mp (1) [ mp(2) | [M] |

Sh 6r+1 | 3r+1 0 [+1
So 67+ 1 0 3r+1 [+1
S 0 6r+1 | 3r+1 [+1
S 0 3r+1 | 6r+1 [+1
| m3(S) [12r+2 [ 12r +3 [ 12r +3 [ 4(1+1) |
This completes the proof. n

Claim 5.21. WS3(4,1) =4l + 3 for | =4 mod 9.
Proof. Consider the euclidean division of [ by 9, that is [ = 9r + 4. Then,
4(1+1) =4(9r 4+ 5) = 36r + 20 = 3(12r + 6) + 2

and
np = Myys)(0) =12r+6=0 (mod 3),

nm =g (1) =12r+7=1 (mod 3),

Ng = Myrys)(2) =12r +7=1 (mod 3).

We deduce that ng = 3 and ny,ny € {1,4}. Moreover, ny,ny # 1 since mg,s)(1) =
Mr)(2) = 12r +7 > 1+ 1. Thus ng = 3 and n; = ny = 4 in contradiction with
ng + nq1 + ny = 8. This proves that

WS3(4,0) <41+3 forl=4 (mod9).

Finally, from Claim 5.16 and Claim 5.4, we deduce that WS3(4,1) > WS;(1,1)+3(I+1) =
41 + 3. This completes the proof. O

Claim 5.22. WS;(7,1) > 7(I+ 1) for l =4 mod 9.
Proof. Consider the euclidean division of [ by 9, that is [ = 9r + 4. Then,
T(l+1)=7(9r+5)=63r+35=321r+11)+2

and
no = My, 5)(0) =21r +11 =2  (mod 3),

Ny = Mg (1) =21r+12=0 (mod 3),

Ny = Myy(5)(2) =21r+12=0 (mod 3).

We deduce that ny € {2,5} and ny,ns € {3,6}. Moreover, we have ng + ny + ne = 14.
Since My, (5)(0) = 21r 4+ 11 > 18r + 8 = 2/, it follows that ny = 5. For ng = 5, n; = 6 and
ne = 3, we can verify by using Lemma 5.2 and Claim 5.15 that the following partition of
m3(.S) is weakly [-sum-free.
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M ]| my(0) [ my() [ my(2) | [M] ]
S1 9r +4 1 0 [+1
Sy 9r +4 1 0 [+1
S3 3r+1 6r +4 0 [+1
Sy 1 Or +4 0 [+1
S5 1 0 9r 44 [+1
S 0 6r + 1 3r+4 [+1

[ ms(S) [ 21r + 11 [ 217 412 [ 21r + 12 [ 7(1 4+ 1) |

This completes the proof. n
Claim 5.23. WS3(4,1) > 4(l+ 1) for | =7 mod 9.

Proof. Consider the euclidean division of [ by 9, that is [ = 97 + 7. Then,

AL+ 1) = 4(9r + 8) = 367 + 32 = 3(12r + 10) + 2

and
no = Mry5)(0) =12r+10=1 (mod 3),
n = Mg (1) =12r+11=2  (mod 3),
Ny = Myys)(2) =12r+11=2  (mod 3).

We deduce that ng € {1,4} and ny = ny = 2. Since My, (5)(0) = 12r +10 > 9r + 7 =1, it
follows that ng = 4. For ng = 4 and n; = ny = 2, we can verify by using Lemma 5.2 and
Claim 5.15 that the following partition of 753(S) is weakly [-sum-free.

Sh 3r+4 6r +4 0 [+1
S 3r+1 6r +7 0 [+1
S3 3r+4 0 6r + 4 [+1
Sy 3r+1 0 6r 4+ 7 [+1
| ms(S) [ 12r +10 [ 127 411 [ 12r + 11 [ 4(1 4+ 1) |
This completes the proof. O

Finally, we obtain that WS3(k,l) = k(I + 1) for all £ > 3 and [ > 2, with { = 1 mod 3,
except for £ = 4 and [ = 4 mod 9, by combining Claim 5.14, Claim 5.16, Claim 5.17,
Claim 5.18, Claim 5.19, Claim 5.20, Claim 5.22 and Claim 5.23.

This concludes the proof of Theorem 1.4.
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6 Conclusion and future work

In this paper, the modular generalized Schur numbers S,,(k,[) and the modular gener-
alized weak Schur numbers WS,,(k,[) have been explicitly determined for all positive
integers k& and [ and for small moduli m € {1,2,3}. Although the determination of the
exact values of S,,(k,l) and of WS,,(k,[) seems to be much more difficult for moduli
m > 4, we can hope to find nontrivial lower and upper bounds of these numbers.
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