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Abstract

This paper gives a plethysm formula on the characteristic map of the induced
linear characters from the unipotent upper-triangular matrices U, (F,) to GL,(Fy),
the general linear group over finite field F,. The result turns out to be a multiple of
a twisted version of the Hall-Littlewood symmetric functions P, [Y;q]. A recurrence
relation is also given which makes it easy to carry out the computation.

Keywords: representation theory; induced characters; symmetric functions; su-
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1 Introduction

Let F, be a fixed finite field and GL,(F,) the finite general linear group over F,. The
representation theory of GL,(F,) over C was presented by J.A.Green [5]. He also con-
structed the characteristic map which builds a connection between the character spaces
of GL,(F,) for n > 0 and the Cartesian product over infinitely indexed sets of rings of
symmetric functions. In character theory, the study of induced linear characters from
subgroups is very useful in order to understand the character ring of the larger group.
In this paper, we consider certain induced linear characters from the group of unipo-
tent upper-triangular matrices U, (F,) to GL,(F,). The representations of these induced
linear characters are known as Gelfand-Graev modules, which play an important role in
the representation theory of finite groups of Lie type ([4], [12]). The formula for the
characteristic map of the induced linear characters is given by Thiem [9]. We then apply
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a homomorphism p (see Definition 5) on the image of the characteristic map. We refer to
the result as a plethysm formula because it involves a composition of symmetric functions
using the plethysm operation. There are two advantages in doing so: to get a simpler
formula and to express the result as a multiple of a twisted version of the Hall-Littlewood
symmetric functions P,[Y; ¢q]. We hope this method could contribute to the study of the
irreducible decomposition of the induced characters from U,(F,) to GL,(F,).

In section 2 we give some background knowledge on symmetric functions and repre-
sentation theory of GL,(F,) and U,(F,). Since the character theory of U,(F,) is known
as a wild problem, supercharacter theory is built up as an approximation of the ordinary
character theory. The linear characters of U,(F,) that we are considering are part of the
category of supercharcters of U, (F,). We introduce further questions about the induc-
tion of all supercharacters in Section 4. In Section 3 we give our main result about the
plethysm formula. A natural recurrence relation is obtained so that we can carry out the
computation of the homomorphism p on the characteristic map of the induced linear char-
acters more easily. We also give a relation between the characteristic map of the induced
characters from U, (F,) to GL,(F,), and the homomorphism p on those characteristics.
This is depicted in the following diagram

Dpcolc(Y?) == ®pephc(Xy)

pt lﬂlAC(xf:x_l)

Ac<Y) AC(Xzfl)

TOow

where the notation is explained in Theorem 17. From the above commutative diagram
we show that our simplified plethysm formula does not lose any information on the char-
acteristic map of the induced characters from U, (F,) to GL,(F,).

2 Background

2.1 Symmetric functions
The notation in this paper follows closely the book of Macdonald [7] and Thiem [10].

Definition 1. A partition A of n € N, is a sequence A = (A1, \a, ..., A;) of positive
integers in weakly decreasing order: Ay > Ay > --- > X\, such that Ay + Ao+ -+ N =n.
We denote this by A - n. Here, each \; (1 < i <) is called a part of \. We say the length
of the partition A is [ = I(\), which is the number of parts of \. We use |A| to denote the
sum of all parts \; + Ao+ - -+ \;, and we call |\| the size of the partition. Sometimes we
also use the notation:

A= (1m2m2 0 o n™ L),

where each m; means there are m; parts in A equal to i.
Let Ac(Y) denote the ring of symmetric functions with complex coefficients in the

variables Y = {y1,42,...}. We denote the complete symmetric functions, elementary
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symmetric functions, monomial symmetric functions, power-sum symmetric functions,
and Schur symmetric functions by hy[Y], ex[Y], mA[Y], pA[Y], and s,[Y] respectively.

Following other references (e.g. Garsia and Tesler [3]), we use the notation € for the
basic symmetric function kernel. Then the generating function for h,[Y] is

=> Y =] —yt)!

n>0 j>1
It is also well known that
QX]Q[Y] = Q[X + Y], and Q[X]/Q[Y] = QX —-Y].

Let X = {x1,x9,...} be another set of finite or infinite variables. We have the following
identity:
QXY] =1 — 2ay;)™ ZmA (2.1)
0,
summed over all partitions \.
There is a scalar product defined on A¢(Y'), which makes (m,) and (hy) dual to each
other:

<h>\7 m#> = 6>\H

for all partitions A, y, where d,, is the Kronecker delta.
We use P,\[Y;t] to denote the Hall-Littlewood symmetric functions, as defined in [7]
(see page 209). If we define

g = q.[Y;t] = (1 —t)P[Y;t] forr>1,
qo = qolY;t] =1,

then the generating function for q,[Y’;t] is

=S a it = [T 7= = a1 - nuy] 22

r>0 1- Yiv
For each partition A, let n(\) = >, (i — 1)\;. Define
P\Y;ql = ¢ "VR[Y;q7,

and we call P\[Y; ¢] the twisted Hall-Littlewood symmetric functions.
From [7], it is well known that the plethysm can be defined by

halpo[Y]] = haly? 5, - ], (2.3)

which is the coefficient of ¢ in [] 11 — o)t
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2.2 Representation theory of GL,(F,)

The representation theory of the finite general linear group G,, = GL,(F,) over C can be
found in J.A.Green [5], Macdonald [7] and Thiem [9]. Here we give a short description of
the characteristic map constructed by J.A.Green.

Let F, denote the algebraic closure of the finite field F,. The multiplicative group of
F, is denoted by IF‘;. The Frobenius automorphism of F, over F, is given by

F:z — 29 where z € F,.

For each n > 1, we use IFX to denote the fixed points of F™ in ]F‘X
Let F* = {gb IFX — CX} be the group of complex-valued multlphcatlve characters of
IE‘ . The Frobemus automorphlsm on IF* is

F: & — &% where € € IF‘;.

For each n > 1, let IF* be the group of elements fixed by F". We also define a pairing of
IF* with FX by
(& 2)n = &(2)
for £ € I_Fz,n and r € F;n.
We then define
® = {F-orbits of F/} and © = {F-orbits of F}}.

Since each F-orbit of IF; is in one-to-one correspondence with an irreducible polynomial
over F,, we can also use f to denote each F-orbit in ®. A partition-valued function g on
® is a function which maps each f € ® to a partition p(f). The size of p is

lesll = d(f)le(f)
fed
where d(f) is equal to the degree of f € ®.
Let P denote the set of all partitions and

*=JPy where Py = {p:® = P; |p| =n}.

n=0

We use K* to denote the conjugacy classes in (i, parameterized by u € P? [7]. The
characteristic function of the conjugacy class K* is denoted by 7.
Similarly, for each partition-valued function A : © — P, the size of A is

IX = d(p)A

pEeO

where d(¢p) is equal to the number of elements in . Let

©=JP?, where PY ={X:0 = P; ||| =n}.

n
n=0
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We use G2 to denote the irreducible G,,-modules indexed by A € P9 [7]. The character
of the irreducible G,,-module G2 is denoted by x*.
For every f € @, let Xy :={X s, Xoy,...} be a set of infinitely many variables. Each
X, has degree d(f).
Let
Pylf] = By[X5;q" V] = I P [X g0,

where ﬁn [Xf; ¢?] is the twisted Hall-Littlewood symmetric function. Define

Py =11 Pucn[f1-

fed

For every ¢ € O, let Y¥ := {Y}*,Y)”,...} be a set of infinitely many variables. Each
Y;? has degree d(p). Define
S)\ == H S)\(w)[y@],

peO

where sy, [Y?] is the Schur symmetric function.
We define the transformation between the symmetric functions in the variables {X; :
f € @} and those in the variables {Y¥ : ¢ € ©} by the following identity:

oY) = (=" > &@)pnsacn (X1, (2.4)

z€Fy,

where n = k x d(p), £ is any element in ¢, and f, is the irreducible polynomial that
contains x as a root. Since f, = f, if z,y are in the same F-orbit in I?‘;n, equation (2.4) is
well defined for any £ € ¢. Also here pp[Y¥] and py, a(s,)[X7,] are power sums in different
sets of variables. Equation (2.4) is an isomorphism and its inverse can be found in [7].
For interested readers willing to know more details, please refer to [7] and [11].

Since the power-sum symmetric functions form a basis of the ring of symmetric func-
tions, with the basis transformation given by equation (2.4), we let

Ac = ®fealc(Xy) = ®peoc(Y?),

where Ac(X) is the ring of symmetric functions in Xy, and Ac(Y?) is the ring of sym-
metric functions in Y¥. As a graded ring, we have

Ac = C-span{P,|u € P*}
— C-span{Sx|\ € P°}.

From [7] we know that the conjugacy classes K* of G,, are parameterized by pu € P2,

and the irreducible characters xy* of G,, are indexed by A € P°. The following theorem
gives the characteristic map of G,,.
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Theorem 2. (Green [5], Macdonald [7], Zelevinski [14]) Let A, denote the space of
complex-valued class functions on G,, and A = ®,>0A,. The linear map

ch: A— Ac
x* — S, for Ae P,
Ty Py, for pcP®

1s a Hopf algebra isomorphism.

2.3 Supercharacter theory

Let U,, be the group of unipotent upper-triangular matrices with entries in the finite field
[F,, and ones on the diagonal. This group is the subgroup of the finite general linear
group G,. Although the character theory on U, is a wild problem, people came up
with a slightly coarser version called superclass and supercharacter theory (André [2],
Yan [13]). This approximation of the character theory of U, is relatively easier to study
and compute. Superclasses are certain unions of conjugacy classes and supercharacters are
sums of irreducible characters. They are compatible in the sense that supercharacters are
constant on superclasses. The supercharacter theory has a rich combinatorial structure
(ref. [10]) and connects to some other algebraic structures as well (ref. [1]).

The superclasses of U, can be indexed by the Fj-labeled set partitions, and a super-
character becomes an irreducible character if the corresponding indexed F-labeled set
partition has no crossing arcs. For the strict definitions and more details on supercharac-
ters please see [10] or [1].

In this paper we consider the linear supercharacters of U, indexed by

q1 g2 g3 qn—1
e

1 2 3 n

where qi,...,q,1 € FY (see Thiem [10] for this notation). Let W _,y denote the

(qu---ﬂn
above character. We induce XEZB ) from U, to G, by the formula
(n)
ASCHAEY TU" ‘U’ Z XQL Gn— 1) hgh~ ) (25)

heGn

where x(s) = x(s) if s € U, and x(s) =0 if s € U,.
The induced character XE ") i) 5:

character of the Gelfand-Greav module ([4], [9]). Applying the homomorphism p defined

is a character of (G,, which is known as the
in Section 3 to the characteristic map of XEZB ) Tg:, we get a multiple of the twisted

Hall-Littlewood symmetric function P,. An explicit formula for this result together with
a recurrence relation is also given in Section 3.
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3 Plethysm Formula for the induced character

We start from the formula of the characteristic map of XEZ)
Thiem [9].

) Tg:, which is given by

7777777

Theorem 3. (Thiem [9])

h(XE:‘ILl) 77777 an—1) g:): Z Sx\v (31)

xeP®
Rt(A)=1

where ht(A) = maz{l(A(p))|p € O}.

Notice that ht(X) = 1 implies for every ¢ € O we have [(A(y¢)) < 1, which means A(yp)
contains at most one part. Since for each a € N, 5,[Y¥?| = h,[Y¥]. From the definition of
Sx, we can write (3.1) as

h(XEZ) ..... an—1) TEGJZ): Z Hsk(w)[yw]: Z Hhx(@[y“p]

AP €O AePR €O
1 ht(A)=1
= Z Z hm [Yw]haz [Ysoz] e hak [YS%]’ (32)
ajby+-+apbp=n deg(p;)=b;

X(©)={ay,...,a}ePY P11, ¢} distinct

where Y¥1 Y¥2 Y% are different sets of variables. For ¢ from 1 to k, each variable in
the set Y% = {Y;”, Yy, ...} has degree b;.
We give an example to better understand formulae (3.1) and (3.2).

Example 4. For n = 3, we have

ch(x( 1) = D m[YP [V by [V
PLeaeadininct

+ > YUY+ Y Y [V

¥ ,Podistinct deg(p1)=2
deg(v;)=1 deg(p2)=1

+ Y Y+ D> Myl
deg(p)=1 deg(1)=3

From the above example we see that the expansion on the right-hand side of (3.2)
becomes more complicated as n increases. This inspires us to come up with the idea of
using a homomorphism, as we will see later in Definition 5, to simplify the computation.

. . by by - b
For each term in equation (3.2), we have a two row array ( al a2 ak > where
L oay e ap

b; = d(p;) and it satisfies the condition Zle a;b; = n. We arrange the pairs (b;, a;) such
that:
(W) b <by<...<by.
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(2) a; < Aj+1 if bj = bj+1 for 1 < ] < k.
Once the array is sorted, we can denote it as follows:

1m1 2m2 .. nmn
(1m1,1 2mi2 ... pMin (M21 9M22 .. pM2n .. ]Mnl 9Ma2 .. pMan

where szzl(m@j x g xi)=mnand mi; +mis+...+my, =m; for 1 <i < n. Each
m; counts the number of different sets of variables appearing in the term with the same
degree 7. Each m;; counts the number of complete symmetric functions h; in variables
with degree 1.

For a given i, let [,(i) denote the number of all different sets of variables with the
same degree i. We know that [,(7) is equal to the number of irreducible polynomials
f over finite field F, with degree i and satisfying f(0) # 0. The number of irreducible

polynomials of degree i over I, is given by the formula

(i) = L,(1)—1, fori=1;
T L), for i > 2.

Thus for a given ¢ and a list of numbers [m; 1, m; 2, ..., m;,) where m; 1 +m;o+. . .+m;, =
m;, the number of products of the form

hy[Y 9t by [Y 902 oo by [YFimin]
X o[Y Pimiat 1| [y #imint2] . fy[Y Pimiatmia]

N

X Ty [Y imia i1t | [y Pimi b bmin 1 42] L Ty Pim] 3.4

is equal to
l(1)(g() = 1) -+ - (Ig(i) —m;i + 1)

mmlmm! e mm'

)

Y

where Y¥i1 Y¥i2 | Y¥i.mi are m; different sets of variables with the same degree .
Notice that when n increases, we get more terms on the right-hand side of equation (3.2).

In order to simplify the computation, we send each set of variables Y% to {y%, 4%, .. .}.
Using plethysm defined as equation (2.3), we give the following definition.

Definition 5. Define a homomorphism p : C-span{Sx|A € P®} — Ac(Y) as follows:

p(ha[Y?]) = halpe[Y]], Vo € ©,b = deg(p).
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The image of the homomorphism doesn’t differentiate the sets of variables and there-
fore simplifies the computation. Applying the homomorphism does lose information on
the characteristics of characters in G,,. However, as we will see later on in Theorem 17
and Corollary 18, if we consider the induced characters from U, to G,,, then the homo-
morphism carries all the information and this will be discussed later in this section.

Since ch(XEZI) TG") is independent of ¢1,...,¢,-1, and only depends on n for

qn—1)
> 1, we can simply denote p(ch( ) Tg:)) by p, and set pg = 1. We also use
p[m“h__ ms.,) 10 denote the results of applylng p on the sum of all different products in the

form of (3.4) for the same index list [m;1,...,m;,], i.e.
_ lg(@OU(1) = 1) - - (g(d) — mi + 1) mi i
Dot = LD O ™ )

)

Applying p to both sides of (3.2) we get
pn = Z p[m1,17-~-7m1,n] e p[mn,l7~--7mn,n] . (35)
Zzn,j:l mi j ><j><'i:n
The following theorem follows naturally.
Theorem 6. Let CH,(t) denote the generating function for p,:
CHy(t) =1+ prt +pot® + - = Y put™.

n=0

Then we have

La(0)
ch<t>=H(H<1—y;ti>—l) I o

j=1 i1 j>1

Proof. Since for every ¢ > 1,

[Ta- = halyi, v, )

i>1 a>0
=1+ (hp]) - t" + (ha[pi]) - % 4 -+ .
We have
lq(4)
(H(l — y}t’)‘l)
i1

= (14 (hp)t* + (halpi)t¥ + )"

_ 3 (lq(2)> ( m; )
mi,l+"’Li,2+"‘+7”i,n:7”i ml mivlmi72 o mian

0<m;<lg(3)

X (P [pi]) ™1 (halp]) ™ - - (R[] - ¢lmea t2mitbmmin )4
= Z p[m Lyim] t(mi,l+2mi,2+---+n-mi7n)-i

mi 1+mg gt tmy p=my
0<m;<lq(i)

THE ELECTRONIC JOURNAL OF COMBINATORICS 20(3) (2013), #P12 9



o lq (%)
From (3.5) we see that the coefficient of #* in the product [],, (Hj>1(1 - y}tl)’1> s

exactly equal to p, for n > 1. Thus we get the Theorem.
Theorem 7.

i () _ le(l _yjt)
LI =™ = =

=1 521

Proof. From equation (3.3) we know that when i = 1,

[T -y OT[ -yt =T —yt) "

j>1 =1 j>1

[T —w5e) @ = T](0 = gyt) "

Jjz1 Jjz1

and when 7 > 2,

Thus the above identity is equivalent to the identity

[T =)™ = [1(t =yt

i>1 j>1 =1

where L, (i) denotes the number of irreducible polynomials over F, for ¢ >

before.

—yiqt)

(1)

]

(3.6)

(3.7)

1, as we stated

Equation (3.7) is a classical identity which could be found, e.g. in [8] page 171. Here
we give a direct computational proof by taking the logarithm on both sides of (3.7) and

showing they are equal.

In (HH — yith)LaC ) => D L)1 - y;lti))

i>1 j>1 =1 \ixl

- E}w%Z%?

j=1 \ix1 r>1

S (Eyn ()

r

=1 \izl r>1

N N
_ y; -t I
P DIl DI
j=1 N>1 r|N
N=i-r
N N
_ y; -t N
, N
=1 N>1
N=i-r

i>1

Thus we get (3.7).
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Theorem (6) and Theorem (7) together yield the formula for the generating function
of p, as follows:

11—yt
CH,(t) = — (3.8)
]1;[1 1 —y;qt.

Before we link it to Hall-Littlewood polynomials, we give a recurrence relation for p,, using
formula (3.8).

Corollary 8. For every n > 1, we have
pn=(q" — Dhn — pp—1h1 — pp—2ha — -+ — p1hn_1. (3.9)
Proof. From (3.8) we have
CH,(t) x QY] = [ [(1 = yjqt)™"
i1
Comparing the coefficients of " on both sides, we get

pOhn + plhnfl + -+ ,OnhO - qnhna

which yields the theorem. O
Example 9.
p1= (g — 1hy;
P2 (q2 1)hy — p1hy
= (¢* — 1)h2 (¢ = 1h1a
— (= 1)l(g+ s — hua):
P3 (q3 1)h3 p1he — pahy
= (¢* = Dhs — (g — Dho1 — (¢ — Dhog + (g — 1)hi11
= ( [

qg—1) (q +q+ 1)hs — (¢+ 2)ho1 + hi14].

From the above examples we notice that the coefficients of hy are in £N[q] x (¢ — 1).
Let [hy]p, denote the coefficients of hy in the expansion of p,. In particular, we have
[hnlpn = ¢ — 1 for all n > 1. The following corollary gives the recurrence relation on the
coefficients.

Corollary 10. For any A = (ot1 ,alf,...,a;’“) Fnowithl;, > 1 foralll < i < k and
I(A\) =2, we have

[h)\]pn - _[h(a?*l 122 alk)]pn—al - {h(ah lp—1 alk)]pn—ag — [h(all ly alkfl)]pn—ak-
) k 172 k 172 k
Here, if l; =1 for some 1 <1 < k, then we set

(alf,...,aéfl, aﬁf) : (alf,...,di,...,aﬁf),

where a; means simply remove a; from the partition A. In particular, [hy]p, € £N|q] X
(¢ — 1), while the sign is given by (—1)"N~1,
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Proof. Equation (3.10) follows directly from Corollary 8 by comparing the coefficients of
hy from two sides. The claim that [hy]p, is in £NJg] x (¢ — 1) together with the sign
property can be proved easily by using induction on equation (3.10). O

Remark 11. Corollary 8 and Corollary 10 give an easy way of computing p,, for every
n > 1 simply by knowing [h;]p; = ¢' — 1 for every i > 1.

Example 12.

[haalps = —[hi]p1 — [ha]pa
=—(g-1)~ (-1
=—(¢—1)(g+2).

[h111]p3 = —[h1a]p2 = []p1
=q—1.

Now back to our formula (3.8). We rewrite it in the following form so that we can
easily use the generating function for g, as in equation (2.2).

1—yt L—y;- 2 (at)
CH,(t) = = g
! gl—yth Jl;[l 1—y;-(qt)
= alYiqa gt

r=0

where Y = {yi,9s,...}. Comparing the coefficients from two sides we get the following
corollary.

Corollary 13.

pn=aqulY;q " = (1 =g P [YViq ] ¢"
=" - DR [Yi¢ ] =¢" g 1B, [Y;q]. (3.11)

Corollary 13 gives the connection between the image of the homomorphism p on
the characteristic map of XEZE,...,qnq) Ty and the Hall-Littlewood symmetric functions.
As we mentioned in the introduction, we refer to this result as a plethysm formula on
Ch(XEZB,..-,qn—ﬂ T(Cj:)

For any linear supercharacter [10, 9, 1] of U, there is a unique way to decompose
the indexed set partition into connected components. We denote a linear supercharacter
with k& connected components by X;ﬁflni‘ﬁ 'In’“, where for ¢ from 1 to k, each n; counts the
size of the i connected component, and ¢ = (gi1,. .-, ¢in,—1) € (F)" " denotes the
labels of the arcs for the i connected component. The following corollary follows from
the property of the linear supercharacters [10, 9, 1].
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Corollary 14.
k
p(ch(XleJnil,k o ngj)) = Hpni.

Example 15. For the following linear supercharacter of Us

q2,1 43,1932

« e & e

[ ]
1\2|3 o 1 2 3 4 5 6
X @@ —

where ¢i = (), ¢ = (¢21), 33 = (g3, 3,2) and G2.1,G3,1, @32 € F;; we have

112/3
poc (Xq‘hjn,q:,, T ) = pP1P2pP3-

Let the transition matrix between {m)[X|} - and {p,[X]}un be Cy,, ie.
X] = Z CA,upu[X
m
Define my[q — 1] by the following equation

malg—1] = ZCmpuq—l

where p,[¢ — 1] = ¢" — 1 for every n > 1, and p,[¢ — 1] = pu,l¢ — 1]+ pulg — 1] for
o= (1, ..oy ).

Remark 16. Using the orthogonal relation between the bases {m,} and {h,}, we give
another expression for p,, as follows:

pn =Y _malg— 1] x hy[Y].
An
Proof. Using the notation in Section 2.1, we have

Qlgty] - H# Ql-tv] = [0 - wh).

L=yiat i>1

1 —y;t
CH,(t)= || —~
! ]1;[1 1 —y;qt
= Q[(g — 1)tY]

= Z (Z mylg — 1] ~h>\[Y]> t"

n=0 AFn
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As we mentioned above, it seems that we lose information by applying p to the char-

acteristic map of XE;) 1) Tg:. However, since XE;) 1) Tg: is a character induced

from U, this allows us to express ch(XEZB ) 1) in basis {Pu|p € P®} from the

result of applying p. To show this fact, we first introduce the following homomorphism
on symmetric function ring defined in [7]:

w Ac(Y) — A(C(Y)

by
w(e [Y]) = h,[Y], for all r > 0.

The map w is a well known involution and automorphism on Ac(Y). Also, we have
w(p,[Y]) = (=1)""'p,[Y], for all r > 0.

The following theorem illustrates the relation between applying the homomorphism p
to the characteristic map in basis {Sx|A € PO} and the projection on the characteristic
map in basis {P,|pu € P} to the space Ac(X,_1).

Theorem 17. The following diagram commutes:

Bpeolc(Y?) == @ reaAc (X))

pl lH|A(C(szl)

Ac(Y) Ac(X,-1)

TOoWw )

where T is the map of changing variables y; into X,y fori=1,2,..., and M|r.(x,_, )
is the projection to the space Ac(X;_1).

Proof. Recall equation (2.4)
pelY?) = (=" Y E@)pujarn [ X
xeMy,

where £ € ¢, © € f, and n = k x d(p). If we apply p to px[Y?] we get p,[Y]. Ap-
plying the projection map II|a.(x,_, ,) on the right-hand side of equation (2.4) yields
(—1)"'p,[X,_1]. Since {p, : n = 1,2,...} are algebraically independent over C and
{p» : A a partition} form a basis of the symmetric function ring, we get the theorem. [

Since Ac has two bases {Sx|A € P®} and {P,|p € P?}, we use ch(x 157)( Xy : f € @)
to denote the expression in terms of basis {P,|u € P®}, and ch(x Tg:)(Y*D tp € O) the
expression in terms of basis {Sx|A € P®}. We then have the following identity.

Corollary 18.

Ch(XEZf ..... o) 1o)Xy o f € ) =7 ow(pn)
=¢" g — Dw(P, [X,—1; ).
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Proof. From the definition of the induced character by equation (2.5) we know that

(n) Gn B
X(ql 77777 Qn—l) Uy, (g) - 0

for all ¢ € GG, which are not similar to any unipotent upper-triangular matrices. Notice

that the characteristic polynomial for all matrices in U, is (x —1)™. Since similar matrices

have the same characteristic polynomial, XEZR 1) g could possibly take nonzero values

only on those matrices in G,, with characteristic polynomials equal to (z — 1)". We then
have

Ch(XE”) ..... ) TU:)(Xf cfeD) e Ac(X,),

q1
and so o -
Gn n Gr
H|AC Xf T — 1 [Ch< ql ,,,,, qn— 1) Un )] - Ch(X(ql ,,,,, Qn—l) Un)

By theorem 17 we obtain the corollary. O]

Remark 19. From the proof of Corollary 18 we conclude that for any character y of U,
if we induce y from U, to GG,,, then we have

ch(x 152)(Xs: f € @) =Towop(ch(x 177)(Y? : p € O)).

For A = (A1,...,N) let py = pa,pay - --py,- By Corollary 13, since p, = ¢" (¢ —
1)P,[Y;q "], we know that {p,} forms a basis for the symmetric function ring Ac(Y).
Thus p(ch(x Tg:)) can be written as p(ch(x Tg:)) = e Orpa, where C € C. We then

define a map as follows.

Definition 20. Define p : Ac(Y) — C-span{Sx|\ € P®} by

A(ﬂﬂ) = Z S

Aerﬁ
ht(A)=

Grn
= Ch(X(QI 77777 qn— 1 /]\U’rt)’

and

pA(p)\) = /A)(p)\l)ﬁ<p)\2) s ﬁ(p)\z)7
where A = (A1,..., \).

Proposition 21. For a fized finite field F, and a character x of U,, we have

(p o p)(ch(x 15")) = ch(x 15").

Proof. First of all, we have pop(ch( q1 ’’’’’ ant) T ")) = plpn) = ch( q1 ..... y Tor)- From
Theorem 17 and Remark 19 we know that p restricted on the Characterlstics of induced
characters from U, to G, is an isomorphism. Since {p, },en forms an algebraic basis and
for all ch(x Tg:), p must have a unique inverse, we get the proposition. O
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Suppose p(ch(x Tg")) = \n Orpa, where Cy € C. From the definition of p we get
pop(ch(x 15m)) ZC/\ p(pr))

AFn

= Coaplpa)plpas) - - lpa,). (3.12)
AFn

Using Proposition 21 we get the following corollary.

Corollary 22. For a fized finite field F, and a character x of U, suppose ch(x Tg:) =
Y aen Oapr where Cy € C. We have

ch(x 1) = Y Capa

AFn

:ZCA Z SA(1) Z SMQ) Z S)\(l)

AEn 1>e7>f\91 2>e7>§? A ep®

rt(A(1))=1 Rt(A(2))=1 rt(A(D)=1

Remark 23. Tt is difficult to get an expression for ch(x 1) in terms of basis {Sx|A € P€},
which gives the irreducible decomposition of the induced character. However, if we know
the image of p on the characteristic map of x Tg:, we may use p to get the irreducible
decomposition of ch(x T(U;n) We hope these results can contribute to research in this
problem. We list some open problems in Section 4.

4 Further Questions

The induced characters that we are studying in this paper are very special. A natural
question to ask is: “can we give a nice formula for the characteristics of all the induced
supercharacters from U, to G,,?” Zelevinsky [14] and Thiem and Vinroot [11] have worked
on the case of degenerate Gelfand-Graev characters. The problem of how the generalized
Gelfand-Graev representations of the finite unitary group decompose is still open.

The generalized Gelfand-Graev representations, which are defined by Kawanaka [6],
are obtained by inducing certain irreducible representations from a unipotent subgroup [11].
Here the supercharacters that we are considering are more general than the case of the
generalized Gelfand-Graev representations. We hope that the ideas and results developed
in this paper could help to work on this problem.

Below we give some examples of computations of p acting on the characteristic map
of induced supercharacters.

Example 24. For ¢ = 2, we have

1

VP

2

poch|x ' 7 7 15| = (st p2p)lo=
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4Ga | = (pa+2p3pr + papy ) g=2
4

poch | x' 7P TG T poen|x " T 4G | = 2ot papz + papi)l

poch|x 161 | = (pa+ papr)lo=2

Inspired by these results, we propose the following conjecture and state some questions
that remain open.

Conjecture 25. For a fixed finite field IF, and a supercharacter x of U,,, we have

p(ch(x 1777)) € Nlp1, ..., pal.

The conjecture is interesting in the sense that not every character of a larger group can
be represented as a non-negative integer combination of characters induced from linear
characters of subgroups. It is interesting to know which kind of characters have that
property. If the above conjecture is true, then the following remark is meaningful.

Remark 26. For a fixed finite field F, and a character x of U,, suppose p(ch(x 15")) =
> sen Crpa where Cy € C. We have

dim(x) = > Ch. (4.1)

AFn

Proof. From Corollary 14 we have

A1|A2]... A A1|A2].. A
V1= 0 18 = (T engr) 16,

AFn AFn
where ¢ = (i1, -, ¢ipn—1) € (F;)*'. So we have
: : A1 [Aa]- A NP V1P VI
i) = din (3G ) = X Cudimi )
AFn AFn
: o APl :
Since dim(xg; 7z"") = 1, equation (4.1) follows. O
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Question 27. For a fixed finite field F, and a supercharacter x of U,, find a formula for
the image of the homomorphism p on the characteristic map of x Tg:,

poch(x 17") = Chpa,

AFn

where pyx = px,pr ..oy, for A = Ay, ..., A It would be nice to give a combinatorial
formula for the coefficient C, since the examples above suggest a possibility of some
rules.

Remark 28. If we have the formula of p(ch(x 1;")), we can easily get the expression for

the characteristic map of y Tg: in terms of basis {P,|u € P®} by Remark 19. We may
also use p to get an expression in the basis {Sx|A € P®} by Corollary 22.

Question 29. Up to now the induced representations that we are considering are in
characteristic zero. Another problem we can think about is what happens in characteristic
p case.
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