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Abstract

If X is a geodesic metric space and z1,x92,23 € X, a geodesic triangle T =
{z1,72,x3} is the union of the three geodesics [z1x2|, [r2x3] and [r3z1] in X. The
space X is d-hyperbolic (in the Gromov sense) if any side of T is contained in a
d-neighborhood of the union of the two other sides, for every geodesic triangle T
in X. If X is hyperbolic, we denote by 6(X) the sharp hyperbolicity constant of
X, ie 6(X)=inf{d > 0: X is o-hyperbolic } . In this paper we characterize the
strong product of two graphs G; X G2 which are hyperbolic, in terms of G; and
G9: the strong product graph G X G is hyperbolic if and only if one of the factors
is hyperbolic and the other one is bounded. We also prove some sharp relations
between §(G1 X Ga), 6(G1), 6(G2) and the diameters of G; and G2 (and we find
families of graphs for which the inequalities are attained). Furthermore, we obtain
the exact values of the hyperbolicity constant for many strong product graphs.

Keywords: Strong Product Graphs; Geodesics; Gromov Hyperbolicity; Infinite
Graphs
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1 Introduction

The study of mathematical properties of Gromov hyperbolic spaces and its applications
is a topic of recent and increasing interest in graph theory; see, for instance, [5, 6, 9, 11,
12, 13, 14, 15, 16, 18, 19, 27, 28, 29, 30, 31, 33, 34, 35, 38, 39, 42, 43, 45, 48, 49]. It
is well known that most networks can be modeled by a graph G = (V| E), where V is
the set of mainly elements and FE is the set of communication links between them in the
network. Different methods have been proposed for configuration processing and data
generation. Some of them are structural models which can be seen as the product graph
of two given graphs, known as factors or generators. Many properties of structural models
can be obtained by considering the properties of their generators. The different kinds of
products of graphs are an important research topic in Graph Theory. In particular, the
strong product graph operation has been extensively investigated in relation to a wide
range of subjects [2, 10, 32, 47]. A fundamental principle for network design is extenda-
bility. That is to say, the possibility of building larger versions of a network preserving
certain desirable properties. For designing large-scale interconnection networks, the strong
p roduct is a useful method to obtain large graphs from smaller ones whose invariants can
be easily calculated [10, 32, 47].

The theory of Gromov hyperbolic spaces was used initially for the study of finitely
generated groups, where it was demonstrated to have an enormous practical importance.
This theory was applied principally to the study of automatic groups (see [36]), which
plays an important role in sciences of the computation. Another important application
of these spaces is the secure transmission of information by internet. In particular, the
hyperbolicity plays an important role in the spread of viruses through the network (see
28, 29]). The hyperbolicity is also useful in the study of DNA data (see [9]).

Last years several researchers have been interested in showing that metrics used in
geometric function theory are Gromov hyperbolic. For instance, the Gehring-Osgood
j-metric is Gromov hyperbolic; and the Vuorinen j-metric is not Gromov hyperbolic
except in the punctured space (see [21]). The study of Gromov hyperbolicity of the
quasihyperbolic and the Poincaré metrics is the subject of [1, 3, 7, 22, 23, 24, 25, 39, 40,
43,44, 45, 49]. In particular, the equivalence of the hyperbolicity of Riemannian manifolds
and the hyperbolicity of a simple graph was proved in [39, 43, 45, 49], hence, it is useful
to know hyperbolicity criteria for graphs.

Notations and terminology not explicitly given here can be found in [20]. We present
now some basic facts about Gromov’s spaces. Let (X, d) be a metric space and let ~ :
la,b] — X be a continuous function. We define the length of v as

L) = sup { Y d(y(tia) A(t)  a=to <ty < <t = b}

We say that v is a geodesic if it is an isometry, i.e. d(y(t),v(s)) = s—t for every t < s. We
say that X is a geodesic metric space if for every x,y € X there exists a geodesic joining
x and y; we denote by [ry] any of such geodesics (since we do not require uniqueness of
geodesics, this notation is ambiguous, but it is convenient). It is clear that every geodesic

THE ELECTRONIC JOURNAL OF COMBINATORICS 20(3) (2013), #P2 2



metric space is path-connected. If X is a graph, we use the notation [u,v] for the edge
joining the vertices w and v; in what follows, by u ~ v we mean that [u,v] € E(X).

In order to consider a graph G as a geodesic metric space, we must identify (by an
isometry) any edge [u,v] € E(G) with a real interval with length | := L([u, v]); therefore,
an inner point of the edge [u, v] is a point of G. A connected graph G is naturally equipped
with a distance defined on its points, induced by taking shortest paths in G. Then, G can
be seen as a metric graph.

Throughout this paper we just consider non-oriented (finite or infinite) connected
graphs with edges of length 1. These conditions guarantee that the graphs are geodesic
metric spaces. We also consider simple graphs, that is without loops or multiple edges,
which is not a restriction [6, Theorems 6 and §].

If X is a geodesic metric space and J = {Ji, Ja, ..., J, } is a polygon with sides J; C X,
we say that J is 6-thin if for every x € J; we have that d(z,U,;J;) < 0. We denote by
d(J) the sharp thin constant of J, i.e., 6(J) :=inf{0 > 0: J is §-thin }. If 21, 29,23 € X,
a geodesic triangle T = {x1, x5, x3} is the union of the three geodesics [z123], [z273] and
[z321] (sometimes we write T' = {[z122], [x2x3], [x321]}). The space X is §-hyperbolic (or
satisfies the Rips condition with constant 0) if every geodesic triangle in X is d-thin.
We denote by §(X) the sharp hyperbolicity constant of X, i.e., 6(X) := sup{d(7) :
T is a geodesic triangle in X }. We say that X is hyperbolic if X is 0-hyperbolic for some
d > 0. If X is hyperbolic, then §(X) = inf{d > 0: X is d-hyperbolic }. A geodesic bigon
is a geodesic triangle {x1, 9, 23} with x9 = x3. Therefore, every bigon in a §-hyperbolic
geodesic metric space is d-thin.

There are several definitions of Gromov hyperbolicity. These different definitions are
equivalent in the sense that if X is d-hyperbolic with respect to the definition A, then it
is ¢’-hyperbolic with respect to the definition B for some ¢ (see, e.g., [8, 20]). We have
chosen this definition since it has a deep geometric meaning (see, e.g., [20]).

The following remarks are interesting examples of hyperbolic spaces. The real line
R is O-hyperbolic due to any point of a geodesic triangle in the real line belongs to two
sides of the triangle simultaneously. The Euclidean plane R? is not hyperbolic since
the equilateral triangles can be drawn with arbitrarily large diameter. This argument
can be generalized in a similar way to higher dimensions: a normed vector space E is
hyperbolic if and only if dim E = 1. Every arbitrary length metric tree is O-hyperbolic
due to all points of a geodesic triangle in a tree belong simultaneously to two sides of
the triangle. Every bounded metric space X is ((diam X)/2)-hyperbolic. Every simply
connected complete Riemannian manifold with sectional curvature verifying K < —k2,
for some positive constant k, is hyperbolic. We refer to [8, 20] for more background and
further results.

Notice that the main examples of hyperbolic graphs are the trees. In fact, the hyper-
bolicity constant of a geodesic metric space can be viewed as a measure of how “tree-like”
the space is, since those spaces X with §(X) = 0 are precisely the metric trees. This is
an interesting subject since, in many applications, one finds that the borderline between
tractable and intractable cases may be the tree-like degree of the structure to be dealt
with (see, e.g., [17]).
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If D is a closed connected subset of X, we always consider in D the inner metric
obtained by the restriction of the metric in X, that is

dp(z,w) :=inf {Lx(y) : v C D is a continuous curve joining z and w} > dx(z,w).

Consequently, Lp(vy) = Lx(v) for every curve v C D.

Given a Cayley graph (of a presentation with solvable word problem) there is an
algorithm which allows to decide if it is hyperbolic. However, the problem of deciding
whether a general geodesic metric space is hyperbolic or not is usually very difficult. Note
that, first of all, we have to consider an arbitrary geodesic triangle T', and calculate the
minimum distance from an arbitrary point P of T to the union of the other two sides of
the triangle to which P does not belong to. Finally we have to take supremum over all
the possible choices for P and over all the possible choices for T. Without disregarding
the difficulty to solve this minimax problem, notice that in general the main obstacle is
that we do not know the location of geodesics in the space. Therefore, it is interesting to
obtain inequalities involving the hyperbolicity constant and to study the hyperbolicity of
a particular class of graphs.

The papers [5, 9, 16, 35, 37, 41, 48] study the hyperbolicity of, respectively, complement
of graphs, chordal graphs, line graphs, Cartesian product graphs, cubic graphs, short
graphs and median graphs, respectively. Our aim in this work is to obtain interesting
results about the hyperbolicity constant of strong product graphs.

The structure of this paper is as follows. First, in Section 2, we study several inequal-
ities involving the distance in the strong product of graphs and we obtain the exact value
of its diameter. Furthermore, we also study the relations between the geodesics of G1 XG5
and geodesics in GG; and Go; it is not a trivial issue as Example 7 will show.

In Section 3, we prove several lower and upper bounds for the hyperbolicity constant
of G4 X Gy, involving §(G1), 0(G2) and the diameters of G; and G5. One of the main
results of this work is Theorem 23, which characterizes the hyperbolic strong product
graphs GG; XG5 in terms of G and Gs. The graph G X G5 is hyperbolic if and only if one
of its factors is hyperbolic and the other one is bounded. We also find families of graphs
for which many of the inequalities of this section are attained. Another main result in
this paper is Theorem 19 which provides the precise value of §(G; X G) for a large class
of graphs Gy, Gio; this kind of result is not usual at all in the theory of hyperbolic graphs.

We conclude this paper with Section 4 where the exact values of the hyperbolicity
constant for many strong product graphs are calculated.

2 The distance in strong product graphs

In order to estimate the hyperbolicity constant of the strong product of two graphs GG; and
(G5, we must obtain lower and upper bound on the distances between any two arbitrary
points in Gy X G5. The lemmas of this section provide these estimations. We will use the
strong product definition given by Sabidussi in [46].
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Definition 1. Let G; = (V(G1), E(Gy)) and Gy = (V(Ga), E(G2)) two graphs. The
strong product G1 XG5 of G1 and G has V(G1) x V(Gy) as vertex set, so that two distinct
vertices (ug;v1) and (ug; va) of G1 X Gy are adjacent if either u; = ug and [v1,v9] € E(G3),
or [ug,us] € E(G1) and vy = vy, or [uy,us] € E(Gy) and [v1,v5] € E(Gs).

Note that the strong product of two graphs is commutative. We use the notation
(u;v) instead of (u,v) to the points of the graph G; X G,. We consider that every edge
of G; W G5 has length 1.

Next, we will bound the distances between any two different pair of points in the
strong product graph. For this aim we must distinguish some cases depending on the
situation of the considered points. Let p € G; and ¢ € Gy be two points of G; and
G respectively. The pair (p;q) is an inner point in G; X G, if p € G; \ V(G;) and
q € V(Gy) orp e V(Gy) and g € Gy \ V(Gy) or p € G\ V(Gy) and q € Gy \ V(Gy)
(i.e., (p;q) € Gi R Gy \ V(G X Gy)). Notice that the first and second cases of the inner
points in G; X G5 are contained in the Cartesian product graph G;JGy C G X Gy; so
the first and second cases are the inner points of the Cartesian edges properly. In order
to represent the inner points of the non Cartesian edges in G; X GGy we will consider the
following assumptions. Let [A1, Ay] € E(G1) and [By, Bs] € E(G2) be edges in G and
Go, respectively. Let p € [A;, As] and ¢ € [By, Bs] be inner points of theses fixed edges;
we have (p;q) € Gy K G\ G10Gs if L([pAi]) = L([¢B1]) or L([pA1]) = L([¢B2)).

Notice that there are different points on Gy X G5 with the same representation: the
midpoints of [(Ay; By), (Ag; Bs)] and [(A1; Bs), (As; By)]. Then, this notation is ambigu-
ous, but it is convenient.

The following lemmas provide bounds on the distance between any two pair of points
in the strong product graph (p1;q1), (p2; ¢2) € G1 X Gs.

The first one is a well known property about distances between vertices in the strong
product of graphs proved in [26].

Lemma 2 (Lemma 5.1 in [26]). Let Gy, Gy be any graphs. If p1,ps € V(G1) and q1,q2 €
V(Gy), then
dayra, (P15 q1), (P25 @2)) = max{dg, (p1, p2), da,(q1, q2) }-

Next, a lower bound on the distance between any two points in the strong product
graph.

Proposition 3. Let G, Gy be any graphs. For every (p1;q1), (p2; ¢2) € G1 K Gy we have

dG1®G2((p1§ QI>’ (p2; QQ)) = maX{dG1 (plap2)v dG2 (QD q2)}' (1)

Proof. By symmetry, it suffices to prove dg,ma,((p1; ¢1), (p2; ¢2)) = da, (p1,p2). Seeking
for a contradiction, assume that dg,ma, ((p1;¢1), (P2; ¢2)) < da, (p1,p2)-

Hence, there exist a geodesic I' joining (p1;¢1) and (p2;¢2) in G; W Gy with L(I') <
dg,(p1,p2). Denote by (Ay; By), ..., (Ag; Br) the vertices of G; X G5 in I'; without loss
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of generality we can assume that I" meets (Ay; By), ..., (Ag; By) in this order. Then, we
have

I':= [(p1:¢1)(A1; B1)] U {O[(Aj; B;), (Ajrs Bj+1)]} U[(Ak? By) (p2; ¢2)]-
By Definition 1, we obtain that
Y= [plz‘h] U {O[AjAj—H]} U[Akpﬂ

is a path joining p; and p, such that L(v) < L(I") < dg, (p1,p2). This is the contradiction
we were looking for. m

The following result provides an upper bound for the distance between a vertex and
an inner point, as well as between two inner points in G; X Gs.

Proposition 4. Let G1, Gy be any graphs.
(i) If (u;v) € V(G1 W Go) and (p;q) € G1 W G2 \ V(G1 K Gy), then

dGl‘X|02<<u; U)7 (p§ Q)) < maX{dG’1 (u,p), dG2 (U, q)} + 1 (2)
(it) If (p1;q1), (p2; q2) € G1 X G2 \ V(G W Gy), then
dGllng«pl; ql)? (pQ; Q2)) < maX{dG1 (p17p2)7 dGz <Q17 Q2)} +2. (3>

Proof. In order to prove (i), let us consider [(ui;v1), (ug;v2)] € E(G; W Gg) such that
(p;q) € [(u1;v1), (ug; v2)]. Let v be a geodesic in G1 XG5, joining (u;v) and (p; ¢). Without
loss of generality we can assume that (ui;v,) € 7. Define € := dg,ma, ((u1;v1), (p;q)). By
Lemma 2, we have

dGl@Gz((u; U), (p; Q>> = max{dGH (u7 ul)? dGz (U7 Ul)} +e
< max{dG1 (u>p) + dG1 (p> ul)a dGz (Ua Q) + dGQ <Q7 Ul)} +e€
< maX{dG1 (uap)v dGz (Ua Q)} + 2e.

If ¢ < 1/2, then we have (2). If ¢ > 1/2, then we have max{dg, (u,us),dg,(v,vs)}
= maX{dGl (ua ul)? dGz (Uv Ul)} + 1; thus: dG1|XIG2 ((u, U)v (p; Q>) = maX{dCh (u,p), dG2 (Ua Q>}

In order to proof (ii), notice that if (p1;q1), (p2; ¢2) belong to the same edge of G1 XK Go,
then we have the result since dg,xe, ((p1;¢1), (P2; ¢2)) < 1. Assume now that (p1;q1), (p2; g2)
belong to different edges of Gy X Gy. Let us consider (uy;vy), (ug;v2), (us; vs), (ug; v4) €
V(G ® Gq) such that (p1;q1) € [(ug;v1), (ug;v2)] and (p2;q2) € [(us;vs), (ug;ve)]. Let
v* be a geodesic in G; W G9 joining (p;;q1) and (ps2;q2). Without loss of generality
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we can assume that (ug;ve),(us;vs) € v*. Define g1 = dg,ra,((u2;v2), (p1;¢1)) and
€2 := daywmc, ((us; vs), (p2; g2)). Then, we have

deyme, (P15 1), (P23 @2)) = €1 + max{de, (u2, us), da, (v2, v3) } + €2
< 26 + max{dg, (p1,p2), da, (q1, q2) } + 2¢2.

Notice that if 1,9 < 1/2, then (3) holds directly. If e, > 1/2 (the case eo > 1/2 is
analogous), then max{dg, (u1,us), dg,(v1,v3)} = max{dg, (us,us3),dg,(vs,v3)} + 1; thus,
da,xG, ((pl; q), (us; ’Ug)) = max{dg, (p1,us),dg,(q1,v3)}. Hence, we have

daxaG, ((p1§ Q1)> (Pz; CIQ)) = maX{d01 (p17 U3)> dGQ(Ch, Ug)} + &2
< max{dg, (p1, p2) + da, (P2, us), da, (q1, q2) + day (g2, v3) } + €2
< max{dg, (p1,p2): day (@1, 42) } + 2e2.

This finishes the proof. O

The previous lemmas let us announce the following general result on the distances in
the strong product of two graphs.

Theorem 5. For all graphs Gy, Gy we have:

G) dG1®G2((p1§Q1)7 (P2SQ2)) = max{dGl <p17p2)7dG2(q17QQ>}7 for every (Pl;ﬁh)a (p2;QQ) €
V(G1 K G,),

b) max{dg, (p1,p2), dc,(q1,42)} < dayra, (1 q1), (P25 ¢2)) < max{dg, (p1,2), de, (q1, ¢2)}
+1, for every (p1;q1) € V(G1 K Gs) and (p2; q2) € G1 X Gy,

¢) max{dg, (p1,p2), das(q1,92)} < deywa. ((P1:@1), (P25 ¢2)) < max{dg, (p1,P2), day (g1, 92) }
+2, for every (p1;q1), (p2; g2) € G1 X Gs.

Let us consider the projection Py : G; K Gy — G, for k € {1,2}.

Corollary 6. Let {i,j} be a permutation of {1,2}. Then, for every x,y in G1 K Ga,

de;,(Pi(2), Pi(y)) < deymen(2,y) < de,(Pi(), Pi(y)) + diam G, + 2 (4)

These results provide information about the geodesics in GG; X G5. Notice that, if v is
a geodesic joining = and y in G; X Gy, then it is possible that P;(y) does not contain a
geodesic joining Pj(x) and P;(y) in Gj, as the following example shows.

Example 7. Consider a cycle graph G with vertices {vy,...,v,} such that v; ~ v;4; for
every i € {1,...,n — 1} and a path graph G5 with vertices {wy,...,w,} such that w; ~
w;yq foreveryi € {1,...,n—1}. By Lemma 2, we have that v := U [(vi; w;), (Vi 15 wis1)]

is a geodesic joining (vi;w;) and (v,;w,) in Gy X Gy, but Pi(y) = U v;, viy1] does not
contain the geodesic joining vy and v, in G (the edge [vy, vy,]).
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The following result allows to compute the diameter of the strong product of two
graphs. We denote by F; the graph with just a single vertex.

Theorem 8. Let G1,G4y be any graphs. Then we have

max{diam G, diam G5}, if Gy or Gy is an isomorphic graph to Ey,
diam GﬂEGQ =
max{diam V(G;), diam V(G5)} + 1, otherwise.

Proof. Since for any graph G, E; X G is isomorphic to G we have the first equality. By
Lemma 2, we have diam V(G K G3) = max{diam V (G;), diam V' (G5)}; hence,

max{diam V(G1), diam V(G3)} < diam G; K Gy < max{diam V(G;),diam V (G3)} + 1.

Without loss of generality we can assume that diam V(G;) < diam V (Gy). If diam V(Gs)
= oo, then the inequality holds. Hence, we can assume that (; and G5 are bounded.
Let B, By be vertices of Go such that dg,(B1, By) = diam V(G2), and let Ay, As be two
adjacent vertices of Gy. Let M; (respectively, Ms) be the midpoint of [(Ay; By), (As; By)]
(respectively, [(Ay; Ba), (A2; By)]). One can check that dg,ma, (M1, Ms) = diam V(Gs)+1.

This finish the proof. [

Note that, in particular, diam G3 K Gy = diam V(G; K Gy) + 1 if G; and G5 are not
isomorphic to Ej.

We say that a subgraph I' of G is isometric if dr(z,y) = dg(z,y) for every z,y € .

We can deduce several results from Theorem 8. The first one says that max{diam G1,
diam G} is a good approximation of the diameter of G; X Gj.

Corollary 9. For all graphs G, Gy we have
max{diam Gy, diam G5} < diam G; X Gy < max{diam Gy, diam G5} + 1.

Proof. If V is a vertex of G (respectively, Gs), then, by Proposition 3, we have that
{V}K Gy (respectively, Gy K {V'}) is an isometric subgraph of G X G. Hence, we obtain
the first inequality. The second one is a consequence of Theorem 8 and the inequality
diam V(G) < diam G. O

Furthermore, we characterize the graphs with diam G1XG5 = max{diam G, diam G }.

Corollary 10. The equality diam G; X Gy = max{diam G, diam G5} holds if and only
if G1 or Gg is isomorphic to Ey, or diamG = diam V(G) + 1 for G € {Gy,Gy} with
diam G = max{diam G, diam G, }.
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3 Bounds for the hyperbolicity constant.

Some bounds for the hyperbolicity constant of the strong product of two graphs are
studied in this section. These bounds allow to prove Theorem 23, which characterizes the
hyperbolic strong product graphs. The next well-known result will be useful.

Theorem 11 (Theorem 8 in [42]). In any graph G the inequality 6(G) < & diam G holds
and it is sharp.

Thanks to the Theorems 8 and 11 we obtain the following consequence.
Corollary 12. For all graphs G1, G, we have

5(Gy K Gy) < max{diam V' (G1),diam V (G2)} + 1
1 2) X )
2

and the inequality is sharp.

Theorems 32, 34 and 35 are families of examples for which the equality in the previous
corollary is attained.

Taking into account that F; X G is an isomorphic graph to G, we have the following
result.

Corollary 13. For every graph G we have

J(GRE) = 6(E, R G) = §(G).

The next result will be useful.
Lemma 14 (Lemma 5 in [42]). If T is an isometric subgraph of G, then 6(I') < 0(G).

All the previous results allow us to present the following theorem which provides some
lower bounds for §(G; X G3).

Theorem 15. For all graphs G, Gy we have:
(a) 6(G1 X Ga) > max{d(G,),d(Gs)},
(b) §(G1 R Gy) > L min{diam V(G}), diam V(Gs)},
(c) 6(G1XG,) > L (diam V(Gy) + 1), if 0< diamV(G;) < diam V(Gs),
( ) >3

(d) 6(G1 X Gy min{diam V' (G1) + 20(Gs), diam V(G2) 4+ 26(G1)}.
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Proof. Part (a) is immediate due to G; X {v} and {u} X G, are isometric subgraphs of
G1 X G, for every (u;v) € V(G X Gs). Then Lemma 14 gives that (G X Gy) > §(G1 K
{v}) = §(G1) and 0(G; X Go) = 6({u} ¥ Gs) = §(G). Hence, we obtain 0(G; X Gg) >
max{J(G1),0(G2)}.

Let D := min{diam V(G}), diam V(G2)}.

Let us prove (b). If D = 0, then (b) holds; so, we just consider D > 0. If D < oo,
let us consider a geodesic square K := {71, 72, 73,71} in G10Gy C G7 K G5 with sides of
length D; then T := {71,72,7} is a geodesic triangle in G; X G5, where v is a “diagonal”
geodesic joining the endpoints of v; U ~v,. It is clear that the midpoint p of ~ satisfies
deywa, (P, 1 Ue) = D/2; therefore §(T") > D/2 and, consequently, §(G; K Gs) > D/2. If
D = oo, we can repeat the same argument for any integer N instead of D, and we obtain
d(G1 W Gy) = N/2, for every N: hence, §(Gh W Gy) = 0o = D/2.

In order to prove (c), note that D < oco. Let us consider a geodesic rectangle R :=
{o1,09,03,04} in G10O0Gy; C Gy K Gy with L(oy) = L(os) = diam V(G;) and L(oy) =
L(o4) = diam V(G;) + 1. Denote by v a geodesic in G; K G5 joining the endpoints of
01 U oy which contains the edge in o4 incident to oy N o4; we may choose v such that it
contains a diagonal of a geodesic square in G; X Gy. Then B := {01, 09,7} is a geodesic
triangle in G; X G5. If p is the midpoint of 7, then

diam V(Gl) +1
5 :
Consequently, §(G1 X G2) = §(B) > (diam V(G;) + 1) /2.
Finally, (d). Let £ := max{d(G1),(G2)}. Then from parts (a) and (b), we have

(G R Gy) > max{g,E} > 1 (2 +E>

dGlng (p7 01 U 02) -

“2\2

min{diam V(G;) + 2F, diam V(Gs) + 2E}

2

N e

min{diam V' (G;) + 26(Gs),diam V(Gs) + 20(G1)}.

]

Theorems 34 and 35 provide a family of examples for which the equality in Theorem
15 (a) is attained.

Corollary 12 and Theorem 15 provide lower and upper bounds for §(G; X Gs) just in
terms of distances in G; and Gb.

Corollary 16. For all graphs G1, G2, we have

%min{diam V(Gy), diam V(G2)} < 6(G1RG) < » (max{diam V/(Gy), diam V(Ga)} +1).

N | —

From Theorem 15 we have obtained several interesting consequences. The following
one is a qualitative result about the hyperbolicity of G; X Gs.
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Theorem 17. If Gy and Gy are infinite graphs, then G; X Gy is not hyperbolic.

Theorem 18. Let Gy,Gy be graphs with at least two wvertices. Let m and M be the
minimum and the mazimum between diam V (Gy) and diam V (Gz), respectively. Then we
have

Proof. First of all, we prove
M
J(G1 X Gy) > min {m,;}. (6)

In order to prove this inequality, assume first that 2m < M. If m < oo, then let
us consider a geodesic rectangle R := v Uy U3 Uy in Gi0OGy, € Gy K Gy with
L(v1) = L(v3) = 2m and L(7y2) = L(y4) = m, and consider a geodesic 7 joining the
endpoints of 7; and containing the midpoint of v3; then B := {v,7} is a geodesic bigon
in G4 X Gy. If p is the midpoint of v3, then dg,xa,(p,71) = m; therefore 6(B) > m,
and consequently 6(G; X Gy) > m. If m = oo, then we can repeat the same argument
for any integer N instead of m, and we obtain §(G; X G5) > N, for every N; hence,
5(G1 X GQ) =00 =m.

If 2m > M, then M < oo and we can repeat the previous argument with |M/2]
instead of m, and we obtain the result when M is even. If M is odd, let us consider a
geodesic rectangle R := 3 Uy U~y Uqy in GiOGy € Gy K Gy with L(vy) = L(vys) =
2|M/2] +1 = M and L(v2) = L(v4) = [M/2]; let p1,ps be points on 3 such that
da,mc, (p1,74) = | M/2] and dg,me, (P2, 72) = | M/2]; consider a geodesic 7 joining the
endpoints of 7 and containing p; and po; then B := {v1,7} is a geodesic bigon in
G1 X Gy. Denote by p the midpoint of [p1ps] C 73; so0, dg,xa, (P, 71) = M/2; therefore,
(G1®Gy) 2 0(B) = M/2.

Since we have proved (6), in order to obtain (5), we can assume that 0 < 2m < M;
then we have m < oco. If we replace |M/2] by m in the previous argument, we obtain

Corollary 33 and Theorems 34 and 35 show that the inequality in Theorem 18 is sharp.

Theorem 19. Let G, Gy be any graphs. Let m and M be the minimum and the maximum
between diam V' (G1) and diam V (G3), respectively. If 2m > M, then

M M+1
- SUGIRGY) < 2

Furthermore, if 2m > M > 0, then

(7)

&@&ngng (8)
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Proof. It M = 0, then 6(G; X G3) = 0 and (7) holds. If M > 0, then, by Corollary 12
and Theorem 18, the inequalities in (7) hold directly.

In order to prove (8), without loss of generality we can assume that diam V(Gy) = m
and diamV(Gs) = M. Assume first that M is an even number. Since m > M/2,
let us consider Ao, Ay,..., Ay € V(G1) and By, By, ..., By € V(G,) with v :=
AgAy ... Apjaqa is a geodesic in Gy and v, := BB, ... By is a geodesic in Gp. Denote by
X (respectively, Y) the midpoint of [(Ag; By), (A1; Bo)] (respectively, [(Ao; Bar), (Ar; Bar)])-
Let us consider

D" o= [X (Ao Bo)] | J {U[(Ao, 1) (Ao; B»J} iAo Bun)Y!
and
M/2
I = (A Bl § UL B, (A B ¢ U
US U [(Awsz—si Bisy), (Ansa—js Byl ¢ | JI(As Ba)Y].
j=M/2+1

Then B := {I'*,I"} is a geodesic bigon in G; X Go. If p is the midpoint of ', then
deywa, (p, I'*) = (M + 1)/2; therefore, §(G1 X Gy) > §(B) > (M + 1)/2. Then, Corollary
12 gives the equality.

Assume now that M is an odd number. Since m > (M + 1)/2, let us consider
Ao, Al, e ,A(M+1)/2 € V(Gl) and Bo, Bl, ceey BM € V(Gg) with Y1 = A()Al e A(M+1)/2
is a geodesic in Gy and 7, := ByB; ... By is a geodesic in G5. Denote by X (respec-
tively, Y') the midpoint of [(Ao; Bo), (A1; Bo)] (respectively, [(Ao; Bar), (A1; Bar)]). Let us
consider

I = [X (Ag; Bo)l | {U[(Ao; Bi—1), (Ao; Bi)]} JI(Ao; Bu)Y]
and
(M-1)/2
I :=[X(Ay; Bo)l | U [(As; Bis). (Aix; B))] ¢ |
U[(A(M+1)/2;B(M—1)/2)>(A(M-',-l y/2; By, U
U U [(AM-H —js ] 1) AM ja U Al,BM ]
j=(M+1)/2
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Then B := {I'*,T"} is a geodesic bigon in G; W Gy. If p is the midpoint of T”, then
deyme, (p, ') = (M +1)/2; therefore, 6(G1 X Gy) = 6(B) > (M +1)/2. Finally, Corollary
12 gives the equality. O

Theorems 34 and 35 show that the first inequality in Theorem 19 is attained.

Let X be a metric space, Y a non-empty subset of X and e a positive number. We
call e-neighborhood of Y in X, denoted by V.(Y) to the set {x € X : dx(z,Y) < ¢}

The next result will be useful in order to prove the upper bound for 6(G; X G3) in
Theorem 21 below.

Theorem 20 (Theorem 2.9 in [41]). Let X be a §-hyperbolic geodesic metric space, u,v €
X, b a non-negative constant, h a curve joining v and v with L(h) < d(u,v) + b, and
g = [uv]. Then,

h € Visip2(9), g € Vigs+s(h).

Theorem 21. Let Gy, Gy be any graphs. Then, we have
5
I(G1 X Gq) < 5 diam G + 250(G2) + 5. 9)

Proof. 1t suffices to prove (9) if G is bounded and G is hyperbolic, since otherwise the
inequality 0(G1XG3) < oo holds. Let us consider any fixed geodesic triangle T = {z,y, 2}
in Gy XG5 and o € T In order to bound §(7"), without loss of generality we can assume
that « € [zy]. Consider the projection P, : G; K Gy — G5 and any geodesic 7 := [uv] in
G, K G,. By Corollary 6, we obtain

L(Px(7)) < L(v) = deyme, (u,v) < dg, (Pa(v), Poy(v)) +b,  with b = diam Gy + 2.
Then, by Theorem 20, there is o/ € [Py(x)P2(y)] such that

de, (Po(a), o) < 85(Ga) + g (10)

Since Gy is hyperbolic, there is ' € [Py(y) Py(z)] U [Pa(z) Po(z)] such that

de, (o, B') < 0(Ga). (11)
By Theorem 20, there is 5" € Py([yz] U [zz]) such that

da, (B, 8") < 165(G3) + b. (12)
Consequently, by (10), (11) and (12) we obtain
, 3b
da, (P2(a), Po([y=] U [22])) < de, (Pa(a), B7) < 250(G) + = (13)
Finally, by Corollary 6 and (13) we obtain

5b

daymg, (@, [yz] U 22]) < da, (Pa(a), Po([y2] U [z2])) + b < 256(G2) + -
This finishes the proof. O
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Theorems 15 and 21 provide lower and upper bounds of §(G; X G3) in terms of linear
combinations of hyperbolicity constants and diameters of its generator graphs, as the
following result shows.

Corollary 22. For all graphs G1, G2, we have

711 min{20(Gh) + diam V (Ga), 26(Ga) + diam V(G1)} < 6(G1 K Ga)

< g min {diam G, + 106(Gs), diam Gy + 108(G1)} + 5.

Corollary 22 allows to obtain the main result of this work: the characterization of the
hyperbolic graphs G; X Gs.

Theorem 23. For all graphs G1, Gy we have that G1 X Gy is hyperbolic if and only if G,
1s hyperbolic and G5 is bounded or Go is hyperbolic and G is bounded.

Many parameters v of graphs satisfy the inequality v(G; X Ga) > ~v(G1) + v(Gs).
Therefore, one could think that the inequality 6(G; X G3) > 6(G1) + 6(G2) holds for all
graphs G, G5. However, this is false, as the following example shows:

Example 24. §(P X Cy) < §(P) + 6(Cy), where P is the Petersen graph.

We have that diam V' (P) = 2, diam V' (Cy) = 2. Besides, Theorem 11 in [42] gives that
d(P) = 3/2 and 6(Cy) = 1. By Theorem 19, we obtain §(P X Cy) = 3/2 < 3/2+1 =
d(P) +4(Cy).

The inequality §(G; X Gy) < 6(Gy) + 0(Gs) is also false, since 0(Pa X Pp) = §(K,) =

4 Computation of the hyperbolicity constant for some
product graphs

This last section present the value of the hyperbolicity constant for many product of
graphs.

The following results in [4] will be useful. Denote by J(G) the set of vertices and
midpoints of edges in GG. As usual, by cycle we mean a simple closed curve, i.e., a path
with different vertices, unless the last one, which is equal to the first vertex.

First, remark some previous results of [4] which will be useful.

Theorem 25 (Theorem 2.6 in [4]). For every hyperbolic graph G, §(G) is a multiple of
1/4.

Theorem 26 (Theorem 2.7 in [4]). For any hyperbolic graph G, there exists a geodesic
triangle T = {x,y, z} that is a cycle with x,y,z € J(G) and §(T) = 0(G).
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Remark 27. By Theorems 25 and 26, in order to compute the hyperbolicity constant of a
graph G it suffices to consider dg(p, [x2] U [yz]) where T' = {x,y, z} is a geodesic triangle
that is a cycle with z,y, 2z € J(G) and p € [zy] satisfies dg(p, V(G)) € {0,1/4,1/2}.

The following results characterize the hyperbolicity constant of the strong product of
trees and certain graphs. These results are interesting by themselves and, furthermore,
they will be useful in order to prove the last theorems of this paper.

Theorem 28. Let T be any tree and G any graph with 0 < diamV(G) < diam7/2.

Then, we have
1

Y(GRT)=diamV(G) + 5
Proof. On the one hand, Theorem 18 gives §(G X T) > diamV(G) + 1/2. On the
other hand, by Theorem 26 it suffices to consider geodesic triangles A = {z,y,z} in
G X T which are cycles with z,y,z € J(GX T). Let (v;w) be a vertex in [zy]. If
dexr((v;w), {z,y}) < diam V(G), then derr((v;w), [yz] U [z2]) < diam V(G). Assume
that degr((v;w), {z,y}) > diam V(G). Let V, (respectively, V;) be the closest vertex to
x (respectively, y) in [zy]. Note that dewr (V. Vy) = daxr (Va, (v; w)) +dexr ((v; w), V) =
2diam V(G). Consider the projection Pr on 7. By Lemma 2 we have degwr(V,,V,) =
dr(Pr(Vz), Pr(Vy)). Due to dp(Pr(Va), Pr(Vy)) < dp(Pr(Vi),w) + dr(w, Pr(V,)), we
have dagr(Vz, (v; w)) = dr(Pr(Vs), w) and dexr((v;w), V,) = dr(w, Pr(V,)). Then, w €
[Pr(z)Pr(y)] = Pr([zy]). Since T'is a tree, w € Pr([yz]U[zz]). Then, ([yz]U[zz])N(GK
{w}) # 0 and degr((v; w), [yz]U[zx]) < diam V(G). So, we have dggr((v; w), [yz]U[zz]) <
diam V' (G) for every vertex (v;w) in [zy|. Since x,y € J(GXT), dexr(p, [yz] U [zz]) <
diam V' (G) + 1/2 for every p € [zy]. Hence, §(A) < diam V(G) + 1/2, and we obtain
J(GRT) < diam V(G) + 1/2. O

Theorem 29. Let T' be any tree and G any graph with 0 < diamV(G) = diamT'/2.
Then, we have

N(GHRT)=diamV(G) + i

Proof. By Theorem 19, we have that diam V' (G) < 0(GX T) < diam V(G) + 1/2.

Now we show a geodesic bigon B in G X T with 6(B) = diam V(G) + 1/4. Define
by n := diam V(G) and consider vy,...,v,41 € V(G) with v; ~ v;4q for i = 1,...,n
and dg(vi,vp41) = n. Also, consider wy,...,wy1 € V(T) with w; ~ w;yq for i =
1,...,2n and dp(wy, wo,4+1) = diamT = 2n. Denote by a (respectively, b) the midpoint
of [(v1;wy), (va;wy)] (respectively, [(v1; wany1), (Vo; Wany1)]). Let us consider

2n

v = [a(vg; wy)] U {U[(m; w;), (vg; wi+1>]} U[(Ul; Wan41)0]

i=1

and
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v =la(ve; w1) U{O Vit1; W), vHQ;le)]}U[(vnﬂ;wn),(vn+1;wn+1)]U

U[(Un+13 wnJrl)v (UnJrl; wn+2)] U { L_J [(UnJrQ*j; wn+1+j>7 (UnJrl*j; wn+2+j)]} U
U[(%; Wan11)b].

Consider the geodesic bigon B := {7*,7'} in GX T. Let p be the midpoint of 7’ and let
po be a point in v with dexr(po, p) = 1/4; then degr(po, 7*) =n + 1/4 and §(GRT) >
§(B)=n+1/4.

Hence, by Theorem 25 we have §(GXT) € {n+ 1/4, n+ 1/2}. Seeking for a
contradiction assume that §(G X T) = n + 1/2. Then there are a geodesic triangle A =
{z,y,2} in GRT and p € [zy] with dexr(p, [yz]U[z2]) = n+1/2. By Theorem 26 we can
assume that A is a cycle with z, y, z € J(GKT'). By Theorem 8, diam(GXT') = 2n+1 and
we conclude that L([zy]) = 2n+1 and p is the midpoint of [zy]. Since diam V(GXT') = 2n,
we have that x,y are midpoints of edges in GX T, and so, p is a vertex of GXT. We can
write [zy] N V(G X T) = {(a1;b1), (ag; b2), ..., (a2nt1; bons1)} with ay, ..., a2,11 € V(G),
(ai;b;) ~ (ay1;bi01) for i = 1,...,2n and dp(by, bapt1) = 2n. Thus, p = (any1;bnr1) and
p € V(GX {b,41}). Since T is a tree we have that ([yz] U [zz]) N (G K {b,41}) # 0; in
particular, dgrr(p, [yz] U [z2]) < diam V(G). This is the contradiction we were looking
for, and then §(G X T') = diam V(G) + 1/4. O

The following lemma will be useful.

Lemma 30. Let C,, be a cycle graph and G any graph with diam V (G) < diam V' (C,,).
Let v = [zy] be a geodesic in GRC,, such that x,y € J(GRC,,). Then, L(Pg, (7)) < m/2
where Pc,, s the projection on C,.

Proof. If diam V(G) = 0, it is a trivial case. Assume now that diam V(G) > 0.

If L(y) < m/2, then we have the result since L(Pg,, (7)) < L(7y). Assume that
L(vy) > m/2. Seeking for a contradiction, assume that L(Pg,, (7)) > m/2.

Assume that m is even (the case m odd is similar). Since z,y € J(G X C,,) and
L(Pc,,(v)) > m/2, there are o',y € yN J(G X C,,) such that d¢,, (Pe,,(2'), Pe,, (¥')) =
(m + 1)/2. Without loss of generality we can assume that ' € V(G K C,,) and ¢ ¢
V(G C,,). Let A, A1, Ay € V(G) and B, By, By € V(C,,) such that «/ = (A;B)
and y' € [(Ay; By), (Ag; By)]. Since de,, (P, (2'), Pe,, (y')) = (m + 1)/2, without loss of
generality we can assume that de,, (B, B1)+1 = d¢,, (B, B2) = m/2. Since diam V' (C,,) >
diam V(G), by Lemma 2 we have dgxce,, ((A; B), (A1; B1)) = m/2 — 1; thus, dexe,, (2',Y')
< (m —1)/2. This is the contradiction we were looking for. O

The following theorem provides the exact value of the hyperbolicity constant of the
strong product of a cycle C,, and any graph G with diam V(G) < diam V' (C,,)/2. This
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result is interesting by itself and, furthermore, it will be useful in order to prove the last
theorems of this paper.

Theorem 31. Let C,, be a cycle graph and G any graph with diam V (G) < diam V(C,,)/2.
Then, we have

lm/2]/2+1/4, if diamV(G) = diamV (C,,)/2,

H(GHCp) = { m/4, if diamV(G) < diam V(C,,)/2.

(14)
Proof. If diam V(G) = 0, then the equality is trivial. Assume now that diam V' (G) > 0.
Let V(Cp) = {w1,...,wy,} where w; ~ w;q for i = 1,...,m — 1. Let Pg, be the
projection on C,.

First, we prove that §(GX C,,) < (|m/2] 4+ 1)/2. Seeking for a contradiction, assume
that there are a geodesic triangle T' = {x,y, 2z} in GX C,, and a point p € v := [zy] with
demo,, (p, [yz]U[zz]) = (|m/2]+1)/2 = diam(GKC,,)/2. Then L(vy) = diam(GXC,,) and
demo,, (p, [yz] U [zz]) = diam(G X C,,)/2, and we conclude that p is the midpoint of . By
Theorem 26, we can assume that 7" is a cycle with z,y, z € J(GKC,,). Since diam V (GX
Cy,) = diam(G X C,,) — 1, by Theorem 8 we have that z,y are midpoints of edges in
GXC,,. Let V, (respectively, V,,) be the closest vertex to x (respectively, y) in v. Let V]
(respectively, V) be the closest vertex to = (respectively, y) in [vz] (respectively, [yz]). By
Lemma 2, we have dgxc,, (Va, Vy) = de,, (Pe,,(Va), Pe,,(Vy)) = |m/2]. Therefore, since
diam V(G) < diam V(C,,)/2 we have d¢,, (Pe,,(Va), Pe,.(p)) = de,,(Pe,, (p), Pe,,(Vy)) =
|m/2]/2. By Lemma 30 we have L(Pc,, (7)) < m/2; since 2(|m/2]/2 +1/2) > m/2 we
have either P, (V) = Fe,, (z) = Pe,, (V) or Fe,, (V,) = Po,, (y) = Po,, (V). So, we have

domce,, (p; [v2] U [yz]) < dewmc,, (p, AV, Vy}) < [m/2]/2 <m/4.

This is the contradiction we were looking for, and we have §(G X C,,,) < (|m/2] +1)/2.
So, by Theorem 25 we have (G X C,,,) < |m/2]/2+ 1/4.

Assume now that |m/2] = 2diam V(G). If m is odd (i.e., m = 4k +1), then Theorem
15 (a) gives 6(GXR C,,) = m/4 = |m/2|/2+ 1/4. So, (14) holds. Assume that m in even
(i.e., m = 4k). Now we show a geodesic bigon B in GXC,, with §(B) = |m/2]/2+1/4 =
k + 1/4. Note that k = diam V(G) and consider vy,...,vp11 € V(G) with v; ~ v;4q
for i = 1,...,k and dg(vi,vkr1) = k. Denote by a (respectively, b) the midpoint of
[(v1;w1), (v2;w1)] (vespectively, [(v1; warg1), (vo; wars1)]). Let us consider

2k

v = [a(v; wy))] U {U[(Ul;wz‘), (v1; wi+l)]} U[(Un Wape+1)b]

i=1

and
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v i=[a(vg; wy)] U {U [(Vig1; ws), (Vige; wi+1)]} U[(UkJrl; W), (Vkt15 We1)] U

U013 wirsr), (i wi)] {O [(Vkt2—j3 Wr145)s (Vkg1—5 wk+2+j)]} U

j=1
U[(Uz; Wag+1)b].
Then B := {v*,7} is a geodesic bigon in GX C,, with §(B) = k+1/4 = |m/2]/2+1/4.

Finally, assume that |m/2] > 2diam V(G). By Theorem 15 (a) it suffices to prove
I(GRC) <m/4. If mis odd, then |m/2]/2 + 1/4 = m/4 and (14) holds.

Assume that m is even, then diam V(G) < m/4 — 1/2. Fix any geodesic triangle
T ={z,y,2z} in GRC,, and p € [zy]. By Remark 27, we can assume that T is a cycle,
z,y,z € J(GRC,,) and p satisfies dg(p, V(G)) € {0,1/4,1/2}. If dewe,, (p, {z,y}) < m/4,
then dewme, (p, [yz] U [z2]) < m/4. Assume that dewe,, (p, {x,y}) > m/4; since z,y €
J(G X Cp) and dg(p, V(G)) € {0,1/4,1/2}, we have dgwmc,, (p, {z,y}) = m/4 + 1/4.
We have L([zy]) > m/2. Let V, (respectively, V,) be the closest vertex to = (respec-
tively, y) in [zy]; then dgwe,, (P, {Ve, Vy}) = m/4 — 1/4. Let V] (respectively, V) be
the closest vertex to x (respectively, y) in [zz] (respectively, [yz]). Since m is even and
z,y € J(GX C,,) we have dexc,, (Va, V) = m/2 and we conclude degc,, (Va, V) = m/2.
By Lemma 2 we have dewe,, (Va, V) = de,, (Pe,,(Va), Pe,,(Vy)) = m/2; by Lemma 30 we
conclude L(Pc,, ([xy])) = m/2. Since m/2 = |m/2] > diam V(G), we have Pc,,(V,) =
Fe, (x) = Pc, (V]) and Pc, (V) = Pe,(y) = Fe,(Vy). Since dere,, (0, {Va, Vy}) <
dewe,, Ve, Vi) /2 = m/4, without loss of generality we can assume that dewxc,, (p, {Va, V4 })
= demo,, (p, Vi) < m/4. Let V, be the closest vertex to p in [zp]. Since dewme,, (p, Vi) =
m/4—1/4 > m/4—1/2 > diam V(G), we have diam V(G) > dewe,, (Vy, Va) = de,, (Pe,, (Vp),
Pe,,(Vy)) = de,, (Pe,,(Vy), Pe,, (V) and we conclude dewxe,, (Vp, Va) = daxe,, (Vp, Vi) and

T P T x

deme,, (p, 2] U[yz]) < dawe,, (P, Vi) < deme,, (p, Vi) < m/4. Then 6(GXC,,) < m/4. O

As a consequence of Theorems 19, 28, 29 and 31 we obtain the precise values of the
hyperbolicity constants of the following families of graphs.

Theorem 32. Let T1,T5 be two trees with diam T, < diamT5. Then

0, if diamT; =0,
STy K Ty) = diam T + 1/2, if 0<diamTy < (diam7T3)/2,
L2227 diam T + 1/4, if 0< diamT; = (diam T3)/2,

(diam Ty +1)/2,  if diam7) > (diamT5)/2.
Corollary 33. Let P,, P,, be two path graphs with 2 < n < m. Then

m/2, if m—1<2(n—1),
(P, XP,)=< n—3/4, if m—1=2(n—-1),
n—1/2, if m—1>2(n—1).
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Theorem 34. Let C,,C,, be two cycle graphs with 3 < n < m. Then

m/2]/2+1/2, if [m/2] <2|n/2],
J(CuRCp) =1 [m/2]/2+1/4, if [m/2] =2|n/2].

m/4, if |m/2] >2|n/2].
Theorem 35. For every m > 2,n > 3,
([n/2] +1/2, if |n/2] < (m=1)/2,
Ao T
m/2, if (m— < |n < —
OCn B P) = (ln/2) +1)/2, if m—1<|n/2] <2(m—1),
[n/2]/2+1/4, if [n/2] =2(m—1),
L n/4, if |n/2] >2(m—1).
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