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The study of the edit distance in graphs originated independently by Axenovich, Kézdy
and the author [6], Alon and Stav [2] and, in a different formulation, by Richer [17]. Since
then, there has been a great deal of study on the edit distance itself and on the so-called
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1.1 The edit distance function

The edit distance between graphs G and G’ on the same labeled vertex set is
|E(G)AE(G")| and is denoted dist(G, G”). The distance between a graph G and a prop-
erty H is

dist(G, H) := min {dist(G, G") : V(G) = V(G"),G € H} .

The edit distance function of a property H, denoted edy(p), measures the maximum
distance of a density p graph from 4. Formally,

edy(p) = Jirgomax{dist(G,H) V(G| =n,|E@G)| = p(5)]} /() (1)
if this limit exists.

A hereditary property is a family of graphs that is closed under the taking of induced
subgraphs. It is natural to study the edit distance of graphs from hereditary properties
because if H is an induced subgraph of G and H’ is an induced subgraph of G’, then
dist(H, H') < dist(G, G").

A hereditary property H is trivial if there is an ny such that H has no ng-vertex graph
(hence, no n-vertex graph for n > ng). Otherwise, it is nontrivial. If H is a nontrivial
hereditary property, then it has an n-vertex graph for all natural numbers n. Throughout
this paper, all graph properties will be nontrivial hereditary properties.

In [8], a result of Alon and Stav [2] is generalized to show that the limit in (1) does
indeed exist for nontrivial hereditary properties and, furthermore, that is the limit of the
expectation of the edit distance function for random graphs with the appropriate edge-
probability. We use G(n,p) to denote the Erdés-Rényi random graph on n vertices with
edge probability p.

cdu(p) = Jim BLdise(Gn,p), /().

It is explicitly shown in [8] that, for any nontrivial hereditary property H, the function

. . . . . . def
edy(p) is continuous and concave down. Hence, it achieves its maximum. We let dj, =

maxpe(o,1] edy(p) and pj, to be the set of all values of p for which edy(p) achieves the
maximum. In most cases, pj, is a single value and in that case, we will just refer to pj;, as
a real number rather than as a set.

A principal hereditary property is the set of all graphs with no induced copy of some
fixed graph. The principal hereditary property Forb(H) denotes the set of graphs with
no induced copy of H. In fact, every hereditary property is an intersection of principal
hereditary properties. We denote F(H) to be the forbidden graphs for H; that is, the
minimal (with respect to vertex-deletion) set of graphs H for which

H= () Forb(H).

HeF(H)

ItH = ﬂHeF(H) Forb(H), then we denote H to be the hereditary property that is H =

Nereren Forb(H). Le., H € F(H) if and only if H € F(H). Note that H does not denote
the complement of H as a set.
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For background on the edit distance function, applications thereof and theoretical
background, we direct the reader to Balogh and the author [8], Alon and Stav [2, 3, 4, 5],
Axenovich, Kézdy and the author [6], and Axenovich and the author [7]. The theoretical
background upon which this is based can be traced to papers by Promel and Steger [14,
15, 16], Bollobds and Thomason [9, 10] and Alekseev [1], among others.

1.2 Main results

Theorem 1 utilizes known techniques and observations to obtain bounds for hereditary
properties of graphs with no clique of a given size. Theorem 2 uses the same ideas, in
addition to the technique of known as symmetrization. Discussed in depth in Section 5.2,
symmetrization is the main idea of this paper.

Using the fact that edy(p) = edgy(1 — p) (observed in Theorem 10(v)) we see that
Theorem 1 can be applied to hereditary properties that forbid an independent set as well
as hereditary properties that forbid a clique.

Theorem 1. Let H be a nontrivial hereditary property such that F(H) contains a complete
graph and let h be the minimum positive integer such that H C Forb(Kj}). Let x be the
chromatic number of H and m be the smallest positive integer such that F(H) contains a
complete multipartite graph with m parts. Clearly, x < m < h.

1— 2p—1 2p—1
min P , p+ P < edy(p) < min L,l—p%— P )
x—1 x—1 m-1 x —1 m—1

In particular,
p

edporb(x,) (D) = =1
In Theorem 2, equation (2) is a trivial result, equation (3) was proven by Marchant and
Thomason [12]. Some related results for Cy were obtained by Alon and Stav [3]. Thoma-
son [19] reports that Marchant has proven equation (4) and (6). We note that the problem
considered in [12] is not edit distance but can be shown to be equivalent. Equations (5),

(7) and (9) are entirely new and (4) and (6) are proved using symmetrization.

Theorem 2. Let C}, denote the cycle on h vertices.

edForb(Cg)(p) - g (2)

edporncy)(p) = p(1—p) (3)
. 1 -

edForb(C5)(p) = min {ga Tp} (4)
: L—p

edForb(Cg)(p) = min {p(]- - p)a T} (5)
. 1— 1-—

edporn(c;)(p) = min {g’ p(1 - ;9)7 - p} (6)
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. b
6dF‘orb(Cg) (p) = min {

(1-p) 1—p}

1+p 3
. 1-
edporn(cy)(p) = min {g, Tp} (8)
. fp(l—p) 1—p
edForb(Clo)(p) - mln{ 1+2p T4 ) fOTp S [1/77 1] (9)

Corollary 3. Let C}, denote the cycle on h vertices. Then,

( (1, 1/2), ifh=3;
(1/2, 1/4), ifh=4;
(1/2, 1/4), if h=75;
. i} (1/2, 1/4), if h=6;
(pForb(Ch)7 dForb(Ch)) = (\/5 —1, 3 2\/5)’ ifh=17;
(V2 -1, 3—2v2), ifh=38;
(1/3, 1/6), if h=09.
[ (V3=1)/2, (2—/3)/2), ifh=10;

The rest of the paper is organized as follows: Section 2 gives some of the general
definitions for the edit distance function, such as colored regularity graphs. Section 3 gives
some theorems with which the edit distance function can be estimated. Section 4 contains
the proof of Theorem 1. Section 5.1 defines and categorizes so-called p-core colored
regularity graphs introduced by Marchant and Thomason [12]. Section 5.2 discusses the
symmetrization method in general. Section 6 proves Theorem 2 regarding cycles. Section 7
gives some concluding remarks, a conjecture and acknowledgements.

2 Development of the proofs

2.1 Notation

All graphs are simple. If S and T are sets, then S T denotes the disjoint union of S
and T. If G; and G4 are graphs, then G; U G5 denotes the disjoint union of the graphs
and GG V G5 denotes the join. If v and w are adjacent vertices in a graph, we denote the
edge between them to be vw.

2.2 Colored regularity graphs

A colored regularity graph (CRG), K, is a simple complete graph, together with a partition
of the vertices into white and black V(K) = VW(K)UVB(K) and a partition of the edges
into white, gray and black E(K) = EW(K) U EG(K) U EB(K). We say that a graph
H embeds in K, (writing H +— K) if there is a function ¢ : V(H) — V(K) so that if
hihy € E(H), then either ¢(hy) = p(hs) € VB(K) or ¢(h1)e(hy) € EB(K) UEG(K) and
if hihy & E(H), then either ¢(hy) = p(he) € VW(K) or ¢(h1)p(he) € EW(K)UEG(K).
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For a hereditary property of graphs, we denote C(#) to be the subset of CRGs such
that no forbidden graph maps into K. That is, (H) = {K : H+» K,VH € F(H)}.

In a CRG, K, vertex v is twin to vertex w if their neighborhoods are the same.
That is, they are twins if (a) v and w and vw all have the same color and (b) whenever
x € V(K) — {v,w}, the edges vx and wz have the same color.

We say that a CRG, K is formed by the partition of a vertex v if V(K') = V(K)U{v'}
where, for every € V(K), the edge v’z has the same color in K’ as vz has in K. All
other edges in K’ inherit the same color as in K. We say that K" is formed by the fusion
of twin vertices v and v" by letting V(K') = V(K) — ({v,v'}) U {v"} where, for every
x € V(K), the edge v"x has the same color as both vz and v'z.

Two CRGs, K and K’ are said to be equivalent if K’ can be constructed from K by
the partition of vertices or fusion of twin vertices. A CRG is reduced if it has no pair of
twin vertices.

A CRG K’ is said to be a sub-CRG of K if K’ can be obtained by deleting vertices of
K.

2.3 The f and g functions

For every hereditary property, H, the function edy(p) in (1), measures not only the
maximum normalized edit distance among density-p graphs but also the expectation of
the normalized distance from G(n,p). That is, Alon and Stav [2] prove that
cdy(p) = lim E [dist(G(n, p), )]/ (3).
The normalized distance of G(n, p) from a hereditary property is well-defined because
the distance from G(n,p) to H is concentrated around its mean.

For every CRG, K, we associate two functions of p € [0, 1]. The function f is linear in
p and ¢ is found by the solution of a quadratic program. Let K have a total of k vertices

{v1,...,v;}, and let M(p) be a matrix such that the entries are:
D, if v;v; € EW(K) or v; = v; € VW(K);
[MK(p)]U = 1 — P, if ViU; S EB(K) or v; = v; S VB(K),
0, if ViV € EG(K)

Then, we can express the f and g functions over the domain p € [0, 1] as follows, with
VW = VW(K), VB = VB(K), EW = EW(K) and EB = EB(K):

fr(p) = %[p(|VW|+2|EW|)+(1—p)(|VB|+2|EB|)} (10)
min x? Mg (p)x

gk(p) = st. xT'1l = 1 (11)
x =2 0

If we denote 1 to be the vector of all ones, then fx(p) = (%I)TMK(p) (+1). So, fx(p) >
9K (p)-
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Fact 4. The function g is invariant under equivalence classes of CRGs. That is, if K
and K' are equivalent CRGSs, then gk(p) = gr(p) for all p € [0, 1].

We can use both the f and g functions of CRGs to compute the edit distance function.
Theorem 5 ([8]). For any nontrivial hereditary property H,

BlP) = Bl 9K ) = By T

Remark 6. Marchant and Thomason [12] prove that, in fact,

edy(p) = Krer;ci& : gk (p).

That is, that for every p € [0,1], there is a CRG, K € K(H), such that edy(p) = gk (p).

A sub-CRG, K’ of a CRG, K, is a component if, for all v € V(K’) and all w €
V(K) —V(K'), the edge vw is gray. Theorem 7 allows the computation of gk from the g
functions of its components.

Theorem 7. Let K be a CRG with components KM, ... K© . Then

¢
(9x(p) " = Z (9x0 ()"

=1

Proof. The matrix Mg(p) is a block-diagonal matrix after permuting the vertices. Let
My (p) be the submatrix corresponding to the vertices of K;. Let g; = gxw(p) for
i=1,...,0 and g = gk (p).

In the computation of g, we observe that the optimal choice of entries that correspond
to the vertices of K; are not dependent on the choice of the assignments to vertices outside
of K; but is only dependent on the total sum of the entries assigned to the vertices K.
To wit,

g = min{x’ Mg (p)x :x'1=1,x > 0}
‘
= min {Zmin {X;TFMK@(p)XZ- X1 =y, % > 0} o+t ar=1,0;, >0 Vz} )
i=1
For each of the entries of the sum,
min {X;-TMK(i) (p)x; : XZT]_ =, X; = O} = oz?gi.
Consequently, g is computed via the following optimization problem:

min a?qg; +~-~+oz§gg
g= s.t. a+--+a =1
A1,...,0p 2 0

Using the method of Lagrange multipliers, we see that the solution is a; = \/g; for i =
1,...,0and X7t = Zle g; ' Substituting these values gives the theorem statement. [
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Theorem 7 can be applied directly to CRGs that have only gray edges. Since the g
function for a white vertex is p and the g function for a black vertex is 1 — p, we have
Corollary 8:

Corollary 8. If K is a CRG all of whose edges are gray, then

VW) \VB(K)I)_1
. .

P 1 -

9k (p) = <

Proposition 9 gives the edit distance function for some special CRGs that have no gray
edges.

Proposition 9. Let K be a CRG on k vertices and no gray edges as follows:

o [f all vertices are white and all edges are black, then gk (p) = min{p,1 —p + (2p —

1)/k}.

o [f all vertices are black and all edges are white, then gk (p) = min{p+(1—2p)/k,1—

P}

3 Estimation of the edit distance function

Denote K (r, s) to be the CRG with r white vertices, s black vertices and all gray edges. Let
H be a hereditary property with H = (7, Forb(H). The notion of (r, s)-colorability
is discussed by Alon and Stav [3] where they focus on hereditary properties that are
complement-invariant.

The chromatic number of H, denoted x(H) or just x, where the context is clear, is
min {x(H) : H € F(H)}. The complementary chromatic number' of H, denoted X(#) or
X, is min {X(ﬁ) tH € ]:(H)} The binary chromatic number is

max{k+1:3r,s,r+s=k H s K(r,s),VH € F(H)}.
The clique spectrum of H is the set
T(H) Y {(r,s): H K(r,5),VH € F(H)}.

The clique spectrum has a number of useful properties. For example, it is monotone in
the sense that if (r,;s) € T'(H) and 0 < v/ < r and 0 < §' < s, then (1, s") € T'(H).
As a result, the clique spectrum of a hereditary property can be expressed as a Young
tableau. An eztreme point of the clique spectrum I' is a pair (r,s) € I' for which both
(r+1,s) ¢TI and (r,s+ 1) ¢ I'. Let ['* denote the extreme points of clique spectrum I
Figure 3 shows the clique spectrum of the cycle Cy expressed as a Young tableau, with
the extreme points of the clique spectrum marked.

!Unfortunately, the term “cochromatic number” is taken. It should be noted that the cochromatic
number, although its definition resembles that of xp, is not the same parameter.
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cliques

(0.4)

independent
sets (22)

(20)

Figure 1: The clique spectrum of Cy expressed as a Young tableau. The extreme points
of the clique spectrum are labeled.

3.1 Approximating edy(p) by vx(p)

p(1—p)

Corollary 8 gives that gx (.« (p) = Rt

which follows directly from Theorem 7. Define
the function y3(p) as follows:

Y1 (p) &f min {gK(m)(p) :(r,s) € F(’H)} = min {% (r,8) € F(H)} :

Clearly, edu(p) < yu(p). Moreover, yu(p) = min {gis)(p) : (r,s) € [*(H) }; e, only
(r,s) that are extreme points of the clique spectrum need to be used to compute . The
value of the function v4(p) is that it is computable for any hereditary property.

3.2 Basic observations on edy(p)

The following is a summary of basic facts about the edit distance function. Item (iii)
comes from Alon and Stav [2]. Item (iv) comes from [8]. The remaining items are trivial.

Theorem 10. Let ‘H be a nontrivial hereditary property with chromatic number x, com-
plementary chromatic number X, binary chromatic number xg and edit distance function

edy(p)-
i. If x > 1, then edy(p) < p/(x —1).
ii. If X > 1, then edy(p) < (1 —p)/(X —1).
i edy(1/2) = 1/2(xs — 1) = 7(1/2)
iv. edy(p) is continuous and concave down.

v. edy(p) = edg(1 —p).

Proof. Ttem (i) follows from the fact that (xy — 1,0) is in the clique spectrum I'(#). That
is, we can partition V' (G) into x — 1 nearly-equally-sized pieces and delete the edges which
have both endpoints in the same piece. The resulting graph is in H. Item (ii) follows
similarly. Item (iii) comes from Alon and Stav [2]. Item (iv) comes from [§].

Item (v) comes from the fact that if H is a graph and K is a CRG, then H 4 K if and
only if H v/ K, where K is the natural complement of the CRG K: VW(K) = VB(K),
VB(K) = VW(K), EW(K) = EB(K), EG(K) = EG(K) and VB(K) = VW(K). O
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There are a number of immediate corollaries of Theorem 10 that help estimate the
edit distance functions. Some of the most useful are summarized in Corollary 11 and we
leave the proof of them to the reader.

Corollary 11. Let H be a nontrivial hereditary property with binary chromatic number
xB- Let (r,s) be extreme points in the clique spectrum of H such that r + s = xpg.

i. If x = xB, then edy(p) =p/(x — 1) for allp € [0,1/2].

ii. If xg =X, then edy(p) = (1 —p)/(xg — 1) for allp € [1/2,1].
iii. If r > s, then p}, > 1/2.

iv. If r <s, then p;, < 1/2.

v. For any (r,s) in the clique spectrum, dj, < (\/r ++/s) 2

Proof. Theorem 10(i) gives that edy(p) < p/(x —1). Thus edy(0) = 0 and, since x = x5,
Theorem 10(iii) gives that edy(1/2) = 1/(2(x—1)). Theorem 10(iv) allows us to conclude
that edy(p) > p/(x — 1), hence equality and item (i). Item (ii) follows from a symmetric
argument.

As to the next two items, note that gx (.« (p) = r(’f(_lp_)ﬁ)sp, which is a concave down
function that achieves its maximum at the point p = ﬁ‘f 7 If r > s, then, for all

p € [0,1/2), we have, via Theorem 10(iii),

edn(P) < 9K (P) < 9K () (1/2) = 1/ (2(r + 5)) = edy(1/2).

Hence, edy(p) achieves its maximum for some p > 1/2 and item (iii) follows. Item (iii)
follows from a symmetric argument.
For item (v), we just observe that edy(p) < gr(rs)(p), the maximum of which is the

value (v/7 ++/s)72, achieved at p = \/F\f\/g' O

4 H C Forb(Kyp)

In this section, we prove Theorem 1, which bounds the edit distance function for hereditary
properties that have no copy of a complete graph on h vertices. Note that H C Forb(Kj})
if and only if K, € F(H).

Proof of Theorem 1. Since Y(#) = 1 and H is not trivial, x(#) > 1. If K € K(H), then
K cannot have a black vertex, otherwise K, — K. So, we may assume that K € K(H)
has all white vertices. In every set of y white vertices, there must be a non-gray edge. By

Turan’s theorem, this means that K has at least (g) — i—:f . %2 non-gray edges. Hence,
! Ry _x-2 k min{p, 1 — p}
6dH<p)>fK( ) k’2 pk:+2m1n{p,1—p}(( >_F 2>:| 2?
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In every set of m white vertices, there must be a white edge. Again, by Turan’s
theorem, edy (p) > fx(p) = 5. So, edy(p) is bounded below by both p/(x — 1) and the

line segment connecting the points <1 /2, m> and (1, -15). Hence,

1—- 2p—1
edH(p)Qmin{ b L }

x—1"x—-1 m-1

As to the upper bound, we give two CRGs into which no H € F(#H) can map. The
first is KV = K(x — 1,0), the CRG with x — 1 white vertices and all edges gray. By
Corollary 8, g (p) = p/(x —1).

The second CRG, K@, is m — 1 white vertices and all black edges. If there were some
H ¢ F(H) such that H — K® then H would be a complete (m — 1)-partite graph,
which is forbidden by our choice of m. By Proposition 9, gy (p) = min{p,1 —p+ (2p —

1)/(m —1)}. So,

) P 2p—1
ed <minyg ——,p, 1 —p+ )
(p) < mi {x—l p,1—p m—l}

The final statement comes from the observation that if H = Forb(K}), then y = m =
h. O

By Theorem 10(v) we have the similar result for empty graphs: Let H be a nontrivial
hereditary property such that F(H) _contains an empty graph and let 2 be the minimum
positive integer such that H C Forb(K},). Let X be the complementary chromatic number?
of H and m be the smallest positive integer such that F(#) contains a m disjoint cliques.
Clearly, Y < m < h.

- P 1-2p 1—p . 1-2p 1—p
< ed < i
mln{y—1+m—1’y—1} e (p) mln{p+m—1 -1

5 Symmetrization

An optimal solution to the quadratic program in (11) is, in some sense, regular, as we
will show in equation (12) below. The idea, observed by Sidorenko [18] was first called
“symmetrization” by Pikhurko [13].

The fundamental observation in symmetrization is that there is a balance that results
from an optimal solution as we see in Proposition 12, which is slightly more general
than we need. Recall that 0 and 1 are the all zeros and all ones vectors, respectively.
Furthermore, x > 0 means that the inequality holds entrywise.

Proposition 12. Let M be a real symmetric square matriz with nonnegative entries. If

x* is an optimal solution to the quadratic program

g = min {XTMX cxT1 = 1, x> O}

*The term X(H) is, the smallest number, k, such that no member of F(#) can be partitioned into k
cliques. In fact, X(H) = x(H).
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such that x* has no zero entries, then
Mx* = g1 (12)
Moreover, if no optimal solution has a zero entry, then xX* is unique.

Proof. Suppose Mx* is not a constant vector. That is, the i'" entry is larger than the j%
entry. Define the vector z so that z; = —1, z; = +1 and every other entry of z is zero.
Let € > 0 be small; we will establish how small shortly.

For any €, (x* + ez)T 1 = 1. If € is small enough, then x* + ez > 0; moreover,

(x* +ez) M (x* +ez) = (x*)" Mx* + ¢ (x*) Mz + ez" Mx* + €’2" Mz
= (x*)" Mx* + 2ez" Mx* + 22" Mz < (x*)" Mx*,

contradicting x* being optimal. Thus, Mx* = al for some « and so
g=x)"Mx*=aix)"1=a.

As to uniqueness, suppose there are no optimal solutions with zero entries. Let x} and
x4 be feasible solutions with nonzero entries and set € > 0 so that y* = -1 (x} — ex3)

1—e¢
satisfies (y*)" 1 > 0 and has at least one zero entry. Since (y*)” 1 = 1 and (y*)" My* = g,
this is an optimal solution with a zero entry. This contradiction gives that the optimal
solution must be unique. O

If we apply Proposition 12 to the quadratic program in (11), we see that the optimal
solution may have zero entries. This corresponds to deleting a vertex from K. So we may
restrict ourselves only to CRGs for which any optimal solution has only positive entries.

In this case, let us see how Proposition 12 effects a specific CRG. There are three
different types of degrees of a vertex in a CRG. Let K be a CRG and v € V(K) and let
x be an optimal solution to the quadratic program in (11) so that x(v) is the entry of
x corresponding to vertex v. The gray degree of v, dg(v) is the sum of the weights of
the vertices that are adjacent to v via a gray edge. The white degree of v, dw(v) is the
sum of the weights of the vertices that are adjacent to v via a white edge plus x(v) if v
is a white vertex. The black degree of v, dg(v) is the sum of the weights of the vertices
that are adjacent to v via a black edge plus x(v) if v is a black vertex. Consequently,
dw(v) + dg(v) + dg(v) =1 for all v € V(K).

With the notation above, equation (12) gives that that either x* has an entry equal
to zero or, for every v € V(K),

pdw(v) + (1 —p)ds(v) = gk (p). (13)

Therefore, we are interested only in CRGs for which deleting a vertex gives a CRG
with a larger value of g. A CRG, K, is a p-core CRG, or simply a p-core, if gx(p) < gr(p)
for all nontrivial sub-CRGs K’ of K.
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5.1 The p-core CRGs

Marchant and Thomason established that p-cores can be easily classified:

Theorem 13 (Marchant-Thomason, [12]). Let K be a p-core CRG.
o Ifp=1/2, then K has all of its edges gray.
o Ifp<1/2, then EB(K) = () and there are no white edges incident to white vertices.
e Ifp>1/2, then EW(K) = 0 and there are no black edges incident to black vertices.

By Theorem 13, if K is a p-core CRG, then no edge has the same color as either of its
endvertices, so we can simplify the definitions of dw and dg for p-cores as follows:

x(v), if v € VW(K);
dwle) = { Lvzenw) X(2), if v € VB(K);

e X(2), if v € VW(K);
ds(v) = { x(v), " if v € VB(K).

Of course, it is still the case that dg(v) = 1 — dw(v) — dg(v).
We can summarize the above in the following:

Theorem 14 (Marchant-Thomason, [12]). Let K be a p-core CRG. There is a unique
vector X that is an optimal solution to the quadratic program in (11). For allv € V(K),

let the entry of x corresponding to v be x(v) and let dw(v) and dg(v) be defined as above.
For each v € V(K),

9k (p) = pdw(v) + (1 — p) dp(v).

5.2 Computing edit distance functions using symmetrization

Theorem 14, Theorem 13, Remark 6 and the definition of p-cores have all of the elements
in order to express dg(v) = 1 — dw(v) — dg(v) for any vertex v in a p-core CRG. It is
often useful and intuitive to focus on the gray neighborhood of vertices.

Lemma 15. Let p € (0,1) and K be a p-core CRG with optimal weight function x.
i. If p <1/2, then, x(v) = gk (p)/p for allv € VW(K) and

da(v) = b= if((m + ! _psz(v), for allv € VB(K).

ii. If p>1/2, then x(v) = gk (p)/(1 — p) for all v € VB(K) and

- 1—p—gk(p) Rk

d
a(v I—p I—p

v), for allv e VW(K).
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Proof. We will prove the case for p < 1/2. The case where p > 1/2 is symmetric. Let
v € VW(K). By Theorem 13, all vertices are incident to v via a gray edge, and by
Theorem 14, gx(p) = px(v). Now let v € VB(K). By Theorem 13, v has no black
neighbors and

9x(p) = p(1 = x(v) = da(v)) + (1 = p)x(v).
Solving for dg(v) gives the result. O

Lemma 16. Let p € (0,1) and K be a p-core CRG with optimal weight function x.
i. If p<1/2, then x(v) < gx(p)/(1 —p) for all v € VB(K).
ii. If p > 1/2, then x(v) < gk (p)/p for allv € VW(K).

Proof. We use the fact that x(v) + dg(v) < 1. Applying Lemma 15 and solving for x(v)
gives the result. O

Remark 17. From this point forward in the paper, if K is a CRG under consideration
and p is fizved, x(v) will denote the weight of v € V(K) under the optimal solution of the
quadratic program in equation (11) that defines g .

6 Forb(Cyh), h € {3,...,9}

Thomason [19] reports that Ed Marchant has found the edit distance function for C5 and
C'7. Here we find the function for all Cy, h € {3,...,9}. The proofs in this section might
be substantially similar to Marchant’s.

In order to compute the edit distance function for cycles, we first make the observation
that (3 is a complete graph and so Theorem 1 gives Corollary 18.

Corollary 18.
edrorb(cy) (D) = p/2.
Furthermore, the only p-core for which this is achieved for p € (0,1) is K(2,0).
For C},, h > 4, we first take care of easy cases so that the only p-cores that need to be

considered have all black vertices. We use Lemma 19 which establishes the upper bound
and eliminates all cases except when p < 1/2 and all vertices are black.

Lemma 19. Let h > 4. For all p € (0,1),

p(1 —p), if h = 4;
: p(1—p) 1— . ) '
7Forb(Ch)(p) = min 1—p+([h/3]-D)p’ [h/g]p,l} s th >0 1s even, and
i (1-p) 1— : .
min g’ 1—pf([h/§1_1)p, ]'h/Z]p—l} y th 18 odd.

Furthermore, if there is a p-core CRG, K € K(Forb(Cy)) such that g (p) < Yrorb(cy) (D)
for any p € (0,1), then p < 1/2 and K has all black vertices.
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Proof. Since x(Cp) = [h/2], the clique spectrum of Forb(C}) contains (0,0),...,
(0, [h/2] — 1). The vertex set of C}, can be partitioned into 1 independent set and [h/3]
cliques but not into [h/3] — 1 cliques. So, the clique spectrum of Forb(C},) contains
(1,0),...,(1,[h/3] —1). Since the vertex set of C}, can always be partitioned into 2 in-
dependent sets and a vertex, the clique spectrum of Forb(C}) can contain at most one
more element — the pair (2,0) in the case h is odd.

Therefore, the extreme points of the clique spectrum of Forb(Cy) are (0, [h/2] — 1),
(1,[h/3] — 1) and, if h is odd, (2,0). This establishes the value of Vg (c,)(p) as outlined
in the statement of the lemma.

If h = 4, the classes of possible CRGs are restricted. If K has at least 2 white vertices,
they are connected via a gray or black edge and so Cy would embed in K. If K has a
white and at least two black vertices, then the edges between the white and black vertices
are both gray and the edge between the black vertices is either gray or white and so Cy
would embed in K. Thus, if K has a white vertex, then it has at most one black vertex

and this is K(1,1), the CRG that defines Yrorn(cy)(p) = p(1 —p). If K has all white edges,
then gx (p) = min{p + (1 — 2p)/k, 1 — p} > p(1 — p). So, edror(cy)(p) = p(1 — p).

Now, let h > 5. Since v4(1/2) = edy(1/2) for all hereditary properties and 0 =
Yrorb(Cy) (1), convexity gives that edy(p) = ﬁ}p—l’ for all p > 1/2.

Finally, let p € (0,1/2) and K be a p-core CRG such that C}, +» K. If K has only
white vertices and h is even, then K ~ K(1,0) and gx(p) = p > vx(p). If K has only
white vertices and h is odd, then there are at most 2 white vertices and gk (p) > p/2 with
equality if and only if K ~ K(2,0).

If K has both white and black vertices, then it has at most 1 white vertex because
Cyp — K(2,1). Furthermore, it can have at most [h/3] — 1 black vertices. To see this,
denote the vertices of Cy by {0,1,...,h — 1} where 0 ~ 1 ~ -+ ~ h—1 ~ 0. Let S
consist of the members of {0, ..., h — 2} that are divisible by 3. If h — 1 is divisible by 3,
then add h — 2 to S. The graph Cj, — S has [h/3] connected components, each of which
are cliques of size 1 or 2. Thus, regardless of whether the edges are white or gray, there
are at most [h/3] — 1 black vertices in K and gk (p) > %, with equality if and
only if K ~ K(1,[h/3] —1).

Summarizing, if p € (0,1/2) and gk (p) = edporb(c,)(p), then K is either K(0, [h/2]—1),
K(1,[h/3] — 1), K(2,0) and h is odd, or K has all black vertices (and white or gray
edges). O

From this point forward, we only restrict ourselves to p € (0,1/2) and CRGs, K, with
only black vertices and white or gray edges because of Lemma 19. We can immediately
address 4- and 5-cycles. Corollary 20 [12] has appeared before. Corollary 20 was proven
in the proof of Lemma 19.

Corollary 20 (Marchant-Thomason [12]). edporb(cy)(p) = p(1 — ).

1—
Corollary 21. edpon(cy)(p) = min {g, Tp}
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Proof. Thanks to Lemma 19, we can restrict to p € (0,1/2) and p-core CRGs K €
KC(Forb(C5) for which the vertices are black. Let g denote gx(p) and suppose g <
min{p/2, (1 — p)/2}. Let v; have largest weight in K and v, have largest weight in
N¢(v1). Since K has no triangles,

dg(v1) + dg(v2) 1

P—g 1—2p(

N

x(v) +x(v2)) < 1

L7 2P (o) + x(02)) 29; P,

N

Since the left-hand side is positive, 2g — p > 0, a contradiction to the assumption that
g <p/2. ]

See Figure 2 and Figure 3.

a(p a(p

Figure 2: Plot of edporncy)(p) = Figure 3: Plot of edpor(cs) (p) =
p(1 — p). The boundary of the min{p/2, (1 —p)/2}.

shaded region is edporb(cy) (D)

Proposition 22 shows that in order to find CRGs with black vertices, white or gray
edges with no C}, there are many lengths of gray cycles that are forbidden in the CRG.

Proposition 22. Let p € (0,1/2) and K be a p-core CRG such that K has black ver-
tices and white and gray edges. If Cy v~ K then K has no gray cycle with length in

{[h/2],...,h}

Proof. It C), — K, then each vertex of K receives either one or two vertices that are
consecutive on the cycle. Thus, the cycle K must contain is one that corresponds to the
contraction of edges of C}, that map to a single black vertex of K. Since these edges form
a matching, the cycle required to be in K has length at least [h/2] and at most h. [

In order to deal with Forb(C},) for h > 6, we use Proposition 22 along with two major
lemmas. Lemma 23 is a general structural lemma and the results on Forb(C},) that we
give are immediate corollaries. It should be noted that if we write that a CRG, say, “has
no gray 4-cycle,” we mean so in the subgraph sense, so it does not contain a gray K4
either.
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Lemma 23. Let p € (0,1/2) and K be a p-core with black vertices and white or gray
edges.

i. If K has no gray edge, then gk (p) > p.
ii. If K has neither a gray 3-cycle nor a gray 4-cycle, then gk (p) > p(1 — p).
iii. If K has no gray 3-cycle, then gk (p) > p/2.

. If K has a gray 3-cycle, but no gray C; (that is, four vertices that induce 5 gray
edges), then gix(p) > min{2p/3, (1 —p)/3}.

v. If K has no gray 4-cycle, then gk (p) > p(1 —p) for p € (0,1/3).

vi. If K has a gray C{ but no gray C5™ (that is, five vertices that induce some 5-cycle
with two chords), then gx(p) > min{2p/3,p(1 —p)/(1+p)}.

vii. If K has a gray chordless 4-cycle, but no gray Kj (that is, a Ks3 missing an
edge), then gx(p) > min{2p/3,2p(1 —p)/(2 + p)}. Note that K34 has a 6-cycle as
a subgraph.

The proof of Lemma 23 is in Section 6.1.

Corollary 24. The following are edit distance functions for small cycles:
(6) edForb(Cs) (p) = min {p(l - p)? %};

. 1-p) 1—
(7) edporn(cy)(p) = min {g, p(l—‘,—]f))’ %};

(8) edrort(cs)(p) = min {p(ﬁf g %}
(9) edromb(cy)(p) = min {2,122}

(10) ediursicn)(p) = min {252, 2524 i p € [1/7,1].

See Figures 4-8 for plots of the edit distance functions described in Corollary 24.

6.1 Proof of Lemma 23
For ease of notation, in calculations, we sometimes let g denote g (p).
(i) If K has no gray edges, then for any v € V(K), g =p+ (1 — 2p)x(v) > p.

(ii) Let vy € V(K) have the largest weight and Ng(vg) = {x1,..., 2.}, the gray neigh-
borhood of vg. Let z; = x(v;) for i = 0,1,...,¢. Since there are no gray trian-
gles, there are no gray edges in Ng(vp) and since there are no gray quadrangles,
Ne(v;) — {vo} and Ng(v;) — {vo} are disjoint for all distinct ¢, € {1,...,¢}. So,
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Figure 4: Plot of edporn(cy)(p) = Figure 5: Plot of edporn(cr)(p) =

min{p(1 —p), (1 —p)/2}. min{p/2,p(1 - p)/(1 + p), (1 -
p)/3}

Figure 6: Plot of edporn(cy)(p) = Figure 7: Plot of edporn(cy)(p) =

min{p(1—p)/(1+p), (1 —p)/3}. min{p/2, (1 — p)/4}.

{vo}, Ng(v9) and each Ng(v;) —{vo}, i = 1,...,¢ form a family of ¢ + 2 pairwise
disjoint sets.

4
o+ da(vo) + Y [da(vi) — 2] < 1
i=1
“fp-g 1-2
[Eo—f-dg(’vo)—f-Z[ D + D ZEZ'—IQ:| < 1
i=1

— 1-—-2
2 g—xo}—l— pdg(vo) < 1

To + dG(’Uo) —+ € |:T

N
—_

1— _
o+ pdg(vo) +/{ [u — xol
p p

Since xg is the largest weight, ¢ > dg(vg)/zo and as long as g > p(1 — p), we have

”p%g — Ty = ’% — ﬁ > 0 by Lemma 16(i). Consequently,
1-— dg(v —
To + pdg(vo)—i— G; 0) {u —wo} < 1
0
— 1-2
ZL’(Q) + dg(Uo) |:p g + D pIL'0:| Zo
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L L
0.0 0.2 04 06 08 10

Figure 8: Plot of edporn(c,0)(p) = min{p(1 — p)/(1 + 2p), (1 — p)/4}. An upper bound for
p < 1/7 is also on the graph.

p—g 1-—2p
X
P P

1-2p\?
1+( p)]mggo. (14)
P

A quadratic expression of the form ¢+ bz + az? with @ > 0 has a minimum value of

2
0] < X

2
- —g 1-2
(u) +[2.u._p_1}xo+
p

c—b?/(4a).
2
N2 (g.u.ﬂ_o
(P 9) _ P P . < 0
b 1-2p
4(1+(T))
— — 1—2
(52 (52) (52) 1 <
p P P
So,
_ 1 1-2 1—2p\2
P29 <« - |- p+\/( p) +1
D 2 P P

1
g = —( —\/1—4p+5p2>.

2
This expression is greater than p(1 — p) for all p € (0,1/2).

(iii) By (i), we may assume that K has a gray edge, otherwise gx(p) > p. Let viv; be a
gray edge and x; = x(v;) for i = 1,2. Since they have no common gray neighbor,

dG(v1)+dg(02) < 1

- 1-2
2(19 g)+ Do 4m) < 1
p p

Since 1 + x2 > 0, we have g > p/2.
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(iv) Let {v1,ve,v3} be a gray triangle in K where z; = x(v;) for i = 1,2, 3. Because no
pairs of v; can have a common neighbor other than the remaining v;,

3
Z [dg(w) — (.Z‘l -+ T2 -+ T3 — IJ] —+ (l’l -+ ) + JIg) < 1
i=1

3
ng(@i) — (1 +a24ax3) < 1
=1

— 1-3
3(u)+ p($1+$2+$3) < 1
p p
2 1-3
2, 1-3p

3 3

(x1+ 220+ 23) < g

Ifp <1/3,theng > 2p/3. If p > 1/3, then x;+x9+x3 < 1 implies that g > (1—p)/3.

(v) Let vg € V(K) have the largest weight. Since there are no gray quadrangles, no
member of Ng(vg) has more than one gray neighbor in Ng(vg). Let Ng(vg) =
{z1,2), ..., xm, 2l } U{xomi1,..., 20}, the gray neighborhood of vy such that for
i=1,...,m, z;x} is a gray edge. Let x; = x(v;) for i = 0,1,...,¢. Since there are
no gray quadrangles, the gray neighborhoods outside of {vy} U Ng(vg) of distinct
vertices in Ng(vg) are distinct. Hence,

m

2o +da(vo) + Y [da(vi) + da(v]) — 2; — 2} — 2u)

=1

+ 3 dalo) —m] < 1

j=2m+1
—yg —~ (1-3p ,
Jio+dg(vo)+£ — — Xy +Z D <$Z+Il>
i=1
o1 —p
+ Y () <
7j=2m+1 p
— 1-3
14 {u - 930] + 29 + dg(vo) + ( p) da(vg) < 1
p p
Again, we use the fact that ¢ > dg(vg)/xo and ’% —x = 0.
d — 1-2
6(%) [u _$0:| + x0 + (_p) dg(vg) < 1
i) p p
2
— — 2—-5 1—-2p 1-3
(u)+[u p_l]m[ P, p+1]xg <o
p p p p p
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Optimizing over z,

2 2
- 1—2p 1-3 2 —
(p g> L2 p+4_( p)
p p p p

So,

g >%ka%wﬂ—®+@ﬂ-

3
Some calculations show that g > p(1 — p) for p € (0,1/3).

1{ 2-5 2 —5p\ >
Py 1 uJ( e
j% 3 P P

(vi) Let the gray C; be denoted {vi,vs,v3,v4} such that all edges are gray except,
perhaps vivs3. Let x; = x(v;) for ¢ = 1,2,3,4. Without loss of generality, let

) > ZTy.

No pair (v, v;) can have a common gray neighbor except, perhaps (v, v4). Denoting
Ng(v) to be the set of gray neighbors of vertex v, the sets Ng(v1)—{va, v4}, Ng(vs)—

{vg,v4} and Ng(vy) — {v1, v3,v4} must be disjoint. So,

(d(;(’l)l) — X9 — 1’4) + (dg(vg) — Ty — $4)

+(dg(ve) —x1 — w3 —x4) + (X1 + 2+ 23+ 14) <
— 1-2 1-3
3'ppg+ p($1+1’3>+ p$2—2$4 <
1—-2 1-3
2—|— p(l'l—f-l'g)—f— p172—2$4 <
Solving for g,
2 1-2 -3 2
= Ep 3]7( 1+ZC3)+ 3pl’2——p$4
2 1—2 1—-5
> 25 3 p(x14—x3)+- 3 pr.
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If p<1/5, then g > 2p/3. If p > 1/5, then we use Lemma 16(i), which gives that
x9 < g/(1—p). So,

2p  1—2p 1—-5p g
> =
g 3‘|— 3 (I1+.T4)+ 3 (1—])

p(l—p)  (1—2p)(1—p)
1+p 2(1+p)

(131 + ZL’4).

=

Consequently, g > p(1 —p)/(1 + p).

(vii) Let the gray 4-cycle be denoted {vy,vq,v3,v4} such that all edges are gray except
vivs and vovy. Let x; = x(v;) for i = 1,2, 3, 4. If both pairs (v, v3) and (vq, v4) have
common neighbors outside of {v1,vq, v3,v4}, then a K33 is formed. So, suppose vy
and v, have no common neighbors other than v; and v3. Without loss of generality,
let 9 > z4.

The sets Ng(vy) —{va, v4}, Ng(vs) —{ve,v4} and Ng(ve) — {v1, v3} must be disjoint.
So,

(dg('l}l) — X9 — 334) + (dG(U'g,) — X9 — 1'4)
+(dg(ve) =1 —23) + (01 + 22 + 23 +74) < 1
1—-3p 1

— 1-2
3ppg+ p(x1+x3)+ Ty — 14 <
1-2 1—-3 3
2+ p(l'1+l’3)+ p.’L’Q—{L'4 < Eg
Solving for g,
2 1-2 1-3
g = ?p‘i‘ Sp(l’l—i‘l‘g)—i‘ SPIQ—§I4
2 1—-2 1—4
> §p+ 3 P @1+ 23) + 3 e,
If p < 1/4, then g > 2p/3. If p > 1/4, then we use Lemma 16(i), which gives that
z2 < g/(1=p).

2 1—-2 1—4
g = §p+ 3p(:1:1+x4)+ p( gp)

2p(1—p)  (1-=2p)(1 —p)(
24+p 24+p

=

Consequently, g > 2p(1 —p)/(2 + p).

This concludes the proof of Lemma 23. 0
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6.2 Proof of Corollary 24

(6) Cs: Lemma 19 gives that the function stated above is Yrorn(cy)(p) and so
edporn(cs)(p) < min {p(l —p),%}. By Lemma 19, we only need to consider
p € (0,1/2) and K being a black-vertex p-core CRG in IC(Forb(Cg)) for which
9x(P) < Yrorb(cs)(p). By Proposition 22, K has neither a 3-cycle nor a 4-cycle.
Lemma 23(ii) gives that gx(p) = p(1 — p). So, there is no such K and the corollary
follows.

(7) C7: The function stated above is Ypom(cy)(p). Let p € (0,1/2) and suppose K
is a black-vertex p-core CRG in KC(Forb(C7)) for which gx(p) < Yrorn(cs)(p). By
Proposition 22, K has no gray 4-cycle.

Since K has no gray 4-cycle, then by Lemma 23(ii), either gx(p) > p(1 —p) or K
has a gray 3-cycle. In terms of the former, it is trivial that this is a contradiction
to gr (p) < Yrorb(cy)(p) for p € (0,1/2), so we assume that G has a gray 3-cycle.

If K has a gray 3-cycle but no C;, then by Lemma 23(iv), we have gx(p) >
min{2p/3, (1—p)/3}. Straightforward calculations verify that this is a contradiction

to gx (p) < Yrorb(cy)(p) for p € (0,1/2).

(8) Cg: The proof is the same as for Corollary 7.

(9) Cy: The function stated above is Yporn(ce)(p). Let p € (0,1/2) and suppose K
is a black-vertex p-core CRG in K(Forb(Cy)) for which gx(p) < Yrorb(ce)(p). By
Proposition 22, K has no gray C& ™

Since K has no gray Cs *, then by Lemma 23(vi), either gx(p) > min{2p/3,p(1 —
p)/(1+p)} or K has no gray C; . In terms of the former, straightforward calculations
verify that this is a contradiction to gx(p) < Yrorn(cy)(p) for p € (0,1/2), so we
assume that G has no gray C .

If K has no gray C}, then by Lemma 23(iv), either gx(p) > min{2p/3, (1—p)/3} or
K has no gray 3-cycle. In terms of the former, it is trivial that this is a contradiction
to gr(P) < Yrorb(cy)(P) for p € (0,1/2), so we assume that G has no gray 3-cycle.
If that is the case, however, Lemma 23(iii) gives that gx(p) > p/2, a contradiction.
So, there is no such K for which gx(p) < Yrorb(cy)(P) and the corollary follows.

(10) Chp: The function stated above is Yporb(cy)(P). Let p € (0,1/2) and suppose K
is a black-vertex p-core CRG in K(Forb(Cp)) for which gx(p) < Yrorb(co)(»). By
Proposition 22, K has no gray C5 .

Since K has no gray C& ", then by Lemma 23(vi), either gx(p) > min{2p/3,p(1 —
p)/(14p)} or K has no gray C;. In terms of the former, straightforward calculations
verify that this is a contradiction to gx (p) < Yrorb(cye)(p) for p € [1/7,1/2), so we
assume that K has no gray C.
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If K has no gray C;, then by Lemma 23(iv), either gx(p) > min{2p/3, (1—p)/3} or
K has no gray 3-cycle. In terms of the former, it is trivial that this is a contradiction
to gr (P) < Yrorb(cio)(p) for p € [1/7,1/2), so we assume that K has no gray 3-cycle.

If K has no gray 3-cycle, then by Lemma 23(ii), either gx(p) > p(1 — p) or K has
a gray 4-cycle. In terms of the former, it is trivial that this is a contradiction to
9x(P) < Yrorb(cio)(p) for p € (0,1/2), so we assume K has a 4-cycle, but since it
cannot be C, it must be a gray chordless 4-cycle.

If K has a chordless gray 4-cycle, then by Lemma 23(vii), either gx(p) >
min{2p/3,2p(1—p)/(2+p)} or K has a gray K3 ;. In terms of the former, straight-
forward calculations verify that this is a contradiction to gx(p) < Yrorb(cio)(P)
for p € [1/7,1/2), so we assume that K has a gray K3;. However, as ob-
served in Lemma 23, this contains a gray 6-cycle, which is a contradiction to

K e lC(Forb(C’lO))

This concludes the proof of Corollary 24. O

7 Conclusions

We provide a conjecture with some interesting implications. Recall that G(n,p) denotes
the Erdos-Rényi random graph on n vertices with edge-probability p. The hereditary
property ‘H = Forb(G(ng, po)) is a random variable.

Conjecture 25. Fiz py € (0,1) and let H = Forb(G(no, po)). Then

2logyno . { p 1-p }
ed = (14 0(1))=—"22" min ;
n(p) = ( (1)) - —logy(1 — po)” —log, po

with probability approaching 1 as ng — 0.

The functions that define this bound are of the form p/(xy — 1) and (1 — p)/(x — 1).
Conjecture 25 was proved for the case py = 1/2 by Alon and Stav [3]. If it is true

in general, then it implies that pj, = %, which is only equal to pg itself when

po € {0,1/2,1}. Recall that edy(p) = lim, o dist(G(n,p),H)/(}) and it achieves its
maximum at p;,. Informally, the conjecture implies that it is harder to edit away copies of
G(no, po) from G(n, p},) than it is from G(n, py). This seems to be rather counterintuitive.

If Conjecture 25 is false, then it implies that there is more information about the

structure of random graphs than is revealed by just the chromatic numbers.
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