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Abstract

We show the asymptotic degree distribution of the typical vertex of a sparse
inhomogeneous random intersection graph.
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1 Introduction

Let X1,...,X,,,Y1,...,Y, be independent non-negative random variables such that each
X; has the probability distribution P, and each Y; has the probability distribution F.
Given realized values X = {X;}i2; and Y = {Y;}}_, we define the random bipartite
graph Hxy with the bipartition V' = {vi,...,v,}, W = {wy,...,w,}, where edges
{w;,v;} are inserted with probabilities p;; = min{1, X;Y;(nm)~'/2} independently for each
{i,j} € [m] x [n]. The inhomogeneous random intersection graph G(P;, Py, n,m) defines
the adjacency relation on the vertex set V: vertices v',v” € V are declared adjacent
(denoted v' ~ v") whenever v" and v” have a common neighbour in Hy y.

The degree distribution of the typical vertex of the random graph G(Py, P2, n,m) has
been first considered by Shang [21]. The proof of the main result of [21] contains gaps
and the result is incorrect in the regime where m/n — g € (0,4+00) as m,n — +o0o. We
remark that this regime is of particular importance, because it leads to inhomogeneous
graphs with the clustering property: the clustering coefficient P(vy ~ va|vy ~ v3,v9 ~ v3)
is bounded away from zero provided that 0 < 8 < +oo and EX} < oo, EY}? < o0, see [8].
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The aim of the present paper is to show the asymptotic degree distribution in the case
where m/n —  for some [ € [0, +00].

We consider a sequence of graphs {G,, = G(Py, P,,n,m)}, where m = m,, — 400 as
n — oo, and where P, P, do not depend on n. We denote a, = EXF, b, = EY}. By
d(v) = dg, (v) we denote the degree of a vertex v in G,, (the number of vertices adjacent
to v in G,,). We remark that for every n the random variables dg, (v1),...,dg, (v,) are
identically distributed. In Theorem 1 below we show the asymptotic distribution of d(v;).

Theorem 1. Let m,n — oo.
(i) Assume that m/n — 0. Suppose that that EX; < co. Then P(d(v,) = 0) = 1—o(1).
(1i) Assume that m/n — [ for some B € (0,+00). Suppose that EX? < oo and
EY) < co. Then d(vy) converges in distribution to the random variable

A1
d.o=> 7, (1)
j=1

where T, Ty, ... are independent and identically distributed random variables independent
of the random variable Ay. They are distributed as follows. Forr=10,1,2,..., we have
1 AT
Plhn—=r)= ——P(As=r+1) and Pi=r)=Ee 2 =12 (2
EA2 rl

Here My = Yia18Y? and My = X1b,871/2.
(iii) Assume that m/n — +oo. Suppose that EX? < oo and EY; < co. Then d(v;)
converges in distribution to a random variable A3 having the probability distribution

)\T
P(Ay =7) = Ee ™23 r=0,1,.... (3)

rl’
Here A3 = Yia9b;.

Remark 2. The probability distributions Py, of A;, i = 1,2, 3, are Poisson mixtures. One
way to sample from the distribution P,, is to generate random variable \; and then, given
i, to generate Poisson random variable with the parameter ;. The realized value of the
Poisson random variable has the distribution Pj,.

Remark 3. The asymptotic distributions (1) and (3) admit heavy tails. In the case (ii)
we obtain a power law asymptotic degree distribution (1) provided that the heavier of the
tails ¢t — P(m > t) and t — P(A; > t) has a power law, see, e.g., [13]. Similarly, in the
case (iii) we obtain a power law asymptotic degree distribution (3) provided that P, has
a power law.

Remark 4. Since the second moment as does not show up in (1), (2) we expect that in
the case (ii) the second moment condition EX? < oo is redundant and could perhaps be
replaced by the weaker first moment condition EX; < oco.
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Random intersection graphs have attracted considerable attention in the recent liter-
ature, see, e.g., [1, 2, 3,9, 10, 12, 19]. Starting with the paper by Karonski et al [17],
see also [22], where the case of degenerate distributions P, = Py, P, = P, depending on
n was considered (i.e., Py,(c,) = Pa,(c,) = 1, for some ¢, > 0), several more complex
random intersection graph models were later introduced by Godehardt and Jaworski [14],
Spirakis et al. [18], Shang [21]. The asymptotic degree distribution for various random
intersection graph models was shown in [4, 5, 6, 7, 11, 15, 16, 20, 23].

2 Proof

Before the proof of Theorem 1 we introduce some notation and give two auxiliary lemmas.
The event that the edge {w;,v;} is present in H = Hxy is denoted w; — v;. We
denote

m
Hij = H{“’i‘“ﬁ}? I; = L, U; = Z ]Iij, L= Z w;ll;
2<j<n i=1
and remark that w; counts all neighbours of w; in H belonging to the set V'\ {v1}. Denote
D S N D ST
1<i<m 2<j<n

Aij = W’ SXY = ;JZQW)\ZJ mln{l,/\ij}, (4)

and introduce the event A; = {\; < 1,1 < i < m}. We denote , = m/n. By P,
and E; we denote the conditional probability and conditional expectation given Y;. By P
and E we denote the conditional probability and conditional expectation given X,Y. By
dry((, &) we denote the total variantion distance between the probability distributions of
random variables ¢ and £. In the case where (,&, X, Y are defined on the same proba-
bility space we denote by JTV(C ,€) the total variation distance between the conditional
distributions of ( and & given X,Y.

In the proof below we use the following simple fact about the convergence of a sequence
of random variables {5, }:

s, =op(l), Esupsx, <oco = Es, =o0(1). (5)

We remark that the condition Esup,, 7, < oo (which assumes implicitly that all s, are
defined on the same probability space) can be replaced by a more restrictive condition
that there exists a constant ¢ > 0 such that |5, | < ¢, for all n. In the latter case we do not
need all s¢, to be defined on the same probability space. In particular, given a sequence of
bivariate random vectors {(n,,0,)} such that, for every n and m = m,, random variables
Ny On and { X}, {Y;})_, are defined on the same probability space, we have

dTV(nnyen) - OP(]-) = dTV(nna0n> < EJTV(nna0n> = 0(1)

Here and below all limits are taken as n — +oo (if not stated otherwise).
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Lemma 5. Assume that EX? < oo and EY; < co. We have as n — +o0

P(d(v1) # L) = o(1), (6)
P(A;) =1-o0(1), (7)
SXY = Op(l), ESXY = O(]_) (8)

Proof. Proof of (6). We observe that the event A = {d(v;) # L} occurs in the case
where for some 2 < j < n and some distinct 41,15 € [m] the event A;, ,;,; = {w;, —
vy, Wiy — U, W, —> U1, Wy, — v} occurs. From the union bound and the inequality
P(A; ;) <m0 2X? X2Y2Y? we obtain

P(A) =P U U Aiini | <070:Y2Qx. (9)

{i1,32}C[m] 2<j<n
Here Qx = m 23 0 ivcim X Xi- We note that Qx and Y7 are stochastically bounded
and n~ by = op(1) as n — +o0. Therefore, P(A) = op(1). Now (5) implies (6).

Proof of (7). Let A; denote the complement event to .4;. We have, by the union
bound and Markov’s inequality,

Pi(A) <) Pi(Aa = 1) < (nm) Y2 ) EX] =n Yy
i€[m] iclm]
We conclude that P;(A;) = op(1), and now (5) implies P(A;) = EP1(A;) = o(1).

Proof of (8). Since the first bound of (8) follows from the second one, we only prove
the latter. Denote X; = max{X;,1} and Y; = max{Y;,1}. We observe that EX? < oo,
EY; < oo implies

lim EX7Lg =0,  lim EVily ,, =0.

t—+o0 t—+o00

Hence one can find a strictly increasing function ¢ : [1, +00) — [0, +00) with limy_, ;o ¢(%)
= 400 such that R R o
EX?p(X)) < oo, EYi0(Y]) < 0. (10)

We remark that one can find ¢ which satisfies, in addition, the inequalities
p(t) <t and  o(st) <et)p(s), Vst > 1. (11)

For this purpose we choose ¢ of the form ¢(t) = e?™®) where v : [0, +00) — [0, +00) is
a differentiable concave function, which grows slowly enough to satisfy (10) and the first
inequality of (11), and takes value 0 at the origin. We note that the second inequality of
(11) follows from the concavity property of 1. We remark, that (11) implies

t/(st) = s <1/p(s) <p(t)/o(st),  st>1. (12)
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Let Sxy be defined as in (4) above, but with \;; replaced by A;; = X,Y;/y/mn. We
note, that Sxy < SXY Furthermore, from the inequalities

min{1, \;;} < min{l,

A

we obtain Sxy < Sxy < Sky/e(y/nm), where

Sxy = (mn) (Z X )(Z Vi j>>.

1<i<m 2<j<n

We remark that (11) and (12) and imply the third and the first inequality of (13), respec-
tively.

Finally, the bound ESxy = o(1) follows from the inequality Sxy < S%y/@(v/nm)
and the fact that ES%, remains bounded as n,m — 400, see (10). O

In the proof of Theorem 1 we use the following inequality referred to as LeCam’s
inequality, see e.g., [24].

Lemma 6. Let S =1; + 1, + --- 4+ 1, be the sum of independent random indicators with
probabilities P(I; = 1) = p;. Let A be Poisson random variable with mean py + - -+ + p,.
The total variation distance between the distributions Ps of Py of S and A

sup  |P(S € A) —P(A e A) Z|PS k) A=k)|< Y pl (14

Ac{0,1,2...} k>0 1<i<n

Proof of Theorem 1. The case (i). Since P(d(vq) < L) = 1 it suffices to show that
P(L > ¢) = o(1), for any ¢ € (0,1). For this purpose we write P(L > ¢) = EP(L > ¢)
and prove that Py(L > ¢) = op(1), see (5). Here we estimate Py(L > ¢) using the union
bound and Markov’s inequality,

(L>e)< ) Pili=1)<E Y da=+m/niEX; =o0p(1).

1<k<m 1<k<m

The case (ii). Before the proof we introduce some notation. Given XY, let

{Alk}znzla [ = 17 27 37 {57’16}21:17 r= 17 27 37 47 and {éék}znzlv {&/Lk}zn:h (15>

and {n}7, be sequences of conditionally independent (within each sequence) Poisson
random variables with mean values

- ~ - 1 ~ 1
E&, = Z Dkj Ey, = Z Ak E&s, = \/5—le1<;, E&y, = ﬁlek:a

2€j<n 2€j<n

EAy, = Z (Akj — Prj), EAy, = 02X, EAy, =

1
2<j<n Vv 671
Egék = 5’;1/26‘)(/% Egzllk = /B/lek;7 E’)’]k = )\kl-

1
\/E53Xk7
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Here we denote b := min{by, by}, 65 := by —b, 83 := by —b and ' := min{F/2, 5{1/2}. We
recall that E denotes the conditional expectation given X,Y. We assume that, given X, Y,
the sequences {&5,. 1y, {Aak iy, {Ask}i, are conditionally independent, the sequences
{Ii}iy, {&sk}p, are conditionally independent, the sequences {&1x}7,, {Aw}i, are
conditionally independent, and the sequence {n}7-; is conditionally independent of the
sequences (15). We assume, in addition, that for 1 <k <m

Sor = & + A, 1= &y + (B2 = B)bi X, Eap = &y, + (B2 = Bbi X,

Furthermore, we suppose that, given X, Y, the sequence {n;}7, is conditionally inde-
pendent of the subgraph of Hx y spanned by the vertices {vg,...,v,} UW.

Next we introduce several random variables which are intermediate between L and d,:

Lo = Z MU, L,= Z Mk, r=1,2,3,4,

1<k<m 1<ks<m
Ly= Z U(STE AV Ly = Z (€3 + D)
1<k<m 1<k<m

Finally, we denote

fT<t> = Eeitna fr(t) = Z eitrﬁra Dr = A Aklﬂ{&xk:r}’ A= Z Ak,

r=0 1<k<m k=1

§=(fr(t) — DX = (f-(t) — DAy, F(t) = Eeit, F(t) = EeitL,

Here E denotes the conditional expectation given X,Y and &4, ..., . We recall that
E; denotes the conditional expectation given Y.

Let us prove the statement (ii). In view of (6) the random variables d(v;) and L have
the same asymptotic distribution (if any). We shall show that L converges in distribution
to (1). We proceed in two steps. Firstly, we approximate the distribution of L by that of
L, using LeCam’s inequality, see Lemma 6, and a coupling argument. Secondly, we prove
the convergence of the characteristic functions Ee®*t — Ee®® . Here and below i = /—1
denotes the imaginary unit.

Step 1. Let us show that L and L, have the same asymptotic probability distribution
(if any). To this aim we prove that

dTV(L; Lo) = 0(1), dT\/<L07 Ll) = 0(1)7 (16)
E|Ly — Lyl = o(1),  Ly—Ly=op(1),  E|Ls—Li| = o(1), (17)

and observe that Lo (respectively Ls) has the same distribution as L/, (respectively L}).
~ Let us prove the first bound of (16). In view of (5) it suffices to show that
drv (Lo, L) = op(1). In order to prove the latter bound we apply the inequality

drv (Lo, L)Ly, < n”'Y32a, (18)
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shown below. We remark that (18) implies
drv (Lo, L) < drv (Lo, L)La, + I, < n7'YPan + Iz, = op(1).

Here n~'Y?as = op(1), because Ya, is stochastically bounded. Furthermore, the bound
I, = op(1) follows from (7). It remains to prove (18). We denote L, = S Ty +
> i1 Miug and write, by the triangle inequality,

TV(I/k—la I/k)

Ms

dTV(LO) L)

B
Il

1

Then we estimate dry (Le_1, L) < dpy (e, Ii) < (nm)~'Y2X2. Here the first inequality
follows from the properties of the total variation distance. The second inequality follows
from Lemma 6 and the fact that on the event A; we have py; = Ag1.

~ Let us prove the second bound of (16). In view of (5) it suffices to show that
drv (Lo, L) = op(1). We denote Lj = Zle muy + ngﬂ &y and write, by the triangle
inequality,

drv(Lo, L) < Y _drv(Ly_y. L}). (19)
k=1
Here 3 . 3 .
drv(Ly_q, Ly) < drv (kuk, neéix) < P(nk # 0)dry (uk, E1k)- (20)

Now, invoking the inequalities f’(nk #0)=1—e M < )\ and JTV(uk, &1k) < 2?22 pij,
we obtain the desired bound from (8), (19) and (20)

drv (Lo, L) < Z Ak1 Zpkﬂ Y1Sxy = op(1).

Let us prove the first bound of (17). We observe that

\Lz —Lﬂ =Ly— L) = Z ﬂkAlk

1<k<m

and

E Z UITASTRES Z Akl Z (Mg — DIy, >13 < YiSxy.

1<k<m 1<k<m 2<j<n
Hence, we obtain E|Ly — L;| < EY]ESxy = o(1), see (8).

Let us prove the second bound of (17). It suffices to show that E|L, — Lj| = op(1).
We have 3 )

In the last step we used the fact that Yia, = Op(1) and by — by = op(1).
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The third bound of (17) is straightforward

E|Ls — L4| < ‘% - %‘51 Z En. Xy, = ‘1 - %

1<k<m

b%ag = 0(1)

Step 2. Here we show that for every real ¢ we have EA(t) = o(1), where A(t) =
etle — ¢itd«  To this aim we prove that for any realized value Y; there exists a positive
constant ¢ = ¢(t, Y]) such that for every 0 < ¢ < 0.5 we have

limsup |[E(A(#)|Y1)] < ce. (22)
n,m—-+o0o
Clearly, (22) implies E(A(¢)|Y1) = o(1). This fact together with the simple inequality

|A(t)| < 2 yields the desired bound EA(t) = o(1), by Lebesgue’s dominated convergence
theorem.

We fix 0 < € < 0.5 and prove (22). Introduce event D = {|a; — a1| < emin{1,a,}}
and let D denote the complement event. Furthermore, select a number 7' > 1/¢ such that
P(r > T) <e. By ¢1,¢a,... we denote positive numbers which do not depend on n, m.

We observe that, given Y, the conditional distribution of d, is the compound Poisson
distribution with the characteristic function f(t) = eM(7(=D  Similarly, given X,Y
and &1, ..., §am, the conditional distribution of L, is the compound Poisson distribution
with the characteristic function f(t) = e*/*®=1_ In the proof of (22) we exploit the
convergence A — \; and f,(t) — f,(t). In what follows we assume that m,n are so large
that 8 < 283, < 48.

Let us show (22). For this purpose we write

E(AW)|Y)) = E1A(t) =1, + I, I, = E;A(t)Ip, L =E A(t)5

and estimate I; and I,. We have |I;| < 2P(D) = 2P(D) = o(1), by the law of large
numbers.

Now we show that I} < ce +0(1). Combining the identity E;A(t) = E; f(t)(e® — 1)
with the inequalities | f(¢)| < 1 and |e® — 1] < |s|e!*! we obtain

11| < Eq]6]ellp < ¢t By |6]Tp. (23)
Here we estimated el?l < 81 =: ¢; using the inequalities
0] <20 +2),  A=Yi824, <3\

We remark that the last inequality holds for 3, < 28 provided that the event D occurs.
We shall show below that

E1|5|]ID < (CQ + )\103 + )\104)6 + 0(1) (24)

This inequality together with (23) yields the desired upper bound for I;.
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Let us prove (24). We write
0= (ﬁ'(t) - 1)<5‘ - )‘1> + (ﬁ'(t) - fT(t))/\l

and estimate
0] <200 = M[ + M| f-(2) = £- ().
Now, from the inequalities |a; — a1| < € and (5, < 2 we obtain

A= M| < Vilag — alBY? + Yiay | B2 — BY?] < 2Y1 8126 + o(1).

Hence, E|A — A\ [Ip < cze + o(1), where ¢, = 2Y; /2. We complete the proof of (24) by
showing that

E\|f-(t) = f(t)[Ip < (c3 + ca)e + o(1). (25)
In order to prove (25) we split
(1) Z e (pr — pr) = Ry — Ry + Ry,
r=0

and estimate separately the terms

Rl = Z eztrpm RQ - Z eztrpm RS - Z eitT(pr - pr)-

r>T r>T 0<r<T
Here we denote p, = P(m; = r). The upper bound for Ry follows by the choice of T
|Rs| < ZPT =P(n>T)<e
r=T
Next, combining the identity p, = (a;m)~! > 1<kem Xkliey=ry With the inequalities
|R1| < (aym)~ Z Z Xilgey=ry = (1)~ Z Xilge o> (26)

r2T 1<k<m 1<ks$m
and a;'Ip < 2a;", we estimate

Ei|Ri|lp < 2a; By (Xile, o) < 207 T B (Xiéar) = 207 ashy 5%

Hence, we obtain E;|R;|Ip < cse, where ¢4 = 2a; tasb 3712

Now we estimate R3. We denote p/. = (a1/a1)p, and observe that the inequality
a1 — a| < ea; implies |a;a; — 1] < & and

[ D> b —p)l<e ) pr<e

o<r<T o<r<T

In the last inequality we use the fact that the probabilities {p, },~0 sum up to 1. It follows
now that

|Ra|lp < e+ Z P} — prl-

o<r<T
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Furthermore, observing that E;p/. = ailEle]I{&k:T} = p,, for 1 < k < m, we obtain
Ei[p. — p,|* = m ' Ei|a Xilieomy — 0o <mTlaPEX.
Hence, E{|p.. — p.| = O(m~/2). We conclude that
E|Rs|lp < e+ O(|T|m™?) = ¢ 4 o(1),

thus completing the proof of (25).
The case (iii). Before the proof we introduce several random variables. Given ¢ €
(0,1), denote

o= Ly gty o We= XiB oI, 1<k<m, and  y= > Aam
1<k<m
Given X,Y, let Iy, ..., L, be conditionally independent Bernoulli random variables with

success probabilities o o

We assume that, given X,Y, the sequences {I}7,, {I;}7, and {€3;}7, (see (15)) are
conditionally independent. Furthermore, introduce random variables

Ly = Z IIRST L¢ = Z I T, L; = Z T I

1<k<m 1<k<m 1<k<m

and let Lg be a random variable with the distribution P(Lg = r) = Ee 74" /r!l, for
r=20,1,.... We remark that the probability distribution of Lg is a Poisson mixture, i.e.,
the Poisson distribution with random parameter .

We note that by (16) and the first two bounds of (17), the random variables L and
L3 have the same asymptotic distribution (if any). Now we prove that Lz converges in
distribution to Aj. For this purpose we show that for any ¢ € (0,1)

drv(Ls, Ls) = o(1), E|L; — Lg| = o(1), (27)
drv(Lg, L7) < agbie, drv (L7, Ls) = o(1), (28)
Ee'tls — Ee™s = o(1). (29)

Let us prove (27). The first bound of (27) is obtained in the same way as the first
bound of (16). To show the second bound of (27) we write

E|Ls — Lg| = Z (1 - T,)ELES), < Yibym™ Z (1-1)X3

1<k<m 1<k<m

and obtain )
E|L; — L¢| = EE|Ls — Lo| < BEXTL 12, -y = o(1).

We note that the right hand side tends to zero since 3, — +o0.
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Let us prove the first inequality of (28). Proceeding as in (19), (20) and using the
identity I, = I;I) we write

dry(Le, L7) < Y LGP # 0)dry (S, L)

1<k<m

Next, we estimate ]I;cZTV(fgk,TIk) < 72, by LeCam'’s inequality (14), and invoke the in-
equality P(I; # 0) < Ay1. We obtain

drv(Le, L7) < Y Tdai <e Y T < eYibiaa.

1<k<m 1<k<m

Here we estimated 72 < ev;. Now the inequalities dpy (Lg, L) < Edpy (Lg, L7) < agbe
imply the first relation of (28).

3 Let us prove the second relation of (28). In view of (5) it suffices to show that
drv (L7, Lg) = op(1). For this purpose we write

drv (L, Ls) < Laydrv (L, Ls) + Iy,
where I3 = op(1), see (7), and estimate using LeCam’s inequality (14)

Taydry(Lz, Ls) <Ta, Y PALle = DI, =Ta, Y Ak < 07YPm ™ lag = op(1).

1<k<m 1<k<m

In the last step we used the fact that EX? < oo implies m™'a, = op(1).

Finally, we show (29). We write Ee’’s = ¢7(¢"~1) and observe that

Yibias — v = op(1). (30)

Furthermore, since for any real ¢ the function z — e*@" =1 is bounded and uniformly

continuous for z > 0, we conclude that (30) implies the convergence
Ee’itLg — Ee'y(enfl) N E6Y1b1a2(6“71) — Eeit/\'g,'

It remains to prove (30). We write Y1byas — v = Y1b1(ay — ag) + Y1b1d2 — v and note that
as — as = op(1), by the law of large numbers, and

0 < E(Yibias — ) = bQEXf]I{X a1/, 50y = 0(1):
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