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Abstract

We construct the first explicit example of a simplicial 3-ball B15,66 that is not
collapsible. It has only 15 vertices. We exhibit a second 3-ball B12,38 with 12
vertices that is collapsible and not shellable, but evasive. Finally, we present the
first explicit triangulation of a 3-sphere S18,125 (with only 18 vertices) that is not
locally constructible. All these examples are based on knotted subcomplexes with
only three edges; the knots are the trefoil, the double trefoil, and the triple trefoil,
respectively. The more complicated the knot is, the more distant the triangulation
is from being polytopal, collapsible, etc. Further consequences of our work are:
(1) Unshellable 3-spheres may have vertex-decomposable barycentric subdivisions.

(This shows the strictness of an implication proven by Billera and Provan.)
(2) For d-balls, vertex-decomposable implies non-evasive implies collapsible, and

for d = 3 all implications are strict. (This answers a question by Barmak.)
(3) Locally constructible 3-balls may contain a double trefoil knot as a 3-edge

subcomplex. (This improves a result of Benedetti and Ziegler.)
(4) Rudin’s ball is non-evasive.

Keywords: knots in triangulations, shellability, local constructibility, non-evasiveness,
collapsibility, discrete Morse theory
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1 Introduction

Collapsibility is a combinatorial property introduced by Whitehead, and somewhat
stronger than contractibility. In 1964, Bing proved using knot theory that some triangula-
tions of the 3-ball are not collapsible [12, 19]. Bing’s method works as follows. One starts
with a finely-triangulated 3-ball embedded in the Euclidean 3-space. Then one drills a
knot-shaped tubular hole inside it, stopping one step before destroying the property of
being a 3-ball; see Figure 1. The resulting 3-ball contains a knot that consists of a sin-
gle interior edge plus many boundary edges. This interior edge is usually called knotted
spanning. If the knot is sufficiently complicated (like a double, or a triple trefoil), Bing’s
ball cannot be collapsible [12, 19]; see also [8]. In contrast, if the knot is simple enough
(like a single trefoil), then the Bing ball may be collapsible [25].

Figure 1: A triple trefoil drilled inside a ball, stopping one edge before perforating it,
yields a non-collapsible 3-ball.

Thus the existence of a short knot in the triangulation prevents a 3-ball from having a
desirable combinatorial property, namely, collapsibility. This turned out to be a recurrent
motive in literature. In the Eighties, several authors asked whether all 3-spheres are
shellable. This was answered in 1991 by Lickorish in the negative [24]: The presence in
a 3-sphere of a triple trefoil on three edges prevents it from being shellable. It remained
open whether all spheres are constructible (a slighly weaker property than shellability).
However, in 2000 Hachimori and Ziegler [21] showed that the presence of any non-trivial
knot on three vertices in a 3-sphere even prevents it from being constructible. Finally,
in 1994 the physicists Durhuus and Jonsson [15] asked whether all 3-spheres are locally
constructible. Once again, a negative answer, based on Lickorish’s original argument, was
found using knot theory; see Benedetti–Ziegler [11].
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These examples represent spheres that are far away from being polytopal. Thus,
they are good candidates for testing properties that are true for polytopes, but only
conjectured to be true for spheres. Moreover, they represent good test instances for
algorithms in computational topology, as they are complicated triangulations of relatively
simple spaces.

Unfortunately, the knotted counterexamples mentioned so far have a defect: They
are easy to explain at the blackboard, but they yield triangulations with many vertices.
The purpose of this paper is to come up with analogous ‘test examples’ that are smaller
in size, but still contain topological obstructions that prevent them from having nice
combinatorial properties.

A first idea to save on the number of faces is to start by realizing the respective knot
in 3-space, using (curved) arcs. Obviously, any knot can be realized with exactly three
arcs in R3 (we just need to draw it and insert three vertices along the knot). If we thicken
the arcs into three ‘bananas’, the resulting 3-complex P is homeomorphic to a solid torus
pinched three times. By inserting 2-dimensional membranes, P can be made contractible,
and then it can be thickened to a 3-ball (or a 3-sphere) simply by adding cones. This
approach costs a lot of manual effort, but a posteriori, it allows us to obtain new insight.
In fact, here comes the second idea: We can ask a computer to perform random bistellar
flips to the triangulation of the ball, without modifying the subcomplex P . Performing the
flips according to a simulated annealing strategy [13] we were able to decrease the size
of the triangulation, but for sure the flips will preserve the knotted substructure and its
number of arcs.

This construction was introduced by the second author in [29], who applied it to the
single trefoil, thereby obtaining a knotted 3-ball B12,38 with 12 vertices and 38 tetrahedra.
Here we apply the method to the double trefoil and the triple trefoil. The resulting spheres
turn out to be interesting in connection with some properties which we will now describe.

The notion of evasiveness has appeared first in theoretical computer science, in
Karp’s conjecture on monotone graph properties. Kahn, Saks and Sturtevant [23] ex-
tended the evasiveness property to simplicial complexes, showing that non-evasiveness
strictly implies collapsibility. One can easily construct explicit examples of collapsible
evasive 2-complexes in which none of the vertex-links is contractible [6]; see also [9].
Basically there are three known ways to prove that a certain complex E is evasive:

(A) One shows that none of its vertex-links is contractible, cf. [6];
(B) one proves that the Alexander dual of E is evasive, cf. [23];
(C) one shows (for example, via knot-theoretic arguments [12]) that E is not even

collapsible.
But are there collapsible evasive balls? And if so, how do we prove that they are evasive?
Clearly, none of the approaches above would work. This was asked to us by Barmak
(private communication). Once again, we found a counterexample in the realm of knot-
ted triangulations: specifically, Lutz’s triangulation B12,38, which contains a single-trefoil
knotted spanning edge.

Main Theorem 1. The 3-ball B12,38 is collapsible and evasive. However, it is not
shellable and not locally constructible.
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To prove collapsibility, we tried, using the computer, several collapsing sequences, until
we found a lucky one. To show evasiveness, we used some sort of ‘trick’: We computed
the homology of what would be left from B12,38 after deleting roughly half of its vertices.
It turns out that deleting five vertices from B12,38 (no matter which ones) yields almost
always some complex with non-trivial homology. From that we were able to exclude
non-evasiveness.

En passant, we also prove the non-evasiveness of other existing triangulations that
were known to be collapsible, like Rudin’s ball (Theorem 6.3) or Lutz’s triangulations
B7,10 [27] and B9,18 [26].

Main Theorem 1 can be viewed as an improvement on the result from 1972 by
Lickorish–Martin [25] and Hamstrom–Jerrard [22] that a ball with a knotted spanning
edge can be collapsible. Recently Benedetti–Ziegler [11] constructed a similar example
with all vertices on the boundary. In contrast, our B12,38 has exactly one interior vertex.
We also mention that B12,38 is the first example of a manifold that admits a perfect dis-
crete Morse function, but cannot admit a perfect Fourier–Morse function in the sense of
Engström [17]. In fact, a complex is non-evasive if and only if it admits a Fourier–Morse
function with only one critical cell.

Vertex-decomposability is a strengthening of shellability, much like non-evasive-
ness is a strengthening of collapsibility. It was introduced by Billera and Provan in 1980,
in connection with the Hirsch conjecture [31]. For 3-balls, we have the following diagram
of implications:

vertex-decomposable ⇒ shellable
⇓ ⇓

non-evasive ⇒ collapsible

In addition, the barycentric subdivision of any shellable complex is vertex-decompos-
able [31] — and the barycentric subdivision of any collapsible complex is non-evasive [33].
What about the converse? Can an unshellable ball or sphere become vertex-decomposable
after a single barycentric subdivision? The answer is positive. The barycentric subdivision
of B12,38 is, in fact, vertex-decomposable. The same holds for S13,56, the unshellable 3-
sphere obtained coning off the boundary of B12,38; see Proposition 6.8.

Next, we turn to a concrete question from discrete quantum gravity. Suppose
that we wish to take a walk on the various triangulations of S3, by starting with the bound-
ary of the 4-simplex and performing a random sequence of bistellar flips (also known as
‘Pachner moves’). All triangulated 3-spheres can be obtained this way [30], but some may
be less likely to appear than others, like the 16-vertex triangulation S16,104 by Dougherty,
Faber and Murphy [14]; see also [5]. (In fact, any ‘Pachner walk’ from the boundary of the
4-simplex to S16,104 must pass through spheres with more than 16 vertices.) This ‘random
Pachner walk’ model is used in discrete quantum gravity, by Ambjørn, Durhuus, Jonsson
and others, to estimate the total number of triangulations of S3 [3, 4]. Durhuus and
Jonsson have also developed the property of local constructibility, conjecturing it would
hold for all 3-spheres [15]. As we said, the conjecture was negatively answered in [11], but
it remained unclear how difficult it is to reach counterexamples, using a random Pachner
walk. In other words: How outspread should the simulation be, before we have the chance
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to meet a non-locally constructible sphere?
Here we answer this question by presenting the first explicit triangulation of a non-

locally constructible 3-sphere. For that, we have to adapt the construction of B12,38 from
the single trefoil to the triple trefoil. In the end, we manage to use only 18 vertices. The
surprise is that via Pachner moves, the final triangulation is reachable rather straightfor-
wardly.

Main Theorem 2. Some 17-vertex triangulation B17,95 of the 3-ball contains a triple
trefoil knotted spanning edge. This B17,95 is not collapsible. Coning off the boundary of
B17,95 one obtains a knotted 3-sphere S18,125 that is not locally constructible. Removing
any tetrahedron from S18,125 one obtains a knotted 3-ball that is neither locally constructible
nor collapsible. This S18,125 is ‘3-stellated’, in the notation of Bagchi–Datta [5]: it can be
reduced to the boundary of a 4-simplex by using 94 Pachner moves that do not add further
vertices.

After dealing with the single trefoil and the triple trefoil, let us turn to the intermediate
case of the double trefoil. By the work of Benedetti–Ziegler, any 3-ball containing a 3-edge
knot in its 1-skeleton cannot be locally constructible if the knot is the sum of three or
more trefoils [11]. But is this bound best possible? In [11] it is shown with topological
arguments that a collapsible 3-ball may contain a double trefoil knot on 3 edges. Recall
that locally constructible 3-balls are characterized by the property of collapsing onto their
boundary minus a triangle [11]. This is stronger than just being collapsible. It remained
unclear whether a locally constructible 3-ball may indeed contain a double trefoil on three
edges.

We answer this question affirmatively in Section 4. As before, the key consists in
triangulating cleverly, so that computational approaches may succeed. On the way to
this result, we produce a smaller example of a non-collapsible ball, using only 15 vertices
and 66 tetrahedra.

Main Theorem 3. Some 15-vertex triangulation B15,66 of the 3-ball contains a double
trefoil knotted spanning edge. This B15,66 is not collapsible. Coning off the boundary of
B15,66 one obtains a knotted 3-sphere S16,92 that is locally constructible. Removing the
tetrahedron 1 9 14 15 from S16,92 one obtains a knotted 3-ball that is collapsible and locally
constructible.

Now, for each d > 3 one has the following hierarchy of combinatorial properties of
triangulated d-spheres [11]:

{vertex-decomposable} ( {shellable} ⊆ {constructible} ( {LC} ( {all d-spheres}.

An analogous hierarchy holds for d-balls (d > 3) [11]:

{vertex-decomposable} ( {shellable} ( {constructible} ( {LC}

(

{

collapsible onto
(d− 2)-complex

}

( {all d-balls}.
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Table 1: List of 3-balls and 3-spheres and their properties.

Trefoils 3-ball B 3-Sphere ∂(v ∗B) 3-ball ∂(v ∗B)− Σ

0 B7,10 sh., NE, non-VD S8,20 VD B8,19 VD

0 B8,13 sh., non-VD S9,25 sh., non-VD B9,24 sh.

0 B9,18 constr., NE, non-sh. S10,32 sh. B10,31 sh.

1 B12,38 coll., evasive, non-LC S13,56 LC, non-constr. B13,55 LC, non-constr.

2 B15,66 non-coll. S16,92 LC, non-constr. B16,91 LC, non-constr.

3 B17,95 non-coll. S18,125 non-LC B18,124 non-coll.

Note: VD = vertex-decomposable, sh. = shellable, constr. = constructible, LC = locally constructible,

coll. = collapsible, NE = non-evasive. “Trefoils: t” means “containing a t-fold trefoil on 3 edges”.

(When d = 3, “collapsible onto a 1-complex” is equivalent to “collapsible”.)
Here is another interesting hierarchy for balls, which can be merged with the previous

one.

Main Theorem 4. There are the following inclusion relations between families of sim-
plicial d-balls:

{vertex-decomposable} ⊆ {non-evasive} ⊆ {collapsible} ⊆ {all d-balls}.

For 2-balls all inclusions above are equalities, whereas for 3-balls all inclusions above are
strict. More precisely, we have the following ‘mixed’ hierarchy:

{vertex-decomposable} (

{

shellable AND
non-evasive

}

(

{

shellable OR
non-evasive

}

( {collapsible} ( {all 3-balls}.

2 Background

2.1 Combinatorial properties of triangulated spheres and balls

A d-complex is pure if all of its top-dimensional faces (called facets) have the same di-
mension.

A pure d-complex C is constructible if either (1) C is a simplex, or (2) C is a disjoint
union of points, or (3) d > 1 and C can be written as C = C1 ∪C2, where C1 and C2 are
constructible d-complexes and C1 ∩ C2 is a constructible (d− 1)-complex.

A pure d-complex C is shellable if either (1) C is a simplex, or (2) C is a disjoint union
of points, or (3) d > 1 and C can be written as C = C1 ∪ C2, where C1 is a shellable
d-complex, C2 is a d-simplex, and C1 ∩ C2 is a shellable (d− 1)-complex.

A pure d-complex C is vertex-decomposable if either (1) C is a simplex, or (2) C is a
disjoint union of points, or (3) d > 1 and there is a vertex v in C (called shedding vertex )

the electronic journal of combinatorics 20(3) (2013), #P31 6



such that del(v, C) and link(v, C) are both vertex-decomposable (and del(v, C) is pure
d-dimensional).

A (not necessarily pure!) d-complex C is non-evasive if either (1) C is a simplex, or
(2) C is a single point, or (3) d > 1 and there is a vertex v in C such that del(v, C) and
link(v, C) are both non-evasive.

An elementary collapse is the simultaneous removal from a d-complex C of a pair of
faces (σ,Σ) with the prerogative that Σ is the only face properly containing σ. (This
condition is usually abbreviated in the expression ‘σ is a free face of Σ’; some complexes
have no free face). If C ′ := C − Σ − σ, we say that the complex C collapses onto the
complex C ′. Even if C is pure, this C ′ need not be pure. We say that the complex C

collapses onto D if C can be reduced to D by some finite sequence of elementary collapses.
A (not necessarily pure) d-complex C is collapsible if it collapses onto a single vertex.

A simplicial 3-ball is locally constructible (or shortly LC ) if it can be collapsed onto
its boundary minus a triangle. A simplicial 3-sphere is locally constructible (or shortly
LC ) if the removal of some tetrahedron makes it collapsible onto one of its vertices.

2.2 Perfect discrete Morse functions

A map f : C → R on a simplicial complex C is a discrete Morse function on C if for each
face σ

(i) there is at most one boundary facet ρ of σ such that f(ρ) > f(σ) and
(ii) there is at most one face τ having σ as boundary facet such that f(τ) 6 f(σ).

A critical face of f is a face of C for which
(i) there is no boundary facet ρ of σ such that f(ρ) > f(σ) and
(ii) there is no face τ having σ as boundary facet such that f(τ) 6 f(σ).

A collapse-pair of f is a pair of faces (σ, τ) such that
(i) σ is a boundary facet of τ and
(ii) f(σ) > f(τ).
Forman [18, Section 2] showed that for each discrete Morse function f the collapse

pairs of f form a partial matching of the face poset of C. The unmatched faces are
precisely the critical faces of f . Each complex C endowed with a discrete Morse function
is homotopy equivalent to a cell complex with exactly one cell of dimension i for each
critical i-face [18]. In particular, if we denote by ci(f) the number of critical i-faces of f ,
and by βi(C) the i-th Betti number of C, one has

ci(f) > βi(C)

for all discrete Morse functions f on C. These inequalities need not be sharp. If they are
sharp for all i, the discrete Morse function is called perfect. However, for each k and for
each d > 3 there is a d-sphere S [8] such that for any discrete Morse function f on S, one
has

cd−1(f) > k + βd−1(S) = k.
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2.3 Knots and knot-theoretic obstructions

A knot is a simple closed curve in a 3-sphere. All the knots we consider are tame, that is,
realizable as 1-dimensional subcomplexes of some triangulated 3-sphere. A knot is trivial
if it bounds a disc; all the knots we consider here are non-trivial. The knot group is the
fundamental group of the knot complement inside the ambient sphere. For example, the
knot group of the trefoil knot (and of its mirror image) is 〈 x, y |x2 = y3 〉. Ambient isotopic
knots have isomorphic knot groups. A connected sum of two knots is a knot obtained by
cutting out a tiny arc from each and then sewing the resulting curves together along the
boundary of the cutouts. For example, summing two trefoils one obtains the “granny
knot”; summing a trefoil and its mirror image one obtains the so-called “square knot”.
When we say “double trefoil”, we mean any of these (granny knot or square knot): From
the point of view of the knot group, it does not matter. A knot is m-complicated if
the knot group has a presentation with m + 1 generators, but no presentation with m

generators. By “at least m-complicated” we mean “k-complicated for some k > m”.
There exist arbitrarily complicated knots: Goodrick [19] showed that the connected sum
of m trefoil knots is at least m-complicated.

A spanning edge of a 3-ball B is an interior edge that has both endpoints on the
boundary ∂B. An L-knotted spanning edge of a 3-ball B is a spanning edge xy such that
some simple path on ∂B between x and y completes the edge to a (non-trivial) knot L.
From the simply-connectedness of 2-spheres it follows that the knot type does not depend
on the boundary path chosen; in other words, the knot is determined by the edge. More
generally, a spanning arc is a path of interior edges in a 3-ball B, such that both extremes
of the path lie on the boundary ∂B. If every path on ∂B between the two endpoints of
a spanning arc completes the latter to a knot L, the arc is called L-knotted. Note that
the relative interior of the arc is allowed to intersect the boundary of the 3-ball; compare
Ehrenborg–Hachimori [16].

Below is a list of known results on knotted spheres and balls. As for the notation, if
B is a 3-ball with a knotted spanning edge, by SB we will mean the 3-sphere ∂(v ∗ B),
where v is a new vertex. By Lt we denote a connected sum of t trefoil knots.

Theorem 2.1 (Benedetti/Ehrenborg/Hachimori/Ziegler). Any 3-ball with an Lt-knotted
spanning arc of t edges cannot be LC [8], but it can be collapsible [11, 25]. An arbitrary
3-ball with an L1-knotted spanning arc of less than 3 edges cannot be shellable nor con-
structible [21]. In contrast, some shellable 3-balls have a L1-knotted spanning arc of 3
edges [21].

Theorem 2.2 (Adams et al. [1, Theorem 7.1]). Any knotted 3-ball in which the knot Lt

is realized with e edges cannot be rectilinearly embeddable in R3 if e 6 2t+ 3.

Theorem 2.3 (Benedetti/Ehrenborg/Hachimori/Shimokawa/Ziegler). A 3-sphere or a
3-ball, with a subcomplex of m edges, isotopic to the sum of t trefoil knots,
— cannot be vertex-decomposable if t > ⌊m

3
⌋ [21],

— cannot be constructible/shellable if t > ⌊m
2
⌋ [16, 20], and

— cannot be LC if t > m [11].
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The first two bounds are known to be sharp [16, 21]; the latter bound is also sharp, as far
as spheres are concerned [7, 11].

Theorem 2.4 (Benedetti/Lickorish [8, 24]). Let S be a 3-sphere with a subcomplex of m
edges, isotopic to the sum of t trefoil knots. For any discrete Morse function f on S, one
has

c2(f) > t−m+ 1.

3 The single trefoil

In this section, we study the 3-ball B12,38 introduced in [29] and given by the following 38
facets:

2 3 4 7, 2 3 4 10, 2 3 7 10, 2 4 5 7, 2 4 5 10, 2 5 7 13, 2 5 8 10, 2 5 8 13,
2 6 9 11, 2 6 11 13, 2 6 12 13, 2 7 8 10, 2 7 8 11, 2 7 11 13, 2 8 9 11, 2 8 9 12,
2 8 12 13, 3 4 6 7, 3 4 6 10, 3 5 8 13, 3 5 9 11, 3 5 9 13, 3 6 7 12, 3 6 10 13,
3 6 12 13, 3 7 10 12, 3 8 9 11, 3 8 9 12, 3 8 12 13, 3 9 10 12, 3 9 10 13, 4 5 6 7,
4 5 6 10, 5 6 7 9, 5 6 9 11, 5 6 10 11, 5 7 9 13, 6 10 11 13.

The ball is contructed in a way such that the edge 2 3 is a knotted spanning edge for B12,38,
the knot being a single trefoil. In particular, by Theorem 2.1, B12,38 is not shellable, not
constructible and not LC. Here we show that:
(1) B12,38 is not rectilinearly-embeddable in R3;
(2) B12,38 is evasive;
(3) B12,38 is collapsible;
(4) The 3-sphere ∂(1 ∗B12,38) minus the facet 1 2 6 9 is an LC knotted 3-ball.

Proposition 3.1. B12,38 is not rectilinearly-embeddable in R3.

Proof. The boundary of B12,38 consists of the following 18 triangles:

2 6 9, 2 6 12, 2 9 12, 3 5 8, 3 5 11, 3 8 11, 5 8 10, 5 10 11, 6 7 9,
6 7 12, 7 8 10, 7 8 11, 7 9 13, 7 10 12, 7 11 13, 9 10 12, 9 10 13, 10 11 13.

In particular, the four edges 2 6, 6 7, 7 8 and 3 8 form a boundary path from the vertex 2
to the vertex 3. Together with the interior edge 2 3, this path closes up to a pentagonal
trefoil knot. By Theorem 2.2, B12,38 cannot be rectilinearly embedded in R3, because the
stick number of the trefoil knot is 6.

Proposition 3.2. B12,38 is collapsible, but not LC.

Proof. By Theorem 2.1, B is not LC; in particular, B does not collapse onto its boundary
minus a triangle. So, in the first phase of the collapse (the one in which the tetrahedra
are collapsed away) we have to remove several boundary triangles in order to succeed.
Now, finding a collapse can be difficult, but verifying the correctness of a given collapse
is fast. The following is a certificate of the collapsibility of B12,38.
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First phase (pairs “triangle” → “tetrahedron”):

10 11 13 → 6 10 11 13, 7 9 13 → 5 7 9 13, 6 10 11 → 5 6 10 11, 5 6 11 → 5 6 9 11,
2 6 12 → 2 6 12 13, 5 7 9 → 5 6 7 9, 9 10 12 → 3 9 10 12, 7 11 13 → 2 7 11 13,
5 9 11 → 3 5 9 11, 2 7 13 → 2 5 7 13, 3 9 12 → 3 8 9 12, 2 6 13 → 2 6 11 13,
3 8 12 → 3 8 12 13, 3 9 11 → 3 8 9 11, 7 10 12 → 3 7 10 12, 8 9 12 → 2 8 9 12,
6 10 13 → 3 6 10 13, 3 5 8 → 3 5 8 13, 6 9 11 → 2 6 9 11, 8 12 13 → 2 8 12 13,
3 6 13 → 3 6 12 13, 3 10 13 → 3 9 10 13, 3 5 13 → 3 5 9 13, 6 7 12 → 3 6 7 12,
3 6 7 → 3 4 6 7, 5 6 7 → 4 5 6 7, 7 8 11 → 2 7 8 11, 2 9 11 → 2 8 9 11,
3 4 6 → 3 4 6 10, 4 5 7 → 2 4 5 7, 5 6 10 → 4 5 6 10, 3 4 10 → 2 3 4 10,
2 4 7 → 2 3 4 7, 2 3 7 → 2 3 7 10, 5 8 10 → 2 5 8 10, 5 8 13 → 2 5 8 13,

7 8 10 → 2 7 8 10, 2 4 5 → 2 4 5 10.

Second phase (pairs “edge” → “triangle”):

8 12 → 2 8 12, 7 8 → 2 7 8, 7 13 → 5 7 13, 8 10 → 2 8 10, 9 11 → 8 9 11,
7 9 → 6 7 9, 10 11 → 5 10 11, 7 11 → 2 7 11, 5 8 → 2 5 8, 9 12 → 2 9 12,

7 12 → 3 7 12, 5 11 → 3 5 11, 3 5 → 3 5 9, 5 7 → 2 5 7, 10 12 → 3 10 12,
3 11 → 3 8 11, 6 7 → 4 6 7, 4 7 → 3 4 7, 2 7 → 2 7 10, 8 11 → 2 8 11,
2 12 → 2 12 13, 10 13 → 9 10 13, 3 4 → 2 3 4, 2 3 → 2 3 10, 7 10 → 3 7 10,
9 10 → 3 9 10, 3 10 → 3 6 10, 6 10 → 4 6 10, 4 6 → 4 5 6, 4 5 → 4 5 10,
2 4 → 2 4 10, 3 6 → 3 6 12, 2 10 → 2 5 10, 3 12 → 3 12 13, 12 13 → 6 12 13,
2 5 → 2 5 13, 5 6 → 5 6 9, 6 13 → 6 11 13, 5 13 → 5 9 13, 11 13 → 2 11 13,

2 13 → 2 8 13, 9 13 → 3 9 13, 6 9 → 2 6 9, 3 9 → 3 8 9, 3 8 → 3 8 13,
2 8 → 2 8 9, 6 11 → 2 6 11.

Third phase (pairs “vertex” → “edge”):

12 → 6 12, 4 → 4 10, 6 → 2 6, 10 → 5 10, 11 → 2 11, 5 → 5 9,
7 → 3 7, 2 → 2 9, 9 → 8 9, 3 → 3 13, 13 → 8 13.

The above collapsing sequence was found with the randomized approach of [10].

Proposition 3.3. B12,38 is evasive.

Proof. Let us establish some notation first. We identify each vertex of B12,38 with its
label, which is an integer in A := {2, . . . , 13}. For each subset S of A, we denote by CS

the complex obtained from B12,38 by deleting the vertices in S.
Now, suppose by contradiction that B is non-evasive. The vertices of B12,38 can be

reordered so that their progressive deletions and links are non-evasive. In particular, there
exists a five-element subset F of A such that CF is non-evasive.

With the help of a computer program, we checked the homologies of all complexes
obtained by deleting five vertices from B. Since the order of deletion does not matter,
there are only

(

12

5

)

= 792 cases to check, so the computation is extremely fast. It turns
out that these homologies are never trivial, except for the following three cases:
(1) F1 = {4, 5, 8, 10, 11},
(2) F2 = {4, 5, 10, 11, 12},
(3) F3 = {4, 6, 7, 9, 12}.

the electronic journal of combinatorics 20(3) (2013), #P31 10



1

2 34

5

6

7

8 9

10

11
12

13

14 15

16

17
18

19

20

21
22 232425

26

27

28

29

30

31

32

Figure 2: The double trefoil in the sphere S33,192.

So, the non-evasive complex CF whose existence was postulated above must be either CF1
,

or CF2
, or CF3

. However, it is easy to see that the deletion of any vertex from CF1
yields

a non-acyclic complex. The same holds for CF2
and CF3

. Therefore, all three complexes
CF1

, CF2
and CF3

are evasive: A contradiction.

Remark 3.4. Let SB be the sphere obtained by coning off the boundary of B12,38 with
an extra vertex, labeled by 1. Let Σ be the tetrahedron 1 2 6 9 and let σ be its facet 2 6 9.
With the help of the computer, one can check that SB − Σ collapses onto the 2-ball D
consisting of the triangles 1 2 6, 1 2 9 and 1 6 9. Since D = ∂Σ − σ = ∂(SB − Σ) − σ, it
follows that the knotted 3-ball SB − Σ is locally constructible (because it collapses onto
its boundary minus the triangle σ). For a proof, see [7].

4 The double trefoil

In the following, we present the construction of a triangulated 3-sphere that contains a
double trefoil knot on three edges in its 1-skeleton. In fact, there are two different ways
to form the connected sum of two trefoil knots, the granny and the square knot. We base
our construction on the square knot.

Let 1 2, 2 3, 1 3 be the three edges forming the square knot, which, for our purposes,
we simply call the double trefoil knot. An embedding of the knot in R3 is depicted in
Figure 2.
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Figure 3: The spindles of S33,192.

Our strategy is to place the knot into the 1-skeleton of a triangulated 3-dimensional
sphere as follows.

• We start with an embedding of the knot in R3,
• we triangulate the region around the knot to obtain a triangulated 3-ball,
• we complete it to a triangulation of S3 by adding the cone over its boundary.

Once the knot edges 1 2, 2 3, 1 3 are placed in R3 we need to shield off these edges to
prevent unwanted identifications of distant vertices later on. We protect each of the knot
edges by placing a spindle around it; see Figure 3 for images of the spindles and Table 2
for lists of nine tetrahedra each, which form the three spindles. The additional vertices
on the boundaries of the spindles allow us to close the holes of the knot by gluing in
(triangulated) membrane patches.

Table 2: Part I of the sphere S33,192: The three spindles.

1 2 4 5 2 4 7 8 2 3 10 11 3 10 13 14 1 3 19 20 3 16 17 19
1 2 4 6 2 4 5 8 2 3 10 12 3 10 11 14 1 3 19 21 3 17 19 20
1 2 5 6 2 5 8 9 2 3 11 12 3 11 14 15 1 3 20 21 3 17 18 20

2 5 6 9 3 11 12 15 3 18 20 21
2 4 7 9 3 10 13 15 3 16 18 19
2 4 6 9 3 10 12 15 3 18 19 21
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Table 3: The triangles of the membranes in the sphere S33,192.

1 11 14
4 5 11 1 5 7 1 9 11 1 14 18 1 16 20 14 19 20
4 11 22 5 7 11 1 7 9 1 16 18 14 16 20 14 19 23
2 11 22 7 8 11 8 9 11 14 17 18 14 16 17 3 14 23
2 7 22 8 10 11 13 14 17 3 16 23
6 7 22 5 8 10 13 17 20 16 21 23
4 6 22 5 10 12 13 15 20 19 21 23
5 6 7 5 11 12 14 15 20 16 20 21

In Figure 2, the diagonal edges on the boundaries of the spindles and also the interior
edges of the spindles are not shown. All that we need at the moment are the vertices on
the boundaries of the spindles. For example, if we move along the left spindle 1–2 from
apex 1 to apex 2, we first meet the vertices 4, 5, 6 and then the vertices 7, 8, 9 on the
spindle boundary.

The membrane patches can be read off from Table 3. The central triangle 1 11 14
connects the left part with the right part of Figure 2 and contributes to the closure of
the upper central hole. Next to the triangle 1 11 14 on the left hand side in Figure 2 is
the triangle 1 9 11 from the third column of Table 3, followed by triangle 1 7 9 and so on.
Once all the membrane triangles of Table 3 are in place in Figure 2, the resulting com-
plex is a mixed 2- and 3-dimensional simplicial complex, consisting of spindle tetrahedra
and membrane triangles. Since we closed all holes of the initial double trefoil knot, the
resulting complex is contractible.

Our next aim is to thicken the intermediate mixed 2- and 3-dimensional complex to
a triangulated 3-ball B32,140. For this end we add local cones to Figure 2 with respect to
the nine new vertices 24, 25, . . . , 32. These cones are listed in Table 4, the positions of
their apices are marked in Figure 2 by boxes containing the new vertices.

If we add together all the (spindle) tetrahedra from Table 2 (Part I of the sphere S33,192)
with all the (cone) tetrahedra from Table 4 (Part II of the sphere S33,192), we obtain a
triangulated 3-ball B32,140 with 32 vertices and 140 tetrahedral facets. By construction,
the 3-ball B32,140 contains the double trefoil knot in its 1-skeleton and all the membrane
triangles in its 2-skeleton.

In a final step, we add to the 3-ball B32,140 the cone over its boundary with respect
the vertex 33 (Part III of the sphere S33,192 with tetrahedra as listed in Table 5) to obtain
the 3-sphere S33,192.
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Table 4: Part II of the sphere S33,192: Tetrahedra to be added to Part I to obtain a ball
B32,140.

4 6 24 25 1 7 9 26 1 5 26 27 1 7 9 24 19 21 24 29 1 16 18 30 1 20 30 31
5 6 24 25 2 7 9 26 5 11 26 27 1 9 11 24 20 21 24 29 3 16 18 30 14 20 30 31
5 10 24 25 1 5 6 7 10 11 26 27 8 9 11 24 13 20 24 29 1 16 20 21 13 14 30 31
5 10 12 25 1 6 7 26 8 10 11 27 8 10 11 24 13 15 20 29 1 16 21 30 13 14 17 31
5 11 12 25 6 7 22 26 7 8 11 27 5 8 10 24 14 15 20 29 16 21 23 30 14 16 17 31
5 7 11 25 2 7 22 26 5 7 11 27 5 6 9 24 14 16 20 29 3 16 23 30 14 16 20 31
7 8 11 25 1 4 6 26 1 5 7 27 5 8 9 24 14 16 17 29 1 19 21 30 1 16 20 31
8 9 11 25 4 6 22 26 4 6 9 24 14 17 18 29 19 21 23 30
5 6 7 25 1 4 5 26 8 10 27 28 4 7 9 24 16 20 21 29 1 19 20 30 13 17 31 32
6 7 22 25 4 5 11 26 5 8 10 28 16 21 23 29 14 19 20 30 13 17 20 32
4 6 22 25 4 11 22 26 5 10 12 28 1 11 14 24 19 21 23 29 14 19 23 30 13 15 20 32
2 7 22 25 2 11 22 26 5 11 12 28 10 11 14 24 3 16 23 29 3 14 23 30 14 15 20 32
2 7 8 25 2 10 11 26 4 5 11 28 10 13 14 24 3 16 17 29 3 13 14 30 14 19 20 32
2 8 9 25 4 11 22 28 3 17 18 29 14 19 23 32

2 11 22 28 1 16 18 24 3 14 23 32
2 11 12 28 1 14 18 24 3 14 15 32
2 10 12 28 14 17 18 24 3 13 15 32
2 10 26 28 13 14 17 24 3 13 30 32
10 26 27 28 13 17 20 24 13 30 31 32
4 5 8 28 17 18 20 24 17 19 20 32

18 20 21 24
16 18 19 24
18 19 21 24

Proposition 4.1. The 3-sphere S33,192 consists of 192 tetrahedra and 33 vertices. It has
face vector f = (33, 225, 384, 192) and contains the double trefoil knot on three edges in
its 1-skeleton.

The 3-sphere S33,192 is not minimal with the property of containing the double trefoil
knot in its 1-skeleton. One way of obtaining smaller triangulations is by applying bistellar
flips, cf. [13], to the triangulation S33,192. If we want to keep the knot while doing local
bistellar modifications on the triangulation, we merely have to exclude the knot edges
1 2, 2 3, 1 3 as pivot edges in the bistellar flip program BISTELLAR [28]. The smallest
triangulation we found this way is S16,92; see Table 6 for the list of facets of S16,92.

Theorem 4.2. The 3-sphere S16,92 has 92 tetrahedra and 16 vertices. It has face vector
f = (16, 108, 184, 92) and contains the double trefoil knot on three edges in its 1-skeleton.

the electronic journal of combinatorics 20(3) (2013), #P31 14



Table 5: Part III of the sphere S33,192: Cone over the boundary of the ball B32,140.

1 7 24 33 1 7 27 33 1 9 11 33 1 9 26 33 1 11 14 33 1 14 18 33 1 16 24 33
1 16 31 33 1 18 30 33 1 26 27 33 1 30 31 33 2 9 25 33 2 9 26 33 2 22 25 33
2 22 28 33 2 26 28 33 3 18 29 33 3 18 30 33 3 23 29 33 3 23 32 33 3 30 32 33
4 7 8 33 4 7 24 33 4 8 28 33 4 22 25 33 4 22 28 33 4 24 25 33 7 8 27 33
8 27 28 33 9 11 25 33 10 12 15 33 10 12 25 33 10 13 15 33 10 13 24 33 10 24 25 33
11 12 15 33 11 12 25 33 11 14 15 33 13 15 29 33 13 24 29 33 14 15 29 33 14 18 29 33
16 17 19 33 16 17 31 33 16 19 24 33 17 19 32 33 17 31 32 33 19 23 29 33 19 23 32 33
19 24 29 33 26 27 28 33 30 31 32 33

Table 6: The sphere S16,92.

1 2 5 6 1 2 5 12 1 2 6 12 1 3 7 8 1 3 7 11 1 3 8 11 1 4 5 6 1 4 5 16
1 4 6 12 1 4 10 13 1 4 10 16 1 4 12 13 1 5 12 13 1 5 13 16 1 7 8 9 1 7 9 11
1 8 9 14 1 8 10 14 1 8 10 15 1 8 11 15 1 9 11 15 1 9 14 15 1 10 13 14 1 10 15 16
1 13 14 16 1 14 15 16 2 3 4 13 2 3 4 15 2 3 13 15 2 4 7 8 2 4 7 15 2 4 8 16
2 4 10 13 2 4 10 16 2 5 6 14 2 5 12 14 2 6 8 12 2 6 8 16 2 6 9 14 2 6 9 16
2 7 8 9 2 7 9 10 2 7 10 13 2 7 13 15 2 8 9 14 2 8 12 14 2 9 10 16 3 4 12 13
3 4 12 15 3 5 6 7 3 5 6 14 3 5 7 8 3 5 8 11 3 5 11 14 3 6 7 16 3 6 9 14
3 6 9 16 3 7 11 14 3 7 14 16 3 9 12 13 3 9 12 16 3 9 13 15 3 9 14 15 3 12 15 16
3 14 15 16 4 5 6 7 4 5 7 8 4 5 8 16 4 6 7 15 4 6 12 15 5 8 11 13 5 8 13 16
5 11 12 13 5 11 12 14 6 7 13 15 6 7 13 16 6 8 12 15 6 8 13 15 6 8 13 16 7 9 10 12
7 9 11 12 7 10 12 14 7 10 13 14 7 11 12 14 7 13 14 16 8 10 12 14 8 10 12 15 8 11 13 15
9 10 12 16 9 11 12 13 9 11 13 15 10 12 15 16

If we remove from the 3-sphere S16,92 the facet 1 9 14 15, then the resulting 3-ball is
LC, although it contains a double trefoil knot as a three-edge subcomplex.

Proposition 4.3. The removal of the tetrahedron 1 9 14 15 from S16,92 yields a locally
constructible 3-ball B16,91 with 16 vertices and 91 tetrahedra.

Proof. Let D be the 2-ball given by the triangles 1 9 15, 1 14 15 and 9 14 15. Clearly D is
a subcomplex of the boundary of B16,91; it is in fact equal to ∂B16,91 minus the triangle
1 9 14. Our goal is to show that B16,91 collapses onto D. The following is a certificate that
this is true.
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First phase (pairs “triangle” → “tetrahedron”):

1 9 14 → 1 8 9 14, 8 9 14 → 2 8 9 14, 1 8 9 → 1 7 8 9, 2 8 9 → 2 7 8 9,
1 7 8 → 1 3 7 8, 1 3 7 → 1 3 7 11, 3 7 8 → 3 5 7 8, 1 3 8 → 1 3 8 11,
2 7 8 → 2 4 7 8, 2 8 14 → 2 8 12 14, 1 7 11 → 1 7 9 11, 3 5 7 → 3 5 6 7,
5 6 7 → 4 5 6 7, 3 8 11 → 3 5 8 11, 2 4 8 → 2 4 8 16, 3 7 11 → 3 7 11 14,
2 7 9 → 2 7 9 10, 5 8 11 → 5 8 11 13, 1 8 11 → 1 8 11 15, 4 8 16 → 4 5 8 16,
1 8 15 → 1 8 10 15, 2 9 14 → 2 6 9 14, 8 11 15 → 8 11 13 15, 5 8 16 → 5 8 13 16,

5 13 16 → 1 5 13 16, 2 6 9 → 2 6 9 16, 1 9 11 → 1 9 11 15, 11 13 15 → 9 11 13 15,
1 8 10 → 1 8 10 14, 6 9 16 → 3 6 9 16, 2 4 7 → 2 4 7 15, 2 4 15 → 2 3 4 15,

1 10 14 → 1 10 13 14, 4 5 7 → 4 5 7 8, 2 9 16 → 2 9 10 16, 3 5 11 → 3 5 11 14,
1 5 13 → 1 5 12 13, 8 10 14 → 8 10 12 14, 4 5 16 → 1 4 5 16, 1 4 5 → 1 4 5 6,
3 5 6 → 3 5 6 14, 1 13 14 → 1 13 14 16, 1 5 12 → 1 2 5 12, 7 11 14 → 7 11 12 14,

9 13 15 → 3 9 13 15, 3 9 13 → 3 9 12 13, 1 5 6 → 1 2 5 6, 3 7 14 → 3 7 14 16,
7 14 16 → 7 13 14 16, 5 6 14 → 2 5 6 14, 2 3 4 → 2 3 4 13, 1 4 6 → 1 4 6 12,
6 7 13 → 6 7 13 16, 8 10 15 → 8 10 12 15, 4 6 7 → 4 6 7 15, 1 4 16 → 1 4 10 16,

5 11 13 → 5 11 12 13, 4 6 12 → 4 6 12 15, 2 10 16 → 2 4 10 16, 11 12 14 → 5 11 12 14,
2 5 12 → 2 5 12 14, 4 12 15 → 3 4 12 15, 3 12 13 → 3 4 12 13, 3 9 16 → 3 9 12 16,

3 12 15 → 3 12 15 16, 3 6 14 → 3 6 9 14, 10 12 15 → 10 12 15 16, 6 7 16 → 3 6 7 16,
10 12 14 → 7 10 12 14, 1 10 16 → 1 10 15 16, 1 6 12 → 1 2 6 12, 7 10 12 → 7 9 10 12,
7 13 15 → 2 7 13 15, 2 8 16 → 2 6 8 16, 9 10 16 → 9 10 12 16, 2 4 13 → 2 4 10 13,
6 13 16 → 6 8 13 16, 7 9 12 → 7 9 11 12, 3 13 15 → 2 3 13 15, 4 12 13 → 1 4 12 13,
4 10 13 → 1 4 10 13, 6 8 15 → 6 8 12 15, 2 8 12 → 2 6 8 12, 3 9 15 → 3 9 14 15,
3 14 16 → 3 14 15 16, 1 14 16 → 1 14 15 16.

Second phase (pairs “edge” → “triangle”):

8 9 → 7 8 9, 2 9 → 2 9 10, 1 6 → 1 2 6, 5 16 → 1 5 16, 3 8 → 3 5 8,
8 15 → 8 12 15, 1 3 → 1 3 11, 13 15 → 2 13 15, 1 5 → 1 2 5, 1 7 → 1 7 9,
8 10 → 8 10 12, 1 8 → 1 8 14, 8 11 → 8 11 13, 2 8 → 2 6 8, 3 5 → 3 5 14,
11 13 → 11 12 13, 1 2 → 1 2 12, 8 14 → 8 12 14, 5 7 → 5 7 8, 9 16 → 9 12 16,
6 13 → 6 8 13, 3 11 → 3 11 14, 8 12 → 6 8 12, 9 13 → 9 12 13, 7 8 → 4 7 8,
1 11 → 1 11 15, 11 14 → 5 11 14, 11 15 → 9 11 15, 4 8 → 4 5 8, 4 5 → 4 5 6,
5 11 → 5 11 12, 5 6 → 2 5 6, 4 7 → 4 7 15, 5 8 → 5 8 13, 2 5 → 2 5 14,
4 6 → 4 6 15, 5 13 → 5 12 13, 5 12 → 5 12 14, 6 8 → 6 8 16, 4 15 → 3 4 15,

12 13 → 1 12 13, 8 13 → 8 13 16, 1 12 → 1 4 12, 4 12 → 3 4 12, 3 4 → 3 4 13,
3 13 → 2 3 13, 2 3 → 2 3 15, 2 15 → 2 7 15, 4 13 → 1 4 13, 7 15 → 6 7 15,
6 7 → 3 6 7, 2 7 → 2 7 13, 6 15 → 6 12 15, 6 12 → 2 6 12, 3 7 → 3 7 16,
1 4 → 1 4 10, 12 15 → 12 15 16, 7 16 → 7 13 16, 2 13 → 2 10 13, 2 12 → 2 12 14,

2 10 → 2 4 10, 2 14 → 2 6 14, 4 10 → 4 10 16, 2 4 → 2 4 16, 12 14 → 7 12 14,
2 6 → 2 6 16, 7 13 → 7 13 14, 6 16 → 3 6 16, 7 14 → 7 10 14, 6 14 → 6 9 14,
6 9 → 3 6 9, 7 12 → 7 11 12, 7 10 → 7 9 10, 7 9 → 7 9 11, 9 11 → 9 11 12,

10 14 → 10 13 14, 9 10 → 9 10 12, 9 12 → 3 9 12, 10 12 → 10 12 16, 12 16 → 3 12 16,
13 14 → 13 14 16, 10 13 → 1 10 13, 3 9 → 3 9 14, 14 16 → 14 15 16, 1 10 → 1 10 15,
13 16 → 1 13 16, 10 16 → 10 15 16, 3 14 → 3 14 15, 3 15 → 3 15 16, 1 16 → 1 15 16.

Third phase (pairs “vertex” → “edge”):

13 → 1 13, 5 → 5 14, 6 → 3 6, 10 → 10 15, 7 → 7 11, 11 → 11 12, 12 → 3 12,
2 → 2 16, 3 → 3 16, 4 → 4 16, 8 → 8 16, 16 → 15 16.
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If we remove from the 3-sphere S16,92 the entire star of the vertex 1 (one of the three
knot vertices), we obtain a 3-ball B15,66. By construction, B15,66 contains a knotted
spanning edge 2 3, where the knot is the double trefoil. We proceed now to show the
following properties:
(1) B15,66 is not rectilinearly-embeddable in R3;
(2) B15,66 is not collapsible;
(3) B15,66 admits a discrete Morse function with one critical vertex, one critical edge and

one critical triangle.

Proposition 4.4. B15,66 is not rectilinearly-embeddable in R3.

Proof. The boundary of B15,66 consists of the following 26 triangles:

2 5 6, 2 5 12, 2 6 12, 3 7 8, 3 7 11, 3 8 11, 4 5 6, 4 5 16, 4 6 12,
4 10 13, 4 10 16, 4 12 13, 5 12 13, 5 13 16, 7 8 9, 7 9 11, 8 9 14, 8 10 14,
8 10 15, 8 11 15, 9 11 15, 9 14 15, 10 13 14, 10 15 16, 13 14 16, 14 15 16.

In particular, the five edges 2 5, 5 13, 10 13, 8 10 and 3 8 form a boundary path from the
vertex 2 to the vertex 3. Together with the interior edge 2 3, this path closes up to a
hexagonal double trefoil knot. By Theorem 2.2, B15,66 cannot be rectilinearly embedded
in R3.

Theorem 4.5. B15,66 admits a discrete Morse function with three critical faces, all of
them belonging to the boundary ∂B15,66.

Proof. We will show that there is a 2-dimensional subcomplex C of B15,66 such that:
• B15,66 collapses onto C and
• C minus the triangle 2 5 8 collapses onto a pentagon.

Here is the right collapsing sequence:

First phase (pairs “triangle” → “tetrahedron”):

4 10 16 → 2 4 10 16, 4 10 13 → 2 4 10 13, 9 14 15 → 3 9 14 15, 10 15 16 → 10 12 15 16,
8 11 15 → 8 11 13 15, 3 8 11 → 3 5 8 11, 8 13 15 → 6 8 13 15, 13 14 16 → 7 13 14 16,
4 5 16 → 4 5 8 16, 6 8 15 → 6 8 12 15, 4 5 6 → 4 5 6 7, 8 10 15 → 8 10 12 15,
8 9 14 → 2 8 9 14, 2 4 13 → 2 3 4 13, 14 15 16 → 3 14 15 16, 2 5 12 → 2 5 12 14,
4 8 16 → 2 4 8 16, 2 8 14 → 2 8 12 14, 2 4 8 → 2 4 7 8, 8 10 12 → 8 10 12 14,
2 3 13 → 2 3 13 15, 3 7 11 → 3 7 11 14, 4 6 12 → 4 6 12 15, 2 6 12 → 2 6 8 12,

9 11 15 → 9 11 13 15, 2 8 16 → 2 6 8 16, 4 12 15 → 3 4 12 15, 2 8 9 → 2 7 8 9,
3 14 16 → 3 7 14 16, 4 5 8 → 4 5 7 8, 5 6 7 → 3 5 6 7, 3 5 6 → 3 5 6 14,
6 8 13 → 6 8 13 16, 3 13 15 → 3 9 13 15, 3 4 13 → 3 4 12 13, 5 8 16 → 5 8 13 16,
2 4 7 → 2 4 7 15, 5 12 14 → 5 11 12 14, 3 5 7 → 3 5 7 8, 2 6 16 → 2 6 9 16,

12 15 16 → 3 12 15 16, 2 4 15 → 2 3 4 15, 6 13 16 → 6 7 13 16, 2 9 14 → 2 6 9 14,
2 9 16 → 2 9 10 16, 2 6 14 → 2 5 6 14, 5 12 13 → 5 11 12 13, 3 12 16 → 3 9 12 16,

7 13 14 → 7 10 13 14, 3 11 14 → 3 5 11 14, 7 11 14 → 7 11 12 14, 5 11 13 → 5 8 11 13,
9 12 16 → 9 10 12 16, 7 10 13 → 2 7 10 13, 9 10 12 → 7 9 10 12, 7 9 10 → 2 7 9 10,
3 6 14 → 3 6 9 14, 3 9 16 → 3 6 9 16, 3 6 7 → 3 6 7 16, 4 7 15 → 4 6 7 15,

3 12 13 → 3 9 12 13, 7 10 12 → 7 10 12 14, 2 13 15 → 2 7 13 15, 7 9 12 → 7 9 11 12,
9 11 12 → 9 11 12 13, 6 7 15 → 6 7 13 15.

the electronic journal of combinatorics 20(3) (2013), #P31 17



Second phase (pairs “edge” → “triangle”):

8 9 → 7 8 9, 14 16 → 7 14 16, 4 5 → 4 5 7, 3 11 → 3 5 11, 10 15 → 10 12 15,
14 15 → 3 14 15, 13 14 → 10 13 14, 5 7 → 5 7 8, 8 10 → 8 10 14, 8 14 → 8 12 14,
4 10 → 2 4 10, 4 13 → 4 12 13, 15 16 → 3 15 16, 5 16 → 5 13 16, 4 16 → 2 4 16,
12 16 → 10 12 16, 4 8 → 4 7 8, 10 13 → 2 10 13, 10 12 → 10 12 14, 2 4 → 2 3 4,
4 12 → 3 4 12, 2 16 → 2 10 16, 2 3 → 2 3 15, 5 13 → 5 8 13, 2 15 → 2 7 15,
11 15 → 11 13 15, 10 16 → 9 10 16, 3 13 → 3 9 13, 9 16 → 6 9 16, 9 10 → 2 9 10,
10 14 → 7 10 14, 2 13 → 2 7 13, 7 15 → 7 13 15, 7 10 → 2 7 10, 4 7 → 4 6 7,
8 15 → 8 12 15, 4 6 → 4 6 15, 4 15 → 3 4 15, 5 12 → 5 11 12.

Let C be the obtained 2-complex. Note that C contains the triangle 2 5 8, which belongs
to ∂B15,66 and has not been collapsed yet. Let D be the complex obtained from C after
removing the (interior of the) triangle 2 5 8. Here is a proof:

First phase (pairs “edge” → “triangle”):

2 5 → 2 5 14, 2 14 → 2 12 14, 5 6 → 5 6 14, 6 14 → 6 9 14, 9 14 → 3 9 14,
2 12 → 2 8 12, 8 12 → 6 8 12, 6 12 → 6 12 15, 6 15 → 6 13 15, 12 15 → 3 12 15,
3 15 → 3 9 15, 13 15 → 9 13 15, 6 13 → 6 7 13, 3 12 → 3 9 12, 9 12 → 9 12 13,
3 9 → 3 6 9, 7 13 → 7 13 16, 3 6 → 3 6 16, 3 16 → 3 7 16, 12 13 → 11 12 13,
6 7 → 6 7 16, 6 16 → 6 8 16, 8 16 → 8 13 16, 6 8 → 2 6 8, 9 13 → 9 11 13,
2 6 → 2 6 9, 8 13 → 8 11 13, 2 8 → 2 7 8, 7 8 → 3 7 8, 3 8 → 3 5 8,
3 7 → 3 7 14, 3 5 → 3 5 14, 8 11 → 5 8 11, 5 14 → 5 11 14, 2 9 → 2 7 9,
9 11 → 7 9 11, 7 11 → 7 11 12, 11 12 → 11 12 14, 7 12 → 7 12 14.

Final phase (pairs “vertex” → “edge”):

2 → 2 7, 15 → 9 15, 3 → 3 14, 12 → 12 14, 6 → 6 9, 8 → 5 8, 5 → 5 11, 9 → 7 9.

At this point we are left with the pentagon P given by the five edges 7 14, 7 16, 11 13,
11 14, and 13 16. The latter edge, 13 16, belongs to the boundary of B15,66. Clearly, P
minus this edge yields a collapsible 1-ball. Thus, B15,66 admits a discrete Morse function
whose critical faces are the vertex 13, the edge 13 66 and the triangle 2 5 8. This discrete
Morse function is the best possible, since B15,66 cannot be collapsible (because of its
knotted spanning edge 2 3).

5 The triple trefoil

In this section, we are constructing a triangulation S44,284 of the 3-sphere S
3 that contains

a triple trefoil knot with three edges in its 1-skeleton. We then use bistellar flips to obtain
a reduced triangulation S18,125.

As before for the double trefoil, we place a triple trefoil knot on the three edges 1 2,
2 3, 1 3 in R3, as depicted in Figure 4. Each of the three knot edges is protected by a
spindle; see Figure 5 for the spindles and Table 7 for the list of tetrahedra of the spindles.

To close the holes of the knot we glue in the membrane triangles of Table 8 and then
add the local cones with respect to the vertices 34, 35, . . . , 43 from Table 9 to obtain a
3-ball B43,214.

Finally, we add to B43,214 the cone over its boundary with respect to the vertex 44 (as
given in Table 10) to obtain the 3-sphere S44,284.
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Figure 4: The triple trefoil in the sphere S44,284.

Proposition 5.1. The 3-sphere S44,284 consists of 284 tetrahedra and 44 vertices. It has
face vector f = (44, 328, 568, 284) and contains the triple trefoil knot on three edges in its
1-skeleton.

Again, the 3-sphere S44,284 is not minimal with the property of containing the triple
trefoil knot in its 1-skeleton. The smallest triangulation we found via bistellar flips is
S18,125; see Table 11 for the list of facets of S18,125.

Theorem 5.2. The 3-sphere S18,125 consists of 125 tetrahedra and 18 vertices. It has
face vector f = (18, 143, 250, 125) and contains the triple trefoil knot on three edges in its
1-skeleton.

Because of the knot, S18,125 is not LC. So it cannot admit a discrete Morse with fewer
than four critical cells. However, it does admit a discrete Morse function with one critical
vertex, one critical edge, one critical triangle and one critical tetrahedron, as we once
more found by a random search.

Theorem 5.3. S18,125 admits a discrete Morse function with one critical vertex, one
critical edge, one critical triangle and one critical tetrahedron.
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Figure 5: The spindles of S44,284.

Table 7: Part A of the sphere S44,284: The three spindles.

1 2 7 8 1 4 6 9 2 7 9 10 2 3 16 17 2 13 15 18 3 16 18 19 1 3 25 26 3 22 24 27 1 25 27 28
1 2 7 9 1 4 7 9 2 9 10 12 2 3 16 18 2 13 16 18 3 18 19 21 1 3 25 27 3 22 25 27 1 27 28 30
1 2 8 9 1 4 5 7 2 7 8 11 2 3 17 18 2 13 14 16 3 16 17 20 1 3 26 27 3 22 23 25 1 25 26 29

1 5 7 8 2 7 10 11 2 14 16 17 3 16 19 20 3 23 25 26 1 25 28 29
1 5 6 9 2 8 9 12 2 14 15 18 3 17 18 21 3 23 24 27 1 26 27 30
1 5 8 9 2 8 11 12 2 14 17 18 3 17 20 21 3 23 26 27 1 26 29 30

Table 8: The triangles of the membranes in the sphere S44,284.

4 13 22

8 9 30 6 28 30 1 30 31 12 17 18 10 12 15 2 12 32 21 26 27 19 21 24 3 21 33
6 8 30 6 9 28 9 30 31 12 15 17 10 15 18 12 18 32 21 24 26 19 24 27 21 27 33
4 6 8 9 28 29 7 9 31 13 15 17 10 11 18 16 18 32 22 24 26 19 20 27 25 27 33
4 8 12 9 29 30 1 6 31 13 17 21 11 12 18 2 15 32 22 26 30 20 21 27 3 24 33
4 12 14 6 7 31 13 21 23 15 16 32 5 22 30 24 25 33
4 13 14 6 7 8 13 22 23 15 16 17 4 5 22 24 25 26
12 14 15 21 23 24 5 6 30
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Table 9: Part B of the sphere S44,284: Tetrahedra to thicken Part A to a ball B43,214.

9 29 30 31 11 12 18 32 20 21 27 33 1 31 37 40 2 32 38 41 3 33 39 42
1 29 30 31 2 11 12 32 3 20 21 33 7 31 37 40 16 32 38 41 25 33 39 42
7 9 31 34 16 18 32 35 25 27 33 36 7 10 37 40 16 19 38 41 25 28 39 42
9 29 31 34 11 18 32 35 20 27 33 36 10 15 37 40 19 24 38 41 6 28 39 42
1 29 31 34 2 11 32 35 3 20 33 36 14 15 37 40 23 24 38 41 5 6 39 42
1 28 29 34 2 10 11 35 3 19 20 36 14 17 37 40 23 26 38 41 5 8 39 42
4 6 9 34 13 15 18 35 22 24 27 36 14 15 18 40 23 24 27 41 5 6 9 42
4 7 9 34 13 16 18 35 22 25 27 36 14 17 18 40 23 26 27 41 5 8 9 42
9 28 29 34 10 11 18 35 19 20 27 36 10 15 18 40 19 24 27 41 6 9 28 42
6 9 28 34 10 15 18 35 19 24 27 36 10 11 18 40 19 20 27 41 9 28 29 42
6 28 30 34 10 12 15 35 19 21 24 36 11 12 18 40 20 21 27 41 9 29 30 42
1 28 30 34 2 10 12 35 3 19 21 36 8 11 12 40 17 20 21 41 26 29 30 42

7 8 11 40 16 17 20 41 25 26 29 42
4 7 34 39 13 16 35 37 22 25 36 38 7 10 11 40 16 19 20 41 25 28 29 42
4 34 37 39 13 35 37 38 22 36 38 39 6 7 8 40 15 16 17 41 24 25 26 42

6 7 31 40 15 16 32 41 24 25 33 42
10 12 14 15 19 21 23 24 5 6 28 30 1 6 31 40 2 15 32 41 3 24 33 42
7 9 10 37 16 18 19 38 25 27 28 39 1 4 6 40 2 13 15 41 3 22 24 42
9 10 12 37 18 19 21 38 27 28 30 39 4 6 8 40 13 15 17 41 22 24 26 42
10 12 14 37 19 21 23 38 5 28 30 39 4 8 12 40 13 17 21 41 22 26 30 42
10 14 15 37 19 23 24 38 5 6 28 39
13 14 16 37 22 23 25 38 4 5 7 39 4 13 22 43
14 16 17 37 23 25 26 38 5 7 8 39 4 13 37 43
4 13 14 37 13 22 23 38 4 5 22 39 13 37 38 43
4 12 14 37 13 21 23 38 5 22 30 39 13 22 38 43
4 8 12 37 13 17 21 38 22 26 30 39 22 38 39 43
8 9 12 37 17 18 21 38 26 27 30 39 4 22 39 43
4 6 8 37 13 15 17 38 22 24 26 39 4 37 39 43
6 8 30 37 12 15 17 38 21 24 26 39
8 9 30 37 12 17 18 38 21 26 27 39
9 30 31 37 12 18 32 38 21 27 33 39
1 30 31 37 2 12 32 38 3 21 33 39
7 9 31 37 16 18 32 38 25 27 33 39
1 30 34 37 2 12 35 38 3 21 36 39
6 30 34 37 12 15 35 38 21 24 36 39
4 6 34 37 13 15 35 38 22 24 36 39
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Table 10: Part C of the sphere S44,284: Cone over the boundary of the ball B43,214.

1 4 5 44 1 4 40 44 1 5 6 44 1 6 31 44 1 31 34 44 1 34 37 44 1 37 40 44
2 13 14 44 2 13 41 44 2 14 15 44 2 15 32 44 2 32 35 44 2 35 38 44 2 38 41 44
3 22 23 44 3 22 42 44 3 23 24 44 3 24 33 44 3 33 36 44 3 36 39 44 3 39 42 44
4 5 22 44 4 12 14 44 4 12 40 44 4 13 14 44 4 13 22 44 5 6 30 44 5 22 30 44
6 7 8 44 6 7 31 44 6 8 30 44 7 8 39 44 7 31 34 44 7 34 39 44 8 9 30 44
8 9 42 44 8 39 42 44 9 30 42 44 12 14 15 44 12 15 17 44 12 17 18 44 12 18 40 44
13 21 23 44 13 21 41 44 13 22 23 44 15 16 17 44 15 16 32 44 16 17 37 44 16 32 35 44
16 35 37 44 17 18 40 44 17 37 40 44 21 23 24 44 21 24 26 44 21 26 27 44 21 27 41 44
22 30 42 44 24 25 26 44 24 25 33 44 25 26 38 44 25 33 36 44 25 36 38 44 26 27 41 44
26 38 41 44 34 37 39 44 35 37 38 44 36 38 39 44 37 38 43 44 37 39 43 44 38 39 43 44

Table 11: The sphere S18,125.

1 2 4 9 1 2 4 15 1 2 9 15 1 3 8 10 1 3 8 12 1 3 10 12 1 4 5 14 1 4 5 16
1 4 9 14 1 4 15 16 1 5 7 11 1 5 7 14 1 5 11 17 1 5 12 16 1 5 12 17 1 7 11 12
1 7 12 16 1 7 14 16 1 8 10 13 1 8 12 17 1 8 13 18 1 8 17 18 1 9 14 15 1 10 12 13
1 11 12 18 1 11 17 18 1 12 13 18 1 14 15 16 2 3 5 13 2 3 5 14 2 3 13 14 2 4 6 15
2 4 6 17 2 4 9 17 2 5 10 14 2 5 10 18 2 5 13 18 2 6 11 12 2 6 11 16 2 6 12 15
2 6 16 17 2 7 8 10 2 7 8 11 2 7 10 18 2 7 11 12 2 7 12 16 2 7 16 18 2 8 10 13
2 8 11 16 2 8 13 18 2 8 16 18 2 9 12 15 2 9 12 16 2 9 16 17 2 10 13 14 3 4 8 12
3 4 8 15 3 4 10 12 3 4 10 16 3 4 15 16 3 5 7 13 3 5 7 14 3 6 9 14 3 6 9 18
3 6 11 16 3 6 11 18 3 6 14 17 3 6 16 17 3 7 9 13 3 7 9 18 3 7 14 18 3 8 10 15
3 9 13 14 3 10 15 17 3 10 16 17 3 11 15 16 3 11 15 17 3 11 17 18 3 14 17 18 4 5 10 14
4 5 10 16 4 6 8 15 4 6 8 17 4 8 12 17 4 9 13 14 4 9 13 17 4 10 12 13 4 10 13 14
4 12 13 17 5 6 7 8 5 6 7 13 5 6 8 9 5 6 9 18 5 6 13 18 5 7 8 11 5 8 9 11
5 9 10 16 5 9 10 18 5 9 11 15 5 9 12 15 5 9 12 16 5 11 15 17 5 12 15 17 6 7 8 15
6 7 13 15 6 8 9 14 6 8 14 17 6 11 12 18 6 12 13 15 6 12 13 18 7 8 10 15 7 9 10 17
7 9 10 18 7 9 13 17 7 10 15 17 7 13 15 17 7 14 16 18 8 9 11 14 8 11 14 16 8 14 16 18
8 14 17 18 9 10 16 17 9 11 14 15 11 14 15 16 12 13 15 17

Similar to before, by deleting the vertex 1 from S18,125, we obtain a 3-ball B17,95 with
the following properties:
(1) B17,95 contains a knotted spanning edge 2 3, where the knot is the triple trefoil;
(2) B17,95 is not rectilinearly-embeddable in R3;
(3) B17,95 is not collapsible;
(4) B17,95 admits a discrete Morse function with one critical vertex, two critical edges and

two critical triangles (found with the randomized approach of [10]), and this is best
possible.
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6 Non-evasiveness and vertex-decomposability

In this section, we show that all vertex-decomposable balls are non-evasive, while the
converse is false already in dimension three. For example, we show that Rudin’s ball is
non-evasive, but it is neither vertex-decomposable nor shellable. The following Lemma is
well known.

Lemma 6.1. Let v be a shedding vertex of a vertex-decomposable d-ball B. Then v lies
on the boundary of the ball. In particular,
(i) link(v,B) is a vertex-decomposable (d− 1)-ball;
(ii) del(v,B) is a vertex-decomposable d-ball.

Proof idea: If v is an interior vertex, then the deletion of v is d-dimensional but not
(d− 1)-connected and therefore not vertex-decomposable.

Theorem 6.2. Every vertex-decomposable d-ball is non-evasive. In particular, all 2-balls
are non-evasive.

Proof. A zero-dimensional vertex-decomposable ball is just a point, so it is indeed non-
evasive. Let B be a vertex-decomposable d-ball, with d > 0. By Lemma 6.1 there is a
boundary vertex v such that del(v,B) is a vertex-decomposable d-ball and link(v,B) is a
vertex-decomposable (d− 1)-ball. The deletion of v from B has fewer facets than B, and
the link of v in B has smaller dimension than B. By double induction on the dimension
and the number of facets, we may assume that both del(v,B) and link(v,B) are non-
evasive. By definition, then, B is non-evasive.

Next, we prove that the converse of Theorem 6.2 above is false.

Theorem 6.3. Rudin’s ball R, which has 14 vertices and 41 facets, is non-evasive.

Proof. Rudin’s ball is given by the following 41 facets [32]:

1 3 7 13, 1 3 9 13, 1 5 7 11, 1 5 9 11, 1 7 11 13, 1 9 11 13, 2 4 8 14,
2 4 10 14, 2 6 8 12, 2 6 10 12, 2 8 12 14, 2 10 12 14, 3 4 7 11, 3 4 7 12,
3 6 10 11, 3 6 10 14, 3 7 12 13, 3 7 11 14, 3 9 12 13, 3 10 11 14, 4 5 8 12,
4 5 8 13, 4 7 11 12, 4 8 11 12, 4 8 13 14, 4 10 13 14, 5 6 9 13, 5 6 9 14,
5 7 11 14, 5 8 12 13, 5 9 12 13, 5 9 11 14, 6 8 11 12, 6 9 13 14, 6 10 11 12,
6 10 13 14, 7 11 12 13, 8 12 13 14, 9 11 13 14, 10 11 12 14, 11 12 13 14.

To prove non-evasiveness, we claim that the sequence

(a1, . . . , a14) = (3, 4, 5, 12, 13, 1, 7, 9, 14, 8, 11, 10, 2, 6)

has the following two properties:
(I) For each i 6 5, linkai dela1,...,ai−1

R is a non-evasive 2-complex;
(II) del3,4,5,12,13 R is a non-evasive 2-complex.

To prove that an arbitrary 2-complex C with n vertices is non-evasive, we need to find
an order a1, . . . , ak, ak+1, . . . , an of its vertices so that:
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(i) For each i 6 k, linkai dela1,...,ai−1
R is a tree;

(ii) dela1,...,ak R is a tree.
All trees and all simplicial 2-balls are vertex-decomposable and non-evasive, cf. Theo-
rem 6.2. In particular, the link of 3 in R is a non-evasive 2-ball. Let us delete this
vertex 3, and proceed with the proof of the claim:

• The link of 4 in del3 R is the 2-complex C given by the following 8 facets

2 8 14, 2 10 14, 5 8 12, 7 11 12, 8 11 12, 8 13 14, 10 13 14, 5 8 13.

Let us show that C is non-evasive. The link of 7 in C is a single edge, hence non-
evasive. The deletion of 7 from C yields a complex with the same triangles as C,
except 7 11 12. Inside this smaller complex, the link of 8 is a path, and the deletion
of 8 yields the 2-complex

2 10 14, 5 12, 11 12, 13 14, 10 13 14, 5 13.

This is a 2-ball with a 3-edge path attached, hence non-evasive. In particular, C is
non-evasive.

• The link of 5 in del3,4 R is the 2-complex D given by the following 8 facets

1 7 11, 1 9 11, 6 9 13, 6 9 14, 7 11 14, 8 12 13, 9 11 14 9 12 13.

We can delete 8 first (its link is an edge), then 9 (because its link is a 6-edge path).
The resulting 2-complex,

1 7 11, 6 13, 6 14, 7 11 14, 12 13,

is a 2-ball with a 3-edge path attached, hence non-evasive. So D is also non-evasive.

• The link of 12 in del3,4,5 R is the (non-pure) 2-complex E given by the following 11
facets

2 6 8, 2 6 10, 2 8 14, 2 10 14, 6 8 11, 6 10 11, 7 11 13, 8 13 14, 9 13,
10 11 14, 11 13 14.

We can delete 9 and 7, as their links are a point and an edge (respectively); after
that, we delete 13, whose link is now a path. The resulting 2-complex E ′ has 7
facets:

2 6 8, 2 6 10, 2 8 14, 2 10 14, 6 8 11, 6 10 11, 10 11 14.

The link of 14 inside E ′ is a 3-edge path, and the deletion of 14 from E ′ yields a
(non-evasive) 2-ball. So, E ′ and E are non-evasive.

• The link of 13 in del3,4,5,12 R is the 2-complex F given by the following 6 facets

1 7 11, 1 9 11, 6 9 14, 6 10 14, 8 14, 9 11 14.

We can delete 8 first (its link is a point), then 7 (its link is single edge). The resulting
2-complex is a 2-ball. In particular, F is non-evasive.
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• Finally, let us examine the 2-complex G := del3,4,5,12,13 R. It consists of 13 facets:

1 7 11, 1 9 11, 2 6 8, 2 6 10, 2 10 14, 2 8 14, 6 8 11, 6 9 14, 6 10 11,
6 10 14, 7 11 14, 9 11 14, 10 11 14.

From G we can delete 1 (it has a 2-edge link), then 7 (1-edge link), and then 9
(2-edge link). The resulting 2-complex H := del1,7,9 G consists of 8 facets:

2 6 8, 2 6 10, 2 10 14, 2 8 14, 6 8 11, 6 10 11, 6 10 14, 10 11, 14.

The link of 14 inside H is a 4-edge path, and the deletion from H of 14 yields a
2-ball. So H is non-evasive; therefore G is non-evasive as well.

Corollary 6.4. Some non-evasive balls are (constructible and) not shellable.

For a more general statement on non-evasiveness of convex 3-balls see [2].

Proposition 6.5. Let B7,10 be the smallest shellable 3-ball that is not vertex-decompos-
able [27]. This B7,10 is non-evasive.

Proof. B7,10 is given by the following 10 tetrahedra:

0 1 2 6, 0 1 3 4, 0 1 3 6, 0 2 3 5, 0 2 5 6, 0 3 5 6, 1 2 4 5, 1 2 4 6, 1 3 4 6, 2 4 5 6.

As explained in [27], the deletion of 6 yields the (non-pure!) 3-complex A given by the
facets

0 1 2, 0 1 3 4, 0 2 3 5, 1 2 4 5.

The link of the vertex 5 in A consists of two triangles with a point in common; this is
non-evasive. Deleting 5 from A, we obtain the 3-complex B with the following facets.

0 1 2, 0 1 3 4, 0 2 3, 1 2 4.

The link of the vertex 4 inside B is a triangle with an edge attached, hence non-evasive.
The deletion of the vertex 4 from B is a 2-ball. Therefore, B is non-evasive, A is non-
evasive, and B7,10 is non-evasive as well. The sequence of deletions certificating its non-
evasiveness is the ‘countdown sequence’ 6–5–4–3–2–1–0.

Corollary 6.6. Some non-evasive balls are shellable but not vertex-decomposable.

Proposition 6.7. Let B9,18 be the smallest non-shellable 3-ball, described in [26]. B9,18

is non-evasive and constructible.

Proof. B9,18 is given by the following 18 tetrahedra:

0 1 2 3, 0 1 2 4, 0 1 4 5, 0 1 5 7, 0 1 6 8, 0 1 7 8, 0 2 3 4, 0 6 7 8, 1 2 3 6,
1 2 4 5, 1 2 5 8, 1 2 6 8, 1 5 7 8, 2 3 4 7, 2 3 6 7, 2 4 6 7, 2 4 6 8, 4 6 7 8.
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Consider the 2-sphere S given by the following 12 triangles:

0 2 3, 0 2 4, 0 3 6, 0 4 5, 0 5 7, 0 6 8, 0 7 8, 2 3 6, 2 4 5, 2 5 8, 2 6 8, 5 7 8.

It is easy to see that S minus the triangle 0 3 6 is the same 2-complex as the link of 1 inside
B9,18. Since a 2-sphere minus a triangle yields a 2-ball, and all 2-balls are shellable, it
follows that the link of 1 inside B9,18 is shellable. Since shellability is preserved by taking
cones, the closed star C1 of 1 inside B9,18 is also shellable. Let B1 := C1 ∪ 0 6 7 8. Since
C1 ∩ 0 6 7 8 consists of the two triangles 0 6 8 and 0 7 8, B1 is also shellable. (A shelling
order for B1 is the shelling order for C1, plus 0 6 7 8 as last facet.) Now, let B2 be the
shellable 3-ball with 7 vertices (labeled by 0, 2, 3, 4, 6, 7, 8) with the following 6 facets,
already given in a possible shelling order:

0 2 3 4, 2 3 4 7, 2 3 6 7, 2 4 6 7, 2 4 6 8, 4 6 7 8.

Clearly, B9,18 splits as B1 ∪ B2. Moreover, the intersection B1 ∩ B2 is a 2-ball, given by
the following 5 facets:

0 2 3, 0 2 4, 2 3 6, 2 6 8, 6 7 8.

In particular, B9,18 is constructible. We still have to prove that B is non-evasive; we will
show this by deleting the vertices 1–0–6–3–7–2–4–5–8, in this order. The link of vertex 1
in B9,18 is the (non-evasive, shellable) 2-ball descrived above. The deletion of 1 from B9,18

yields the following 3-complex A:

0 2 3 4, 0 6 7 8, 2 3 4 7, 2 3 6 7, 2 4 6 7, 2 4 6 8, 4 6 7 8, 0 4 5, 0 5 7, 2 4 5, 2 5 8, 5 7 8.

Inside A, the link of the vertex 0 consist of two triangles joined by a 2-edge path. Such a
2-complex is clearly non-evasive. Deleting the vertex 0 from A we obtain the 3-complex
B described as follows:

2 3 4 7, 2 3 6 7, 2 4 6 7, 2 4 6 8, 4 6 7 8, 2 4 5, 2 5 8, 5 7 8.

Next, we delete 6, whose link inside B is a 2-ball with 4 triangles. The result is this
3-complex C:

2 3 4 7, 2 4 5, 2 4 8, 2 5 8, 4 7 8, 5 7 8.

From C we can delete first 3 (whose link is a triangle) and then 7 (whose link is a 3-edge
path). The result is a 2-ball, so C is non-evasive. As a consequence, B, A and B9,18 are
all non-evasive.

Our last result highlights the positive effects of barycentric subdivisions.

Proposition 6.8. Let B be a simplicial complex.
(i) Although B9,18 is not shellable, its barycentric subdivision is vertex-decomposable.
(ii) Although S13,56 is not constructible, its barycentric subdivision is vertex-decompos-

able.
(iii) Although B12,38 is evasive and not LC, its barycentric subdivision is LC and non-

evasive.
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Proof. Sequences of deletions that prove vertex-decomposability of sdB9,18 and S13,56 were
found with a computer backtrack search. Since B12,38 is collapsible, by a result of Welker
sdB12,38 is non-evasive [33]. Since B12,38 is a collapsible 3-ball, by a result of the first
author sdB12,38 is locally constructible [8].

Corollary 6.9. Some non-evasive balls are (LC and) not constructible.

Proof. The barycentric subdivision of B12,38 cannot be constructible by Theorem 2.1,
because it contains a knotted spanning arc of two edges.

7 Open problems

The following questions remain open:
• Are there constructible d-spheres that are not shellable? The problem is open al-
ready for d = 3.

• Are there non-evasive balls with a knotted spanning edge?
• Are there examples of non-shellable spheres that become vertex-decomposable after
stacking all facets? (This would imply that a non-simplicial 4-ball can be vertex-
decomposable but not shellable.)

• Are there evasive collapsible 4-balls?
• Are there non-evasive balls that are not LC? Are there LC (3-)balls that are evasive?
• Are the 3-spheres S16,92 and S18,125 vertex-minimal with the property of having
the double trefoil and the triple trefoil knot on three edges in their 1-skeleton,
respectively? What happens if we replace the square knot by the granny knot?
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triangulation of the Poincaré homology 3-sphere. Experiment. Math., 9:275–289,
2000.

[14] R. Dougherty, V. Faber, and M. Murphy. Unflippable tetrahedral complexes. Discrete
Comput. Geom., 32:309–315, 2004.

[15] B. Durhuus and T. Jonsson. Remarks on the entropy of 3-manifolds. Nucl. Phys. B,
445:182–192, 1995.

[16] R. Ehrenborg and M. Hachimori. Non-constructible complexes and the bridge index.
European J. Combin., 22:475–491, 2001.

[17] A. Engström. Discrete Morse functions from Fourier transforms. Experiment. Math.,
18:45–53, 2009.

[18] R. Forman. Morse theory for cell complexes. Adv. in Math., 134:90–145, 1998.

[19] R. Goodrick. Non-simplicially collapsible triangulations of In. Proc. Camb. Phil.
Soc., 64:31–36, 1968.

[20] M. Hachimori and K. Shimokawa. Tangle sum and constructible spheres. J. Knot
Theory Ramifications, 13:373–383, 2004.

[21] M. Hachimori and G. M. Ziegler. Decompositions of simplicial balls and spheres with
knots consisting of few edges. Math. Z., 235:159–171, 2000.

[22] M.-E. Hamstrom and R. P. Jerrard. Collapsing a triangulation of a ‘knotted” cell.
Proc. Amer. Math. Soc., 21:327–331, 1969.

[23] J. Kahn, M. Saks, and D. Sturtevant. A topological approach to evasiveness. Com-
binatorica, 4:297–306, 1984.

the electronic journal of combinatorics 20(3) (2013), #P31 28

http://opus4.kobv.de/opus4-tuberlin/frontdoor/index/index/docId/2388
arxiv:0912.3723v2
arxiv:1303.6422


[24] W. B. R. Lickorish. Unshellable triangulations of spheres, European J. Combin.,
12:527–530, 1991.

[25] W. B. R. Lickorish and J. M. Martin. Triangulations of the 3-ball with knotted
spanning 1-simplexes and collapsible r-th derived subdivisions. Trans. Amer. Math.
Soc., 170:451–458, 1972.

[26] F. H. Lutz. A vertex-minimal non-shellable simplicial 3-ball with 9 vertices and 18
facets. Electronic Geometry Models, No. 2003.05.004, 2004.

[27] F. H. Lutz. Vertex-minimal not vertex-decomposable balls. Electronic Geometry
Models, No. 2003.06.001, 2004.

[28] F. H. Lutz. BISTELLAR, Version 11/03.
http://page.math.tu-berlin.de/~lutz/stellar/BISTELLAR, 2003.

[29] F. H. Lutz. Small examples of nonconstructible simplicial balls and spheres. SIAM
J. Discrete Math., 18:103–109, 2004.

[30] U. Pachner. P. L. homeomorphic manifolds are equivalent by elementary shellings.
European J. Combin., 12:129–145, 1991.

[31] J. S. Provan and L. J. Billera. Decompositions of simplicial complexes related to
diameters of convex polyhedra. Math. Operations Research, 5:576–594, 1980.

[32] M. E. Rudin. An unshellable triangulation of a tetrahedron. Bull. Amer. Math. Soc.,
64:90–91, 1958.

[33] V. Welker. Constructions preserving evasiveness and collapsibility. Discrete Math.,
207:243–255, 1999.

the electronic journal of combinatorics 20(3) (2013), #P31 29

http://page.math.tu-berlin.de/~lutz/stellar/BISTELLAR

	Introduction
	Background
	Combinatorial properties of triangulated spheres and balls
	Perfect discrete Morse functions
	Knots and knot-theoretic obstructions

	The single trefoil
	The double trefoil
	The triple trefoil
	Non-evasiveness and vertex-decomposability
	Open problems

