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Over the last decades the theory of expander graphs has attracted quite a lot of research
interest. These graphs with strong connectivity properties have a number of applicatory
the resolution of an extremal problem in communication network
theory (cf. [4]), but they are also of importance in theoretical computer science. For a
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Abstract

A connected p-regular graph G has largest eigenvalue p in modulus. G is called
Ramanujan if it has at least 3 vertices and the second largest modulus of its eigen-
values is at most 24/p — 1. In 2010 DROLL classified all Ramanujan unitary Cayley
graphs. These graphs of type ICG(n,{1}) form a subset of the class of integral
circulant graphs ICG(n, D), which can be characterised by their order n and a set
D of positive divisors of n in such a way that they have vertex set Z/nZ and edge
set {(a,b) : a,b € Z/nZ, gcd(a —b,n) € D}. We extend DROLL’S result by drawing
up a complete list of all graphs ICG(p®, D) having the Ramanujan property for each
prime power p® and arbitrary divisor set D.

Keywords: Cayley graph, integral graph, circulant graph, graph spectrum, Ra-
manujan graph

Introduction

detailed review of this topic we refer to [11].

A special class of expanders are Ramanujan graphs, which were introduced by
LUBOTZKY, PHILLIPS and SARNAK [15] in 1988 (see also [16]).
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graph G has largest eigenvalue p and is called Ramanujan if G has at least three vertices
and the second largest modulus of its eigenvalues

A(G) :== max{|A| : X € Spec(G), |A| # p} (1)

satisfies A(G) < 24/p — 1, where the eigenvalues of a graph G simply are the eigenvalues
of its adjacency matrix, and the spectrum Spec(G) is the set of all these eigenvalues.
Observe that for each p-regular connected graph G the largest eigenvalue p occurs with
multiplicity 1, and consequently G has eigenvalues A with |A\| < p if G has at least 3
vertices (cf. [5]), which means that A(G) is well defined under this mild restriction. By a
result of ALON [2] and BOPPANA [6] (see also [15], Proposition 4.2) on random p-regular
graphs we know that A(G) = 21/p — 1 is asymptotically best possible.

The class of integral circulant graphs, i.e. graphs having a circulant adjacency matrix
with integral eigenvalues, is an object comprising algebraic, arithmetic and combinatorial
features. Lots of interesting results on this class of graphs have been obtained in recent
years (see [17] for references). By the works of KLOTZ and T. SANDER [13] and So [22],
integral circulant graphs are generalisations of unitary Cayley graphs and can be defined
as follows: For a given integer n > 1 and a set D C D(n) := {d > 0: d | n} of positive
divisors of n the corresponding integral circulant graph ICG(n, D) has vertex set Z/nZ
and edge set {(a,b) : a,b € Z/nZ,gcd(a — b,n) € D}, where Z/nZ denotes the additive
group of residue classes mod n. Unitary Cayley graphs are the graphs ICG(n, {1}). Since
ICG(n, D) has loops in case n € D, it is usually assumed that D C D*(n) := D(n) \ {n}.
Recently the examination of spectral properties of ICGs has caught quite some attention
(cf. [1, 3, 20, 21]). In particular, a variety of results on the energy

E(n, D) := E(ICG(n, D)) = > By

AESpec(ICG(n,D))

of ICG(n, D) has been obtained (cf. [7, 10, 12, 14, 17, 18, 19, 21]).

In 2010 DROLL [8] classified all unitary Cayley graphs, i.e. graphs of type ICG(n, {1}),
which have the Ramanujan property. We extend DROLL’S result by drawing up a complete
list of all graphs ICG(p®, D) having the Ramanujan property for each prime power p* and
arbitrary divisor set D C D*(p®).

Expanding our definition of D(n), we set D(n;m) := {d € D(n) : d > m} for any
positive integer m.

Theorem 1.1. Let p be a prime and s a positive integer such that p* > 3. Let D C D*(p®)
be an arbitrary divisor set of p*. Then ICG(p®, D) is a Ramanujan graph if and only if D
lies in one of the following classes:

(i) D= D(pl31=)UD for some D' C D(p*~*;pl3l);
(ii) D= {1} in case p=2 and s > 3;

(iii) D= D(p°z ) UD such that |D| > 2 for some D' C D(p*Y;p"s") in case p € {2,3}
and s > 3 odd;
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(iv) D = D22 ) UD for some D C D(2571;23) satisfying O # D' # {2571} in case
p=2and s =4 even;

(v) D ={1,2223 2 in case p =2 and s = 5;

s+l

s+3
(i) D =D(B2)U{5Z }UD for some D C D(5°1;5°%) in case p=5 and s = 5
odd;
(vii) D= D(2°%") T} UD for some D' C D(2571;2°5) satisfying

e ()

d'eD’

in case p =2 and s = 5 odd.

Theorem 1.1 tells us for each prime power in a simple way how to choose divisor sets
to obtain an integral circulant graph that is Ramanujan, except for the final case (vii),
where the construction is a little more intricate. In thls situation, the binary expansion
of the lefthand side of (2) is obtained by adding 2~ *2’ to the binary expansion of the real
constant 3 — 2v/2 = (0.0010101111101100001...)s. Obv1ously, the sum on the righthand
side of (2) is a binary expansion by construction, and in order to generate a Ramanujan
graph we just have to pick D’ appropriately. Let us sketch an example that illustrates
what to do explicitly in case (vii):
Consider the prime power 229, for which condition (2) turns into

T

—2V2 + ﬁ = (0.0010101111110100001..); < Y ﬁ
i=15
with D' = {25 2%6 2%} gay. The parameter r > 15 may be selected arbitrarily such
that a, < 28. Now for each choice of the a;, 15 < ¢ < r, it is completely obvious whether
the corresponding divisor set D’ generates a Ramanujan graph or not. For instance,
a5 = 17, a1 = 19, a7 = 21, a1 = 22, a9 = 23, asg = 24, as; = 25, agg = 26, asy = 27
generates the Ramanujan graph

ICG(229 D(212) U {214 217 219 221 222 223 224 225 226 227})
while the divisor set of
ICG(229 D(212) U {214 217 219 221 222 223 224 225 226 228})
violates (2), and thus the graph is not Ramanujan.
Theorem 1.1 (i) immediately implies the following statement.

Corollary 1.1. For each prime power p* > 3 and all divisor sets D = {1,p,...,p "'}
with 5 < r < s the graph ICG(p®, D) is Ramanujan. In particular, there is an integral
circulant Ramanugan graph 1ICG(p®, D) for each prime power p* > 3.

We like to make the reader aware of the fact that the divisor sets ensuring the Ra-
manujan property in Corollary 1.1 are uni-regular as introduced in [14], where a subset
of D(p®) is called uni-regular if it consists of successive powers of p.
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2 The second largest eigenvalue of ICGs

In this section, we shall prove an explicit formula for the second largest modulus of the
eigenvalues of an integral circulant graph of prime power order. Before doing that, let us
recall some general facts about ICG(n, D) for arbitrary positive integers n and arbitrary
divisor sets D C D(n).

(a) The eigenvalues A\i(n, D) (1 < k < n) of the integral circulant graph ICG(n, D) can
be calculated by

Me(n,D) =3 c(k, g) (1<k<n),

deD
where i o
o mi k)
c(k,n) = Z exp( - >
j mod n
(j,n):l

is the well-known Ramanujan sum (cf. [14]).

(b) An integral circulant graph ICG(n,D) is in fact regular, more precisely ®(n, D)-
regular, where o
®(n, D) := A, (n, D) = (—) 3
(n, D) (n, D) dezDgD y (3)
with Euler’s totient function ¢. This can easily be deduced from the Perron-
Frobenius Theorem (cf. [9], chapter 8.8) and the fact that ¢(n,n) = ¢(n).

(c) By the observation of SO [22] that ICG(n,D) with D = {d,...,d.}, say, is con-
nected if and only if ged(dy,...,d,) = 1, connectivity can readily be checked. If
ICG(n,D) is connected, then ®(n,D) is the largest eigenvalue of ICG(n,D), the
so-called spectral radius of the graph, and it occurs with multiplicity 1 (cf. [5],
Proposition 3.1, or [9], Theorem 8.8.2).

In order to prove Theorem 1.1, we shall have to check for which D C D*(p®) the
Ramanujan condition

A(p*, D) := AICG(p*, D)) < 2,/T(p*, D) — 1 (4)

is satisfied (cf. (1) and (b)). Since Ramanujan graphs are required to be connected, we
necessarily have 1 € D for a Ramanujan graph ICG(p®, D) due to the criterion of SO (cf.
(c)). While (3) provides an explicit formula for ®(p*, D), it is just as important to have
such a formula for A(p®, D).

Proposition 2.1. Let p* > 3 be a prime power, and let D C D(p®) with 1 € D. Then
A(2°,{1}) =0 for s = 2, and in all other cases

AP, D) =p =) w(%s>,
B

where the empty sum for D = {1} vanishes.
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Proof. Since 1 € D, we have D = {p™,p®2,...,p*}, say, for suitable integers 0 = a; <
ay < ... < a,_1 < a, < s. Writing k = p’m, p{m, with suitable integers j, 0 < j < s,
and m > 1 for each k € {1,2,...,p"}, we obtain by Lemma 4.2 in [14] that

T

)\k(psap) = Z @(ps_ai)_ Z ps_ai_l- (5)
i=1 =1
a;=>s—j a;=s—j—1

As in the proof of Proposition 4.1 in [14], we distinguish several cases. If j = s, that
is k = p°, we have \¢(p®, D) = ®(p®, D), which is the largest eigenvalue of ICG(p®, D)
(see (c¢)) and thus irrelevant for the determination of A(p®, D). Hence we are left with
the following three cases, the last two of which correspond with the cases in the proof of
Proposition 4.1 in [14]:

Case 0: 0<j<s—a,—2
Observe that this only occurs if a, < s — 2. Then (5) implies A\x(p®, D) = 0.

Case1: s—ay<j<s—ay_1—2 forsome2 </l <.
Then

(D' D) = Y o(p™™) = ®(p*, D(p™)) > 0
=
with D(z) :={d € D: d > z}.
Case 2: j=s—ay—1forsomel <l <.
Then, on setting a,,1 := s + 1 and consequently ®(p*, D(p*+')) = 0, we have

T

Me(p®, D) = Z e(p°™ ) —p> = 2(p°, D(p™)) — pP ' L0,
=1
a;zag+1

such that |\, (p*, D)| = p*~ %~ — ®(p*, D(p*+1)).

Let us start by looking at the special case r = 1, i.e. D = {1}, a; = 0 and s > 1.
This means that Case 1 never occurs. Case 2 does occur for j = s — 1 with corresponding
Ae(p®, D) = p*~L. This value equals ®(2%,{1}) = ¢©(2°) = 2°7! in case p = 2 (and s > 2,
since s = 1 is outruled by our condition p* > 3), hence A(2°%,{1}) = 0 (originating from
Case 0). For any p > 3 and all s > 1, we have p*~! < ®(p*,{1}), which proves the
Proposition in this situation.

From now on, we assume that r > 2. We define

00 if D is uni-regular,
m=mp = min ¢ otherwise. (6)
2<Lr
ag—ap_1>2

For mp = oo, Case 1 does not occur at all. Obviously

®(p*, D) = o(p*, D(p™)) > @(p*, D(p™**)) >0
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for1 </ <r—1. If mp < oo, Case 1 occurs for ¢ = myp, but for no smaller £. Therefore,
the only candidate for A(p®, D) originating from Case 1 is ®(p®, D(p®)). On the other
hand, it is easily seen that

®(p®, D) > p* " = ®(p*, D(p™*)) = p* T — B(p°, D(p™+?)) = 0

for 1 < ¢ < r — 1. Hence the only candidate for A(p®, D) originating from Case 2 is
pm Tl — &(p*, D(p®)) = p*~! — ®(p*, D(p™)). Now let us compare the two candidates
for A(p*, D) found above. By the definition of m = mp, we obtain

r

(p°, D(p™)) + @(p*, D(p™))

I
(]

o(p” ") + Z o(p™™ ™)

.

=2
1

3

(P ) 2> e )
i=m

||
N

_ psfag _ psfam_lfl +9 Z S0<psfai)
i=m
g ps—ag _ ps—am_1—1 + 2ps—am < ps—l‘

This implies p*~! — ®(p*, D(p™2)) > ®(p*, D(p™)), and we have

AP, D) =p"! = @, D(p™)) = p*" = Y 90<%S)'
deD
d#1

Part (ii) of the following result was already proved in Proposition 4.1 (ii) of [14].
Corollary 2.1. Let p* > 3 be a prime power, and let D C D(p®) with 1 € D.

(i) Then
2571 ifp=2,5>2 and D = {1},
p° otherwise.

(5. D) + Ay, D) = { )

(ii) For all odd primes p, we have A(p®, D) = 0 if and only if D = D(p®).

Proof. The identity (7) follows right away from (3) and Proposition 2.1. The second
assertion is another consequence of Proposition 2.1, because

S

p s—
Z SO(E) <pt
deD
d£1

with equality if and only if D = D(p®). O
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Corollary 2.2. Let p* > 3 be a prime power, and let D C D*(p®) with 1 € D. Then
ICG(p®, D) is Ramanujan if and only if either p =2, s > 2 and D = {1} or, in all other
cases,
P’ .
o)zt —2vr 2 (8)
deD
d£1

where the empty sum for D = {1} vanishes.

Proof. The special case p =2, s > 2 and D = {1} is an immediate consequence of Propo-
sition 2.1. By (4) and Proposition 2.1, it follows in all other situations that ICG(p®, D) is
Ramanujan if and only if @5 := >, 1 4 p(2) satisfies

P = @y <2¢/@(p7, D) — 1= 2/p(p*) + @y — 1.

A short calculation reveals that this is equivalent with (8). O

3 Proof of Theorem 1.1

Now we shall characterise all integral circulant graphs of prime power order which have
the Ramanujan property.

Proof of Theorem 1.1. Let us assume that D = {p™,p®,... p*} for suitable integers
0<a <a;p <ag < ...<a_1 <a < s—1. Since Ramanujan graphs have to be
connected by definition, i.e. 1 € D, we necessarily have a; = 0.

We consider the case r = 1, i.e. D = {1} separately. We know by Corollary 2.2 that
ICG(2°,{1}) is Ramanujan for each s > 2. For p > 3, the Ramanujan property requires
p* 1 —2p*24-2 < 0 by condition (8) of Corollary 2.2. It is easy to check that this inequality
holds if and only if s =1 or s = 2. For r = 1, we thus have exactly the following types of
Ramanujan ICGs, which were determined earlier by DROLL while characterising unitary
Cayley Ramanujan graphs (see Theorem 1.2 (a), (b) and part of (d) in [8]):

Ry | D |
A2 (s>2) {1
Blp (p=3) | {1}
Clp*(p=3)| {1}

In the sequel we may assume that » > 2. Since a, < s — 1, we trivially have
S e ) < =)+ (T T ) L (- ) = -
i=2

Hence, by Corollary 2.2, a necessary condition for ICG(p®, D) to be Ramanujan is that
P 2 p T = 2V 2, (9)
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Let us first distinguish cases according to the value of as. If as > 3, thus s > 4, a
simple calculation shows that (9) is never satisfied. Assume next that ay = 2, thus
s > 3. It is easily seen that (9) requires s < 5, and we obtain only the pairs (s,p) €
{(3,2),(3,3), (4,2), (5,2)} satisfying (9). Checking our Ramanujan condition (8) explicitly
for these pairs, we precisely obtain Ramanujan ICGs as listed below:

L r | D |
D|p? 2<p<3|{1,p"}
E | 2° {1,2%} or {1,22,2%}
F |2 {1,22,23 21}

We are left with the case as = 1. Using the notation introduced in (6), it follows that
mp > 3, and we shall distinguish between mp = oo and mp < co. In the first case, i.e.
for uni-regular divisor sets D, we have s > 2 and

Z (p(ps—ai) _ Z (p(ps—(i—l)) _ ps—l . ps—r'
=2 i=2
Then Corollary 2.2 tells us that ICG(p®, D) is Ramanujan if and only if

P+ 2 < 2P (10)

For s < 2r, this condition is satisfied for all primes p, hence we obtain a Ramanujan
graph ICG(p®, D) for each prime power p® with s > 2 and uni-regular divisor sets D =
{1,p,....p" '}, where § < r < 's. For s > 2r + 2, condition (10) does not hold for
any prime p. For the missing case s = 2r + 1, (10) yields the Ramanujan condition
VDt # < 2, which is only satisfied for p = 2 or p = 3 and all odd s > 5. Therefore, we
have two more types of Ramanujan ICGs:

| D |
G|p°(peP s>2) {Lp,...,p '} (min{2,%} <r <)

5—3

H|p (pef{2,3}, s=>5, 2¢s) | {l,p,....p = }

Now let us consider the case m = mp < 0o. We have

r m—1 r r
Do) = e ) Y e ) =T = T Y ().
=2 =2 i=m i=m

Then, by Corollary 2.2, ICG(p®, D) is Ramanujan if and only if

P 2 <2V ) p(pt). (11)
i=m

For s < 2(am-1 + 1), i.e. § > 5 — ap_1 — 1, the Ramanujan condition (11) is satisfied

for all primes p. By definition of m = mp, we have a,_1 = m — 2. Hence ICG(p®, D) is
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Ramanujan for any prime power p* and D = {1,p,...,p" 2 p™ ... p»}, if3<m<r
satisfies s < 2(m — 1) and a,, > m, which requires s > 4. Setting ¢ := m — 1, we have
found the next type of Ramanujan ICGs:
L D |
’I‘ps (pE]P)a 824) ‘ {1’p7'"7p€717paé+17"'7par} (%<£<a€+1_1) ‘

For s > 2(am—1 +3), i.e. 3 <5 —am_1 — 3, we obtain for all primes p
2 211 2p2
p+ ps—am,1—1 > 2 2 ps?am1—2 + 1 2 ps—a€1—2 + 1’

hence

S—Qm—1—2

S—am—1—1 9 — S—Qm_1—2 2
p + p p+ p—

2p2 .
S (ps—_a],:1—2 + 1) = 2p7 4 p*T 172

> 2% +p7 " > 20+ Y ().
i=m

This contradicts (11), which means that there are no Ramanujan graphs in this situation.
It remains to consider the three special cases s = 2(an—1 + 1) + 7 with j € {1,2,3}.
This turns (11) into the Ramanujan condition

i 1 - s—a,
pz—Km(ZW 1>—2)- (12)

p i=m

By definition of m = mp, we know that a,, > a,_1 + 2. Since
D R e N e Tt A ¥
i=m

careful calculations reveal that condition (12) can only be satisfied for the pairs (j,p) €
{(1,2),(1,3),(1,5),(2,2),(3,2)}. For the first two pairs, corresponding with a,_; = %32,
the lefthand side of (12) is negative, while the righthand side is non-negative except for
the special case p = 2 and a,, = a, = s—1. However, a closer look shows that in this latter

situation (12) is still satisfied, and we obtain Ramanujan graphs ICG(p®, D) for p € {2, 3},
s—3 as41

where D = {1,p,...,p 2 ,p = ,...,p"} with Uspr = Ay 2 Am_1 +2 = %—1-2 = %,
thus s > 5. Inserting the third pair j = 1 and p = 5 into (12), a short computation
discloses that the corresponding ICGs are Ramanujan if and only if a,, = a,_1 + 2, and
then D = {{1,5,...,5"2,5",...,5%} with s > 5. To sum up, the Ramanujan ICGs

for (4,p) € {(1,2),(1,3),(1,5)} are the following:
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T R |
J ps (pe {273}7 8257 2"’8) {Lpa"-:psg , D S;rfla-"?par} (as+1 P %)

SF1

K | 5% (s>5, 215) {1,5,...,572 .52 5% .. 5%}

For j = p = 2, the Ramanujan condition (12) reads . @(p* %) > 2, and this always
holds unless a,, = a, = s — 1, i.e. we obtain Ramanujan ICGs of type

_|» [ D |

(L[2°(s>6,2]s) [ {1,2,....277 2%, ... 2%} (§<as<s—2)|

S
2

We are left with the case j = 3 and p = 2, where s = 2a,,1 +5=2(m—2)+5=2m+1,
and our Ramanujan condition (12) becomes

1 - S—ay
WV2-2< s (Z p(27) — 2)

i=m
1 i 1 1 1
— 2S—ai—1 -9 - - .
This is equivalent with 4 — 22 < Z::m %;_m — 2,,1%1 , where we know that a; > i for all

1 > m. This immediately implies that the Ramanujan condition necessarily requires that
an = m. Then our condition reads

T

3-2v3< Y sl = Y e (13)

i=m+1 s+l

and we have found our last type of Ramanujan ICGs
RS | D |

5—5

M |2 (s>5,2¢s) | {1,2,...,272

T s+1

277,20 2% (asp, . g, satisfy (13))

To complete the proof of Theorem 1.1 it remains to show that the Ramanujan ICGs of
types A-M exactly constitute the Ramanujan graphs listed in the assertion. The following
table provides the interrelations between types A-M on one hand and cases (i)-(vii) on
the other hand.

i) |A(s=2),B(s=1),C(s=2),G (s=2),1(s>4)
G) | A(s>3)

(iii) | D (s=3),H (s >50dd), J (s > 5 odd)

(iv) | E (s=4), L (s > 6 even)

(v) |F(s=5)

(vi) | K (s =5 odd)

(vii) | M (s > 5 odd)
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