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Abstract

Recently, Dosli¢, and Liu and Wang developed techniques for dealing with the
log-convexity of sequences. In this paper, we present a criterion for the log-convexity
of some combinatorial sequences. In order to prove the log-convexity of a sequence
satisfying a three-term recurrence, by our method, it suffices to compute a constant
number of terms at the beginning of the sequence. For example, in order to prove
the log-convexity of the Apéry numbers A,,, by our method, we just need to evaluate
the values of A,, for 0 < n < 6. As applications, we prove the log-convexity of some
famous sequences including the Catalan-Larcombe-French numbers. This confirms
a conjecture given by Sun.
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1 Introduction

A positive sequence {5, }°° , is said to be log-convex (respectively log-concave) if for n > 1,

Sn < Sn+1

Sn Sht1
> .
Sp1 S, ) (1)

Snfl - Sn

(respectively

Meanwhile, the sequence {S,,}5°, is called strictly log-convex (log-concave) if the inequal-
ity in (1.1) is strict for all n > 1. In 1994, Engel [8] proved the log-convexity of the
Bell numbers. Recently, Dosli¢ [4, 5, 6], Dosli¢ and Veljan [7], and Liu and Wang [14]
developed techniques for proving the log-convexity of sequences. Dosli¢ [4, 5, 6] presented
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several methods for dealing with the log-convexity of combinatorial sequences. He proved
that the Motzkin numbers, the Fine numbers, the Franel numbers of order 3 and 4, the
Apéry numbers, the large Schroder numbers, the derangements numbers and the central
Delannoy numbers are log-convex. In their wonderful paper [14], Liu and Wang proved
that the log-convexity is preserved under componentwise sum, under binomial convolu-
tion, and by the linear transformations given by the matrices of binomial coefficients and
Stirling numbers of two kinds. Many combinatorial sequences satisfy a three-term recur-
rence. Liu and Wang [14] presented some criterions for the log-convexity of the sequences
{zn}5°, satisfying the following recurrence

a(n)zpi1 = b(n)z, + c(n)zp_1, (2)

where a(n), b(n) and ¢(n) are positive for n > 1, Liu and Wang [14] proved the following
theorem.

Theorem 1. Let {z,}22, be defined by (2) and

n) + v/b%(n) + 4a(n)c(n)
ol '

Suppose that zy, 21, 23, 23 is log-convexr and that the inequality

An = (3)

a(n)An—1Ant1 —b(m)A(n —1) —e(n) >0 (4)
is true for n = 2. Then the sequence {z,}2, is log-convex.

Liu and Wang [14] also considered the log-convexity of the sequence {z,}>°, defined
by

(an + ap)zni1 = (Bin + Bo)zn — (17 +70) 2n-1- (5)

for n > 1. They gave criterions for the log-convexity of the sequences {z,}>°,. Employing
their criterions, they proved the log-convexity of some combinatorial sequences. Liu [13]
gave sufficient conditions for the positivity of the sequences defined by (5).

Motivated by these results established by Liu and Wang [14], in this paper, we inves-
tigate the log-convexity problem of the sequence {5, }2°, having the following three-term
recurrence

k i l i
Zi:() a;n S Zi:O Gin S > 2)7 (6)

n — <t . .°n-1" 7 . .~n-2 (n

Zf:o bin' Zi:o din’

where ged(S25, amn?, S8 bin®) = ged(X_, en’, Sty din®) = 1 and k, I, ag, by, ¢; and d;
are positive numbers. The authors [19] gave a criterion for the positivity of the sequence
{Sn}o, defined by (6). The aim of this paper is to present a criterion for the log-
convexity of some famous combinatorial sequences. By our method, in order to determine
the log-convexity of the sequence {S,}>°, defined by (6), it suffices to compute a constant
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number of terms at the beginning of the sequence {S,}>°,. As applications, we prove
some famous combinatorial sequences are strictly log-convex. Specially, we show that
the Catalan-Larcombe-French numbers {P,}°°, is strictly log-convex which confirms a
conjecture given by Sun [18].

In order to state our main result, we first introduce some notations. Given a polynomial

f(n) defined by

fln)=>_ fin', (7)
where f; (0 < i < k) are real numbers and f;, > 0. Define an operator L on f(n) by
1
L(f(n)) = T > il (8)
k o<i<k—1, f<0

For example,

11
L(5n* —2n® +4n® — 6n — 3) = = 9)

It is easy to see that f(n) > 0 for n > [L(f(n))] + 1.
Throughout this paper, we always let

Zf:() ai(n + 2)2 B Z;C:O CLZ'(’I’L + 1)Z _ Z;:O ejnj (10)
SEobin+2)  SE bn+ 1) Xghnt
Vit +2) Y+ 1)  iopin (11)
Sdin+2) S din+ 1) g@nt

and

S a2 Y e+ 2y (Soant) (S5en)

S+ 2 Sadiln 2 (S pw) (S )

Do Pi(n+ 1)) (30, he(n + 1)) o
_ ( ) _ ZZB— , (12)

(> i—o @(n +1)7) (Z;:o ej(n + 1)j> N > im0 Yint!

where hy > 0, ¢, > 0, yg > 0 and

s S u v « B
ged (Z ejnj, Z htnt> = ged (Z pjnj, thnt> = ged (Z xn’, Zym’) =1.
§=0 t=0 §=0 t=0 i=0 i=0

Our main result can be stated as follows.
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Theorem 2. Let {S,}>2, be a positive sequence and satisfy (6). If p, >0, e, >0, x4, >0
and there exists an integer Ny such that

No =1 = max{ [L(i cini)] )

1=0

l

L(Z dm’)] , [L(Z ejnj)] , [L(Z hmt)] ;

1=0

U v « IB
03|13 [ )] | 41
=0 =0 i=0 i=0
and
SNO SN0+1
< , 14
St Sh, (1)
v (Sieonid} ) (i heNY)
SO > ~, (15)
No (>0 @VG) (ijo ejN8>
then the sequence {S,}ol . is strictly log-conver, namely,
Sn - Sn
g < 5:1’ (n > Np). (16)

This paper is organized as follows. We give the proof of Theorem 2 in Sections 2.
As applications of Theorem 2, in Section 3, we prove the log-convexity of some famous
sequences including the Catalan-Larcombe-French numbers. This confirms a conjecture
given by Sun [18].

2 Proof of Theorem 2

In this section, we present the proof of Theorem 2.

Proof. By the definition of r1, we see that for all n > Ny > rq,

l i
G
ZZ“’ - >0, (17)
> iz din
Zf:o bi(n + 2) Zf:o bi(n + 1) Zf:o hen' ’
Zf:(] Ci(” + 2>Z _ Z?:O CZ'(”’ + 1)Z _ Z?ZO pjnj >0 (19>
Zf:o di(” + 2)i Zf:o di(” + 1)i Z:ZO qmt ’
and
%— -0, (20)
i—0 Yil!
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We first give a lower bound for Sg,—:l Moreover, we prove that for n > Ny,
Sp1 (Z;:o pj”j> (21— fun’)
> .
S (Tipam) (Sipem?)

We prove (21) by induction on n. By (15), we see that (21) holds for n = Ny. Suppose
that (21) holds for n = m > Ny, that is,

Sor (Simomm?) (S hom)
>

(21)

~. (22)
S (g amt) (g emd)
It follows from (17), (18) and (22) that for m > Np,
22:0 ci(m+2)" S, . Zé:o ci(m + 2) (> im0 @) (Z;:O ejmj> (23)

S dilm+2) St T g dilm 27 (T pymd ) (g hem)

Now, we are ready to show that (21) also holds for n = m + 1. Employing (6) and (23),
we deduce that

Sz _ Thbea(m+2) YL c(m+2) S,
Sm+1 Z'I;:O bl (m -+ 2)@ Zi:o dl (m + 2)@ Sm—l—l

> Yipai(m+2)' Y ci(m+2) (Xm0 @) <Z§:O ejm])
Siobilm 2 Sl dilm + 2 (S pymd ) (S hemt)

(24)

In view of (12), (20) and (24), we find that for m > N,

Spee (Ziopilm +17) (g hu(m + 1))
St (S aelm + 1)) (g esm +1)7)

S pa(m+2) Y e(m+2) (Xm0 @) (Z§:o ejm’ )
Siobi(m+2)t Y di(m +2) (z;;o pjmj) (S5, hemt)

>

(o pitm +1)7) (g hulm + 1))
(i alm+ 1)) (Sjyesim+1)7)

:M -0, (25)
Z@':o yim'
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which implies that (21) is true for n = m + 1. By induction, we have proved (21) holds
for n > Nj.

Now, we turn to prove (16). We also prove (16) by induction on n. It follows from
(14) that (16) holds for n = Ny. Assume that (16) is true for n = m > Ny, namely,

Sm Sm—l—l
: 26
St~ S (26)
By (17) and (26), we find that for m > N
l i 1 i
Zi:o ci(m+1)" Sy > Zizo c(m+1)" Sy, (27)

Zizo di(m +1)' Sm Zézo di(m + 1)1 Smi1-
Employing (6), (10), (11), (19), (21) and (27), we deduce that for m > N,

Smy2  Omy1 _ o @i(m + 2)° _ Yo Ci(m +2)" S

Sm+1 Sm Zf:o bi(m + 2)i Zé:o di(m + 2)i Sm1
_Xam+1) Yieam+1) S
> Zf:o a;(m + 2)’ B Zfzo a;(m + 1)
SEobm+2)i SF bi(m 1)
n Yo Gilm+ 1) Yiga(m+2)") S,
Yo di(m+1)1 Y di(m + 2)
_ Z;:O ejmj _ Z?:Q pjmj So,
Do hemt 30 am® S

Sieem’  Spopm? [ (imo @) <Z§:° o mj> =0, (28
TS S gt v (> g)
t=0 't t=0 4t <Z]’:O pjmj> (tho hym )

Serl

which implies that (16) holds for n = m + 1. Theorem 2 is proved by induction. This
completes the proof. O

3 Applications of Theorem 2

In this section, employing the criterion given in this paper, we prove some results on the
log-convexity of some combinatorial sequences.

The Catalan-Larcombe-French numbers P, for n > 0 were first defined by Catalan in
2], in terms of the “Segner numbers”. Catalan stated that the P, could be defined by
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the following recurrence relation:

2 _
P 8(3n 23n + 1)Pn71 B
n

128(n — 1)?

n2

P, s, (29)

for n > 2, with the initial values given by Py = 1 and P, = 8. Larcombe and French [12]
gave a detailed account of properties of P,, and obtained the following formulas for these
numbers:

G R ey 262
ner () .
and

2 (2s) 2

1 2 (25 (2r)!(25)! )

P, =— RS Arl \s) 31

n! Z (7")(3) rls! Z ™) (31)
r4+s=n r+s=n r

for n > 0. The first few P, are 1, 8, 80, 896, 10816, 137728. This is the sequence

A053175 in Sloane’s database [16]. The sequence {P,}>, is also related to the theory of

modular forms; see [20].
Recently, Sun [18] conjectured that

Conjecture 3. The sequences {P,11/P,}5°, and {/P,}32, are strictly increasing.
Employing Theorem 2, we prove that
Corollary 4. Conjecture 3 is true.

Proof. By (13), we find , = 3. Set Ny = 3. It is easy to check that (14) and (15) hold
for Ny = 3. By Theorem 2, we see that the sequence {P,}2° , is strictly log-convex. It is
a routine to verify that ”1 i for 1 <4 < 3. Thus, the sequence {P,}, is strictly

log-convex and the sequence {Pn+1 /P, }o2, is strictly increasing, namely,

Pn+1 Pn
—_ > = > 1. 32
P P " (32)
By (32) and the fact Py = 1, we deduce that
- Pz PnJrl "
P, =P < , 33
it ( P, ) (33)
which implies that
prtt < pro. (34)

It follows from (34) that the sequences {/P,}52, is strictly increasing. This completes
the proof. 0
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The Apéry number A,, is defined by

A — 34n® — 51n? 4+ 27n — 5An—1 _(n —31)3
n

n3

An_g, n 2 2, (35)

with Ag = 1 and A; = 5. The Apéry numbers play a key role in Apéry’s proof of the
irrationality of ((3) = > o7, J5; see [1]. The log-convexity of {4,}:2, was proved by
Dosli¢ [4]. Chen and Xia [3] proved that the sequence {A,}>°, is 2-log-convex. Now,
we present another proof of the log-convexity of {A,}>2,. Set k =1 = 3, a3 = 34 and
bs = c3 = d3 = 1 in Theorem 2. By the definition of r;, we obtain r; = 5. Set Ny = 5.
We can check that (14) and (15) hold for Ny = 5. Thus, by Theorem 2, the sequence
{A,}5° - is log-convex. We can also verify that ij—tl > ﬂ for 1 < ¢ < 5. Thus, the

following corollary is true.
Corollary 5. The sequence {A,}22, is strictly log-conve.
The central Delannoy number D, is defined by

3(2n—1)D n—1
2 p, -

D, = D, s, n3>2, (36)

n

with Dy = 1 and D; = 3; see [15]. Dosli¢ [4] , and Liu and Wang [14] proved the log-
convexity of the sequence {D,}> . By (13), we find r; = 2. Let Ny = 2. It is easy to
check that (14) and (15) hold for Ny = 2. The following corollary follows from Theorem
2 and the fact g—f > g—é.

Corollary 6. The sequence {D,,}5° is strictly log-convez.
The little Schroer number s,, is defined by
3(2n — 1) n—2
—8, 1 — s
n+1 n+1

with s = 1 and s; = 1; see [9, 17]. Dosli¢ [4] , and Liu and Wang [14] proved the
log-convexity of the sequence {s,}°° . It is easy to see that r; = 3. Let Ny = 3. We can
check that (14) and (15) hold for Ny = 3. The following corollary follows from Theorem
2 and the fact 2 > 2 > 2.

n

n—2» n 2 2, (37)

Corollary 7. The sequence {s,}>, is strictly log-convez.

Let R, be the number of the set of all tree-like polyhexes with n 4+ 1 hexagons. The
sequence { R, }>° , satisfies the recurrence
3(2n —1) 5(n — 2)
— R, 1 — —— R, 9, > 2, 38
n+1 ! n+1 ? " (38)
with Rp = 1 and R; = 1; see [11]. The sequence {R,}%, is the sequence A002212
in Sloane’s database [16]. Liu and Wang [14] proved the log-convexity of the sequence
{R,}22,. Let Ny = 3. Employing Theorem 2 and evaluating the values of Ry, Rz and
R4, we can prove the following corollary.

R, =
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Corollary 8. The sequence { R}, is strictly log-convez.

Let w,, be the number of walks on cubic lattice with n steps, starting and finishing on
the x —y plane and never going below it. The sequence {w,, }5°, has three-term recurrence
relation

4(2n +1 12(n —1
Wy = %wn—l - an—% n =2, (39)
with wy = 1 and w; = 4; see [10]. The sequence {w,}>?, is the sequence A005572
in Sloane’s database [16]. Liu and Wang [14] proved the log-convexity of the sequence
{wn}e2,. Set Ny = 2. The following corollary follows from Theorem 2 and the fact
> e fori=1, 2.
Corollary 9. The sequence {w, }2, is strictly log-convez.

Let F,, be defined by

An* —n? —n?+3n+2 o —5n2—n+1
Fn: n—1 —
nt4+2n?2 -1 2n3 — 3n2 + 2n

Fn_g, n 2 2, (40)

with Fy = 1 and F; = 1. By (13), we find r; = 42. Set Ny = 42. It is easy to check

that (14) and (15) hold for Ny = 42. We can also verify that F}f > FIZ for 3 <@ < 42.

Hence, we can prove the following corollary.
Corollary 10. The sequence {F,}2°, is strictly log-convex.

To conclude this paper, we remark that the method presented in this paper can be
used to prove the log-convexity of some combinatorial sequences satisfied longer recurrence
relations. The principle is the same.
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