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Abstract

Recently, Feng and Xiang [10] found a new construction of skew Hadamard
difference sets in elementary abelian groups. In this paper, we introduce a new
invariant for equivalence of skew Hadamard difference sets, namely triple intersec-
tion numbers modulo a prime, and discuss inequivalence between Feng-Xiang skew
Hadamard difference sets and the Paley difference sets. As a consequence, we show
that their construction produces infinitely many skew Hadamard difference sets in-
equivalent to the Paley difference sets.

Keywords: skew Hadamard difference set, Feng-Xiang difference set, Paley differ-
ence set

1 Introduction

Let (G, +) be an (additively written) finite group of order v. A k-subset D C G is called
a (v, k, \) difference set if the list of differences x —y with x,y € D and x # y covers each
nonzero element of G exactly A\ times. We say that two difference sets D, and Dy with
the same parameters in an abelian group G are equivalent if there exists an automorphism
o € Aut(G) and an element x € G such that o(D;) + © = D,. For general theory on
difference sets, we refer the reader to [1].
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A difference set D in a finite group G is called skew Hadamard if G is the disjoint union
of D, —D, and {0}. The primary example (and for many years, the only known example
in abelian groups) of skew Hadamard difference sets is the classical Paley difference set
in (F,,+) consisting of the nonzero squares of F,, where [F, is the finite field of order ¢,
and ¢ is a prime power congruent to 3 modulo 4. This situation changed dramatically
in recent years. Skew Hadamard difference sets are currently under intensive study; see
3, 6, 7, 8,9, 11, 10, 14, 15, 16, 17] for recent results and the introduction of [10] for a
short survey of skew Hadamard difference sets and related problems.

There were two major conjectures in this area: (i) If an abelian group G contains a skew
Hadamard difference set, then G is necessarily elementary abelian. (i) Up to equivalence
the Paley difference sets mentioned above are the only skew Hadamard difference sets in
abelian groups. The former conjecture is still open in general. The latter conjecture turned
out to be false: Ding and Yuan [7] constructed a family of skew Hadamard difference sets
in (F3m, +), where m > 3 is odd, by using Dickson polynomials of order 5 and showed that
two examples in the family are inequivalent to the Paley difference sets. Very recently,
Ding, Pott, and Wang [6] found more skew Hadamard difference sets inequivalent to
the Paley difference sets from Dickson polynomials of order 7. Muzychuk [15] gave a
prolific construction of skew Hadamard difference sets in an elementary abelian group
of order ¢® and showed that his skew Hadamard difference sets are inequivalent to the
Paley difference sets. Although many other constructions have been known recently, as
far as the author knows, there has been no theoretical result on the inequivalence problem
of skew Hadamard difference sets except for [15]. Indeed, in most of recent papers, the
inequivalence of skew Hadamard difference sets were checked by computer. Here, we
should remark that some of known invariants for equivalence of ordinary difference sets
(e.g., p-ranks of the symmetric designs developed from difference sets) do not contribute
anything to the inequivalence problem of skew Hadamard difference sets D since they are
determined from only the parameters of D [1, Chapter VI, Theorem 8.22]. On the other
hand, some invariants (e.g., triple intersection numbers) are difficult to compute without
computer.

A classical method for constructing difference sets in the additive groups of finite fields
is to use cyclotomic classes of finite fields. Let p be a prime, f a positive integer, and let
q = p’. Let k > 1 be an integer such that N|(¢ — 1), and + be a primitive element of
[F,. Then the cosets C’Z-(N’q) =N}, 0 < i < N — 1, are called the cyclotomic classes of
order N of F,.

In this paper, we are particularly interested in the following construction of skew
Hadamard difference sets given by Feng and Xiang [10].

Theorem 1. ([10, Theorem 3.2]) Let p; = 7(mod 8) be a prime, N = 2py*, and let
p = 3(mod 4) be a prime such that f := ordy(p) = ¢(N)/2. Let s be any odd integer,
I any subset of Z/NZ such that {i (mod pT") |1 € I} = Z/p{'Z, and let D = J,,; Ci(N’Q),
where ¢ = p’*. Then, D is a skew Hadamard difference set.

We call the difference set in Theorem 1 as the Feng-Xiang skew Hadamard difference
set with index set /. Let ¢t be an odd integer and 7 be a primitive element of Fy. Put
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w = AWVED I D =, C,;(N’Q) = Uje;w'(w) is a Feng-Xiang skew Hadamard
difference set, then so does D' = J,, CfN’qt) = Ui 7 (7). We call D’ the lift of D to
Fg. Furthermore, throughout this paper, we denote the set |J,; W (WY by DO, Tt is
clear that D® is also a Feng-Xiang skew Hadamard difference set if ged (¢, N) = 1.

In this paper, we introduce a new invariant for equivalence of skew Hadamard differ-
ence sets, namely triple intersection numbers modulo a prime, and show that infinitely
many Feng-Xiang skew Hadamard difference sets are inequivalent to the Paley differ-
ence sets by using “recursive” techniques. Besides the existence of infinitely many skew
Hadamard difference sets inequivalent to the Paley difference sets, our technique may
contribute to inequivalence problems on combinatorial objects defined in finite fields not
only on skew Hadamard difference sets.

This paper is organized as follows. In Section 2, we introduce some preliminaries on
characters of finite fields, and present a proposition on divisibility of a character sum
over a finite field by its characteristic. In Section 3, we introduce the concept of “triple
intersection numbers modulo a prime” and we give two sufficient conditions for lifts of
Feng-Xiang skew Hadamard difference sets being inequivalent to the Paley difference
sets. As an example, we show that there are infinitely many integers ¢ such that the
lifts of a Feng-Xiang skew Hadamard difference set in Fi;3 to Fq3: are inequivalent to
the Paley difference sets. In Section 4, we conclude this paper with further examples of
skew Hadamard difference sets inequivalent to the Paley difference sets, and some open
problems.

2 Preliminaries on characters

Let p be a prime, f a positive integer, and ¢ = p/. The canonical additive character 1 of

[F, is defined by
* Try/p(x)
¢” B} 7 (:7 ¢(Qﬁ — Gp / )

where ¢, = exp(%) and Try/, is the trace from F, to F,. For a multiplicative character

xn of order N of F,, we define the Gauss sum

Golxn) = > xwl(@)e(x),

xeF;

which belongs to the ring Z[(,n] of integers in the cyclotomic field Q((,n). Let o4 be
the automorphism of Q((,n) determined by

oap(Cn) = Chy Tan(G) =

for ged (a, N) = ged (b, p) = 1. Below are several basic properties of Gauss sums [4]:

(i) Gy(xn)Gq(xn) = q if x is nontrivial;

(i) G,(xx) = G4(xn), where p is the characteristic of Fy;
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(i) Go(xy') = xn(=1)Gy(xw);
(iv) Gy(xw) = —11if xp is trivial;

(v) 0ap(Go(xn)) = X3 (0)Gq(X)-

In general, the explicit evaluation of Gauss sums is a very difficult problem. There are
only a few cases where the Gauss sums have been evaluated. The most well known case
is quadratic case, i.e., the case where N = 2. In this case, it holds that

Grlxn) = (—1)“( (—1)’31p)f, (1)

cf. [4, Theorem 11.5.4]. The next simple case is the so-called semi-primitive case (also
referred to as uniform cyclotomy or pure Gauss sum), where there exists an integer j such
that p = —1 (mod N), where N is the order of the multiplicative character involved. The
explicit evaluation of Gauss sums in this case is given in [4]. The next interesting case
is the index 2 case, where the subgroup (p) generated by p € (Z/NZ)* is of index 2 in
(Z/NZ)* and —1 & (p). A complete solution to the problem of evaluating index 2 Gauss
sums was recently given in [18]. The following is the result on evaluation of index 2 Gauss
sums, which was used to prove Theorem 1.

Theorem 2. ([18], Case D; Theorem 4.12) Let N = 2p\*, where p; > 3 is a prime such
that p1 = 3 (mod 4) and m is a positive integer. Assume that p is a prime such that
(Z/NZ)* : (p)] = 2. Let f = ¢(N)/2, ¢ = p/, and x be a multiplicative character of
order N of F,. Then, for 0 <t <m — 1, we have

—1

2pt1
oy (_1)”2(2—1)])’121—’1175\/]?(“5— é—m) , if p1 = 3(mod 8),
Go(x™)

(=)= = p= p, if p1 = 7 (mod 8);

S
-
~
|
—
|
—

G(xX*) = ()7 =T p T Vi,
where p* = (—1)%]9, h is the class number of Q(v/—p1), and b and ¢ are integers deter-
mined by 4p" = b + pic? and bp% = —2(mod py).

The following theorem, called the Davenport-Hasse lifting formula, is useful for eval-
uating Gauss sums.

Theorem 3. ([12, Theorem 5.14]) Let x be a nontrivial multiplicative character of F, =
F,r and let X' be the lifted character of x to the extension field Fy = Fprs, i.e., X' (a) =
X(Normy , /5, () for any a € Fy,. It holds that

Gy (X) = (1)1 (Gy(x)"
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In relation to Gauss sums, we need to define the Jacobi sums. Let x and y’ be
multiplicative characters of F,. We define the sum

JooxX) = Y. x@xX(1-w),

z€Fq,2#£0,1

the so-called Jacobi sum of F,. It is known [12, Theorem 5.21] that if x, x’, and xx’ are
nontrivial, it holds that

Gy (X)Gq(X')

Go(xx')

Jx,x') = (2)

We will use this formula later.
Now we are interested in computing the following character sum modulo the charac-
teristic p:
> x(@ (x +1)%(x + a)®) (mod p),
weF g
where x is a multiplicative character of IF,;. The following theorem is well known as the
Weil theorem on multiplicative character sums.

Theorem 4. ([12, Theorems 5.39 and 5.41]) Let x be a multiplicative character of F, of
order N > 1 and f € F,[x] be a monic polynomial of positive degree that is not an Nth
power of a polynomial. Let d be the number of distinct roots of f in its splitting field
over F, and suppose that d > 2. Then there exist complex numbers wy, ..., wq_1, only
depending on f and x, such that for any positive integer t we have

Y X (@) =—wh = —why, (3)

zGIth

where ' is the lift of x to Fy. In particular, it holds that

> X (@)

xEIF‘qt

<(d-1)Vg" (4)

With the notations above, we set d = 3. By Warning’s formula [12, Theorem 1.76],
w! 4+ wh can be expressed as follows:

[t/2]

wh 4+ wh =" (=1)

Jj=0

t
t—J

("7 s aHwnn’ Q

where each coefficient of (w; + w;)"™% (wyw,)? takes an integral value. We assume that
f(z) can be decomposed as f(z) = (x—a)" (x—b)2(x—c)*® € F,[z] for distinct a,b,c € F,
and 41,149,473 # 0 (mod N). As found in the proof of Theorem 5.39 (also Egs. (5.19) and
(5.23)) in [12], we have

wiwy = Y Ag), (6)

gePo
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where ®, is the set of all monic polynomials of degree 2 over [F, and A is defined by
Ag) = x"(g9(a))x2(g(b))x™(g(c)) for g(x) € ®,. Note that if ¢ is an odd prime, by
Eq. (5) we obviously have
wi + wh = (wy + wy)’ (mod 1)

since wy + way, wywy € Z[(N].

We will use the following proposition in the next section.
Proposition 5. Let x be a multiplicative character of F, of order N > 1 and f(z) =
2 (z +1)2(z + a)® € Fylz] for a € Fy\ {1} and i1,1z,i3 # 0 (mod N). Assume that p
divides J(x2,x3)J (X", x®2%) foriy and i3 such that x**** is nontrivial. Then, for any odd
integer t it holds that

5 () = (X)) (mod p)
acEIth z€Fy
where ' is the lift of x to Fy.

Proof: By Eq. (3) of Theorem 4 and Eq. (5), it is enough to show that wyw, =
0 (mod p). By Eq. (6), we need to compute the sum >  _o A(g). By the definition of A,

geP2
we have
Z/\ ZZX Z2l—ac—ky))(”’(a —ax +y)
ged2 zelF, yelFy,
_ZZX X2 Zd(a +y(l—a)—a+az)

z€lFq yelFy

= D XXX +y(l—a) —a)x® (1 T y(l1—a)— az)

2€Fq yeFy \{a}

(7a)
+ ) XM (a)x(2)x " (az). (7b)
z€lFy
It is clear that
(7h) X*(a)x 2(a)(g—1)  if x*2% is trivial,
10 if x%% is nontrivial.
Next, we compute the sum (7a). By the definition of Jacobi sums, we have
G2 i i — —a i
(7a) = J(xX*.x®) D X"(Wwx (= X?(@® +y(1—a) —a)
a?+y(l—a)—a
y€Fq\{a}
= J(X* X)X (=a) > W)X +y(1 - a) — a)
yeFg\{a}
io i3, —i ini Ly o—1 i ini
R N ] et I DER GG AR

weF\{-1}
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If x2x* is nontrivial, we have
(8) = x " (=a)x""(a” — a)x" (a) (X", X"*) T (X", X"**).
If x™2x% is trivial, by J(x2, x®*) = —x2(—1), we have
(8) = X Z(—a)x" (@) J(x*.x*) D> x'(-w)
weFg\{—1}
= —x *(=a)x"(a)J(x"*, x") = x"*(a)x" (a).
By the assumption that p | J(x2, x*®)J(x™, x®) for iy and 73 such that x2 is nontrivial,
we finally obtain
Z Ao (a)x~*(a)q if 2% is trivial,
- Z2( a)x?®(a? — a)x™(a)JJ(x™2, x3)J (x, x?®)  if x'2* is nontrivial,
gED:
=0 (mod p).
Then the proof is complete.

Remark 6. Let ¢ and N be defined as in Theorem 1. Assume that i, 45, and i3 are odd
and Y2 is nontrivial. Note that y*%2% is nontrivial since i1, i3, and i3 are odd. Then, by
Eq. (2), we have

G(X*)G(x®) GX)G(K™*®)  G(X")G(K™)G(K™?)

Jiz’ i3Ji1’ 1213\ __ — . =
(X X ) (X X ) G(X’LQ/LS) G(lelzlg) G(XZI’LQlS)

By Theorems 2 and 3, we have

2s
J(Xi27 Xi3)‘](Xi1a Xizis) — ((_1)22232\/?) =0 (mod p),

i.e., the condition of Proposition 5 is satisfied.

3 Triple intersection numbers modulo a prime

Let D C FF, be a skew Hadamard difference set and w a primitive element of F,. For
a € Fy\ {1}, let
Teo(D) :==|DN (D —w") N (D — aw")|.

The set {T,,(D)|0 < ¢ < g — 2} is an invariant for equivalence of skew Hadamard
difference sets. In fact, if D’ is a skew Hadamard difference set equivalent to D, namely
o(D) = D'+ for o € Aut(F,,+) and z € F,, we have

{Ta(D)|0< < q -2}
={lo(DN(D —w")N(D—aw"))]:0<l<q—2}
={lo(D) N (e(D) = o(w)) N (¢(D) — ac(w))| : 0 < < ¢ — 2}
={|D'N(D' =N (D —aw’)]: 0 << g2
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If D is the Paley difference set in gy, then [{T,.,(D)[0 < ¢ < ¢ — 2}| < 2 since
T1o(D) = T2 (D) and T, o(D) = T,2e1 ,(D) for all 0 < ¢ < (¢ — 3)/2. Hence, if a
skew Hadamard difference set D’ satisfies {7}, ,(D')|0 < ¢ < ¢ — 2}| > 3, then D' is

inequivalent to the Paley difference set D.
Let D =J,.,; C; (Na) F,rs = F, be a Feng-Xiang skew Hadamard difference set. It is
clear that

el

T a(D) [0 < £ < q =2} = {TLeu(D) [0 < £ < N =1}

In this section, we compute the size of the set {T}¢ (D) (mod t)|0 < £ < N — 1} for a

prime t. It is clear that this set is also an invariant for equivalence of skew Hadamard dif-

ference sets. Hence, if the set above contains at least three numbers, then D is inequivalent
to the Paley difference set.

Let xn be the multiplicative character of order N of F, such that yy(w) = (x and

let 1, be the quadratic Character of F,. Note that xn|r, = 7. Since the characteristic

function of D = (J,., C, Noa) g given by

ZZCNZh i 7

he] =0
we have
N3 ' Twe,a(D)

S s ()

2€F,\{0,—1,—a} h1,h2,hzel
N-1
—i1h1—igha—ighs i1 i N Y
Z Z Z Sy Xn (@)X 7 (T + W)X (7 + aw”).
z€F \{0,—1,—a} h1,h2,hg€l i1,i2,i3=0

Write M = N/2. By noting that >, _; (& = 0, the above is expanded as follows:

ZC izhs ” x—|—w )(ZC z‘”’thﬁ{”, (x4 aw ))

12=0 13=0

N—-1
M Z Z C&z2h2*l3h3+@(12+13) Z XN(x+1) (x—l—a)

ha,hs€l i2,iz=0 z€F\{—1,—a}

—ighg—izha+L(iz+1
- M Z Z Csz 33+(2+3)np(a)

ho,h3€l i2,i3€EA

N—-1
—i1h1—i3h3+£4(11+1 7 7
+M Z Z CNH shs+L(i1+i3) Z X&(m)xﬁ(x—l-a)

hi,hz€l i1,i3=0 z€F,\{0,—a}

S D DD DI MC R

hi,hs€l i1, i3€A

+M > Z (Tt ti) > @G +1)

hi,h2€1 i1,i2=0 z€F,\{0,—1}

- M Z Z é—g]ilhl—i2h2+5(’i1+i2)np(a2 o a)

hi,ho€I i1,i2€A

N-1
_M2 Z Z C&ilhﬁéil Z M2 Z Z <— 21h1+&1< 1) +7]p( )>

hi€l i1=0 z€F,\{0} hi€lil€A
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N—-1
— M? Z Z C&izhz-i-ﬁz Z X?\z{(IJr 1) + M2 Z Z C&izhzﬂiz(??p(l) Jrnp(iaJr 1))

ho€l i2=0 2€F\{—1} ha€lis€A
N-1
— M2 Z Z C;{ishaJrZig Z M2 Z Z C z'ghg+hg )+77p( 1 +&))
hs€l iz=0 2EF N\ {— a} hs€lis€A
+ Z Z CNllhl —ighg—izh3+£(i1+iz+i3) Z X 1)XN( +a)+ (¢— 3)1\437
hi,ho,hs€1 i1,i2,i3€EA zclFy

where A ={2j+1]0<j < (¢—3)/2}. Then, by erF; x~n(z) =0 and

DN (D +a) Z ZCN””"' > Av(@)(e - a),

h hel i,i'=0 z€F\{0,a}
the above is also reformulated as

MN?(|(D = w') N (D = aw')| +[D N (D — aw’)| + D N (D — w')|)

~ Mny(a) + mp(—a+ 1) + n(@® — a) (ZZcN“) Mg 1)

hel i€A

— M? (11p(=1) + np(—a) +1p(1) +1p(—a + 1) +135(a) + np(—1 + ) (Z 3 g—mm)

hel i€A

+ Z Z C_“hl —ighy—izhg+L(i1+iz+i3) Z X l‘ + 1)X§€7<$ + a) + (q _ 3)M3.

hi,ha,hs€l i1,i2,i3€A z€Fy
(9)

Let

Si17i2,i3 (wf’ I) = Z C_“hl —igho—i3h3+L£(i1+i2+i3) Z X .T -+ 1)X3\37<:E + a).

hi,ha,hsel z€Fy

Recall that D is a skew Hadamard difference set, i.e., [D N (D + z)| = 22 for all z € F;.
Then, by 7,(—1) = —1, the sum (9) is reformulated as

-3
Y Suisn@' D)+ (g -3+ NS 3 - )

i1,i2,i3€EA
i(—h)
~ M(ny(a) + my(—a+ 1) + nyla® — a) (ZZU )
hel €A

Since I (mod p}*) = Z/p"Z, there is exactly one h' € I such that ¢ — k' = 0 (mod p}*).
Write £ — b’ = ep}*. Then, by noting that A = {25 +1]0 < j < pJ* — 1}, we have

2 Py —1 2
(Ea) =(Z<§‘h2<£§f"”) (i) =i
=0

hel i€A hel
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Thus, we finally have

—3
N3.T, = Y ShaanW D)+ (g 3)M3+3MN2qT

11,82, Z3€A

— M(np(a) + np(—a + 1) + 1,(a* — a))pi™ (10)

—3M?(q—1)

3.1 Triple intersection numbers modulo a prime extension de-
gree

The following theorem gives a sufficient condition for lifts of Feng-Xiang skew Hadamard
difference sets being inequivalent to the Paley difference sets.

Theorem 7. Let t be an odd prime with ged (t,p1) = 1. Let D = UZGICN’q) be
a Feng-Xiang skew Hadamard difference set and D' be the lift of D to Fp. If the
set {Te (D)) (mod t) |0 < £ < N — 1} contains u distinct numbers, then so does
{Tye (D) (mod t) |0 < £ < N — 1}, where w and vy are primitive elements of Fy and Fg,
respectively.

Proof: Without loss of generality, we can assume that w = @ ~1D/(¢=D_ Let yn be
a multiplicative character of order N of F, such that yn(w) = (y and x/y be the lift of
xn to Fg. Define

(t) 2 : —i1h1—igho—i3ha+L(i1+i2+i3) § : /11 112 i3
Sil,ig i3 C X XN QJ+1>X N(x+a’>
h1,h2,hzel z€F ¢

Then, by Eq. (10), we have

11,82, '53

t
—3
N T (D)= Y S (1) + (¢ —3)M° + 3MN2qT — 3M3(¢" — 1)

i1,i2,i3€A

— M(np(a) +np(—a+1) + 77p<a2 - a))p%m-

By Eq. (3) of Theorem 4, there are two complex numbers wy, wq such that

ZX x+1)xﬁ§”,(m—l—a):—w1—w2

z€lFy

and

S X N@XR (@ + DY (@ +a) = —w) — wh.
z€eF qt

THE ELECTRONIC JOURNAL OF COMBINATORICS 20(4) (2013), #P35 10



Since t is an odd prime satisfying ged (¢, p;) = 1, we have

Zx’“ 2+ D)) +a) = —w! —wh
z€eF qat

(—w; — ws)" (mod t)

( > (z + DxF(z + a))t (mod ¢)

zelF,

= Z X (@)% (2 + 1) X5 (2 + a) (mod t)

z€lFy

Therefore, we obtain

S’L(lt?zz 13 (757 [)
Z C—tzlt Lhy)—tio(t~ ho)—tiz(t~Ths)4-(€t 1) (ti1 +tig+tiz)

hi,ha,h3€l

Z Xt“ ”2 (x + 1))@@3 (x 4+ a) (mod t)

z€Fy

t—¢ ,—1
= Stiy tigtis(W" Tt ).

Hence, it holds that

Z Sl(f?ZQ,zg(’yéaIH()gEgN—l}

i1,i2,i3€A
Z Stihtiz,tig(wt_le?t_ll) | 0Kl N - 1} (mod t)
i1,i2,i3€A
= { > S @ )0 SN - 1} (mod t). (11)
i1,i2,i3€A

By the assumption that the set {nga(D(t_l)) (mod t) |0 < £ < N —1} contains u distinct
numbers, we have

H D Sy @ t) (mod )]0 <LK N — 1}’ = u.
11,i2,i3€A
Then, by Eq. (11), we also have
H S 80,05 (mod 1)[0< <N~ 1}\ =
i1,i2,i3€A

i.e., the set {T.¢,(D’) (mod ¢) [0 < ¢ < N — 1} contains u distinct numbers.
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Remark 8. (i) Let D = J,, C N9 he defined as in Theorem 7. Assume that
{Twe,aw“’”) 0<E<N -1}
contains u(> 3) distinct numbers, say, a1 < ag < -+ < a,. Put
v=min{a;;2 —a; |1 <j<u—2}
Let t be any odd prime satisfying ¢ > v and ged (¢,p;) = 1 and let D’ be the lift of
D to Fy. Then, we have
(T (DY) (mod t) [0 < < N =1} >3
Hence, by Theorem 7, we have [{T.¢,(D’) (mod t)|0 < ¢ < N — 1} > 3. (More
roughly, one may take ¢ so as t > a, — ay.)

(i) If two Feng-Xiang skew Hadamard difference sets Dy and D, in F, satisfy
{Tora(D ) (mod 1) [0 < 0 < N =1} # {T o (DY V) (mod £)[0 < €< N — 1},
then by the proof of Theorem 7 their lifts D] and D to F also satisfy
{T0(D}) (mod £)]0 < £ < N — 1} # {Tye (D)) (mod £) [0 < ¢ < N — 1},
i.e., D} and D} are inequivalent.

Corollary 9. Let D = UZE[ ) be a Feng-Xiang skew Hadamard difference set. Let t
be any odd prime greater than 4N3\/§ and D' be the lift of D to Fy. If {T e (D" N0 <
i < N —1} contains u distinct numbers, then so does {T (D) (mod t) [0 < £ < N —1},
where w and v are primitive elements of F, and Fy, respectively.

Proof: Assume that {Twzﬂ(D(t_l)) |0 < i< N—1} contains u distinct numbers. By
Remark 8 (i), it is enough to show that a, —a; < 4N?,/g. By Eq. (10), it is clear that

D S t‘ll)‘ 0< €<N—1}.

i1,02,i3€EA

au—a1<—max{

Now we estimate | ) Siyinis (Wt )|, By Eq. (4) of Theorem 4, we have

i1,i2,i3€A

Z Sil,izﬂé (WZ7 t_lj)‘

11,i2,i3€A

§ : § : C—ilhl—i2h2—i3h3+€(i1+i2+i3)
N

1,12,03€A hy,ha,hz€t—11

<|APIIVG = 2N/g.

D @R @+ D)xE (@ + a)

z€Fy
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Thus, we obtain

2
au—alémmax{

> S (wgat‘lf)' :0< <N — 1} < AN /3.

11,52,03E€A

This completes the proof of the corollary.

Corollary 9 implies that for any sufficiently large prime ¢ the lift of a Feng-Xiang
skew Hadamard difference set D in [F; to Fy is inequivalent to the Paley difference set if
{TueaDU )0 <LK N =1} 2 3.

Example 10. Let p = 11, N =2p;, = 14, f =3, and I = (p) U —2(p) U {0} (mod N).
Then, we have I(mod p1) = Z/p1Z and the conditions of Theorem 1 are satisfied. Thus,
D = s C’i(N’pf) = Uie;w (w") is a Feng-Xiang skew Hadamard difference set, where w is

a primitive element of ;. Now, we consider the triple intersection numbers Tw£7a(D(t71)),
0< < N—1, witha=3. By Magma, the author checked that

(T oD )]0 <€ < N —1} = {147,158, 164, 167,173, 184}

for any odd 1 <t < N with ged (t,p1) = 1. This implies that DY) is inequivalent to the
Paley difference set.
It is clear that for any odd prime t with ged (t,p1) = 1 it holds that

’{TWZ,Q(DW)) (mod t) |0 <L < N — 1}‘ > 3.

Hence, by Theorem 7, the lift D" of D to Fyre for any odd prime t with ged (py,t) = 1
satisfies

‘{T,yeya(D') (mod t) [0 <LK N -1} >3,

where v is a primitive element of F .. Thus, D' is also inequivalent to the Paley difference
set. Furthermore, by applying Theorem 7 recursively, the lift D" of D to ]prth for any

h > 1 is also inequivalent to the Paley difference set. The extension degrees t" less that
50 covered by Theorem 7 in this case are listed below:

th =3,5,7,9,11,13,17,19, 23,25,27,29, 31,37, 41, 43, 47, 49.

3.2 Triple intersection numbers modulo the characteristic p

The extension degree ¢ in Theorem 7 is limited to a prime. The following theorem allows
us to take t as an arbitrary odd integer.

Theorem 11. Let t be any odd positive integer and consider the p-adic expansion t =
S _oxnp" with 0 < x, < p—1. Write e(t) =Y., _,xn and then there is an odd integer t’
such that t' = e(e(---e(t)---)) and 1 <t' <p—2. Let D = J,; Ci(N’q) be a Feng-Xiang
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skew Hadamard difference set and let D' and D" be its lifts to Fype and F v, respectively.
If the set {Tge ,(D") (mod p) |0 < £ < N — 1} contains u distinct numbers, then so does
{Tyeo(D") (mod p) |0 < € < N — 1}, where 3 and v are primitive elements of F v and
F,:, respectively.

Proof:  Let w be a primitive element of F,. Without loss of generality, we can

assume that w = B(qtl_l)/(q_l) = 4@ =D/@=1)  Let yy be a multiplicative character of
order N of F; such that yn(w) = (x and let xy and X7, be the lifts of xy to Fy: and F v,
respectively. Define

(t) —i1h1—igho— Zghg—‘rf 11+l2+23) /Zl /'L2 13
Si1,i2 iz \ Y E Cn § XN 37 + 1>X N(m + a)
hi,ha,hsel z€F ¢

Then, by Eq. (10), we have

¢ —

N T (D)= Y SO (1) + (¢ — 3)M° + 3MN*

11,22,23

(¢ = 1)

i1,i2,i3€A

— M(np(a) +np(—a+1) + 7717(@2 - a))p%m-

By Eq. (3) of Theorem 4, there are two complex numbers wq, wy such that

ZX 1)XN(.T+G) = —W; — W3,

z€lF,
/z1 /zg 13 t t
E XN v+ DX y(T +a) = —w) — ws,
z€eF qt

and ' '
> X N@X M@+ DX (@ + a) = —w] — wh.

zeF
th/

By Proposition 5, we have

t
A x’é@x+1>x'és<x+a>z( e >><N<x+1>xés<x+a>) (mod p)
z€lF,

z€eF qt

-1 ( D X (@ + D+ a>>wh

h=0 \ z€F,
= L[O (g X (@) (2 + D (o + a))xh(mod P)
B H ( DX G D+ a))”
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H(ZX 2(z+ 1) (x+a)>xh

h=0 *zclF,

- ( S G @ @+ Do+ a>)em.

z€elF,

By repeating this computation, we have

(3 Wladto+ (o + >) (mod p)

> XN F @+ DR +a)

z€eF qt zelfy
= > W@ R (@ + D)X (@ + a) (mod p).
zelf +
q
Therefore, we obtain
(t) ¢
Sil,ig i3 (v, 1)
_ Z CNZlhl ioha—igha+£(i1+i2+1i3) Z X/z1 /zg iU+ 1)X’3\37(.Z'+CL)
hi,ha,hsel 2€F ¢
— Z C_“hl —igha—izhs+£(i1+i2+i3) Z X//%(x)x//z]%(x + l)X//zg (I + CL) (mod p)
hi,ha,h3€l zEth/

_ o) ¢
7Si1,i2,i3<ﬂ 7I)

and

Z Z1Z2z3 7)|O<£<N—l}

i1,i2,i3€A

z{ > S 05N = 1] (mod (12)

11,i2,i3€A

By the assumption that the set {7} ,(D") (mod p) |0 < £ < N — 1} contains u distinct
numbers, we have

H > S0 (B T) (mod p) [0 < LN — 1}\ —u
i1,i2,i3€EA
Then, by Eq. (12), we also have
{ 5 stutinmeanlosesy-1ff-
i1,i2,i3€EA

i.e., the set {T'¢ ,(D’) (mod ¢) |0 < ¢ < N — 1} contains u distinct numbers.

THE ELECTRONIC JOURNAL OF COMBINATORICS 20(4) (2013), #P35 15



Theorem 11 implies that for any odd integer ¢ the lift D’ of a Feng-Xiang skew
Hadamard difference set D in F, to Fy is inequivalent to the Paley difference set if
the lift D" of D to F .« satisfies [{Tjs o(D") (mod p) |0 < £ < N —1}| > 3 for every odd
1<t <p—2.

Example 12. Let p, N, f, a, and I be defined as in Example 10. Then D = |
satisfies

i€l i

(T a(D) |0 < €< N — 1} = {147, 158,164, 167, 173, 184}.
It is clear that
’{Twe,a(D) (mod p) |0 <L N — 1}’ > 3.
Hence, by Theorem 11, the lift D' of D to Fps for any odd t with e(e(---e(t)---)) =1
satisfies

2 3,

{T)e o(D") (mod p) |0 <L < N —1}

where 7y is a primitive element of F,pe. Thus, D' is inequivalent to the Paley difference
set. The extension degrees t > 1 less than 50 covered by Theorem 11 in this case are
t =11,21,31, and 41. Note that t = 21 is not covered by Theorem 7.

4 Concluding remarks

In this paper, we obtained two theorems which give sufficient conditions for lifts of Feng-
Xiang skew Hadamard difference sets being inequivalent to the Paley difference sets. As

an example, we showed that there are infinitely many integers ¢ such that the lifts of the
0(14,113)

Feng-Xiang difference set D = Uz‘e<11)u—2<11>u{0} i to [Fi13¢ are inequivalent to the
Paley difference sets. Further small examples are listed in Table 1. (In the table, let w
be a primitive element of F,s, n; := {T,e5(D@ ) (mod ) |0 < £ < N — 1}|, and ¢ be
prime to N.) In these examples, we fixed parameters as N = 14 and f = 3 due to the

memory-capacity of computer. For each p € {11,23,67,79,107}, the Feng-Xiang skew

Hadamard difference sets D = | J,; C'i(N’p ") for I listed in the table and their lifts to IF st
for sufficiently large odd primes ¢ are inequivalent to the Paley difference sets. Moreover,
the lifts are mutually inequivalent by Remark 8 (ii).

Our main theorems works well for Feng-Xiang skew Hadamard difference sets since the
difference sets have the nice property that their lifts are again skew Hadamard difference
sets. Here, we have the following natural question: are there skew Hadamard difference
sets with the “lifting” property other than Paley difference sets and Feng-Xiang skew
Hadamard difference sets? Below, we give an immediate generalization of Feng-Xiang

skew Hadamard difference sets.

Theorem 13. Let p; be a prime, N = 2p7", and let p = 3 (mod 4) be a prime such that
2 € (p) (mod pt"), ged (p1,p — 1) =1, and f := ordy(p) is odd. Let s be any odd integer,
I any subset of Z/NZ such that {i (mod pt*)|i € I} = Z/p"Z, and let D = | C’i(N’Q),
where ¢ = p’*. Then, D is a skew Hadamard difference set.

el
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Table 1: Examples of Feng-Xiang skew Hadamard difference sets and their triple inter-
section numbers

’ (p, f,N) H index set T ‘ {T,,. 3(D(t—l)) [0< L N -1} ‘ n for odd primes ¢ ‘
{0,1,2,3,4,5,6} {159,162, 164,167,169,172} ns = 2 and ny > 3 for any other ¢
(11,3,14) |[ {0,1,2,3,4,6,12} {157,160, 165, 166, 171, 174} 73 = 2 and ng > 3 for any other ¢
10,1,6,9, 10,11, 12} {147,158, 164, 167, 173, 184} 7t > 3 for any ¢
10,1,2,4,6,10, 12} {163,164, 167, 168} ¢ > 3 for any ¢ > 3
(11,3,2) {0} (Paley) {157,174} ni7 = 1 and ny = 2 for any other ¢
{0,1,2,3,4,5,6} {1497,1498,1503, 1515, n3 = 2 and ny > 3 for any other ¢
1525,1537,1542,1543}
(23,3,14) |[ 10,1,2,3,4,6,12] 71498, 1503, 1508, 1514, 72 > 3 for any &
1526, 1532, 1537, 1542}
{0,1,6,9,10,11,12} {1481, 1509, 1514, 1526, 1531, 1559} ns = 2 and ny > 3 for any other ¢
10,1,2,4,6,10, 12} {1508, 1514, 1526, 1532} ns =1 and ng > 3 for any ¢
(23,3,2) {0} (Paley) {1520} ng = 1 for any ¢
10,1,2,3,4,5,6} (37457, 37519, 37525, 37587, 7t > 3 for any ¢
37602, 37664, 37670, 37732}
(67,3,14) |[ {0,1,2,3,4,6,12] (37453, 37523, 37587, 37501, 7S 3 for any &
37598, 37602, 37666, 37736}
{0,1,6,9,10,11,12} | {37526, 37587, 37594, 37595, 37602, 37663} nt > 3 for any t
{0,1,2,4,6,10,12} {37543, 37559, 37630, 37646} n3,n29 = 2 and ny > 3 for any other ¢
(67,3,2) {0} (Paley) {37502, 37687} ny = 2 for any t
{0,1,2,3,4,5,6} {61470,61575,61607, 61623, nt > 3 for any t
61636,61652,61684,61789}
10,1,2,3,4,6,12] 761398, 61535, 61549, 61552, e > 3 for any ¢
(79,3,14) 61707,61710,61724,61861}
10,1,6,9,10, 11,12} | {61513, 61533, 61546, 61713, 61726, 61746} | n3,ns = 2 and n; > 3 for any other ¢
{0,1,2,4,6,10, 12} {61434, 61511, 61748, 61825 o7 11, nis7 = 2
nt > 3 for any other ¢
(79,3,2) {0} (Paley) {61519,61740} ny = 2 for any t
10,1,2,3,4,5,6] | {15275L, 152805, 152076, 153021, na — 2 and nig > 3 for any other ¢
153238, 153283, 153364, 153508}
{0,1,2,3,4,6,12} {152969, 153065, 153092, n3 = 1 and ny > 3 for any other ¢
(107,3,14) 153167,153194, 153290}
{0,1,6,9,10,11,12} {152643, 153040, 153102, n3z = 2 and ny > 3 for any other ¢
153157,153219, 153616}
10,1,2,4,6,10,12} 153028, 153103, 153156, 1532317 n3,m5 = 2 and ng > 3 for any other ¢
(107,3,2) {0} (Paley) {152977, 153282} ny = 2 for any t

The above theorem follows immediately from [4, Theorem 11.3.5] and the proof of [10,
Theorem 3.2]. This can be seen as follows. By Theorem 11.3.5 (the Davenport-Hasse
product formula on Gauss sums) in [4] and the assumption that 2 € (p) (mod p}*), we

have o ( )G ( )
Xpm FiX2

G (XN) = ! - 1

g Xor (2)G 1 ()

By ged (p1,p — 1) = 1, the restriction of x,m to [, is trivial. Hence, we have G;(xn) =
Gf(x2). The remaining proof is same with that of Theorem 3.2 in [10]. For example,
the case where (p,p1, f) = (47,127,21) is covered by Theorem 13 but not covered by
Theorem 1.

Interesting problems which are worth looking into as future works are listed below.

= Gr(x2)xpp (2).

(1) We showed that there are infinitely many skew Hadamard difference sets inequivalent
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to the Paley difference sets by using “recursive” techniques not saying anything
about the inequivalence of “starting” skew Hadamard difference sets theoretically.
Determine whether the “starting” skew Hadamard difference sets are inequivalent
to the Paley difference sets without using computer.

(2) Find skew Hadamard difference sets with the lifting property, i.e., their lifts are
again skew Hadamard difference sets, other than the Paley difference sets and the
difference sets of Theorem 13.

(3) Recently, several new constructions of skew Hadamard difference sets have been
known other than Feng-Xiang skew Hadamard difference sets [2, 6, 7, 8, 13, 16].
Determine whether such skew Hadamard difference sets are inequivalent to the Paley
difference sets.
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