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Abstract

Let n > 1 be an integer and let B,, denote the hyperoctahedral group of rank n.
The group B, acts on the polynomial ring Q[x1,...,Zn, Y1, -, Yn] by signed permu-
tations simultaneously on both of the sets of variables x1,...,z, and y1,...,y,. The
invariant ring MPr := Q[z1,...,%n,y1,...,Yyn|P" is the ring of diagonally signed-
symmetric polynomials. In this article, we provide an explicit free basis of MP» as
a module over the ring of symmetric polynomials on both of the sets of variables

22,...,22 and y?,...,y2 using signed descent monomials.

Keywords: hyperoctahedral group, symmetric polynomials.

1 Introduction

Let V be an n-dimensional vector space over a field k of characteristic zero. Suppose that
W is a finite reflection group in V; that is, W is finite subgroup of GL(V') generated by
elements of order 2 that fix a hyperplane pointwise. Then W acts by ring automorphisms
on the symmetric algebra S(V*), where V* is the dual of V. If we give V' a basis,
then S(V*) can be identified with a polynomial ring k[x] := k[zy,...,z,]. The action
of the group W on the polynomial ring k[x], under the above identification, has been
classically studied. For example, by [7, Theorem A] the ring k[x]" consisting of all W-
invariant polynomials is itself a polynomial ring on n homogeneous generators. Consider
now the diagonal action of W on the symmetric algebra S(V* @ V*). If we give V a
basis as before, then S(V* @& V*) can be identified with a polynomial algebra k[x,y] :=
k[z1,. .., Zn, Y1, -, ya) and W acts diagonally on it. In this case, the ring MW := k[x, y]"
consisting of all diagonally W-invariant polynomials is no longer a polynomial algebra.
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The ring RV := k[x]" @ k[y]" of all polynomials that are W-invariant in both of the sets
of variables x and y is naturally a subring of M". Therefore we can see M" as a module
over RW. Tt can be seen that in fact M" is a free module over R of rank |W|. This
relies on the fact that M" is a Cohen-Macaulay ring which is true by [9, Proposition 13].
This article is concerned with the determination of explicit free bases of MW as a module
over RY for a particular class of groups using elementary methods. For simplicity, we
work with rational coefficients although all the constructions provided here work for any
field of characteristic zero.

In [5], Allen provided an explicit basis for the case of the symmetric group. More
precisely, suppose that W = X, acts on the polynomial algebra Q[x] = Q|x1,...,z,] by
permutations of the variables 1, ..., z,. In this case the invariant ring Q[x]*" is the ring
of symmetric polynomials. This ring is a polynomial algebra on the elementary symmetric
polynomials. Let ¥, act diagonally on Q[x,y] := Q[x1,...,%n,¥1,-..,Yn]. Then M*» =
Q[x,y]*" is the ring of diagonally symmetric or multisymmetric polynomials. Given
m € %, define the diagonal descent monomial

d; r1 dﬂ'71 i (ﬂ-)
= [ @iwm) TI ey we) = [ 28 w0,

i€Des(m—1) jE€Des(m) i=1

where Des(m) denotes the descent set of m, and d;(7~!) and dn(;)(7) are integers (see
Section 2 for the definitions). By [5, Theorem 1.3] the collection {px,(€x)}rex, forms a
free basis of M>" as a module over R = Q[x]*" ® Q[y]*", where pyx, is the averaging
operator defined below.

The goal of this article is to show that an analogous construction works for the hy-
peroctahedral group B,, acting on the polynomial algebra Q[x] = Q[z1, ..., x,] by signed
permutations. In this case, the invariant ring Q[x]?» consists of all symmetric polyno-
mials on the variables z?,...,22. Suppose that B, acts diagonally on the polynomial
ring Q[x,y] = Q[z1,...,Zn, Y1, ., Yn] by signed permutations. Then the invariant ring
MB» = Q[x,y]P" is the ring of diagonally signed-symmetric polynomials. A free basis of
it as a module over RP» = Q[x|?» @ Q[y]?" can be constructed in the same spirit as in
the case of permutations. Given o € B,,, define the diagonal signed descent monomial

Co 1= (szﬁ(g_l)> (11 yﬁgf}),) .

See Section 3 for the definition of the numbers f;(0). The goal of this article is to prove
the following theorem.

Theorem 1. Suppose that n > 1. Then the collection {p(cs)}sen, forms a free basis of
M5 as a module over RP~, where p is the averaging operator.

A similar basis to the one given in the previous theorem was constructed in [6]. More-
over, in there a nice combinatorial interpretation of the basis monomials was provided
in terms of certain diagrams of the square lattice. The author would like to thank F.
Bergeron and R. Biagioli for pointing out their work to him.
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2 The symmetric group

In this section we provide a brief review of an explicit basis for the coinvariant ring for
groups of type A. This basis was constructed by Garsia and Stanton in [8] using descent
monomials. A construction of a free basis for the ring of diagonally symmetric polynomials
as a module over the symmetric polynomials, constructed by Allen in [5], is also reviewed.

2.1 Major index

For every integer n > 1, let 3, denote the symmetric group of self bijections of the set
{1,2,...,n}. We use the notation ™ = [my,...,m,] for an element 7 € 3,, with m; = (i)
for 1 <i < n. Given 7 € X, define its descent to be the set

Des(m) :={1<i<n—1|n()>7n(G+1)}.
Also, for any 1 <7 < n let
di(m) := [{j € Des(m) | j = i}|.
The numbers d;(7) satisfy the following properties:

di(m) = do(7) = -+ = dpr(7) 2 do(m) =0, and (1)
if i < j and dz(w) dj(m), then 7(i) < (i + 1) <--- < 7(j). (2)

The major index of m € ¥,,, denoted by maj(r), is defined to be
maj(m Z d;(m Z 7.
i€Des(m)

Example 2. Suppose that 7 is the permutation
(123456
T=\621435)
In our notation this is the permutation m = [6,2,1,4,3,5]. The descent set of this per-
mutation is Des(mw) = {1,2,4} and
di(m) = 3,dy(m) = 2,d3(m) = dy(m) = 1, and ds(7) = dg(7) = 0.
Also, the major index of 7 is maj(nr) =3+2+1+1+0+0=7.

In [10], MacMahon showed that the major index is equidistributed with respect to
the length function. This means that the number of permutations of length n with &
inversions is the same as the number of permutations of length n with major index equal
to k. The numbers dy(m) > do(m) = -+ > d,_1(m) are defined exactly to provide a
partition of the integer maj(m).
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2.2 Descent monomials

Suppose that x = {z1,...,2,} is a set of algebraically independent commuting vari-
ables. Consider the polynomial algebra Q[x] := Q|x1,...,z,]| seen as a graded ring
with deg(z;) = 1 for 1 < i < n. The group ¥, acts naturally on Q[x] by permuting
the variables xy,...,7,. The invariant ring Q[x]*" consists of all symmetric polyno-
mials on the variables xq,...,x,. This ring is a polynomial algebra on the generators
(1, xp)y ooy en(T1, ..., xy), Where eg(z1,...,x,) is the k-th elementary symmetric
polynomial

€k($1,...,$n> = Z Lj Ly * + * Ty, -

1<ig <-<ip<n
Suppose that m € ¥,,. Define the descent monomial associated to 7 to be

n

di(m - dr—1¢ (m)
aﬂ_ = xﬂ'(l) .« xﬂ'(l) — xﬂ-(g)) g H x’L (©) . (3)
1€ Des(m) i=1 i=1

It follows that for any 7w € ¥, we have
deg(a,) = di(m) + do(m) + - - - + d,,(7) = maj(m).

Example 3. Suppose that 7 = [6,2,1,4,3,5]. Then, as in Example 2, the descent of 7
is the set Des(mw) = {1,2,4} and the corresponding descent monomial is the monomial

Or = (l’ﬂ(l))(Iw(l)xw@))(%(1)%(2)%(3)%(4)) = l’ﬂ%ul‘g-

In [8], Garsia and Stanton used Stanley—Reisner rings to show that descent monomials
provide a basis for the coinvariant algebra of type A. More precisely, let I4 denote the
ideal in Q[x] generated by the symmetric polynomials ej(xy,...,2,), ..., en(x1, ..., Ty,).
Then Q[x]/I2 is the coinvariant algebra of type A. Let a, denote the image of a, in
the coinvariant algebra under the natural map. In [8], it was proved that the collection
{Gr }res, forms a basis of Q[x]/I# as a Q-vector space. Moreover, the collection {a, }rex,,
provides a free basis for Q[x| as a module over the symmetric polynomials Q[x]*». This
result has an interesting geometric application. Consider the flag manifold U(n)/T', where
T C U(n) is a maximal torus. Then H*(U(n)/T;Q) can be identified with the invariant
algebra Q[x]/I, but under this identification the variables z,,...,z, are graded with
degree 2. This shows that descent monomials provide an explicit basis for the cohomology
of the flag manifold U(n)/T.

2.3 Diagonal descent monomials

Let y = {v1,...,yn} be another set of algebraically independent commuting variables
of degree 1 and consider the polynomial algebra Q[x,y]|. The symmetric group ¥, acts
diagonally on this polynomial ring and the ring of ¥,-invariants, M*" = Q[x, y|*", is
known as the ring of diagonally symmetric or multisymmetric polynomials. The ring of
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polynomials that are symmetric in both the variables x and y, R¥ := Q[x]*" @ Q[y]*",
is a subring of M*». Therefore M*" can be seen as a module over R*». In [5], Allen
constructed a free basis for the module M*" using a variation of the descent monomials
which is described next. For any 7 € ¥,, define the diagonal descent monomial

= d; a1 - d;(m - d; Famt dwfl i (ﬂ')
o (H | )) (Hyﬂéf) =Lt @
i=1 i=1 i=1
Example 4. Suppose that m = [6,2,1,4,3,5]. Then 7! = [3,2,5,4,6,1], Des(n) =
{1,2,4}, Des(m=') = {1,3,5} and we have

(m) =1,
1,

dﬂ-—l(l (71') d3
d4(7T) =

)
dﬂ—1(4) (’/T)

dr102)() = da(m) = 2, dr-1(3)(7) = ds(7) =0,
dﬂ—1(5)(71') = d6(7r) =0 and dﬂ—l(ﬁ)(ﬂ) = dl 7T) = 3.

Also
di(m71) =3,dy(m7) = ds(n7) = 2,dy(7) = ds(77') = 1 and dg(7) = 0.

Therefore the diagonal descent monomial associated to 7 is the monomial

€x = TITAZTAT5Y1Y3Y A -
In an analogous way as above, for any m € X, the total degree of e, is given by
deg(e,) = maj(r) + maj(7—'). On the other hand, consider the averaging operator

s, Qx,y] = Qx,y]™" = M>™"
1

’ TEY R

Thus, by definition, py, (e,) is a diagonally symmetric polynomial. By [5, Theorem 1.3],
the collection {ps, (€,)}res, forms a free basis of M*» as a module over R¥". Tt turns out
that this result also has an interesting geometric application. Let By, U(n) be the geomet-
ric realization of the simplicial space obtained by defining [BomU ()]s := Hom(Z*, U(n)),
where Hom(Z*,U(n)) is the space of ordered commuting k-tuples in U(n). The space
BeomU(n) is the classifying space for commutativity in the group U(n). In [1, Section §],
it is proved that the diagonal descent monomials can be used to obtain an explicit basis
of H*(B.omU(n); Q) seen as a module over H*(BU (n); Q), where BU(n) is the classifying
space of U(n).

3 The hyperoctahedral group

In this section we provide analogue constructions to the ones presented in the previous
section where the symmetric group is replaced by the group of signed permutations.
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3.1 Flag major index

Suppose that n > 1 is an integer. Denote by I, the set of integers between —n and n not
including 0; that is,

]In ;:{—n,—n—i—l,...,—l,l,...,n—1,,n}-

Let B,, denote the group of bijections o : I,, — [, such that o(—k) = —o (k) for all k € [,,,
with the composition of functions as the group operation. Thus, the group B, is the group
of signed permutations, also known as the hyperoctahedral group of rank n. It is easy to
see that B, is isomorphic to the semidirect product ¥, x (Z/2)". We use the following
notation for elements o € B,,. Let 0; = 0(i) for 1 < ¢ < n, then we write o = [0y, ..., 0,].
The condition o(—k) = —o(k) for all k € I, implies that the element o € B,, is uniquely
determined by the numbers o4, ..., 0,. The group B, is the Weyl group associated to Lie
groups of type B,, and C), and the symmetric group ¥, is naturally a subgroup of B,. As
in the case of the symmetric group, given o € B,, define its descent to be the set

Des(o) :={1<i<n—1]0(i)>o(i+1)}

and for 1 <i < nlet
di(0) = |{j € Des(o) | j = i}|.

As before the numbers d; (o) satisfy the following important properties:

dy(0) = da(0) 2 -+ = dn1(0) = dn(0) =0, and ()
if i < j and dz(a) di(0), then o(i) < o(i +1) <--- < a(j). (6)

On the other hand, define

87;(0) =

0 if o(i) >0,
1 if o(i) <0,

and
fi(o) :=2d;(0) 4 (o).
The numbers f;(o) also satisfy the properties:

filo) = falo) = -+ = fu(o), and (7)
ifi <jand fi(o) = fj(0), then o(i) <o(i+1) <--- < o(j) and all of these (8)

numbers have the same sign.

The flag major index of ¢ € B,,, denoted by fmaj(c), is defined to be
fmaj(o Z fi(c) = 2maj(o) + neg(o),

where maj(0) = >_;c (o) ¢ is the major index of o and neg(o) = {1 <7 < n | o(i) <0}
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Example 5. Consider the signed permutation

(1 2 3 4 56
77\-6 2 -1 -4 3 5)°
In our notation this is 0 = [—6,2,—1,—4,3,5]. The Descent of ¢ is the set Des(o) =
{2,3}. Therefore

di(0) = ds(0) = 2,d3(0) =1 and dy(0) = ds(0) = dg(0) =0,

and
£1(0) = e3(0) = e4(0) =1 and e3(0) = e5(0) = g¢(0) =0,

We conclude that

fi(o) =5, fa(o) =4, f3(0) = 3, fa(o) = 1 and f5(0) = fe(c) =0
and fmaj(o) =5+4+3+1+0+0=13.

The flag major index was introduced in [4] and further studied in [2] and [3]. This
statistic was introduced as a generalization of the major index for the hyperoctahedral
group. This tool has successfully been used to study representation theoretical properties
of the group B, (see for example [3]). The numbers fi(c) > --- > f,(0) are defined
so that they provide a partition of the flag major index of o. Moreover, if o € ¥, then
fmaj(o) = 2maj(c) so the flag major index is indeed a natural generalization of the major
index.

3.2 Signed descent monomials

Suppose that x = {z1,...,x,} is a set of algebraically independent commuting variables.
Consider the polynomial algebra Q[x] seen as a graded ring with deg(z;) = 1for 1 <i < n.
The group B, acts naturally on the polynomial algebra Q[x] by degree preserving ring
homomorphisms in the following way. If o € B,,, then

ot = () () o st

In other words, each o permutes the variables xq,...,x, with a suitable sign change.

The ring of B,-invariants, Q[x|?", consists of the symmetric polynomials in the variables

22, ..., 22, It follows that Q[x]P" is a polynomial algebra on the symmetric polynomi-
als e(z?,...,22),... e, (x3,...,22). Suppose that o € B,. Define the signed descent

rrn rn

monomial to be

n

- - filo) _ flo=13y(@)
b = H”ﬂa(i)\ = H“’ ' (9)
i=1

i=1
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Example 6. Let 0 = [—6,2,—1,—4,3,5]. In this case 0! = [-3,2,5,—4,6,—1] and
from Example 5 we conclude that

fom1(0) = fs(0) = 3, flo-12)(0) = falo) =4, flo-13)(0) = f5(0) =0,
f|g—1(4)‘(0') = f4(0) = 1,f|071(5)|<0') = fG(O') = 0 and f‘0—1(6)|(0') = fl(O') = 5.

Therefore the corresponding signed descent monomial is

by = T3051475.
We observe that deg(b,) = fmaj(o) for every o € B,,. Signed descent monomials can
be used to obtain a basis for the coinvariant algebra for groups of type B, C' as follows. Let

IB denote the ideal in Q[x]| generated by the elements e;(z3,...,22),... e (22,... 22).

Then the quotient Q[x]/IZ(x) is the coinvariant algebra in this case. Let b, denote the
image of b, in the coinvariant algebra under the natural map. By [3, Corollary 5.3], the
collection {b, },ep, forms a basis of Q[x]/IZ(x) as a Q-vector space. We can also see Q[x]
as a module over the invariant ring Q[x]?». As {b,},ep, forms a basis of Q[x]|/I”(x) as
a Q-vector space, then using [5, Theorem 1.2] it can be seen that {b,},cp, forms a free
basis of Q[x] as a module over Q[x]?». This result has a geometric application as in the
case of the symmetric group, namely, the signed descent monomials provide an explicit
basis for the rational cohomology of the flag manifold G /T, for a compact connected Lie

group G of type B, C, and a maximal torus T' C G.

3.3 Diagonal signed descent monomials

Consider now y = {yi,...,y,} another set of algebraically independent commuting
variables of degree 1 and consider the polynomial algebra Q[x,y] := Q[x] ® Q[y] =
Q[z1, .., Tn,y1,---,yn]. The group B, acts diagonally on this polynomial ring; that is,
B,, acts as signed permutations simultaneously on the variables x1,...,x, and y1, ..., y,.
Define MP» := Q[x,y]®". In other words, M " is the ring of diagonally signed-symmetric
polynomials. The ring of polynomials that are signed-symmetric on both the variables
x and y, RP» := Q[x|®* ® Ql[y]?", is a subring of MP» and thus we can see MP" as a
module over RP. As it was pointed out before, M5 is a free module over R®" and the
goal of this article is to construct an explicit basis for M?» as a module over RP». For
this we will consider the following monomials.

Definition 7. Suppose that ¢ € B,,. The diagonal signed descent monomial associated
to o is defined to be

._ - file™h) - filo) ) _ - file™1), flo=10(@)
Co 1= (Hx ) (H?/ow) = [+ v : (10)
=1 =1 =1

We observe that for any o € B,, we have deg(c,) = fmaj(c) + fmaj(c™!).
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Example 8. Suppose that o = [—6,2,—1,—4,3,5]. Then ¢! =[-3,2,5,—4,6,—1] and
thus Des(o™1) = {3,5}. In this case, we obtain

filo™) =5, falc™") = falo™) =4, fa(0™") =3, fs(c™!) =2 and fe(o ') = 1.
Also, from Example 6 we have

fie-1 (@) =3, flo-12)1(0) = 4, flo13)(0) =
f‘071(4)|(0') = 1, f|0—1(5)‘(0') = 0 and f|0 1 (

We conclude that the corresponding diagonal signed descent monomial is

0,
)=

5 4 4 3 2
Co = x1x2x3x4x5x6y1y2y4yﬁ

3.4 Averaging polynomials

Consider the averaging operator
p:Qx,y] — @[X ylP = M

St

c€By

f|—>

M

The map p is a ring homomorphism that is surjective. Moreover, as a Q-vector space
M5B is generated by elements of the form p(m(x,y)), where m(x,y) is a monomial in
Q[x,y]. We will use the following notation. A sequence of non-negative integers will be
denoted in the form p = (py, ..., pn). Also, for such a sequence of integers we write zP to
denote the monomial 2" - - - aPn.

Lemma 9. Suppose that p = (p1,...,pn) and q = (q1,...,qs) are sequences of non-
negative integers and let m(x,y) = xPyq. If pr + g is odd for some 1 < k < n, then

p(m(x,y)) = 0.

Proof. Suppose that 1 < k < n is such that py + g is odd. Define
Bf ={0c€B,|o(k) >0} and B, ={0 € B, | o(k) <0}

Note that B, = B U B;,. Moreover, there is a bijection 7 : B — B, defined by

~ | ooty it i#k,
T@W*_{—do it =k

By definition,

N TN
p(m(x,y)) w|§:%w- T Yo" Yiom)

O'EBn
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where

“ (&3\) a (,ZEZ;)W |

For any o € B, we have Cr(s) = —Cg since py + q is odd. Therefore,
1
_ PL . .Pn a4
p(m(x,y)) = B, 2 oty Tambiswr Yo
OeBn
1
p— pl o .. pn ql DY qn pr—
= 1B, D> (ot er@)aly T Yiow)* Yiow = 0
o€B;

]

By the previous lemma, it follows that M P is generated as a vector space over Q by
the elements of the form p(m(x,y)), where m(x,y) = zPy4, and p = (p1,...,p,) and
q=(q1,-..,q,) are sequences of integers such that py + ¢ is even for all 1 < k < n. Note
that for any such monomial we have

1
plmix,y)) = 5 D Ay ety Yy
Taexn,

Thus, if px + g is even for all 1 < k < n, then p(zPy?) # 0.
Suppose now that o € B, and consider the monomial ¢, = [[}_, x{i(gfl)yzf o tn(®)
defined in equation (10). We claim that for every 1 < i < n the numbers f;(c!) and

fie-1(s)/(0) have the same parity. To see this recall that

file™) =2di(c7") +ei(c7"), and
fie-11(0) = 2dj0-105) (0) + o1 ().
Because of this, to show that f;(c™') and fi,-1¢;y;(0) have the same parity, it suffices to

show that &;(67!) = €,-1(3(0) for any 1 < i < n. Let k = 07'(4) so that o(k) =i. We
consider the following two cases.

e Case 1. Suppose that & = o7'(i) > 0. Then in this case g;(c7') = 0. Also,
|07 (i)| = k and thus ¢),—1((0) = ex(0) = 0 since o (k) =i > 0.

e Case 2. Suppose that k = oc7'(i) < 0. Then ¢;(¢7') = 1. On the other hand,
lo7!(i)] = —k and o(—k) = —i < 0. Therefore €,-1(;y/(0) = e_(0) = 1.

In either case we conclude that &;(c7!) = Elo-1(3)(0) for any 1 < i < n. This shows
that f;(c™') and fi,—1(;y/(0) have the same parity. As a consequence, we conclude that
p(c,) # 0 for all ¢ € B,. By definition p(c,) € MP». We will show below that the
collection {p(cy)}oep, forms a free basis of MP» as a module over RP.
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3.5 Ordering of monomials

Our next goal is to define a total order on a subset of the set of monomials of the form
m(x,y) = 2Py%. We will only consider monomials that are ordered in a suitable way. To
motivate the ordering that we use suppose that ¢ € B,, and consider the corresponding
diagonal signed descent monomial monomial ¢,. This monomial can be written in the
form c, = 2%y, where

d=(file™),..., fu(c™)), and
¥ = fior(@), - flo-1m(0)-

We observe that the sequences d and ~ satisfy the next key properties. From equation
(7) we obtain right away

fille™) 2 folo™) = = fulo™). (11)

Furthermore, assume 1 < i < n is such that f;(c™') = fi;1(c7') and these are both even
numbers. This implies that &;(c™!) = €;.1(c7') = 0 which means that o='(i) > 0 and
o~ '(i+1) > 0. On the other hand, by equation (8), we see that 0 < c7'(i) < o7 1(i + 1).

Using equation (7), we conclude fio-1(:/(0) = fo-1)(0) = fo1011)(0) = fio-1341) (o).
Thus we obtain:

if fi(0™") = fix1(0™") are even, then fi,-1()(0) = flo-1341)(0). (12)

Finally, assume that 1 < ¢ < n is such that f;(c7') = fiy1(0™!) and these are both odd.
Then, in this case, we conclude that ¢;(c71) = €;41(c™!) = 1. This implies (i) < 0
and 071(i + 1) < 0. Using equation (8), we see that o71(i) < c7'(i + 1) < 0 and thus
—o (i) > —o71(i + 1) > 0. Equation (7) implies then that fi,-1;)(0) = f_o—1()(0) <
Joo-16+1)(0) = flo-1(41)(0). In this case, we conclude that

if fi(o™") = fix1(o7") are odd, then fio-1()/(0) < flo-1(i41)(0). (13)

Equations (11), (12) and (13) motivate us to work with monomials m(x,y) = 2Py
whose exponents are ordered in a similar way.

Definition 10. Suppose that p = (p1,...,p,) and q = (¢1, ..., ¢,) are two sequences of
non-negative integers with pr 4+ ¢ even for all 1 < k < n. We say that the monomial
m(x,y) = 2Py is ordered and write m(x,y) € O, if the exponents of m(x,y) satisfy the
following conditions:

LprZ2p2=-- 2 pn,
2. if p; = p;11 are even, then ¢; > ¢;11, and

3. if p; = p;11 are odd, then ¢; < gju1.
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The previous ordering can be described in the following way. For each integer ¢, define

. qg if qis even,
s(g) = { —q if ¢ is odd.

Suppose that p = (p1,...,p,) and q = (¢4, - . ., g) are sequences of non-negative integers.
Then m(x,y) = 2Py? € O, if and only if (p1,8(q1)) =¢ ... =¢ (Pn,5(qn)), where >,
denotes the lexicographic order. Equations (11), (12) and (13) imply that for every
o € B, the diagonal signed descent monomial ¢, is ordered in this way; that is, ¢, € O,
for all o € B,. Suppose now that m(x,y) = zPy9 is a monomial with p, + ¢ even
for all 1 < k& < n but whose exponents are not necessarily ordered as above. Consider
the signed-symmetric polynomial p(m(x,y)). In this polynomial there exists a unique
monomial n(x,y) whose exponents are ordered as above; that is, p(m(x,y)) contains a
unique monomial n(x,y) € O, and p(m(x,y)) = p(n(x,y)). Because of this, it suffices
to work with monomials m(x,y) that are ordered as above.

Next we define a total order on O, so that we can compare monomials. For this
suppose that q = (qi, ..., qn) is a sequence of integers. Define the ordering of q to be the
sequence

o(a) = (da()s - - -+ Qa(n))5
where (¢a(1), - - -1 qa(n)) is a rearrangement of the sequence q in decreasing order; that is,
a € X, is such that go1) = ... = qam). For example, if q = (2,3,4,1,1) then o(q) =
(4,3,2,1,1). Suppose now that m(x,y) = xPy9 is a monomial with p = (py,...,p,) and
qa=(q,.--,q). Define
o(m(x,y)) := (o(p),0(a)).

In other words, o(m(x,y)) recovers the exponents x and y in the monomial m(x,y)
ordered in a decreasing fashion. For example, if n = 4 and m(x,y) = 22z325y195y3y3,
then o(m(x,y)) = ((5,2,1,0), (4,2,1,1)). Using this ordering of exponents, we can define
the following total order on O,.

Definition 11. Suppose that m(x,y) = 2Py? and n(x,y) = z'y} are two monomials in
O,. We write m(x,y) = n(x,y) if and only if

1. o(m(x,y)) =, 0(n(x,y)), and
2. if o(m(x,y)) = o(n(x,y)), then (p,s(q)) > (i,5(j))-

In the above equation we used the notation s(q) := (s(q1),...,5(¢s)) for a sequence
of integers q = (q1, - .., ¢n). Also, >, denotes the lexicographic order.

Example 12. Suppose that n = 4. Consider the monomials m(x,y) = z{xSxSz3y3y5ySy3

and n(x,y) = z{aSxSx5yPySySys. Then m(x,y),n(x,y) € O, are such that

o(m(x,y)) = o(n(x,y)) = ((7,6,6,5), (8,6,5,3))

and m(x,y) = n(x,y).
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3.6 Signed index permutation

Suppose that m(x,y) = aPy? € O,. We observe that by construction the sequence
p = (p1,...,pn) is in decreasing order. This is not necessarily true for the sequence
qa=(q,---,q,). With this in mind, we can associate to the monomial m(x,y) the unique
element o € B,,, which we call its signed index permutation, that satisfies the following
properties:

Qo) 2 Ao@] Z " 2 dlo(n)]; (14)
if 0 <i < j and go()| = Qo) then o(i) <o(i+1) <--- < o(j), and (15)
o(s)| is even if and only if (i) > 0. (16)

In other words, the signed permutation ¢ is the unique element in B, whose signs are
determined by the parity of the ¢;’s and that orders the elements in the sequence q =
(q1,---,qn) in decreasing way breaking ties from left to right for even values of ¢; and
from right to left for odd values of ¢;.

Example 13. Suppose that n = 6 and that m(x,y) = z{zSz5x5x2232y5vSviviye € Ok.

In this case q = (3,8,6,3,5,5) and the signed index permutation associated to m(x,y) is
o=1[2,3,—6,—5, —4,—1].

3.7 Exponent decomposition

Suppose that m(x,y) = 2Py is a monomial in O,, and let o € B,, be the signed index
permutation associated to m(x,y) as explained above. We can use the signed permutation
o to obtain a decomposition of the sequences p and q as is explained next. We start by
decomposing q. For this we need the following proposition.

Proposition 14. Suppose that m(x,y) = 2Py € O,,. Then, the sequence of integers
{a06)) — fi(o)}7y is a decreasing sequence of non-negative even integers.

Proof. By the definition and equation (16) we have that for any 1 <i < n

Uo(i)) — fi(0) = Qopy) — 2di(0) — €i(0)
= qlo(i)| — €i(0) (mod 2)
=0 (mod 2).

This proves that g, — fi(0) is even for all 1 < ¢ < n. Observe that qom) — fu(o) =
Qon)| — €n(0). We have qym) = 0, and ¢s(n) and &,(0) have the same parity with
an(a) {0,1}. It follows then that in either case qo(n) — fn(0) = 0. It remains to prove

o) — fi(0) = Qo(it1)] — fir1(o) for all 1 <i < n — 1. For this we consider the following
cases.

e Case 1. Suppose that (i) < o(i + 1). This implies d;(0) = d;+1(0). Thus, in this
case, we need to prove that g,) — €i(0) = @o(it1)] — €i+1(0). Since o) = Qlo@i+1) the
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only case we need to inspect is the case ¢;(0) = 1 and ¢;14(0)
1

0. However, under this
assumption gj,(;y is odd and g|5(i41)| is even and thus gs;) — q

Z (lo(i+1)]-

e Case 2. Suppose that o(i) > o(i + 1) and €;(0) # €;41(0). This implies g;(c) = 0
and €;41(0) = 1. We have d;(0) = d;y1(0) + 1. In this case, we need to show that
Qo)) =1 2 qo(i+1)]- Note that gs(;)) must be even and g|,(;41)) must be odd and by equation
(14) we have 4o (1)] = Q|o(i+1)]- Therefore Qo (1)] > Qo (i+1)] which means Qo) — 1 = Qo (i+1)|-

e Case 3. Suppose that o(i) > o(i+1) and €,(0) = €;41(0). Then d;(0) = d;11(0) + 1.
In this case we need to show that g, — 2 = qo@41)- Since €,(0) = €;41(0), then
jo(i)] and g|o(i+1) must have the same parity. By equation (14) we have Qo (i) = Qo(i+1)|-
Thus we only need to prove that gi,(i)| > gjo(i+1)- Assume by contradiction that g,y =
Qo(i+1))- Using equation (15) we conclude o (i) < o(i + 1) which contradicts our original
assumption. ]

By the previous proposition, for every 1 < i < n we can find a non-negative number
Ho(i)] such that Qo) = 2,u|g(i)| + fl(O') Define Vo) = fl(U) so that v; = f|g—1(i)|((7).

Proposition 15. The sequences ¥ = (V1,...,V) and p = ({1, ..., ly) are sequences of
non-negative integers that satisfy the following properties:

L q=2p+7,

2. o) = Ko@) = = Mom)|:

=

3 Vo) Z No@)| 2 2 Vo)

4. if0<i<j<nandy =, then s(¢;) = s(q;).
Proof. Property (1) follows directly from the definition of g and ~. Property (2) was
proved in Proposition 14 and property (3) follows from equation (7). Suppose now that
0<1< j <n and Yi = Vj- This means f‘g—l(m(O') = f|o—1(j)|(0); that iS, 2d‘g—1(i)|<0') +
5|a*1(i)\(0) = Qd‘ofl(j”(d) + €|o*1(j)|<0')~ From here we obtain 8‘0—1(1)‘(0'> = 5‘0—1@)‘(0) and
d|0—1(i)|(0') = d‘o—l(j)‘(d). By definition

G =Y + 21 = 2(pi + 2d)p-133y(0)) + €1o-103y (),
@ = j + 245 = 2(pj + 2d)5-135)(0)) + €010/ (0)-

In particular, we conclude that ¢; and ¢; have the same parity. We need to consider two
cases according to the parity of these numbers. Suppose first that ¢; and ¢; are even. Let
k= |o"*(i)] and | = |c~(j)|. Since ¢; and g; are even, then e,(c) = £/(c) = 0 and this
implies that o=!(i),071(j) > 0; that is, k = ¢7'(i) > 0 and | = 07'(j) > 0. Let’s show
that £ < [. Assume, by contradiction, that [ < k. Since d;(c) = di(o) and | < k, then by
equation (6) it follows that

j=oc)<o(l+1)<---<oalk)=1

which contradicts the assumption i < j. Therefore 0 < ¢7'(i) < 07!(j) and by equation
(14) we conclude ¢; = qio(o-1(3))| = Yo(o-1(j))] = 95- Lhe case where ¢; and ¢; are odd is
handled in a similar way. O
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Next we obtain a similar decomposition for the sequence p = (p1,...,p,). To start

assume m(x,y) = 2Py4 € O,,. This implies that p; 4+ ¢; is even for all 1 <7 < n. On the

other hand, ;(¢™!') = 0 if and only if k£ := ¢7(i) > 0 and this is the case if and only if
¢ = qo(k) is even. We conclude that if m(x,y) € O,, then for every 1 <i < n

pi=q =¢i(0") (mod 2).

Proposition 16. Suppose that m(x,y) = zPy? € O,. Then {p; — fi(c™ )}, is a
decreasing sequence of non-negative even integers.

Proof. By the above comment

= filo™) =pi = 2di(07") —&i(07")
=¢; —&i(0™") (mod 2)
=0 (mod 2).

This proves that p; — f;(c71) is even for all 1 < i < n. On the other hand, we have

— fu(c™") = p, —e,(071) = 0 because p, is odd if and only if g,(c71) = 1. We are left
to prove that p; — f;(071) = piy1 — fixr(o™1) for all 1 < i < n — 1. For this the following
cases are considered.

e Case 1. Suppose that 71(i) < o7!(i + 1). This implies d;(671) = d;y1(c™"). Thus
in this case we need to prove that p; — g;(c™) > piy1 — gi41(071). Since p; > piy1, the
only case we need to inspect is the case ;(c™1) =1 and €;,1(c™') = 0. However, under
this assumption p; is odd and p;;; is even and thus p; — 1 > p;11 as p; = pis1.

e Case 2. Suppose that o7(i) > o7'(i + 1) and &;(c7') # e;41(0c™"). This is only
possibleifg;(c7') =0 and g;,1(c7") = 1. Theni € Des(c™ ') and d;(071) = d;y1(c7)+1.
In this case we need to show that p; —1 > p;+1. Note that p; must be even and p;; must
be odd, and by assumption p; > p;y1. Therefore p; > p;+1 and thus p; — 1 > p;q as
desired.

e Case 3. Suppose that o71(i) > a_l(i + 1) and g;(c71) = g44(0c7!). Then i €
Des( 1) and therefore d;(c7!) = di;1(c7') + 1. In this case, we need to show that

— 2 > piy1- Note that g;(c71) = 5z+1( ~1) implies that p; and p;;; have the same
parlty. We know that p; > p; 1. Therefore we only need to prove that p; > p;11. Assume
by contradiction that p; = p;1 1. By assumption m(x,y) = zPy? € O,, and p; = p; 1. This
implies 6(q;) = 5(¢;11). Let k= |o71(4)| and [ = |[o7 (i + 1)|. If g;(07!) = €41(0c71) =0
then we obtain 0 < [ < k. We conclude ¢;11 = qo0) = Qok)) = ¢ by equation (14).
Observe that ¢; and ¢;;1 must be even since they have the same parity as ei(a_l) =
giv1(07!) = 0. Thus ¢ = s(¢) > 5(¢ir1) = g1 and in turn gy = Qo)) = Qo) = G-
This together with equation (15) imply i + 1 = o(l) < o(k) = i which is a contradiction.
Suppose now that g;(c7!) = ;41(67!) = 1. Then k = —o (i) and | = —o~1(i + 1)
and by assumption o=!(i) > o7 (i + 1). Thus 0 > —k > —I[; that is, 0 < k < . Using
equation (14) we conclude ¢; = Qo) = Qo)) = ¢i+1- Under the given assumptions g;
and ¢;;1 must be odd and s(¢;) > s(¢;i11); that is, ¢ < ¢i+1. Again we conclude that
¢ = Qok)| = Qo) = Gi+1- Since 0 < k < [ using equation (15) as before, we conclude
that —i = o(k) < o(l) = —i — 1 deriving a contradiction in either case. O

THE ELECTRONIC JOURNAL OF COMBINATORICS 20(4) (2013), #P36 15



By the previous proposition, for every 1 < i < n we can find a non-negative integer v;
such that 2v; = p; — f;(0™1); that is, p; = 2v; + fi(0™!). Define §; := fi(c™1).

Proposition 17. The sequences 6 = (d1,...,0,) and v = (1v1,...,v,) are sequences of
non-negative integers that satisfy the following properties:

1. p=2v+54,

2.V ZVp 2 2 Uy,

3. 01 203 2 20y,

4. if0<i<j<nandd; =9;, then s(q;) > s(q;).

Proof. Property (1) is given directly by the definition of the sequences v and §. Also,
property (2) is proved in Proposition 16 and property (3) follows from equation (7) applied
to the signed permutation o~1. To prove property (4) suppose that 0 < i < j < nand §; =
;. This means fi(oc™!) = f;j(07!) and in turn d;(c7') = d;(c7!) and g;(c7 1) = g;(c71).
Since i < j, applying equation (6) to the numbers d;(oc™1), it follows that o=1(i) < o71(j).
Also, as g;(c7') = ¢;(07!) then ¢; and g; have the same parity. Assume ¢; and ¢; are both
even, then 0 < 07!(i) < 71(j) and by equation (14) we have

T = Qlo(o=1()| Z Aolo—1()) = j-

Similarly, if ¢; and ¢; are odd, then o' (i) < 07*(j) < 0 and thus —o~'(i) > —o~'(j) > 0.
Again by property (14) we have

T = Qo(o1)| S Qoo ())| = j-

In either case we obtain s(g;) > s(g;). O

3.8 Monomial decomposition

Next we derive a decomposition for monomials that are ordered as in Definition 10. For
that suppose that m(x,y) = 2Py® € O,. We can decompose p = 2v + §, where v
and & are the sequences of integers provided in Propositions 17. Similarly, we can write
q = 2p+7y, where g and -y are sequences of integers given by Proposition 15. Let ¢ € B,
be the index permutation associated to the monomial m(x,y). Recall that by definition
6 = filo™") and v; = fi,—1(9|(0). Therefore the diagonal signed descent monomial ¢, is
given by

n
" -1 fo—li (U)
CUZHOSZ(U )yi| O] :a:‘sgﬂ.
=1

This means that we have a decomposition

_ 2w+ 2uty . 2v 2
m(x,y) = aPy? = a0y T = 2y e,

THE ELECTRONIC JOURNAL OF COMBINATORICS 20(4) (2013), #P36 16



Given a sequence of integers i = (i1,...,14,), let 3, (i) denote the stabilizer of i under
the permutation action of ¥,,; that is, ¥, (i) is the subgroup of elements in ¥, that fix i.

Define
Sou(X) = Z 22 and sy, (y) = Z y 2B,
()€ /S (V) Bl€Xn/En(p)
By definition, the functions sy, (x) and s, (y) are symmetric polynomials on the variables
z?,...,22 and y2,...,y? induced by the monomials z?* and y** respectively.! In partic-
ular, sg,(x)s2,(y) € RP". In the same way as in [5, Proposition 3.2], the polynomial

Sou(X)S2,(¥)p(cs) can be decomposed as we prove next.

Theorem 18. Suppose that m(x,y) = zPy? € O, and let o € B, be the corresponding
signed index permutation. Let v, p, 6 and ~y be as defined above. Then

SQV(X)SZH(Y)P(CU) = km(X,y)p(m<X7 y)) + Z kn(x,y)p(n<xa y))-

n(xy)Zm(xy)

In the above equation n(x,y) € O, runs through the collection of ordered monomials with
same total degree as m(x,y) with n(x,y) 2 m(X,y), kmxy) > 0 and kyxy) are constants.

Proof. Using the definition we have

SQV(X)S?H(Y)IO<CU) = p(52u(X)82u(y)Cg) = Z Z p(lﬂavy%uco)

[a]€Xn /20 (V) [BI€EL/En (1)

_ Z Z p<x2au+5y25u+7>'

[0]€Xn/En (V) [BI€TH/Zn (1)

Fix a, f € ¥ and let n(x,y) € O, be the unique ordered monomial such that p(n(x,y)) =

p(m%‘””ym“*"). To prove the theorem we need to prove that n(x,y) < m(x,y). Let
[X,,(8)] denote the image of ¥,(d) in ¥,,/%,(v) under the natural map. If (o] € [£,(d)]
then o(2av + 6) = o(a(2v + §)) = o(p). Also, if [a] ¢ [£,(d)], then by parts (2) and
(3) of Proposition 17 it follows that if o(2ar + &) <, o(p). Similarly, let [3,,(v)] denote
the image of ¥, (v) in X,,/X,(u). Then if [§] € [E,(7)] then o(28u + ) = o(q). Also,
if [5] ¢ [E.(7)] then by parts (2) and (3) of Proposition 15 we have 0(26u + ) <, 0(q).

With this in mind we have the following cases.

e Case 1. Suppose that [a] & [X,(8)] or [B] ¢ [Z.(7)]. If [a] ¢ [2,.(d)] then by
the previous comment o(2av + §) <, o(p) and if [a] € [£,(d)] but 8 ¢ [E,(7)] then
0(2ar + ) = o(p) but o(26p + ) <¢ 0(q). In either case we conclude

o(n(x,y)) = (0(2av +6),0(261 + 7)) <¢ (o(p), 0(q)) = o(m(x,y)).

It follows that in this case n(x,y) 2 m(x,y).

!The reader is warned that the functions ss, (x) and sa,(y) are symmetric functions and not Schur
functions as the notation may suggest.
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e Case 2. Suppose that [a] € [2,(8)] and [f] € [E,(7)]. We can assume without loss
of generality that o € ¥,,(8) and 5 € ¥,,(7). Then

Bpty) — palp), Bla)

Y

$2au+5y2ﬁp,+7 _ xa(2u+¢$)

Y
Therefore n(x,y) = zPy™ #@ for some 7 € %,. Note that the permutation 7 has to
stabilize p and 4, thus in particular 7 € ¥,,(d). In this case

o(n(x,y)) = o(z"PyP @) = o(m(x,y)).

To prove that n(x.y) < m(x,y) we need to show that (p,s(mra™'8(q))) <¢ (p,s(q));
that is, we need to prove that s(ra™'8(q)) <, s(q). If 5(7?04 '8(q)) = s(q) there is
nothing to prove. Assume that s(ra™'3(q)) # s(q) and let 1 < k < n be the smallest
integer such that s(¢ra-15k)) 7 §(qx). We need to show that s(gra-15)) < $(qx). Since
B € X,(7), then by Proposmon 15 part (4) we have that if ¢ < 3(i) then s(q;) = s(gs())-
Similarly, since a,m € ¥,(d) by Proposition 17 part (4) whenever i < wa~!(i) then
5(¢;) 2 $(qra-1(s))- Using this we can see that s(qx) > 5(¢ra—15))-
In either case we conclude that n(x,y) < m(x,y). O

Example 19. Suppose that n = 3 and that m;(x,y) = x3y;y35. Observe that this mono-
mial is not ordered in the sense of Definition 10. Let m(x,y) = 23y,9o, then m(x,y) € O
and p(m(x,y)) = p(mi(x,y)). Let p = (3,0,0) and q = (1,2,0) so that m(x,y) = 2Py
In this case the signed index permutation corresponding to m(x,y) is the signed per-
mutation ¢ = [2,—1,3]. It follows that o=! = [-2,1,3] and that Des(o) = {1} and
Des(o™') = 0. Also

fl( ):2 fz( )—Lf:s(U):O,
file™) =1, falc™") =0, fs(c™") =

In the notation of the previous theorem we have v = (1,0,0), u = (0,0,0) , § = (1,0,0)
and v = (1,2,0). Thus we have p = 2v + § and q = 2p + . In this case

Sou(X) = x% + :v% + as?,, and sg,(y) = 1.

In addition

o = p(z19193) = (ﬁ?ﬁyg + Tayiye + T3Y5ys + TIY1YE + Tayys + 9039%93) .

| =

The decomposition given by the previous theorem in this case is

52V(X>SZM<Y)p(CU) = 52V<X)p(ca)

1
= g(ﬁ + 25 + 73) (xlylyg + ToY Yo + T3ysys + T1Y1Ys + Tayoys + SES?J%?J?,)
= p(xiy115) + p(aleayiys) + platesysys).
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Observe that z2xoy?ys, v3x3ysys € Oz. Furthermore, z3y1y3 = x312yiys and ziy 95 =
r223y5y3. We conclude then that

p(y13) = 590 (X)p(co) — p(aizayiye) — p(xizsy3ys).

[terating this procedure on the monomials z3zoyiys and zix3y3ys, we can write p(x3y,y3)
as a linear combination of the p(cy)’s with coefficients in RP. In the next theorem we
show that this method works in general and thus {p(c,)}sep, yields a free basis of MBr
as a module over RPn.

3.9 Main theorem
Finally we are ready to prove the main theorem of this article.

Theorem 20. Suppose that n > 1. Then the collection {p(cs)}osen, forms a free basis of
MB» as a module over RP».

Proof. Let’s show first that {p(c,)}sep, generates MP» as a module over RP». Tt suffices
to show that for every m(x,y) € O, the polynomial p(m(x,y)) is generated by the dif-
ferent p(c,). Fix m(x,y) € O,, and let o be the corresponding signed index permutation.
By the previous theorem we have

m(x, y) = km(x,y)52nu(x>52u(y>p(ca) + Z kn(x,y)n(x7 y)7

n(x,y)Zm(xy)

for some constants k,(x,y) and monomials n(x,y) 2 m(x,y) of same total degree. Iterating
this process on the monomials n(x,y) 2 m(x,y) as many times as necessary, we see that
we can write m(x,y) as a linear combination of the elements {p(c,)},ep, With coefficients
in RB». (Note that this process must terminate after finitely many stages as there are
only finitely many monomials n(x,y) of same total degree as m(x,y)). This proves that
{p(cs)}oen, generates MPr as a RP»-module. On the other hand, note that MP» is a
bigraded ring over Q with

bideg(zPy?) = (|p|, |ql),

where |p| = p1+- - -+ p,. With this grading, for every o € B,, we have that the polynomial
p(c,) is homogeneous and

bideg(p(co)) = (fmaj(o"), fmaj(c)).

Let Pys.(s,t) denote the bigraded Hilbert series of the bigraded ring MP». Using [4,
Theorem 3] we conclude that the series Pys.(s,t) is given by

<Z B Sfmaj(a’l)tfmaj(0)>
[z (1= s*)(1 —1%)

This together with [5, Theorem 1.4] show that {p(c,)}sep, is a free basis of MP as
module over RPn. O

PMBn (5, t) =

THE ELECTRONIC JOURNAL OF COMBINATORICS 20(4) (2013), #P36 19



Example 21. Suppose that n = 2. Then the basis constructed in the previous theorem

1S:

1 1

aa=1 c= B (T1y1 + 22y2) , 3= 5 (#1v5 +w3u1)
1 1

=y (T10195 + T2ylya) , €5 = T1TaY1Y2, 6 = 5(37%9”292 +21231),
1 1

er = 5 (@imayiye + :a3yiy3), s = 5 (@irayive + 21z5m}).

As in the previous cases this theorem also has a geometric application. Let By, Sp(n)

be the geometric realization of the simplicial space obtained by considering the space of
commuting k-tuples in Sp(n). Explicitly, this simplicial space is defined by [Beom Sp(n)]x =
Hom(Z*, Sp(n)). Thus BeomSp(n) is the classifying space for commutativity on Sp(n).
In [1, Section 8], it is proved that the signed diagonal descent monomials can be used to
obtain an explicit basis of H*(BeomSp(n); Q) seen as a module over H*(BSp(n); Q).

References

1]

A. Adem and J. M. Gémez. A classifying space for commutativity in Lie groups.
arXiv:1309.0128.

R. M. Adin, F. Brenti and Y. Roichman. Descent numbers and major indices for the
hyperoctahedral group, Adv. in Appl. Math. 27, (2001), 210-224.

R. M. Adin, F. Brenti and Y. Roichman. Descent representations and multivariate
statistics, Trans. Amer. Math. Soc. 357, (2005), 8, 3051-3082.

R. M. Adin and Y. Roichman. The flag major index and group actions on polynomial
rings, European J. Combin. 22, (2001), 4, 431-446.

E. E. Allen. The descent monomials and a basis for the diagonally symmetric poly-
nomials, J. Algebraic Combin. 3, (1994), 1, 5-16.

F. Bergeron and R. Biagioli. Tensorial square of the hyperoctahedral group coinvari-
ant space, Electron. J. Combin., 13, (2006), 1, Research Paper 38, 32 pp. (electronic).

C. Chevalley. Invariants of finite groups generated by reflections, Amer. J. Math. 77,
(1955), 778-782.

A. M. Garsia and D. Stanton. Group actions of Stanley-Reisner rings and invariants
of permutation groups, Adv. in Math., 51, (1984), 2, 107-201.

M. Hochster and J. A. Eagon. Cohen-Macaulay rings, invariant theory, and the
generic perfection of determinantal loci, Amer. J. Math, 93 (1971), 1020-1058.

P. A. MacMahon. The Indices of Permutations and the Derivation Therefrom of
Functions of a Single Variable Associated with the Permutations of any Assemblage
of Objects, Amer. J. Math., 35, (1913), 3, 281-322.

THE ELECTRONIC JOURNAL OF COMBINATORICS 20(4) (2013), #P36 20


http://arxiv.org/abs/1309.0128

	Introduction
	The symmetric group
	Major index
	Descent monomials
	Diagonal descent monomials

	The hyperoctahedral group
	Flag major index
	Signed descent monomials
	Diagonal signed descent monomials
	Averaging polynomials
	Ordering of monomials
	Signed index permutation
	Exponent decomposition
	Monomial decomposition
	Main theorem


