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Abstract
In 2007, Levstein and Maldonado computed the Terwilliger algebra of the John-
son graph J(n,m) when 3m < n. It is well known that the halved graphs of the
incidence graph J(n,m,m + 1) of Johnson geometry are Johnson graphs. In this
paper, we determine the Terwilliger algebra of J(n,m,m + 1) when 3m < n, give
two bases of this algebra, and calculate its dimension.
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1 Introduction

Let I' = (X, R) denote a simple connected graph with the vertex set X and the edge set
R. Suppose Mat x(C) denotes the algebra over the complex number field C consisting of
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all matrices whose rows and columns are indexed by elements of X. For vertices x and v,
J(zx,y) denotes the distance between x and vy, i.e., the length of a shortest path connecting
x and y. Fix a vertex z € X. Let D(z) = max{d(z,y) | y € X} denote the diameter with
respect to x. For each i € {0,1,...,D(z)}, let I';(z) = {y € X | I(z,y) = i} and define
Ef = Ef(z) to be the diagonal matrix in Matx(C) with yy-entry

* _ 17 lnyFZ(ZE),
(B )y = { 0, otherwise.

The subalgebra 7 = T (x) of Maty(C) generated by the adjacency matrix A of " and
Ej, EY, ... ,Eg(x) is called the Terwilliger algebra of I with respect to x. Let CX denote
the vector space over C consisting of all column vectors whose coordinates are indexed
by X. A T-module is any subspace W of CX such that 7W C W. We call a nonzero
T-module irreducible if it does not properly contain a nonzero 7-module. An irreducible
T-module W is thin if dim EW < 1 for every i, and the graph I' is said to be thin with
respect to x if every irreducible T (z)-module is thin.

Terwilliger [13] [14] I5] initiated the study of the Terwilliger algebra of an association
scheme, which has been an important tool in studying structures of an association scheme.
For more information, see [4, [5, [6]. The Terwilliger algebras of group schemes were
discussed in [I], 2]. The Terwilliger algebras of some distance-regular graphs have been
determined; see [I7] for strongly regular graphs, [§] for Hypercubes, [I1] for Hamming
graphs, [12] for Johnson graphs, [10] for odd graphs.

Let  be a set of cardinality n and let (SZ) denote the collection of all i-subsets of 2.
Suppose m is a nonnegative integer with m + 1 < n. The incidence graph J(n,m,m + 1)
of Johnson geometry is a bipartite graph with a bipartition (2) U (ms}rl), where y € (2)
and z € (mizrl) are adjacent if y C z. The graph J(n,m,m + 1) is distance-biregular (see
[3]). It is well known that the halved graphs of J(n, m, m + 1) are Johnson graphs.

Levstein and Maldonado [12] determined the Terwilliger algebra of the Johnson graph
J(n,m) when 3m < n. In this paper we shall determine the Terwilliger algebra of
J(n,m,m + 1) with respect to x € (3) when n > 3m. In Section 2, we introduce
some useful identities for intersection matrices. In Section 3, the Terwilliger algebra of
J(n,m,m + 1) is described. In Section 4, we give two bases of this algebra and compute
its dimension.

2 Intersection matrices

In this section we shall introduce intersection matrices and some related identities.
Let V' be a set of cardinality v. The inclusion matriz W, ;(v) is a binary matrix whose
rows and columns are indexed by elements of (‘l/) and (‘J/), respectively, with the yz-entry

defined by
1, ify C z,

(Wi(v)y= = { 0, otherwise.
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Observe that
k—1
WosoWyalo) = (1) Wialo), )
Let Hfﬁj (v) be a binary matrix whose rows and columns are indexed by elements of

2

V) and (V), respectively, and the yz-entry is defined by
j

. 1 it lynzl =1,
(Hi,j(v))yz - { 0, otherwise.

Define

=3 (§) 2,00 2)

g=l

In order to simply the notation, we write IW; ; for W; ;(v) when v is clear from context,
and do the same for H/ ;(v) and C} ;(v). The matrices W ;, H} ; and C}; are intersection
matrices introduced in [7].

Observe C7; is the all-one matrix and

Cmin(iog) _ VVJTl, if i > j,
Wi ;, otherwise.

,J

Lemma 2.1 ([7]) Let V be a set of cardinality v. Write W;; = W; ;(v) and C!; = C} .(v).

Then i)
Ty v—1l—s \[i—h\[k—=h\ .,
Ci’j Jk Z <j —l—s+ h> (l — h) (s —h Ci’k'

h=max(0,l4+s—j)
In particular, the following hold:
(i) WszWzk = ;k’
(i) C} Wik = (52)Cl

min(é,5) o
(iil) WixWjy, = Z . (kli;ijiﬂol{j;
I=max(0,i+j—k)
) WOl — min() v—l—i \ (k=h) ~h
(iv) Wi, Gk = > (j—l—i—i—h)(l—h) ik*

h=max(0,l4+j—1)

Fix x € (ﬁ) We then consider the adjacency matrix A of J(n,m,m + 1) as a block
matrix with respect to the partition {}UI';(z)U---UT' p(y)(x). Let A; ; be the submatrix
of A with rows indexed by vertices of I';(x) and columns indexed by vertices of I';(x).

Lemma 2.2 Given two vertices x,y of J(n,m,m+1). Ifx € (2)7 then

[ 2, if |yl =m and |z Ny| =m — 1,
8(x,y)—{2i+1’ if [yy=m+1and |zNyl=m—1.

In particular, D(z) = min(2m + 1,2n — 2m).
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Proof. Immediate from [, Lemma 2.2]. O

Lemma 2.3 Let [<v) be the identity matrixz of size (Z) Then
k

Aij =0, if 0<i<j<D(x) and i#j—1; 3)

Agigit1 = I( ") QWiipi(n—m), if 0<i<|———];

m
m

Asivrpivr = Wi i 1 n_i(m) @ [(n,m), if 0<i<|

i+l

where “®” denotes the Kronecker product of matrices.

Proof. ({3)) is directed.
Pick y € I'yi(z), 2 € T'y41(z). By Lemma we have |y| = m, |z| = m + 1,

ltNy| = |z Nzl =m —1i. Suppose y = ap_; UB;, 2 =a,,_; UpP,, where ay,_; and
al € (m“:), while ; € (QZ\’:) and B/, € (&\T) Then

(Agigit1)y: =1 apm_; =a,,_;and §; C i, < (I(m"ii) @ Wiisi(n —m))y. = 1,
which leads to (4)).
Similarly, holds. O

3 The Terwilliger algebra

Let n > 3m and X denote the vertex set of J(n,m,m +1). Fix x € (2) In this section
we shall determine the Terwilliger algebra 7 = T (z) of J(n,m,m + 1). Hereafter the
ground set of all matrices C} (m) is z and that of C} (n —m) is Q \ .

Fori,j € {0,1,...,2m + 1}, let M, ; be the vector space spanned by

l s
Crn - 131 () ® Oy g (0 =),
where , , . ‘
0<!<min(m—|<],m—[1]), 0<s<min([2],[2])
X X 2 I 2 9 ~ ~ 2 ) 2 .
Write
2m+1
M= P LM,,), (6)
1,7=0

where L(M, ;) = {L(M) € Matx(C) | M € M,;}, and

M
L{M)ry @)t @) = { 0

Note that M is a vector space. By Lemma 2.1, M is an algebra. In the remaining of
this section we shall prove T = M.

, ifk=7and | =},
otherwise.
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Lemma 3.1 The Terwilliger algebra T is a subalgebra of M.
Proof. By Lemma we have A € M. For 0 < i < 2m + 1, since

E; = E;(z) = L(C (m >®0HH< —m)) € M,

4]
m—5]m-] i
we get T C M. O

Fori,5 € {0,1,...,2m + 1}, let 7;; = {M,;; | M € T}, where M, is the submatrix
of M with rows indexed by vertices of I';(x) and columns indexed by vertices of I'j(x).
Since T is an algebra, each T;; is a vector space. Since TE;T C T, (TE;T)ix € Tin,
which gives

TiiTinw € Tik- (7)

Since A, Ef € T, we have Ej AE; AE; --- AE} AE? € E}\TE; , from which it follows
that

AiyinAiniis  Aiy iy Aiy_1ip € Tir iy (8)
where 0 < iy < 2m + 1 for any s € {1,...,p}.
Note that
WT W - — I m [ n—my .
~aim-1) (M) © Wiy (= m) (1) © (737)
By Lemma and , for h + 1 < k, one gets
k h k h
Angr A = (L5 = L3 DS = T3 W (m) © Wi s (0= ).
Hence, by , for h < k, we have
Lemma 3.2 For2i+2<j<2m+1 and 0 < s <i+ 1, we have
m—LlJ s
Cm—i—zl,m—l_éj( ) & Oz+1 [ ‘|( ) € 757;4-2,]" (10)

Proof. We use induction on s (s decreasing from ¢ + 1 to 0). Since

m_l_%J 3
c ( )®C+1 ( m) :Wn{‘f\_%],mfifl( )®W+1|' ]( m)>

m—z—l,m—LQJ i+1,[2 Al

by @D, holds for 2i +2 < j<2m+1land s =i+ 1.
Assume that CZ:}_% 4] (m)®C7 | 47 (n —m) € Taiy2. By (7)) and (8) we obtain

(M) ®CE (= m)(AyaAiing) € ToiayTog © Tonage (1)

m—i—1m—|[3]

(Cm—L%J ; ( )®Cs

m—i—1m—|[7]

]< _m>)(AJ] 1A] 1]) EIEHQJT CEZJrQ] (12)

l
2
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When j is even, by Lemma , Lemma , leads to

—m)+bC" 2

m—i—1,m—

acm zilmf§( )®C

(m) ® C7 15 (n = m) € Taiga,

i+1, ]( i+1,2

%
wherea = (n—m—s—1)({ —s+1) and b= (i — s+ 2)( — s+ 1). Similarly when j is
odd, yields that

/C«m_L%J Cs
Vi1 (™) @

m—i—1,m i+1,[ 1

(n—m)+bc" 2 M @O —m)

m—i—1,m— i+1 [J'\

belongs to Tzi12,j, Where a’ = (n—m—s—[1]4+1)([1]—s) and V= (i—s+2)([1]—s+1).
Since s < i+1 < [£],b# 0and V' # 0. Thus we have C’mil L H( m)® Csﬂl( 1(n—m) €
2
Tai+2,j-

Hence the desired result follows. O

Lemma 3.3 The algebra M is a subalgebra of T .

Proof. During this proof we will omit the symbol (m) from matrices in front of “®”, and
omit (n —m) from matrices behind “®”.

In order to get the desired conclusion, we only need to show that M,; C 7T;; for
i,j S {0,1,...,2m—|— 1} Write M;I:j = {MT | M e Mi,j} and 7:5 = {MT | M e 7;,]'}.
Since M, = /\/llT] and T;; = 7?5, it suffices to prove M, ; C 7T;; for i < j. We use
induction on <.

Step 1. We show that My ; C 7y for 0 < j <2m+ 1.

According to @ the subspace M, ; is spanned by C! o4 ® Cg( i where 0 < [ <

m — |%]. Since

m,m—|_ J

! 0 m— L%J T _

for any I € {0,1,...,m — |4}, we get My, C Tp; from @

Step 2. Assume that M, ; C 7, ; for p < 2i. We will show that May;y1,; C Tait1,
and MQH—Q,] g 751+2,]

Step 2.1. We show that My 1; C Toiqr,; for 20 +1 < j < 2m+ 1.
It suffices to prove

Cvlnf'i,me'J ® Czs+1 i © Tait1g: (13)
where 0 <[ < m — L%J,0<s<¢+1.
By induction hypothesis,
C:nfi m*[ ® CS e M2z,j C 752]7
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for0<I<m— %], 0<s <. Since
T
Aginiy1 = [( ) ® VI/Z’H‘]. € My, 2i41 = 7J?2z+17

we have

<](m ) ® le+1)(c ® C'zs[ 1) 7;£2i+175i7j C Tais1-

mzm[j

ByLemmaholdsforoglgm—L%j and 0 < s < 0.
Next we shall show that holds for0<Ii<m— LJands—z+1
By@forj k<2m+1

Wt ® Witz D

m—|§]m—i m—| 5] m—[3]

& Wiy 1) W k) g ® W

[41.r% 1>
belongs to Ti41,;- By Lemma [2.1]

Cm_LgJ - n—m—i—1- [%—I th 14
Conim-14) 2 (5] —i— 1= [i]+h/) 7L (1)

h=max(0,i+1+[§]-[£]) ' 2

belongs to 7§i+1 j» Where a = (LLJJ LZJ) (F} ) # 0. Since holds for 0 <1l < m— L%J
and 0 < s < 7, one has

n—m—i—l—(%} m—| %] i1
( 4 - 14 Yo e il € T

Since 0 <2i4+1<7<k—-1<2m—1and n > 3m, we get
n—m—z—l—fébn—m—m—f%W>m—(%1>f51—f%1>0

and so (nf?;:;%]) # 0. Hence holds for 0 < 1 <

m —
Step 2.2. We show that My 1o € Taite,; for 20 +2 < j < 2m + 1.
It suffices to prove

[1] and s =i+ 1.

ct ® C*

m—i—1m—| 1 | 1[4 3 6751'_;_273', 0<li<m-— L—J, 0<s<i+ 1. (15)

By the inductive assumption, for 0 <1 < m — L%J and 0 < s<i+1,

ct ® C?

m—im—| 1] 1,121 € Mait1; € Taitr-

Since
T — T T
AQH_LQH_Q = Wi—iz1 ;m—i ® I(" m) € 2i+1,2i+2>

i+1
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by we have

(Wm—i—lym—i ® I(’;;T))(Cfn—z’,m—tgj ® ;HJ%Q € 2i+1,2i+275i+17j c 75i+27j- (16)
By Lemma [2.7]
l s l ] -1
Wm*i*Lm*iCmfi,me%J = (Z +1-— l>Cm7i71,me%J + (m — L—J -1+ 1>Cm—i—1,m—L%j .

2
Thus implies that

(i +1—1)C"

m—i—1,m— I_%J

® C?

) ® Gy (17)

+(m— 3] -1+t

belongs to 742, where 0 < | < m — L%J, 0 < s < 7+ 1. Since the coefficient of

-1 s ; — i) =
C’miiil’mit%JQ@C'iH,[%] 1n1sm 2] —1+1#0, by Lemmawe get .

Hence the desired result follows.

Theorem 3.4 Fixx € (2) Let T be the Terwilliger algebra of J(n, m, m~+1) with respect
to x and M be the algebra defined in @ If n > 3m, then T = M.

Proof. Combining Lemmas [3.1] and the desired result follows. O
|k .
The condition n > 3m guarantees the coefficient of C" 2] i @ C?Ll i1 in |D is
m—i,m—|% i+1,[3

non-zero. It seems to be interesting to determine the Terwilliger algebra of J(n, m,m+1)
without this assumption.

Theorem 3.5 ([16, Theorem 13]) Let I' = (X, R) be a graph and T be the Terwilliger
algebra of I' with respect to a vertex x. If EXT EY is symmetric for anyi € {0,1,..., D(x)},
then I' 1s thin with respect to x.

Corollary 3.6 With reference to Theorem J(n,m,m + 1) is thin with respect to x.
Proof. By Theorem , for any i € {0,1,..., D(z)}, the subspace E}T E} is spanned by

~13)m=1}

where 0 < I <m — [%],0 < s < [4]. Since each element of E;TE; is symmetric, we get
the conclusion from Theorem [3.5 O
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4 Two bases of the Terwilliger algebra

In this section we shall determine two bases of the Terwilliger algebra 7 in Theorem [3.4]
Set

Gig=Ag | HS_ |, (m) # 0}, Rig = {r | H,, o (n—m) # 0},

Theorem 4.1 Let T be as in Theorem[3.4] Then

{L(HZ*L%J,m*L%J( )®H|7‘a]( ]< )) gEGua TER” 2m—ib1 (18)
as well as
(L€ s g (M) @ Clay iy (= m)), L€ Gy, s € Rig}iisy (19)

are two bases of T .

Proof. Without loss of generality, suppose i < j. We have H{;(v) # 0 if and only if
max(0,7 4+ j —v) <1 < min(i,j), so [4] — |Rij| +1 <7 < [4] whenr € R; ;. By (2) we
obtain

A
Crampn—m) = (h>HFH1( —m); (20)

h=r

which implies that H —m) is a linear combination of {CFH 41 (n —m)}ser,, for
2002

f]H(

any r € R;;. Similarly, H g 4] (m) can be expressed as a linear combination of

—lz)m

{Crlnftij -] (m)}hiea,,; for any g € G ; . Hence every element of
PER 2
{an_\_%Jvm_\_%J( ) ® HF i, "%]( m>}9€Gi,j7T€Ri,j (21)

belongs to M, ;. Again by |D for 0 <l <m— [%J and 0 < s < [£],

l s
Crnt31m-141 (M) ® Crgy gy (n =)
m—|3] g K
— g r
B ( Zl (z)Hm—L;J,m—L;‘J(m)) “ (Z< )H( 24" m)>'
g= r=s

Observe that are linearly independent, so is a basis of M, ;. Therefore is a
basis of T .
l s :
Furthermore, by we get {C' i L J( m)® C’ f%W( —m)}ieq, , ser,,; 1 also a

basis of M, ;, from which it follows that is a basis (2) fT. O
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Corollary 4.2 With reference to Theorem we get the dimension of T is
E(m+1)(m+2)(m+3)(3m +10) — 4, if n = 3m,
dim7 =< S(m+1)(m+2)(m+3)(B3Bm+10) -1, if n=3m+1,
&(m+1)(m + 2)(m + 3)(3m + 10), if n > 3m + 2.

Proof. By Theorem

2m+1
dimT = ) |Giyl|Ril
i,j=0
2m+1 . . . .
. [ J [ J
= 3 (min(m — |5),m = |2)) — max(0,m — 2] — [£]) +1)
i,j=0
P i J
x(min([ ], [51) — max(0, [5] + [5] —=n+m)+ 1).
272 2 2
By zigzag calculation, we get the desired result. O

5 Concluding Remark

We conclude this paper with the following remarks:

(i) Let Q be a set of cardinality n and let J(n, m) be the Johnson graph based on €2 with
n = 3m. Fix an m-subset x of ). Let 7" = T"(x) and T = T () be the Terwilliger algebra
of J(n,m) and J(n,m, m+ 1) with respect to z, respectively. Since ;";_, £5;(2)T E3;(x)
is an algebra, {L(H), ;,, ;(m) @ H];(n —m)), g € Gagj, 7 € Raigj}i is a basis of
@D —o £5;(x)T E3;(x) by Theorem {4.1, By [12, Definition 4.2, Lemma 4.4, Theorem 5.9]
this basis coincides with that of 7', which implies that 7' >~ P",_, E3;(2)T Es;(z).

(ii) Using the same method, the Terwilliger algebra of J(n,m,m + 1) with respect to
an (m + 1)-subset may be determined.
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